Green’s functions, formulas and representations

Suppose that we want to solve a linear, inhomogeneous equation of the
form
Lu(x) = f(x) +homogeneous boundary conditions. (1)

Here u, f are functions whose domain is €2, which could be either a finite
or infinite domain in any dimension. The boundary conditions could be
Dirichlet, Neumann, or some mixture. In this discussion , £ will be self-
adjoint with respect to the usual L? inner product and the imposed homo-
geneous boundary conditions. We will assume that equation (1) admits
a solution for EVERY f. This is not the case for all linear operators — for
those that do not admit unique solutions, there is an extended notion of
generalized Green’s functions which we do not pursue here.

1 The delta function and distributions

There is a great need in differential equations to define objects that arise
as limits of functions and behave like functions under integration but are
not, properly speaking, functions themselves. These objects are sometimes
called generalized functions, or distributions. The most basic one of these is
the 0-“function”.

For each € > 0, define the family of ordinary functions
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When ¢ is small, the graph of J. is essentially just a spike of unit integral at
x = 0. Thus for any continuous f(x),

| @t - ao)do = fa)
for small e. On the other hand, taking the limit ¢ — 0 inside the integral

makes no sense: the limit of J. is not a function at all! To get around this,
we define the object § to act as follows:

/_00 f(x)d(z — xo)dx = f(x0).

This not only defines what ¢ is, but defines what it means to integrate when
the integrand has a J-function.



In general, all distributions can be approximated by smooth, ordinary
functions. Thus one can think of operations involving distributions as just
limits of the same operations involving those ordinary functions. In fact,
many of the usual things one does with functions, including differentiation
and integral transforms, are well defined for distributions precisely in this
way.

There are 0 functions for higher dimensions also. We define the n-
dimensional § function as

A f(x)d(x — xp)dz"™ = f(x0),
where x,x9 € R". Sometimes we write this higher dimensional delta func-
tion as a product of one dimensional ones §(x) = d(z) - §(y) -

1.1 Distributions as derivatives

One useful aspect of distributions is that they make sense of derivatives of
functions which are non-smooth, or even unbounded. Suppose that g(z)
cannot be differentiated everywhere in its domain. It does make sense,
however, to talk about the integrals involving ¢'. Let ¢(x) be any differen-
tiable function with ¢(+00) = 0. By formal integration by parts we define
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Notice that the expression on the right makes perfect sense. We define the
distributional derivative of g(x) to be the distribution d(z) so that

| d@otris = [ gy @
for every smooth ¢. For example, if H(x) is the step function which is zero
when z < 0 and one when z > 0, one can verify that

o0 oo
/ 0(x)p(x)dx = / H(z)¢' (x)dz.
since both the left and right hand sides are equal to ¢(0). Thus the delta
function is the distributional derivative of the unit step function.

In higher dimensions, one can make similar definitions of distributional
derivatives by using Green’s formulas. For example, the statement Au(x) =



d(x) means that for smooth ¢(x) and any open domain D,
60) = [ o600 = | s 8u(xds" -
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/ u(x)Ap(x)dz™ + / (x)Vu(x) - i — u(x)Ve(x) - ude™ L.
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Even if u(x) is unbounded at x = 0 (which is usually the case), the integrals
on the right can make perfect sense. In particular, if ¢ = 1 then a useful fact
is that

1= Vu(x) - dde" ! 4)
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Similar formulas are available for other operators by integrating Lu = ()
and moving derivatives off of u by application of the divergence theorem
and/or Green’s identities.

2 Green’s functions

If equation (1) has a solution of the form

) = [ Glxixa) o) ©
for every source function f(z), then the function G(x; x¢) is called the Green’s

function. Is there only one such function G so that (5) holds? Suppose that
there is another function G5 so that

u(x):/QGg(x;xo)f(x())dxo (6)

Subtracting (5) and (6) gives

0= /Q (G(X;Xo) — Gg(x;x0)>f(xo)dx0, (7)

for every function f, which means that G — G2 (as a function of z) is or-
thogonal to every function, so that G — G2 = 0. Thus the Green’s function
is unique.



2.1 Relationship to the delta function

Part of the problem with the definition (5) is that it doesn’t tell how to con-
struct G. It is useful to imagine what happens when f is a point source at
x; € Q,ie. f(x) = d(x — x;). Plugging into (5) we learn that the solution to

Lu(x) = 6(x —x;) +homogeneous boundary conditions. (8)

is just
) = [ Glxixa)dia = xi)dso = Gioxi i) )
In other words, we find that the Green’s function G(x; x() formally satisfies
L,G(x;%0) = d(x — X0) (10)

(the subscript means that the linear operator acts on x, not xy). Equation
(9) gives us intuition of how to think about Green’s functions. In words, it
says that G(x;xo) is the influence felt at point x due to a source at point xy.
Equation (10) is a more useful way of defining G since we can in many
cases solve this “almost” homogeneous equation, either by direct integra-
tion or using Fourier techniques. In particular, (10) can be rewritten as two
conditions
L,G(x,%x9) =0, whenx # xg (11)

and integrating (formally) both sizes of £,G(x; zg) = §(x — x0)
/ L,G(x,x¢)dz =1, for any ball B centered at x. (12)
B

where the integral is meant in the distributional sense (i.e. by integration
by parts). Equation (11) is a homogeneous equation with a “hole” in the
domain at x¢. Equation (12) is a normalization (or in 1-D, called a “jump”
condition) to get the “size” of the singularity at x( correct. In addition to
(11-12), G must also satisfy the same homogeneous boundary conditions.

2.2 Three basic examples

We now specialize to the case of £ = A.
One dimension. Suppose u : R — R solves the (ordinary differential equa-
tion)

Upg = f,u(0) =0=mwu(L). (13)



The corresponding Green'’s function will solve
Gaz(z;20) = 0 for x # x9, G(0,20) =0 = G(L, zp), (14)

The normalization condition reads
xo+T
/ G"(x;m0)dr = 1
To—T

for any r such that the interval of integration is in [0, L]. One can show (as
an exercise) that G is continuous but that it has a jump in its derivative at
T = To:

lim+ Gz(z;m0) — lim Gg(x;20) = 1.

T T—Ty

The piecewise solution to (14) is

c1x T < X

15
co(x—L) x> 15)

G(z;x0) = {

Imposing continuity at z = z and the jump condition gives
Cl.’EOZCQ(l‘o—L), 02—61:1,

so that ¢; = (29 — L)/L and ¢y = z¢/L. It follows that the solution to (13)
can be written using G as

u(a) = 7 ( / (e~ D) f(ao)dao + [ (a0 - L)f(a:o)dxo) |

Three dimensions. Now suppose u : R? — R solves

Au=f, lim u(x)=0. (16)

|x|—o0

In this case the homogeneous “boundary” condition is actually a far-field
condition. The corresponding Green'’s function therefore must solve (11),

ALG(x;%0) =0, x#x0, lim G(x,x0)=0. (17)

|x|—o00

The normalization condition (12) is the same as (4), namely

V.G(x;%x0) -0 = 1. (18)
oB



for any ball B centered on xy. Let us observe the following: if we rotate
the Green’s function about z, it still will solve (17-18) since the Laplace
operator is invariant under rotation. Thus G only depends on the distance
between x and x¢. We can write G = G(r),r = |x — X¢|, where in spherical
coordinates (17) is

i(r?c;'(r))’ =0ifr#0, lim G(r)=0. (19)

r2

This is easily integrated twice to give the general solution
G=-"tao (20)
,

where ¢; = 0 by using the far-field condition in (19). The normalization
condition (18) determines c;. Letting B be the unit ball centered at z,

1= V.G (x;%x0) -0 = / ey da’® = 4dmeq,
oB OB

so that ¢y = 1/4x. Thus the Green’s function is G(x; z9) = —1/(47|x — x¢|),

and the solution to (16) is

u(x) = —/]R ﬂdm%.

3 4m|x — x|

Two dimensions. The two dimensional version is slightly different. In this
case we want to solve

R

Au=f, lim (/ up(r,0) dr — u(R, 9)> =0. (21)
R—o0 1

The far field condition looks very strange at first glance. The reason for this

is that solutions to Au = f will in general NOT decay to zero at large |z|,

but will grow logarithmically. Again we look for a Green’s function of the

form G = G(r), so that

1 / I . . .
~(rG'(r) = 0ifr £0, lim ( - Gear G) —0. (22)
The general solution is
G=clnr+co, (23)

where co = 0 by using the far-field condition in (22). The normalization
condition (18) gives (where B is the unit disk)

1= V.G (x;%0) -0 = / c1 dz? = 27ey,
0B 0B
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so that ¢; = 1/27. Thus the Green’s function is G(x;xg) = In|x — xq|/2m,
and the solution to (21) is

U(X) — /R2 ln‘x — XO’f(XO) de'

2T 0

3 Inhomogeneous boundary conditions

Remarkably, the Green’s function can be used for problems with inhomo-
geneous boundary conditions even though the Green’s function itself satisfies
homogeneous boundary conditions. We will use two ingredients to derive the
appropriate representation: (1) a “Green’s formula”, particular to the linear
operator in question and (2) the notion of reciprocity of the Green’s func-
tion.

3.1 Green’s formulas

The fact that £ is self-adjoint with respect to the usual L? inner product
means that for all functions u, v satisfying the homogeneous boundary con-
ditions in problem (1),

/Q (Lo)udx — /Q (Lu)vdx = 0. (24)

What if u,v don’t necessarily satisfy homogeneous boundary conditions?
Then something like (24) would still be true, but terms involving boundary
values of u, v would appear:

/ (Lv)udx — / (Lu)v dx = boundary terms involving v and v.  (25)
Q Q

What this formula actually looks like depends on the linear operator in
question and is known as the Green'’s formula for the linear operator G.

3.2 Reciprocity (Symmetry) of the Green’s function

A useful fact is that G(x;x0) = G(x¢;x) provided G is self-adjoint so that
equation (24) holds. Let v(x) = G(x;x1) and u(x) = G(x;x2). Then be-
cause of (8), we have Lv = §(x — x1) and Lu = §(x — x2). Plugging these
into (24) gives

/5(x—x1)G(X;x2)dx—/G(x;x1)5(x—X2)dx:O (26)
Q Q
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Using the basic property of the delta function, this simplifies to

G(X1;X2) — G(Xg;Xl) =0 (27)
which is what we wanted to show.
3.3 Green’s formula representation for inhomogeneous bound-

ary conditions

Let’s now use (25) to solve the problem
Lu(x) = f(x) + inhomogeneous boundary conditions. (28)

We do this by setting v(x) = G(x;x0) in the green’s formula (25), giving
/ (LG)udx — / (Lu)v dx = boundary terms involving f, G. (29)
Q Q

Because LG = §(x — x¢) and Lu = f, we have

/ 0(x — xg)u(x)dx — / f(x)G(x;%9)dx = boundary terms involving f, G
Q

(30)
We can collapse the integral involving the ¢ function, and reverse the nota-
tion x and xq:

/ G(x0;x) f(x0)dxo + boundary terms involving f,G (31)

Note that this is not exactly like (6). Not only are there extra boundary
terms, x and x( are reversed in the function G. Reciprocity comes to the
rescue, allowing us to write

u(x) = / G(x;x0) f (x0)dxo + boundary terms involving f, G (32)
Q
which is exactly the formula (6) with additional boundary terms.

3.4 Green's formula representation for the Laplace equation

The discussion above was meant to sketch the structure of the Green’s func-
tion solution for a general linear equation with general inhomogeneous
boundary conditions. Now let’s see exactly what this looks like for the
particular case £ = A.



One dimension. In this case, the Green’s formula (25) is nothing more than
integration by parts twice (i.e. Green’s second identity in 1-D), which for
L = d?/dz* and Q = [0, L] reads

L
/ w” — vudx = [uv’ — vu']§. (33)
0

If we want to solve
we again use the Green’s function (15) appropriate for homogeneous bound-

ary conditions. Plugging v(x) = G(x; z) into (33), we get

L
/0 (@) Gy (w5 20) — G5 o) (x)da = [u(z) G (25 20) — Gw; w0)u' ()[5=5 -

(35)
Using the equation for u replacing G” with the delta function,

L
w(zo) = /0 G (: 20) f(2)da + [u() G (3 20) — Glas zo)d (2)7=E.  (36)

Since G = 0 on the boundaries, this simplifies to

L
u(z) = /0 G(x;x0) f(zo)dzo + BGy(x; L) — AG(x;0). (37)

where we have interchanged « and z( and used reciprocity.
Many dimensions. In this case, the Green’s formula (25) is nothing more
than Green’s second identity,

/ uAv — vAudz" = / uVov - — oV - hdz™ L. (38)
Q o0

Suppose then we wish to solve the problem with the inhomogeneous
boundary condition

Au= fonf), u=~hono,

(Note that we're not specifying the dimension n of (2, since the formulas
will be valid in any dimension). Let G be the Green’s function that solves
AG = 0(x — xp) with homogeneous, Dirichlet boundary conditions. Then



substituting v(x) = G(x,xo) in (38), we have (being careful to keep x as the
variable of integration)

/ u(x)d(x—x%0)—G(x; %X0) f(x)dx" = / u(x) V.G (x;%0) hi—G(x; X0) Vu(x)-ddz™ L.
Q o0
(39)
Using the definition of the J-function and the fact that G is zero on the
domain boundary, this simplifies to

= X; X x)dz" X xX;xg) - Ada" L.
o) = [ Glxsx)fx)da”+ | 1)V, Glxixa) - (40)

We can change our notation by reversing x and xg, and use reciprocity to
produce a more standard looking result

u(x) = /QG(X; x0) f(x0)dxj + /89 h(x0)V 2,G(x; %) - ﬁdacg_l. 41)

The first term is just the solution we expect for homogeneous boundary
conditions. The second term is more surprising: it is the derivative of G that
goes into the formula to account for the inhomogeneous Dirichlet bound-
ary condition.

3.5 Green’s formula representation using the free space Green'’s
function

Now let’s repeat the calculation of the previous section using the free space
Green’s function in R? instead of the one particular to the domain (2. Insert-
ing v(x) = —1/(4m|x — x¢|) in (38) and going through the same operations,
we arrive at

n 1 N 1 e
N R R e R Erer) T g

If f = 0, this is exactly the representation formula 7.2.1 in Strauss’s text.

Notice that the right hand side uses both Dirichlet and Neumann data on

the boundary. Usually both of these are not known, so (42) does not solve

the problem directly. On the other hand, (42) is useful as a formula to con-

nect the values of solutions and their normal derivatives on the boundary.
Exercise. Show

v 1 _ X — X
O\ dmx —xol ) 4mlx —xo3
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