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The z score is of some random quantity is

Z =
random quantity−mean

standard deviation
.

The central limit theorem and extensions like the delta method tell us when the z-score has an
approximately standard normal distribution. Thus, using R, we can find P{Z < z} using pnorm(z) and
P{Z > z} using 1-pnorm(z).

If we have a sum Sn of n independent random variables, X1, X2, . . . Xn whose common distribution has
mean µ and variance σ2, then

• the mean ESn = nµ,

• the variance Var(Sn) = nσ2,

• the standard deviation is σ
√
n.

Thus, Sn is approximately normal with mean nµ and variance nσ2. The z-score is

Z =
Sn − nµ
σ
√
n

.

We can approximate P{Sn < x} by noting that this is the same as computing

Z =
Sn − nµ
σ
√
n

<
x− nµ
σ
√
n

= z

and finding P{Z < z} using the standard normal distribution.

For a sample mean X̄ = (X1 +X2 + · · ·+Xn)/n,

• the mean EX̄ = µ,

• the variance Var(X̄) = σ2/n,

• the standard deviation is σ/
√
n.

1



Thus, X̄ is approximately normal with mean µ and variance σ2/n. The z-score is

Z =
X̄ − µ
σ/
√
n
.

Thus,

X̄ < x is equivalent to Z =
X̄ − µ
σ/
√
n
<
x− µ
σ/
√
n
.

For the delta method using X̄ and a function g, for a sample mean X̄ = (X1 +X2 + · · ·+Xn)/n,

• the mean Eg(X̄) ≈ g(µ),

• the variance Var(g(X̄)) ≈ g′(µ)2σ2/n,

• the standard deviation is |g′(µ)|σ/
√
n.

Thus, g(X̄) is approximately normal with mean g(µ) and variance g′(µ)2σ2/n. The z-score is

Z =
g(X̄)− g(µ)
|g′(µ)|σ/

√
n
.

For the two variable delta method, we now have two independent sequences of independent random
variables, X1, X2, . . . Xn1 whose common distribution has mean µ1 and variance σ2

1 and Y1, Y2, . . . Yn2 whose
common distribution has mean µ2 and variance σ2

2 . For a function of the sample means,

• the mean Eg(X̄, Ȳ ) ≈ g(µ1, µ2),

• the variance

Var(g(X̄.Ȳ )) ≈ σ2
g,n =

(
∂

∂x
g(µ1, µ2)

)2
σ2

1

n1
+

(
∂

∂y
g(µ1, µ2)

)2
σ2

2

n2
,

• the standard deviation is |σg,n.

Thus, g(X̄, Ȳ ) is approximately normal with mean g(µ1, µ2) and variance σ2
g,n. the z-score is

Z =
g(X̄, Ȳ )− g(µ1, µ2)

σg,n
.

The generalization of the delta method to higher dimensional data will add terms to the variance formula.
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