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Abstract.

Above the critical temperature for the order-disorder tran  sition, diblock copolymer melts have
been observed to exhibit localized structures that exist wi  thin the homogeneous mixture. This paper
uses an Ohta-Kawasaki-type density functional to explore t his regime. Spatially localized peak-
shaped equilibria are studied in one, two and three dimensio ns, corresponding to amphiphilic bilayers,
cylindrical and spherical micelles respectively. A combin ation of rigorous estimates, asymptotic
analysis and numerical computation are used to characteriz e solutions and the regime where they
exist. The interaction of superpositions of these solution s is studied by a perturbation analysis, and
shows how steady multiple-peak con gurations can be achiev ed. Evidence is found for a secondary
bifurcation slightly below the spinodal instability thres ~ hold, beyond which self replication phenomena
are observed. Dynamics in two dimensions are also illustrat ed, suggesting other mechanisms for
instability and growth.
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1. Introduction. Diblock copolymers are linear chain molecules composed of
two distinct subchains. At low temperatures, repulsion between subchains can result
in phase segregation, but macroscopic segregation cannot occur because of covalent
bonding between subchains. This incomplete segregation can give rise to a varyebf
stable microstructures (e.g. [1,11,14,24]), which are typically chareterized as spatially
periodic patterns whose domain boundaries closely resemble minimal surfaces, such
as spheres, cylinders and gyroids [39].

Outside of the regime where mixtures are unstable to spinodal decomposition,
the situation for copolymers is more complicated than simple binary systers, such
as those described by the Cahn-Hilliard theory [5]. In addition to a stable honoge-
neous state, there are other observed behaviors. Physical experiments have ideetl
inhomogeneous states above the critical temperature, such as sparse arrangemeof
micellar structures [35, 36,43] and anisotropic lamellar grains [15]. Tis paper seeks
to investigate this regime and its dynamics using density functional theory and the
corresponding gradient ow dynamics.

Theoretical work on the disordered regime has focused on spherical micelles.
Dormidontova and Lodge [9] use Semenov's strong segregation theory [37] tare-
dict the concentration of micelle assemblies. Their theory predicts that the number
of micelles increases rapidly below a \critical micelle temperature" (CMT), which is
greater than the temperature at which a homogeneous mixture is spinodally unstable.
Wang et al. [42] use self-consistent eld theory calculations to nd the density pro le
of individual spherical micelles and evaluate their excess free energy. They nd that
micelles exist (within the mean eld approximation) for volume fractions / :22 and
only below another critical temperature they call the \micelle disassociation temper-
ature", which is higher than the CMT.

This paper uses density functional theory to study energy-minimizing equilibria
and dynamics in a region of parameter space where the homogeneous state is stable.
We demonstrate the existence of not only spherically symmetric minima, but also oe-
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and two- dimensional analogs which correspond to amphiphilic bilayers and \cyln-
drical" micelles, respectively. These exist only above a bifurcation point (elative to
the interaction strength parameter) and below a secondary bifurcation that occurs
before the spinodal instability threshold. We show how these isolated structures aa
interact dynamically by using a perturbation scheme to obtain a nite dimensional
reduction. We also exhibit numerical computations where structures are created by
front propagation or grow into long laments.

Our work, which is strictly about binary ( A B) copolymer mixtures, should
be contrasted to the case of copolymer-homopolymer or copolymer-solvent irtures.
There, isolated micelles and bilayers are generically expected to form in the phase-
separated regime [16, 40, 41], since the solvent or homopolymer can |l thedgacent
volume. For pure diblock copolymers, on the other hand, the region between micelle-
type structures must be lled with a homogeneous mixture, which may or may not
be unstable.

This paper's results have some qualitative similarity to a variety of systems that
arise in the reaction di usion literature [13,21,27,45]. Pattern formation in variational
models similar to ours has been studied by Muratov [26]. In that paper, steady
state solutions and their dynamics were explored, principally focussing on the sharp
interface limit and short-ranged nonlocal interaction energy. In contrast, the current
study deals solely with the long-ranged interaction particular to block copolymers and
exploits the nite size of the di use interface.

The paper is organized as follows. Section 2 reviews established modeling paradigm
for block copolymer mixtures and elaborates on the density functional model used
here. Section 3 discusses single-peaked equilibria in one and several dimensions. These
are used as building blocks for multi-peaked solutions that are discussed in sectial.

A more general discussion of dynamical issues is given in section 5.

2. Models for A B block copolymers.  Theoretical models of block copoly-
mer melts fall roughly into three categories. The earliest of these were phenomenge
ical descriptions based on Landau theory, such as that due to Brazovskii [4]. Whd
capturing some of the essential aspects of pattern formation, they do not makewan-
titative predictions about the phase diagram.

Another approach which has become widely utilized is the self-consistent (or
mean-) eld approximation of the Gaussian chain ensemble with Flory-type inter-
action [17,19, 23, 25]. In this theory, there are two non-dimensional paramefrs: the
volume fraction of A monomersf , and the interaction strength N , which inversely
corresponds to temperature. Here represents the (Flory) interaction energy (mea-
sured in units of kT) and N is the degree of polymerization.

Expressions for the free energy in terms of monomer volume fraction (density
functional theory) make up a third class of models. The most commonly invoked
formulation was derived by Ohta & Kawasaki [30], having the form

z ZZ

F()= gjr i2+9g( ; N )dx+ 5 G(x x9[ x) fII x9 fldxdx® (2.1)

Here is the volume fraction of A monomers (where by the standard incompressibil-
ity assumption 1 is the B-monomer fraction), G is the usual free-space Green's
function for the Laplacian, and g is a double-well energy. Although there is no rst
principles derivation for this functional, the details in this expression can be lasely
tied to self-consistent eld theory by a series of approximations [7]. Variousre ne-
ments and extensions of this type of model have been proposed [3,31,40], but dely
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keep the structure of the functional intact. In particular, it has been proposed to have
coe cients depend on some local average of volume fraction rather than the globla
fraction f [31], but we do not take that course here. In the work of Uneyama &
Doi [40], the free energy is roughly of this form, except that must be interpreted as
an order parameter equal to the square root of the density.

The main advantage of density functional theory is that it is more amenable
to analytic and numerical calculation than self-consistent eld theories. Dynamical
versions are also easy to construct as gradient descent of the free energy [28]. Yake
the viewpoint that while these models may not be entirely quantitatively accurate,
they lend substantial insight into the self-organization of copolymer mixtures and
retain the salient features of the phase diagram.

2.1. Calibration of the density functional. Much of this paper is concerned
with general mathematical properties of (2.1), and most results do not hinge orthe
speci ¢ choices of potentialg or constantsa; in (2.1). On the other hand, it is scien-
ti cally useful to have a model whose consequences can be quantitatively interpreted
and compared. This is done here by calibrating the constitutive quantities in the
density functional to a set of physically motivated criteria.

We will limit the form of the double-well potential to

gl)=h()+ N (@ ) (2.2)

where h is yet unknown (this choice implies a gauge for the free enggyiin units of
kT). Lengths will be measured relative to the radius of gyrationRg = b N=6, where
bis the Kuhn length [11].

The functional (2.1) therefore has three quantities to be speci ed: the coe cients
a; and potential h. Rather than constructing an expression from rst principles, an
alternative approach is adopted here, which is to choose the constitutive quaities
to make certain key physical features coincide with a chosen benchmark. The criteai
which are adopted are:

(a) The di use interface width is adjusted to t available theory and experiment .

(b) Since this study is concerned with behavior near the spinodal point, the model
should reproduce a prescribed spinodal (stability) curve N = s(f).

(c) The marginally stable wavenumber q (f ) is also reproduced according to a pre-
scribed benchmark.

For criterion (a), it has been noted elsewhere [31, 38] that the interfacial energ
for strong segregation N 1 should not depend on the compositionf , and should
scale as N ) 2. Inthe large N limit, a one dimensional interface is described by
the Euler-Lagrange equation

wt — = (2.3)

where is a Lagrange multiplier. The unique solution connecting the states =0;1
is

= %(cos(x: )+1); = —_— (2.4)

where is the interface width. D
Helfand & Tagami [18] lgompute the interface width to be 2= 6 , which in
units of the Ry gives =2= N . Semenov [38] carefully compares this prediction
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with experiments and develops corrections to the H-T theory, which underestimates
the inter{)ace width by a factor of about 1:7. When required, we will use the value
=3:4= N sothata 23.

In principle, criteria (b) and (c) can me met for any reasonable speci cation of
spinodal curve and marginally unstable wavenumber. For purposes of speci city, we
shall choose the constitutive quantitiesh and to be consistent with the widely cited
theory of Leibler [23], which is based on a Gaussian chain ensemble. In this theqry
the spinodal instability is identi ed with a singularity in the (Fourier trans formed)
correlation function obtained from the random phase approximation. From [23] this
function was computed as

N L (xif)= G (1;x) :
(g%f) 2N el Bx)a(hx) glo@x)  afx) @ fHx)?
(2.5)
whereg; (f;x ) =2(fx +exp( fx) 1)=x? and the wavenumberq is measured in units
of 1=Ry. The instability therefore occurs where two conditions are met, namely

N =(q(f)%f)=2 «(q((f)%f)=0: (2.6)

The latter equation implicitly determines g (f ), and the former gives the spinodal
curve s(f) = ( q (f)?;f)=2. The second variation of (2.1) about = f gives a
bilinear form in test functions
z 1 ¢ zZZ
gjr P+ g (13N Zdx+ % Gx X% (x) (X9dxdx® (2.7

S(q) =

Positive de niteness that indicates stability is implied if for all wavenumbers q

agt+g (f;N)F+ (f) (@ O (2.8)
The most unstable wavenumber satis esd =d = 0, which gives
r
- g (f;N),
q((f)= % : (2.9)

The instability is located by (q ) = 0; using (2.2) this leads to the critical value for
N

s(f) = P a (f)+ h°{f)=2: (2.10)

The corresponding most unstable wavelength is given by

1
f 7
q((f)= % : (2.11)
Thus, to coincide with Leibler's result, = aq (f )*. Using equation (2.10), it follows
h solves
p
@h =2 s() a(): (2.12)

@2
This equation has a unique solution symmetric about = 1=2 that has zero minimum.

Note that depends on the volume fraction here, although it will occasionally prove
insightful to treat it as an independent parameter.
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Fig. 2.2 . The double well potential (solid) g( ; N ) for values of N =5;10;15;20, and the
potential h( ) (dashed) together with its analytic approximation (dotted ).

To make further progress,h must be computed numerically. We have done this by
rst solving (2.6) to determine s(f ) and q (f ), and then using a straightforward nite
di erence method to determine h from (2.12). It is useful to look for an analytical
approximation by least squares; the form

h A(n( )+InL )N+B (1 )+ C 21 )2+D: (2.13)
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with the values A = 1:3;B = 0:23;C = 6:05D = 1 gives a very good t (gure
2.2) over the relevant range of . This analytical expression is used for numerical
simulations in what follows. We nd that it predicts the correct stability thres hold
within a few percent. Figure 2.1 shows the parameter as a function of f . Figure
2.2 plots the potential g at various values of N , as well as the functionh and its
analytical approximation.

2.2. Dynamics. A natural way of imparting dynamics to (2.1) is via a Cahn-
Hilliard-type gradient ow. This arises from assuming a linear relationship between
the chemical potential F=  and the ux of material (related by a kinetic coe cient),
and leads to the fourth order parabolic equation [28]

(= a2+ g(:N)+ (f ): (2.14)

The timescale fort has been chosen to absorb the kinetic coe cient. Our purpose
in using (2.14) is twofold. Since stable equilibria of (2.14) are energy mimizers
subject to the correct volume fraction (assuming the initial condition also sais es
this constraint), the dynamical equation represents a steepest descent method to nd
minimizers. We also study the dynamics of (2.14) in their own right, since theyhave
at least a qualitative bearing on how complex equilibria form. We do not address
the question of timescales, which are ultimately a function of molecular kinetts, nor
do we include uctuations, which can be relevant in the study of block copolymer
evolution [12].

3. Single peak solutions.  This section deals with the fundamental question
of energy minimizing equilibria which represent a single structure embedded in an
otherwise mixed, at state. In contrast to well-known periodic equilibria tha t occur
for unstable mixtures, the focus here is on steady solutions that decay at an expo-
nential rate in the far eld. In the language of reaction-di usion equations, these are
sometimes called pulse or \spike" [20] solutions.

3.1. One dimensional bilayer solutions. We rst investigate the existence of
one-dimensional local minimizers of the functional (2.1) in the regime below the spi-
odal curve where the homogeneous state is stable. Projected into a three dimensional
setting, these correspond physically to at sheets of amphiphilic bilayers. As wi be
demonstrated later, these structures can arise dynamically from cylindrical micdes
via nonlinear perturbations.

The speci c problem that is studied entails looking for exponentially decaying
solutions to the steady state equation

(ax+g (N )+ (f )=0: (3.1)
on an in nite domain. Precisely, we require

lim =f (3.2)

For numerical purposes, it su ces to use Neumann boundary conditions with a domain
much larger than the size of the spatially localized perturbation of the at state.
Note that by integration of (3.1), one immediately satis es the constraint on the
compositional volume

z 1
( f)dx=0: (3.3)

1
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One can ascertain the structure of solutions for larggxj by linearizing (3.1) about
= f. Supposing () exp(Qx) where Q may be complex, one gets the rela-
tionship

aQ* g (f;N)Q?*+ =0: (3.4)
Thus
p
f: N fiN)2 4
gz 9 0iN) "0 ENY 5)

There are three possibilities for the far eld behavior. If g (f; N ) is su ciently
positive, then g2 4a > 0, and the roots Q are real, implying strict exponential
growth or decay. Only the latter is admissible according to (3.2), so the far ed
behavior is characterized by

f+cexp( Qix)+ coexp( Q2x); x!1 (3.6)

If (g (f; N ))2< 4a , the roots Q are strictly complex. From here on, Q will
denote the root with positive real and imaginary parts. It follows that

f +exp( [ReQ]x) cicos(ImQIx)+ c;sin([ImQJx) ; x!1 (3.7)

One can observe that asN increases toward the spinodal stability thresholds(f ), the
discriminant in (3.5) becomes small and thusQ necessarily has small real part (note
that g < O there). Therefore solutions near the instability threshold N = s(f)
will have highly oscillatory tails.

Beyond the instability threshold, inequality (2.8) does not hold for the most unsta-
ble wavelength (2.11), which implies that (§ (f; N ))2> 4a andg (f; N )< 0.
This means that exponential decaying solutions are impossible in this regime;nsall
amplitude stationary solutions (if these exist at all) must necessarily osdiate at in-
nity.

3.1.1. Construction via asymptotics. To lend insight into the nature of equi-
libria, we allow to be independent off and utilize a matched asymptotic construction
for small . This is meaningful from a mathematical perspective, since in absence of
bifurcations (which are discussed below), these solutions can be continued torige .
The advantage of this approximation is that it reveals the architecture of the solution
as consisting of two interfaces enclosing a core which is rich iA monomers. The con-
struction crucially depends on the core being larger than the interface width, which i
general can be achieved by making smaller or N larger (but below the threshold
for instability). This existence criteria is corroborated and quanti ed in | ater sub-
sections for arbitrary ; in particular, there is a minimum value of N for existence
of steady solutions at which a saddle-node bifurcation occurs. Wang et al. [42] nd
essentially the same behavior in their self-consistent eld theory calculations. Their
\micelle disassociation temperature" corresponds to this bifurcation.

When is set to zero, the instability threshold is s(f ) = h%{f )=2 and coincides
with the spinodal curve of the usual Cahn-Hilliard equation. Therefore we must
restrict N to that regime, which is equivalent to assuming

g (f;N)>0 (3.8)
7



We suppose that in addition, g( ) has two minima where <f< 4. This
guarantees the ability to construct the diuse interface that encloses the the core
region.

Symmetry is assumed by imposing re ective boundary conditions atx = 0. There
are three regions with di erent scalings: the core, the interface, and the corona (e.
exponentially decaying tail). In the corona and core regions, lengths scale as 72,
whereas the interface width is independent of .

The interface is described at leading order in as a solution to

(ax*+9(;N)x=0: (3.9)

By virtue of matching to outer regions with a larger length scale implies that solutions
approach constants at largejxj, i.e. limy x = 0. The solution describing the
interface is the well known internal layer for the classical Cahn-Hilliard equation [33],
which in particular satis es

yIIilm = <f< ; are minima of g; (3.10)
(these are consistent with the standard Maxwell construction). For N 1 and the
calibrated potential, these values are roughly =0and 4 =1.

The stretched coordinate z = x= 172 is used in the core and corona regions,
which correspond to the intervals [Qz ) and (z ;1 ) respectively. The scaled core
width z will be determined by using the global constraint (3.3), which leads to the
requirement

z 1 z z
(f (2))dz = ( (29 f)dz: (3.12)
z 0
In the rescaled regions, dominant balance of terms in the steady state equatiorehdds
to

@GN )z ( f)=0; (3.12)
subject to boundary and matching conditions

:(0)=0; lim = 4 im = ; Im =#f (3.13)
z! z z!l z + zIl

By the requirement (3.8), it follows that g > 0 on the interval [O;f]. It is also true
on some interval [ ;1] containing ., where ; is an in ection point of g(). This
allows equation (3.12) to be converted to a standard integrable Hamilbnian by the
Legendre transformg ( ) = max | g( ; N )]. Properly speaking, there are two
such transforms, one for the convex interval around  and one for the convex interval
around ., but the distinction will be clear from context. In the new variable de ned
by = dg( )=d , equation (3.12) becomes

dg ()

+ f
Yo4 d

=0: (3.14)
This equation is satis ed on each interval [0z ) and (z ;1 ), subject to the trans-
formed boundary conditions

2(0)=0; ZIIirzn =g (+)=0; leianJr =g( )=0; ZI]ilm =g (f) £
' ' ' (3.15)
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Fig. 3.1 . Phase portrait sketches for system (3.12), showing contour s of conserved quantity
H(; x)= 2+f g ( ). Left: curve extending from = g ( ) to saddle along stable
manifold corresponds to the solution on (z ;1 ). Right: There are many trajectories which extend
fromthe x =0 axisuptotheline =g ( +)=0. The relevant trajectory is selected by equation
(3.11).

The Hamiltonian for this system is H(; ) = 2+ f g ( ). By virtue
of @H=@( ;0) = 0 and @H=@?2( ;;0) < 0, the point ( ;:;0) is a saddle. The
solution on (z ;1 ) therefore corresponds to part of the stable manifold in the upper
half-plane (see gure 3.1). By inversion, may be determined in principle, and this
completely speci es the left hand side of (3.11).

For the problem on [0;z ], there is a family of solutions to (3.12) satisfying the
boundary conditions (3.15). These correspond to the various trajectories that eranate
from the -axis in the Hamiltonian phase plane (Figure 3.1), and are parameterized
by the initial condition (0) 2 [g ( i);0]. Note thatas (0)! O (i.e. (0O)! ),
the trajectories become short, and the right hand side of (3.11) goes to zero. lierefore
we may expect to have solutions provided the left hand side of (3.11) is not too lgi.
The estimate (which is derived in the appendix)

z 1
(f (2))dz C(f ); C independent of f (3.16)

z

shows that as longf is close to , it will be possible to satisfy (3.11). Computations
and other analytical evidence developed later reveal that existence should not be
expected for more general values df, however.

From a quantitative perspective, the exact solutions to (3.12) and (3.1} are
simply too complicated to lend much insight. As an example, consider the quadratic
approximations for the potential

1

o) 3 )E P ¢ ) (3.17)
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near each well = . The solutions in each region can be computed explicitly as

R flexp( (z z)=) z>7 (3.18)
f+( + f)coshz=)=coshz =) 0<z<z : '
The volume constraint (3.11) becomes
tanh(z = ) = f ; (3.19)
+ f

which can be solved to determine the core widtte , providedf ( + ,)=2=1=2.
For small A-monomer fractions one can approximate further . f 1 and linearize
to get the core width approximation

z (f ): (3.20)

For f =0:1 and N =50, using the calibrated potential one has 0:026, 43
so that the unscaled core width is  3:2 172, This is in reasonable agreement with
numerical solutions (see gure 3.3), even when is large.

3.1.2. Rigorous results on existence and nonexistence. Unlike the spin-
odally unstable regime where patterns and dynamic behavior have been studied at
length, the question of non-trivial behavior below threshold is more delicate. Be-
fore proceeding to develop further numerical and analytical evidence of equilibrium
and non-equilibrium behavior, we state some rigorous estimates to establisiwhere
relaxation to the at state is and is not expected. The motivation for this i s both
to assure that nontrivial behavior can occur in the spinodally stable regime ad to
provide guidance as to where this occurs. The results are not speci c to the calibrated
potential in (2.1) and should apply to qualitatively similar models. The proofs of the
following propositions are deferred to the appendix.

First we estimate a region where only the constant (homogeneous) state is a
minimizer.

Proposition 3.1.  If

p_—. 1. 09 1.

N a+ S Zur[gl]hf( ): (3.22)
then the only minimizer to (2.1) satisfying the volume fracion constraint (3.3) is the
constant (homogeneous) state  f.

This result is a slight strengthening of the result of Choksi et al. [6], who show
that f is the global minimum under the same hypothesis. The question for us is
a little di erent, as the later numerical results indicate that local minimizers can exist
that have energy greater (as well as less than) than the homogeneous state f.

The second result provides information on the regime where solutions may not
relax to the homogeneous state = f. The idea is to construct an approximate
\bilayer" solution, optimized over the core and interface widths. The main technicality
is to show that the relative bulk energy benet (the g()-term) in the corona region
is greater than the penalty paid by the surface and nonlocal energies. This does not
guarantee the existence of steady peak-type solutions, but shows that a certain da
of initial conditions will do something other than relax to a constant.

Proposition 3.2.  Suppose thatN;a; ;f are chosen so that

S ——— p_ p.S ——

4 3 ) "3p_ 3 @&( )P

3 C 3 “' s 2 ’
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Fig. 3.2 . Rigorous bounds relative to the phase digram. The dotted (lo wer) curve is the bound
(3.21), below which non-constant solutions cannot exist. T he middle dashed curve is the minimum
value of N that satis es (3.22) with C =1, above which non-constant solutions may persist. The
solid line is the spinodal curve above which the at state is u nstable.

then there exist states satisfying the volume fraction coisint (3.3) with energy less
than f. Here are minima of g( ), 1 is chosen so thatg( ) 1 (1 )
when 2[ ; +], 2ischosensothatg( ) o(f) 2(  f)when <f | andthe
constantC! lasf! O

Although (3.22) is complicated, is can readily be evaluated numerically as fabws.
For each f, the minimum value of N is determined which satises (3.22). The
constants 1., can be determined for a particular N as

_ a( ) .
L5 My (3.23)
, = max 90 9(f)
[ ] f

Using the calibrated potential and constants as described in section 2.1, the es
timates (3.21) and (3.22) are plotted in gure 3.2. The main observation is that
nontrivial minimizers will exist below the spinodal curve over a range of N for suf-
ciently small volume fractions.

3.1.3. Numerical results. To make further progress in understanding the na-
ture of steady one-dimensional solutions, the dynamical equations were numerically
evolved until a steady state is reached. The initial data was = f for jxj > 1 and

=0:9 for jxj < 1. This large perturbation was usually su cient to drive the system
to a non-constant equilibrium.
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Fig. 3.3 . Solutions for various values of for f = :1; N =50. The computational domain
was [0; 100], but only the core structure is shown.

To illustrate the asymptotics of small and how they connect to solutions at
large , we chose a particular scenario wherd = 0:1; N = 50. Figure 3.3 shows
steady solutions for various values of . The scaling of the core and corona widths as
N 2 are evident. As is increased further, the core width becomes smaller than
the interface width (which is independent of ), and bilayer-type solutions cease to
exist.

Another set of computations show how the solutions existence depends ol .
To characterize solutions, we measured the core width, de ned as the length of the
interval where > 1=2. The computation was carried out forf = :1 and =71,
which corresponds to the calibrated value discussed earlier. Figure 3.4 shows the
results. For small N , the interface width becomes large relative to the core region,
and solutions cease to exist. The structure of this relationship suggests a sadgdhode
bifurcation relative to N .

An exhaustive search for single peak solutions was performed over a widemge
of N and f, where is calibrated as described above. Figure 3.5 indicates where
solutions were found relative to the spinodal curve (solid curve). The interval of
existence is large for small volume fraction, whereas no steady states wereufad
above f :2, similar to the ndings of Wang et al. [42] for spherical micelles in
self-consistent eld theory calculations.

Somewhat surprisingly, however, no steady solutions were found near the instabil-
ity threshold. Rather than the solution relaxing to a single peak, a dynamical process
of self replication unfolds in a narrow region in parameter space ( gure 3.5). This
phenomenon is discussed in what follows.

3.1.4. A second bifurcation and nonexistence near the instabilit y thresh-
old. An important ingredient in the explanation of the self replication dynamics is
the sudden disappearance of single- and multiple- peaked steady solutions through
a bifurcation as N is increased. Dynamically, this is seen as a sudden growth of a
peak at the location of the second largest local maximum asN increases past the
bifurcation value N . The origin of this growth appears to be related to the far eld
behavior given by (3.7). The location of the secondary (next largest) local rmximum
is roughly one wavelength 2= [ImQ ] from the global maximum; as a consequence, the
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Fig. 3.4 . The core width for solutions for f = :1and =71 as a function of N . Solutions
exist only over a range below the spinodal instability and ab ove a threshold determined by a crossover
in core and interface sizes. The structure of this plot sugge sts a saddle-node bifurcation as a function

of N .
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Fig. 3.5. Phase diagram for behavior in one dimension. The solid line i s the the spinodal
curve, above which the homogeneous state is unstable. The region between the dotted and dashed
line is where steady, single peak solutions were found, repr esented by circles. Between the solid and
dashed line, self replicating behavior was observed.
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Fig. 3.6 . Behavior of the principal eigenvalues (see text) of the linearization of the dy-
namics computed numerically from the discretized operator . The bifurcation values are N p =
244:15; 71:194; 25:314 for f = 0:05; 0:1; 0:2 respectively.

value of this maximum can be approximated as max f + Cexp( 2 [ReQ]HImQ])
where C is some order one constant. WhenN is only slightly below the instability
threshold s(f ), one can see from (3.5) that the real part ofQ is small, and the sec-
ondary maximum is therefore relatively large, that is max f. There seems to be
a threshold for the amplitude of this secondary maximum, above which growth vill
occur until another fully formed peak appears. As a consequence, when there is not
enough spatial decay in the oscillating tail region, any large-amplitude peakedaution
cannot be steady. Making this argument precise will be left to a future publication.

Numerical investigations provide some detail about solution's behavior jus prior
to the bifurcation. Steady solutions were tracked by continuation in the parameter
N . The relevant part of the spectrum of the linearization of (2.14) around the
stable solution o and corresponding eigenfunction were also computed using the Ja-
cobian of the nite di erence discretization. The near-translation invariance of g
gives one exponentially small eigenvalue (corresponding to the translatioeigenfunc-
tion d (=dx) and an otherwise stable point spectrum. Of greatest interest is the
eigenvalue with greatest real part in the latter set. The behavior of these eigeval-
ues near the bifurcation value N  are shown in gure 3.6 for three di erent values
of composition f. The square-root behavior of the eigenvalues is consistent with a
saddle-node bifurcation of solutions.

The corresponding discrete eigenfunctions were also computed. These appear to
come in pairs as a result of the left-right symmetry of the underlying steady saltions.
Figure 3.7 shows a solution very close to the bifurcation, together with the citical
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Fig. 3.7 . A steady solution (solid) just at the bifurcation point N =71:19, f =0:1, and a
pair of discrete eigenfunctions (dotted and dashed) corres ponding to the least unstable eigenvalue.

eigenfunctions. The structure of the eigenfunctions is relevant in the later discussion
of self-replication behavior that occurs beyond the bifurcation.

3.2. Cylindrical and spherical micelles. We now investigate isolated equilib-
ria in two and three dimensions. Axisymmetric two dimensional solutions corespond
to cylindrical micelles, and radially symmetric three dimensional solutions corespond
to spherical micelles. The structure of the solutions is similar to the one dimensinal
setting, with an A-monomer-rich core surrounded by a di use interface separatingthe
core from a B-monomer-rich corona.

In polar and spherical coordinates, a radially symmetric steady state in dinension
d solves

rtdopd 1 l’ld[rdlr]r"'g(;N)rr"' (f )=0 (3.24)

on the half-line r > 0, subject to Neumann boundary conditions , =0 at 0 and 1
(assuming suitable decay), and also subject to the compositional constraint
z 1
(ry f r% dr=0: (3.25)
0
3.2.1. Asymptotic structure. A similar construction as in section 3.1.1 can
be used to highlight the architecture of micelle solutions and derive approximaions to
the core radius. The scaling regions are identical to the one dimensional problem, i
the interface located atr = 172 (where is analogous toz and is determined
by global considerations). The equation for in the interface region is to leading
order in 172 exactly the same as the one dimensional problem.
In the core and corona regions, using the rescaled coordinate= r= 172 one has

Y9 (N) o+ 4N )=0; (3.26)
subject to the matching and boundary conditions

0)=0; 'Iim = 4 lim = Ilim = f (3.27)



As before, for quantitative purposes a simpli cation of the problem (3.26) using the
guadratic approximation of the potential (3.17) is enlightening, giving

2 41+ 4 =0 (3.28)
In two dimensions the solution is

_ FrC 0 Dlo(=)=( =) 0< < (3.29)
f+(+ )Ko(= )=Ko( =) >
wherel g; Ko are the usual modi ed Bessel functions. The solution in three dimensions
is
( f f)i i 0
+ = = = < <
_ ( dio(= )=io( =) (3.30)
f+(+ flko(= )=k( =) >
where the modi ed spherical Bessel functions areig(r) = sinh(r)=r and Kkq(r) =
exp( r)=r. To determine , we integrate (3.26) and use the constraint (3.25). This
implies the relation

f
+ f
where Bo(x) = 1§(x)Ko(x)=[K §(x)I o(x)] and B3(x) =  i§(x)ko(x)=[k§(x)io(X)]-
A further approximation for (3.31) can be made by linearizing (somewhat crudely

but e ectively) Bg4(x) daXx where , 03 and 3 0:2. For small f this leads to
a similar expression for the scaled core radius

= Bg( =); (3.31)

= (f ): (3.32)
d

This is consistent with the one-dimensional result where ; = 1. The main conclusions
to be drawn from the estimates (3.32) are that the core size scales with Yome fraction
f and (which is can be shown to be roughly proportional to N ) and that it

increases with dimension.

3.2.2. Numerical solutions. To illustrate the nature of higher dimensional
equilibria, the gradient ow dynamics (2.14) was used as before to humericallycom-
pute steady states. Figure (3.8) shows cylindrical and spherical solutions fof = :1
over a range of N .

The prediction of core radius (3.32) is roughly in agreement with the numerical
solutions. In particular, for a given value of parameters, the core size increses with
dimension. Accepting the heuristic notion that micelle-type solutions exist when the
core size is large compared to the interface width, this means that solutions Wiexist
over a greater range of N as the dimension increases. This seems to be born out by
our calculations: forf = :1, non-trivial solutions were found for N as small as 28 in
two dimensions and 22 in three dimensions.

4. Multi-peaked solutions and self replication. As in a variety of reaction
di usion problems [2, 10, 44], the far- eld exponential decay of single peak saitions
allows for a study of the interaction of many such peaks. In particular, seady, multi-
peaked con gurations are found. A related phenomenon is that of self-replication,
where bifurcations of the underlying stable solutions can lead to space- lling pat-
tern propagation. We provide evidence that this phenomenon is an example of the
Nishiura-Ueyama self replication mechanism [29].
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Fig. 3.8 . Numerical solutions in two and three dimensions for f = 0:1 and for various N .
Shown are composition pro les for two dimensional cylindri  cal micelles (left) and three dimensional
spherical micelles (right).

4.1. Dynamics of multi-peaked solutions. To construct a more complete
description of the dynamics of (2.14), we now consider the behavior of an approxi-
mate superposition of isolated peaked equilibria. We suppose here that onlgtable
solutions are being superposed, so that on long time-scales, the isolated peaksnain
intact. This idea appears to be robust in one dimension, whereas in higher dimen-
sions instabilities can arise (see the discussion in section 5) that mighnialidate this
approach. We nevertheless present the analysis for arbitrary dimension.

For a superposition of single peaked solutions, lek; denote the individual local
maxima. Providing these are far enough apart, the dynamics ; should be transcen-
dentally slow since only the tails of these structures deviate from equilibrium. This
weak interaction results in the apparent translational motion. This is a common
theme in the study of weakly interacting \pulse"-type solutions to PDE's, and t he
dynamics may be ascertained through perturbation methods [10, 44].

The procedure outlined by Elphick et al. [10] can be used to reduce the dynamics
to a set of coupled ODE's. As this work has been widely cited, we only present
the details which are relevant for our problem. The perturbation parameter is =
exp( (ReQ)L) where L is the characteristic distance between isolated peaks. The
analysis assumes that_ is large, which is to say that peaks are well-separated. The
solution is written in terms of the slow timescale = t as

X0
(x; )="1+ ox xi() f + (X ) 4.1)
i=1

where is a correction term and g is a single equilibrium solution with its maximum
at x =0, solving
a o+ [ U)o H)+N(oI+ (f  0)=0;
NC) o) &t f) dgxf):
Note that g%) has been split into linear and nonlinear parts, re ecting the fact that
only the nonlinear terms ultimately contribute to the interaction. Substitution o f
17
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(4.1) into the dynamical equation (2.14) and making use of (4.2) leads to dinear
equation for at order :

X
L = roi (dxi=d) 1 R;
i=1 |
! 4.3
0 0 (4.3)
R N f+ (i f) NCi f)
i=1 i=1
where the shorthand ; = o(x X;( )) has been used and the linear operator is
" I
50 !
L a? + gOf+ (; f) : (4.4)

i=1

As explained in [10], theR term is actually O( ).

The usual idea at this point is to invoke a Fredholm-type solvability argument
that uses the exact zero eigenfunction for the adjoint ofL® It is consistent with the
order of approximation, however, to just use an approximate version which inolves
the eigenfunctions satisfying

a2 +g% o) =0; (4.5)

together with an appropriate decay condition for jxj ! 1 . Construction of these
eigenfunctions proceeds as follows. First, sinceq is stationary with respect to the
functional (2.1), it solves

Z
a  o(x)+ g¥ o(x) G(x x9 (x9 fldx°=0: (4.6)
Di erentiation implies that any derivative ! = @ o=@k solves the \linearization"
Z
a 1)+ g o(x))! k(x) G(x  x9Yk(x9dx°=0: (4.7)

Now let  be the unique exponentially decaying solution to the Poisson problem

k=1 AI.im k=0: (4.8)
jxji
Inserting (4.8) into (4.7) shows that , solves (4.5). A couple of observations about
the eigenfunctions prove useful. First, will have same decay rate in the far eld
as o, thatis (x) = O( ) whenjxj>>L . Second, g inherits symmetry properties
from @ o=@x: it is odd in the xi variable and even in the other variables.
The su ciency of (4.5) can be demonstrated by taking the L? inner product of
L with some (x Xx;). After integrating by parts, one has
" ! #
z Z 30
L k(x x)dx= a ?y +g® f+ (i f) @=@x dx:
i=1
(4.9)
where integrals are oveiRY. Since@ =@x = O( )whenjx x;j>L and i T=0()

for jx x;j<L whenj 6 I, it follows that
|

0 !
@ f+ (i f) @=@x=9% )@ =@x+ O(): (4.10)
i=1
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By the de nition of the eigenfunction (4.5), it follows that L ¢(x x;)dx = O().

Now taking inner products of (4.3) with (x x;), | =1;:::;n, the order one
terms are (in the original timescale)
Z 4
dxk X @
(Ttl roiok(x x)dx = R@—;dx (4.11)

i=1

where integration by parts and (4.8) was used.

By virtue of symmetries and spatial decay of g, only the term involving @ =@k
on the left hand side survives at leading order. The right hand side can be simpli ed
considerably by noting that @ |=@x is only order one wherejx x;j < L. Within
this region, the approximations

X X
N f+ (i f) =N(C)+ NLDNi f)+0(3); (4.12)
i=1 i6l
X
N(i)=N()+O0(?) (4.13)
i=1
hold by virtue of N(f)= Nqf)=0and j ; fj= O()fori 6 |. Therefore
@ _@* g oy, 2.
R@x = @x iglN (DCi £)+0(7); (4.14)

and (4.11) reduces to

dt . (@1=@%) «(x x)dx

i6l

R
ad X TN 1)@ =@Rdx. (4.15)

Some general observations about the structure of (4.15) are illuminating. The
system (4.15) describes the motions of the many-peaked solution as a closedter-
acting particle system. The principal contribution to the integrals in the numer ator
involve one O(1) factor and another which is exponentially small. In the case where
the tails of ¢ are strictly decaying, the sign of these integrals is una ected by the
relative distance of the peaks. This means that individual peaks would appear to
attract or repel (repelling behavior has been noted in numerical experiments, but ths
case is not pursued here). On the other hand, when oscillates in the far eld, the
sign of the integrals also oscillates with the relative distances betweengaks. This
combination of attraction and repulsion should in general lead to stable arrmagements;
i.e. there exist steady many-peak solutions. Such a situation is a precursor fahe
self replication phenomenon which is reported and discussed later.

4.1.1. Further simpli cation in one dimension. Specializing to one dimen-
sion, the far- eld behavior of equilibria (3.7) can be written as
o f Re[Aexp( Qx)]; x!1 ;

where A may be complex. Since the numerator of (4.15) has an order one factor and
a factor which can be approximated by the exponentially small tail of o, for x; > X j
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Fig. 4.1 . Left: PDE simulation of two superposed peaks ( f = :1 and N = 60), showing
the relative distance between peaks (local maxima) as a func tion of time. Right: simulation of the
reduced system (4.17). The approximation fails to capture t he short-range repulsive dynamics, but
otherwise reproduces the pattern forming behavior.

this integral approximates to
z h i
Re Aexp Q(x x) NY )(@=@%dx =Re Al exp Q(x; xi) ;
Z

| exp( QN o)(@ o=@%)dx:
(4.16)

Furthermore, all these integrals areO( 2) except for those involving the nearest neigh-
bors (xi+2, for example, is a distance 2L, so that |+, = O( ?) near x;). The

dominant terms in (4.15) may nally be written (supposing X; are indexed from left
to right)

dX|

dt
where the complex coe cient J is

=FMia xi) F(a xi1); F(x)= Re[Jexp( Qx)] (4.17)

Al _
0(x) ()dx’

As an illustration, consider the interaction of two peaks. The full PDE dynamics
was simulated for di erent initial spacings with- N =60 and f = :1. The results are
shown in gure 4.1. At small initial distance, the interaction appears to be strictly re-
pulsive, whereas for large distances it is oscillatory. To make a comparisg the system
(4.17) was also simulated. From the single peak solution, we ndQ =1:61+1:69 and
A =48:3+75:9i. The prole for ( and the eigenfunction were computed numeri-
cally, which gives a coe cient value J  (0:48 + 4:0i) 1C°. As would be expected,
the perturbation calculation (also gure 4.1) adequately captures the dynamics when
equilibria are far apart, but fails to predict the repulsive behavior when they are
close. There is evidently a whole family of stable two-peak arrangements, clacter-
ized by displacements which are multiples (modulo a phase shift) of the underlying
wavelength associated with the far eld oscillation of a single peak solubn.

20
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Fig. 4.2 . Free energy of bilayer equilibria relative to the homogeneo us state.

4.2. Free energy of multi-peaked solutions. A useful quantity to evaluate
is the energy of isolated peaked equilibria relative to the homogeneous state. la
situation where the energy is purely a local functional, the total energy is roughly
the sum of the energies of individual equilibria up to transcendental corrections. This
happens to be the case here for steady solutions, even though the energy is partly

non-local. Indeed, letting s = f subject to Neumann boundary conditions, the
non-local term can be written
z 1 z 1
3, 2dx = 3, (f  )dx
141
== wxw+tg(;N) dx (4.19)
2 1 XX
141
=§ (f ) x tg(;N) dx

In other words, the non-local energy can be expressed as the sum of the energies on
each subinterval that contains a peak. This argument can also be extended to higher
dimensions.

It follows that if the excess free energy is negative, one might expect a propensity
toward the development of more spatially localized equilibria. This is a necessg
but not su cient condition: If the excess energy is positive, the gradient ow cannot
generate a state with even higher energy (this is of course not true if one also codsgirs
random uctuations). In the case it is negative, the question is more subtle, and the
dynamical pathway to a lower energy state with many isolated equilibria coull take
the form of simple relaxation, nucleation via uctuations, or front propagation. We
investigate the latter below.

We have computed the excess free energy of one dimensional bilayer solutions,
that is the value (2.1) relative to the homogeneous state = f. Figure 4.2 shows the
free energy for various N with f = 0:1 and at its calibrated value. The excess
is positive in a small range between the critical value N 46, but is negative over
a much larger range. The energetic preference to bilayer equilibria also plays out in
higher dimensions. It is connected to the (nonlinear) instability of two dimensional
micelle solutions. We investigate this in section 5.1.
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Fig. 4.3 . Simulation for f = :1and N =71:5, just below the threshold for spinodal instability.
New peaks are nucleated from oscillations in the tail region . Once fully formed, the process repeats,
leading to continual self-replication.

4.3. Self replication.  The loss of exponentially decaying steady solutions as
N is increased past the second bifurcation pointN ,, together with the requirement

of ever-decreasing energy, means that a patterned state must propagate inde nitely.
This propagation takes the form of replication of individual structures on either side
of the multi-peaked complex. As discussed in section 3.1.4, this occurs by nucleatio
in the tail region at the location of local maxima. A numerical example is shown in
gure 4.3.

There is a considerable body of literature of self-replicating patterns in reaction
di usion systems (e.g. [29,32,34]). A general theory for this phenomenon was pposed
by Nishiura and Ueyama [29], which appears to be applicable here. Their idea reliesio
the disappearance of all multi-peaked solutions via saddle-node (or fold) bifurcatn,
more or less simultaneously. Self replication dynamics are an \aftere ect" of his
bifurcation, whereby the remnants of the unstable manifolds at the bifurcation point
form a pathway leading from N -peak states toN + 1 peak states. Many of these
ingredients have been veri ed for particular systems, such as the Brusselator nuel
[21].

For the present model, the results of section 4.1.1 suggest that existence of one-
peak solution is su cient to guarantee many-peaked solutions. The converse gestion
is more subtle. It was conjectured in section 3.1.4 that the spatial decay is the decidig
factor in existence of steady solutions. Then all multi-peaked solutions would, prhaps
up to transcendentally small corrections, experience the bifurcation at the same Jae
of N , since they all have the same decaying oscillations given by (3.7).

The structure of the least-stable eigenfunctions computed at the bifurcation point
(see gure 3.7) provides a clue to the nature of the unstable manifold that leads awa
from the bifurcation point. Their structure suggests a dynamical pathway that leads
to growth of peaks on either side of an existing peak, consistent with numecal obser-
vation. Note this is di erent from the even-symmetry \dimple" shaped eigenfunction
that leads to pulse splitting in other self-replication problems [8,21].

5. lllustrations of higher dimensional dynamics. Although the focus of
this paper is largely about equilibria and one-dimensional dynamics, some preliming
results on dynamics in two dimensions show how the forgoing analysis connects to the
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Fig. 5.1 . Growth of a lament ( N =60;f = :1) in two dimensions that begins as a elongated
perturbed cylindrical micelle. The curves correspond to th e contour = 1=2. The lament cross
section is essentially the same as the corresponding bilaye r solution.

larger questions of block copolymer self-assembly in the disordered regime. Thesults
here are principally numerical in nature, as the simulations show that a complete
characterization of the system's evolution is a challenging question.

5.1. Filamentary instability of cylindrical micelles and bila yer forma-
tion. In two dimensions, one might expect a competition between cylindrical (i.e.
circular) and bilayer (i.e. linear-shaped) equilibria. Even when cylindrical solutions
are stable, it is expected that large perturbations might favor a lamentary structure
(we use the term \ lament" since the numerically observed two dimensional patterns
are long, narrow domains; in three dimensions, these would correspond to bilayer
sheets of nite extent), whose cross sections are roughly one dimensional equilibria
Such a scenario has been observed in simulations (gure 5.1), where the ends of the
lament propagate outward in a steady fashion.

The propagation of the lamentary ends is related to the excess free energy of
a bilayer solution. If the excess energy is negative, then there should be a relative
energy bene t for the lament to grow, assuming the cross section is essentially @ane
dimensional equilibrium. Of course, this might be a little too simplistic: the energy
(2.1) is non-local, and thus the energy per unit length is somewhat a ected by the
presence of lament ends in addition to other structures that may be nearby.

In the case where several initially cylindrical micelles compete, the result is dra-
matic ( gure 5.2). The interaction of nearby laments disrupts their growth, causing
either inhibition or occasionally \tip splitting". Filaments may bend in res ponse to
other nearby structures, and occasionally break by pinching. This process goes on for
some time until the entire domain is lled.

5.2. Self-replication in higher dimensions. Self replication phenomenon in
higher dimensions has also been studied in the literature (e.g. [22]). We conclude
our discussion of dynamical phenomenon by demonstrating how this unfolds for the
present model, using arguments analogous to those discussed in section 4.2. A com-
plete analysis of this phenomena will be deferred to future publication.

As for one dimensional solutions, we have computed the excess free enefgy )

F (f ) of equilibria both in two and three dimensions ( gure 5.3) for f = :1 and for N
over the range of existence. As before, the excess energy is positive near the lower
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Fig. 5.2 . Evolution of several competing laments ( N = 60;f = :1) in two dimensions at
times t = 0;:5;1:0;1:5 (the domain size is 302, and the red color indicates 1). The growing
lament ends can split, and laments bend to accommodate oth er nearby structures.

existence threshold, but is negative over a wide range oN .

The fact that the system can lower its energy by replication of micellar elements
suggests that this behavior would be common. As in one dimension, however, we
have only found this dynamical phenomenon for N near (but below) the spinodal
transition. Figure 5.4 shows the evolution starting from a single \seed". The initial
condition was = :9 inside a circle of radius 1 and = :1 outside. For somewhat
smaller N , such an initial condition would relax toward a single circular (cylindrical
micelle) equilibrium. For N = 70, just below the point of spinodal instability, the
pattern propagates in a radial fashion, producing concentric layers of circular micéés.
Some of these are observed to lengthen via the lamentary growth mechanism. The
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Fig. 5.3 . Free energy of two dimensional cylindrical solution and thr ee dimensional spherical
equilibria relative to the homogeneous state. In both cases f = :1.

ultimate fate of this assembly is complicated, and involves interaction otthe individual
elements via growth and coarsening.

6. Conclusion. We have provided evidence of non-periodic equilibria in density
functional models of diblock copolymers for a regime previously unexplored. In gen-
eral, existence requires su ciently large interaction N and small volume fractionf,
although relaxation to steady solutions gives way to self replication dynancs near
the spinodal instability.

There are a variety of unanswered questions which will be addressed in forthcom-
ing work, including the stability of equilibria, and veri cation of the argument s that
describe the secondary bifurcation and self replication. Dynamics in three dimension
have also not been fully explored. One expects to nd a linear or nonlinear insta-
bility of spheres which produce cylinders with growing ends, analogous to the two
dimensional lamentary instability, or even growth in two directions that evo Ives into
a bilayer sheet.

Appendix. Veri cation of estimate (3.16).
We observe that by a change of variables,
Z, Z

SO = g

9 (f) ()

d; (6.1)
Integrating (3.14) and using convexity of g gives

=9() g() fC 1) %[g\i?](g)oc( X 1) Ci( )% (62)

NI =

In addition, one can estimate
h i

() maxt () (i )
h g (6.3)
f max 3~ (f ) Cs(f ):
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Fig. 5.4 . Self replication in two dimensions ( N = 70;f = :1). The evolution is shown at
times t = :14;:28;:42;:56 (the other details are the same as gure 5.2). The initial dat a was a single
circular micelle-type solution. Notice that micelle struc  tures formed in the center elongate via the
lamentary growth mechanism.

Combining ( 6.1), (6.2) and (6.3) gives
Z 1

C,Cs
Z f  (2)dz 5

(f ): (6.4)

Proof of Proposition 3.1.

Let be any admissible state (not just a local minimizer of F). Consider as test
functions the rescalings

c= ¢ f)y+ f:
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By virtue of the volume constraint, the variational problem remains the same if we
add any linear function of to the integrand of (2.1). Let H( )= h( ) hY%f) so
that by convexity of H,

1
0 L 0 2,
( DHY) 5 nf b )
It is therefore equivalent to consider the modi ed functional
z ZZz

F(¢)= %‘jr JP+H( ¢) &N ( f)zdx+c:2§ G(x x9[ (x) fII (x% f]dxdx®

Thus
Z Z Z
dF( o) 2c éjr 2 f)?dx+ = G(x xO9 x) fI (x% fldxdx®
dc 2 2
where = N linf 5040 h%C ). Letting “(k) be the Fourier transform of f,
one can write this as
Z
dF( ) a2 2 N2 Al
dc  c=0 oK T2k Tk
which is positive if
p_—_ 1. 09 .
v P g e

In this case,dF=dc > 0 unless f , which is to say that f is the only minimizer.

Proof of Proposition 3.2.

We construct a test function on [0;1 ) which resembles the computed bilayer-

type equilibria, and assume re ection acrossx = 0. For a given N , let . ; be
minimizers of g( ; N ) with < . (we supposeg necessarily has two wells for
large enough N ). Let
8
2 x<dy;
"= +(x d)( . )= di<x<d

f(f yexp( (x  dz2)=ds) x>dy;

where d;;d,.3 O are to be prescribed consistent with the volume constraint, and
= d, d; plays the role of an interface width. Note that d; may be negative.
The energy of' relative to f can be written
Frei ()= 5 xtLOC N ) gf s NI+ 5 Jdg = (6.5)
0

where the boundary conditions are y =0 atOand 1 .
We rst estimate the nonlocal term. ForO x di, ] xj 1sothatj 4xj x.
Thus the contribution to the energy on that interval has the bound
Z dl
d 3
2 2.
= dx —=:
2 45 6
27
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For x > d ,, one computes directly

z 1

3 . 2dx = ng(f )2: (6.7)

Ford; x dy, onehasj «j< (f )ds, so that

Zg,

> . 2dx 3 d3(f )2: (6.8)

By virtue of the volume constraint (3.3),
1 e Z1 f
di (" f)dx= (" f)dx=ds :
+ f 0 + f dy + f

Combining this with (6.6), and adding estimates (6.7), (6.8), the entire nanlocal
contribution has a bound
z 1

_ 2 B 2.

3, s dx C4d3(f )% (6.9)
where the constantC =1+ %(f )y=( + f)3+ =ds. Our choice ofds (see below)
hasd;!'1 whenf ! 0.

The next contribution to F (' ) is the surface energy
z z =
d dy P 3p

LI oy g yax Bl Pao
SR EAC) ela e @ )d g = A (610)

2

where = P 3a= ; is chosen to be optimal.
The local terms contribution for x >d , is
Z, Z, 2
a, . a, 2 . _af ) :
Lo erlet) e S a0 fdxE Tt et )
(6.11)
In the limit f ! O,ahe optimal choice ofds is determined by ignoring the 2 term in
(6.11), and isdz = %. With this choice, combining (6.9), (6.10), (6.11) and

setting them O gives the desired estimate (3.22).
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