Homework 8: Green’s functions, Part I
Math 456/556

1. One dimensional Green’s functions. A. In one dimension, the normal-
ization condition is [; LG = 1 where [ is any interval (a one dimensional
ball) containing x¢. If £ = d?/dxz?, show that this condition is equivalent to
the “jump” condition on the derivative at z

lim Gg(z;x0) — lim Gu(x;z0) = 1.
In other words, G is continuous but not differentiable at z = x.
B. Consider the 1D problem

d? d
5 = f(@), u(0)=0, Z(L)=0.

Find the Green’s function G(z; xo) which satisfies
Guz(z;20) = 0 when z # zyg, G(0;20) = 0,G,(L;x0) =0,

together with the jump condition.
C. Write the solution u in terms of the f and the Green’s function you found.

Verify your formula for the source term f(z) = 2°.

2. Let Goo = 1/(4m|x — x¢|) be the Green’s function that was derived for
the domain D = R3. Suppose that G(x;xo) is the Green’s function for A
with Dirichlet conditions on a bounded, open connected domain D, that
formally solves

A,G(x,%0) =0(x —x0), G(x,%x0)=0if z € 9D.

This exercise shows that our definition of the Green’s function for A on a
bounded domain coincides with that in Strauss, section 7.3. In particular,
we will shown part (iii) of his definition.

A. For each fixed xg, show the difference between the free-space and bounded
domain Green’s functions H(z) = Guo(x,%0) — G(X, %) solves Laplace’s
equation in all of D.

B. What boundary conditions on 0D does H have? Explain why H must
be bounded, using the maximum principle. This shows that G, and G
basically have the same type of singularity at xo, even though they differ
elsewhere by a bounded function.

3. Consider the problem
Au = f inside a disk of radius a,
with boundary conditions
u(a,0) = hi(0) for0 < 0 < m, wu,(a,d)=ho(f) form < 0 < 2m,

Suppose that you know the Green’s function G(r, 8; ro, 6p) (recall it satisfies
HOMOGENEOUS boundary conditions of the same mixed type!). Express
the solution in terms of G.



