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OSTWALD RIPENING IN THIN FILM EQUATIONS*

K. B. GLASNERT

Abstract. Fourth order thin film equations can have late stage dynamics that are analogous
to the classical Cahn—Hilliard equation. We undertake a systematic asymptotic analysis of a class
of equations that describe partial wetting with a stable precursor film introduced by intermolecular
interactions. The limit of small precursor film thickness is considered, leading to explicit expressions
for the late stage dynamics of droplets. Our main finding is that exchange of mass between droplets
characteristic of traditional Ostwald ripening is a subdominant effect over a wide range of kinetic
exponents. Instead, droplets migrate in response to variations of the precursor film. Timescales for
these processes are computed using an effective medium approximation to the reduced free boundary
problem, and dynamic scaling in the reduced system is demonstrated.
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1. Introduction. Viscous liquid films have a rich set of dynamics that are still
only partially understood [7, 28]. A large subset of phenomena involves dewetting
instabilities that produce a diverse collection of patterns that have been studied ex-
perimentally [1, 13, 33, 34, 35, 42] as well as theoretically [2, 3, 19, 22, 27, 36, 37, 42].
These instabilities cause nearly uniform fluid layers to break up into arrays of large
droplets connected by a remaining (very) thin film, which undergo an elaborate coars-
ening process characterized both by coalescence of droplets and exchange of fluid
between droplets and the intervening film [11, 12, 15, 16].

The results we describe run parallel to other studies of dynamical coarsening
processes, most notably phase separation phenomena described by the Cahn—Hilliard
equation [5, 30]. At late times and small volume fractions, this equation describes
the Ostwald ripening process [14, 24, 25, 38, 39]. Our purpose is to describe a similar
limit for a class of thin film equations and to highlight the differences between our
problem and classical Ostwald ripening.

The analogy between spinodal decomposition and liquid dewetting was first ex-
plored by Mitlin [19, 20, 21, 22]. Subsequent theoretical works have studied coarsening
in thin film equations that results from other instabilities. Bestehorn, Pototsky, and
Thiele [4] consider the evolution of a film destabilized by Marangoni effects and quan-
tify coarsening rates through numerical experiments. Merkt et al. [18] obtain similar
results for a two-layer film. There are, in fact, numerous other variations of dissipative
fourth order equations that exhibit coarsening behavior, for example, the convective
Cahn—Hilliard equation studied by Watson et al. [40].

This paper is a continuation of a body of work initiated by Glasner and Witel-
ski [11, 12] on coarsening behavior of liquid droplets described by disjoining-pressure
models. It was found there that the dewetting instability leads to the eventual devel-
opment of droplets separated by a precursor film. The subsequent one-dimensional
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474 K. B. GLASNER

dynamics of these droplets was computed, involving mass exchange between droplets
and the precursor layer as well as motion of the droplets themselves. This results in a
coarsening process characterized by both mass transfer and coalescence, and exhibits
dynamic scaling with a nonstandard exponent. Rigorous bounds for dynamic scaling
were subsequently obtained by Otto, Rump, and Slepéev [29]. In two dimensions,
the interaction of droplets has been studied by Pismen and Pomeau [32]. Although
not entirely dissimilar from the conclusions described here, their results are in both
quantitative and qualitative disagreement with our calculations (see the concluding
section for a comparison).

This work serves as a companion paper to the manuscript of Glasner et al. [9)].
Instead of a matched asymptotics approach, that work utilizes a variational princi-
ple (the Rayleigh—Onsager notion of least dissipation [26]) to explain and quantify
droplet migration effects. Both papers obtain comparable results, although a careful
interpretation is needed to show their equivalence. Some comparison is provided in
section 5.

This paper considers a class of fourth order parabolic equations which have the
structure

—1r7/ h
(1.1) T(e)hy = V-(hIVp), p=¢€ U (E) —Ah, ¢>0.
The physical domain is taken to be a two-dimensional, bounded, simply connected
open set 2, where Neumann and no-flux boundary conditions are imposed (although
few of our results depend crucially on these assumptions). The timescale 7(¢€) is
chosen to capture the slow dynamics associated with migration and mass exchange
(i.e., ripening) of droplets. It depends on the mobility exponent as

€, q€(0,2),
(e l), ¢=2,

(1.2) T(€) = { €, q€(2,3),
¢?/In(e™h), ¢=3,
€?= 1 q> 3.

Our interest is in the limit of small €, which corresponds to both thin precursor films
and long timescales.

It is instructive to consider a range of mobility exponents to capture the crossover
between different dynamical mechanisms. For liquid films, this exponent is a function
of the solid-liquid boundary condition and the fluid rheology. The standard case of
a Newtonian fluid with a no-slip boundary condition corresponds to ¢ = 3. The
Navier slip condition leads to ¢ = 2 if particular limits are considered [8, 23], whereas
Darcy’s law can lead to ¢ = 1 [6]. Models of non-Newtonian fluids may have a variety
of exponents (see, e.g., [41]).

The class of potentials U considered here include those commonly employed to
describe a combination of attractive and repulsive van der Waals forces [28]. The
following assumptions are used:

1. U is scaled so that it has a minimum at 1 and U(oo) — U(1) = 2.
2. U’ has a unique maximum at H* > 1.
3. The potential decays as

(1.3) U'(H) = O(H™®), H — oo,
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OSTWALD RIPENING IN THIN FILM EQUATIONS 475

where

(1.4) . q+1, q€(0,2),
' 3, q>2.

This will ensure that intermolecular interactions have a subdominant effect
for macroscopic (h ~ O(1)) films.

The structure of the paper is as follows. Section 2 describes the results of the
lengthy calculation, whose details are given in sections 3 and 4. Section 5 goes on
to propose an approximation procedure for the resulting free boundary problem, and
timescales for the relevant dynamics are worked out. Section 6 gives example calcu-
lations and compares them to predictions of dynamic scaling.

2. Setup for matched asymptotics and a summary of results. There will
be three regions in the matched asymptotic analysis (see Figure 2.1):

e Region I: This region corresponds to droplets and is composed of the union
of disjoint disks {D:} which have the form D = {x | [x — X| < R} so that X
is the droplet center and R is its radius. Unit normals to 0D will be denoted
n, and we will also utilize the coordinate unit vectors X, §, etc. In this region,
h and x will both scale like O(1). It will be convenient to use the moving
polar coordinates r = |x — X ()|, 0 = arg(x — X (¢)).

To be more precise about R and X, we define the contact line at finite € to
be the set {x | h(x) = eH*}, where H* is the global maximum of U’. This
definition is somewhat arbitrary and is chosen merely for convenience. On
the other hand, in the limit ¢ — 0 this set converges to the boundary of
the support of h, i.e., the sharp-interface contact line. We suppose that for
each droplet this curve is nearly circular and has the form x = X + R(0)f.
Properly speaking, R and X should also be expanded in €, but to avoid

Region II

Region I

(Top view)

Region III

(Side view)

Je

F1G. 2.1. Three regions for the matched asymptotic calculation.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



476 K. B. GLASNER

excessive notation, these labels will simply denote the corresponding leading
order solutions. In particular, we find that R is independent of 6 at leading
order.

e Region II is a microscopic internal layer near the contact line where h and z
scale like €. The moving rescaled radial coordinate

R(t)—r

(2.1) z=

will be employed. In light of the definition of R, the solution in this region
must satisfy

(2.2) h(z=0)=h".
For reference, the Laplacian in z, 6 coordinates expands as
(23) Ah=¢?h,, —¢ 'R7'h, — (zR*%z + R’2h99) + O(e).

e Region III is the complement 2/ U D; which contains the precursor film. In
this region, h will scale like €.

The overall strategy is to propose self-consistent asymptotic expansions in each re-
gion and to connect them via matching conditions. Less-standard matching conditions
are derived when needed. Corrections to the leading order base solutions solve linear
equations, and Fredholm-type solvability conditions will yield information about the
dynamics.

The main goal is to determine the dynamic behavior of R and X, which will be
shown to arise from a flux J which is determined by the elliptic problem

2
(2.4) AP =0, Plsgp,=—, J=-VP

R;
solved in the exterior region /U D;. Here P represents the first nontrivial correction
to the pressure p. Equations (2.4) describe quasi-steady diffusion of material driven
by a Gibbs—Thomson boundary condition. We find that, with respect to the timescale
7, the dynamics at leading order are

4
(25) Rt: T 3rR2 faDJ'IldS, q<2,
0, q>2,
and
(2.6) Xt:—M(R)/ nJ - nds,
oD

where the mobility factor M (R) is

R—Qtlll(l)/ Sy (r)r2r, q<2,
R’2/ Jo i (r)r2dr, g=2.
1 oS T
(2.7) M = p R14 j;oo[Hl1 1—H, q]dz/ fol Uy (r)r2dr, q € (2,3),
R [% [H{? — H{%]dz, q=3,
RO H — H s [ [ H - HY Ydz, g >3,
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OSTWALD RIPENING IN THIN FILM EQUATIONS 477

H; is the leading order solution for the microscopic contact line region II. The function
U, arises from the solvability argument and is specified as the solution of the rescaled
boundary value problem (4.5)—(4.7).

The point of writing R, = 0 for ¢ > 2 in (2.5) is to emphasize the crossover
between radial and migration dynamics. This is to some extent an artifact of our
choice of timescales (1.2). Had we chosen 7 = ¢? for all ¢ instead, then the radial
dynamics would just be given by the first nonzero formula in (2.5).

3. Base solutions. This section summarizes the aspects of the analysis which
are common to all mobility exponents ¢ > 0. The rest is split into cases in the
following section.

Region 11. The solution is expanded as h = eH; + €2 Hy +0(€?). The leading order
equation is

(3.1) (H{[—(H1):2 + U'(Hy1)]:)= = 0.
Integrating twice and using the matching conditions (H7), ~ 0 as z — —o0, we get
(3.2) —(H1):2 + U'(Ho) = c1.

The matching condition (Hi),. ~ 0 as z — 400 means that C' = 0 in light of (1.3).
It follows that H; ~ 1 as z — —o0o, and we can integrate again to obtain

(33) S(H)? = U(Hy) ~ U(),

from which the equilibrium contact angle is determined by

(3.4) (Hy). =\2[UH,) -U1)]~1, z— +oc.
Solving (3.3) gives the solution implicitly as

H dH
V2[U(H) - U(1)]

The constant of integration is determined uniquely by the condition (2.2).
The next order correction satisfies

(3.5) = Z+C2.

(3.6) (H{[~(Hz2)z: — R~ (H1). + U"(H1)Hz].). = 0.
Integrating and using the matching condition (Hs),.. — 0 as z — oo gives
(3.7) [—(H2).. — R™'(Hy). + U"(H1)Ha]. = 0.

A further integration implies

(3.8) —(Hy).. — R™Y(H,), + U"(H,)H, = P = constant.

This says that (total) leading order pressure is constant through region II, and we
can use this to match between regions I and ITI. We remark that both H; and H, are
independent of 6. Later in the calculation, this will provide symmetry that is needed
to make certain integrals vanish.

Region 1. Expanding h = ho(x,t) + o(1) for now, we obtain

(3.9) V-(hIVAhg) =0, x€D.
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478 K. B. GLASNER

Provided that hg is well behaved (bounded third derivatives), integration of (3.9)
against Ahg gives

(3.10) / hE|V Ahg|*dx = 0.
D

Since hg — 0 on the boundary of D, it follows that Ahg is a constant. Using the
matching conditions

gives the family of radially symmetric droplet solutions

x — X(t)

(3.12) ho(x; R(t), X (1)) = R(t)H < =D

). O =50

Using (3.8), (3.12) and the matching condition

(313) (ho)rr(R,G) = lim (H2)zz

zZ—00
allows us to relate the pressure P and the droplet radius:

(3.14) P=—Ahy= %.

Region 111. Here we expand h = ehy + €2ha + o(€?). Because of the scaling of 7(e),
the leading order problem for all ¢ > 0 is the elliptic equation

(3.15) V-(h{VU'(h1)) = 0.

Matching to region II implies h; = 1 on the boundary UdD;; therefore hy = 1. At
order €2, the correction term satisfies the “quasi-steady” problem

(3.16) Ahg = 0.

This equation is solved together with boundary conditions that are derived by match-
ing. Using (3.8) and (3.14), we find that

(3.17) U"'(1)hy = R’ x € 0dD.
It is convenient introduce the flux
(3.18) J = —hiVp = —elU"(1)Vha + o(€?)
so that at leading order
(3.19) Jy=-VP, P=U"(1)Vhy

is therefore determined by solving the boundary value problem (3.16), (3.17). To
avoid excessive notation, we also use J; to denote the flux of order O(e?) in regions I
and II.
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OSTWALD RIPENING IN THIN FILM EQUATIONS 479

4. Mobility-dependent expansions.

4.1. Case g € (0,2). The expansion of the equation in region II at order €?
gives 0 = (J; - Z),, which merely says that the z-component of .J; is constant through
this layer. Thus the normal component of J; to the boundary of D is that given by
the solution in region III.

In region I, we expand h = ho(z,t) +€2hg + 0(e?), which means that leading order
flux is J; = h{VAh,. The first nontrivial correction to the equation in this region
gives the linear problem

Ohg
(4.1) Lhg =X Vhy— Rtﬁ, L=V-[hVA
for x € D (the mismatched bracket indicates that the divergence applies to everything
to the right). We remark that a similar linear problem was encountered by Pismen [31].
The linear operator £ (on a space endowed with suitable homogeneous boundary
conditions) has the adjoint

(4.2) LY = AV [hiV.

Nullspace of LF. To invoke a Fredholm solvability argument, we need to char-
acterize its nullspace by finding orthogonal functions whose span is the same as
{(ho)z, (ho)y, (ho)r}. Observe that if ¢ is in the nullspace, then

(4.3) V. [th@b] — 6, Ad=0.

We shall be interested in the particular harmonic functions ¢ = 0, —x, —y, which
ultimately correspond to changes in droplet size and translation in each direction,
respectively. Since x = rcosf, y = rsinf, we look for a solution of (4.3a) of the form
1 =VU(r)cosf or v = ¥(r)sinf. In either case we are led to the differential equation

(4.4) r(rhd®’) — hi® = —¢*
together with the boundary conditions
(4.5) hI®'(R) =0, T(0)=0.

Several observations about (4.4)—(4.5) are in order. First, the solution is unique, since
multiplying the homogeneous version of this linear equation by ¥/r and integrating
leads to

R 1,2
46 Y R ]
( 0
0 T

There is also a natural scale invariance for this problem: If ¥, solves

(4.7) r(rHYW)) — H1Uy =3 U(0) =0, HW,(1) =0,
then
(4.8) ¥ = R* %0, (r/R)

solves (4.4). Finally, the regularity of solutions of the ordinary differential equation
(4.4) and the first boundary condition (4.5) allow us to ascertain the asymptotics at
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480 K. B. GLASNER

Fi1G. 4.1. The function U(r) with R = 1, used in the solvability argument.

r = R. In particular, we have h{¥’'(R) = O(|r — R|), and therefore one computes for
r— R

o(1), q<2,
(4.9) ¥~ < Rln|r—R|, q=2,
qTR2|7“—R|2’q, q > 2.

In particular, ¥ is bounded for ¢ < 2 and integrable for ¢ < 3. Since r = R is a
regular singular point of (4.4), the first boundary condition in (4.5) implies

(4.10) hiw'(r)y=O(r — R|), r— R.

In practice, solutions to (4.4) can be obtained numerically (see Figure 4.1). To sum-
marize, the desired functions for the solvability argument are

(4.11) Yr=1, 1y =T(r)cosd, 1, =TU(r)sind.
Solvability conditions. The inner product of ¥ g with (4.1) produces
Jop M6V Ahg -nds

4.12 R, =—
(4.12) ' [, Oho/OR dx
Using the matching condition for flux,

4
4.13 Ri=——— Jy - nds.
(4.13) P UsrR2 J, 0 Y

This is just a statement about conservation of the droplet volume V = [ hodz =
TR /4 since

(4.14) Vi=— Jg -nds.
oD
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OSTWALD RIPENING IN THIN FILM EQUATIONS 481

Inner products of (4.1) with v, , determine the translation dynamics. Integration
with ¥, gives

YehidVAhy -nds — / h3(Ahg)Vi, - nds

oD

X 5{/ %%dXZ
D Ox oD

(4.15) —/ xth-nds—i—/ hg cosfds
oD oD

= Vypdq -nds + By + By + Bs.
oD
In writing this, the inner products with dhy/0y and dhy/IOR are zero by symmetry.
We will argue that By = B, = B3 = 0.
First, since the leading order flux is constant across region II,

(4.16) Jy-n=h{VAh, -n=0(1), r— R.
Therefore
(4.17) VAh, -n=0O(r—R|)"? Ah,=0(r—R"""), r—R.

Using (4.10), this means that
(4.18) hi(s).Ahy = O(|r — R|77™), r — R,

so that integral B; = 0.
For the integrals By and Bs, consider first the subcase ¢ = 1. The relevant
matching conditions are
(4.19) hi(R,0) = lim Hi(z), (h1).(R,0)= lim Hj(z).
Since H; and Hj are independent of 6, the integrals Bs and B3 vanish by symmetry.
For noninteger ¢, the terms in the region Il expansion necessary for matching
would be orders €? and €?t!. If such orders were included in the expansion, they
would solve equations like

(4.20) (H{[(H)o — U (H)H,].) =0,

z

where 1 < n < 3. Since there is no flux of order ¢t =3 > €%, integrating (4.20), one
gets

(4.21) (Hp,),. — U"(Hy)H, = constant.

From this it is seen that the solution H,, of any order n < 3 is independent of 6, and
therefore the integrals Bs and B3 again vanish.

We now return to determining the migration dynamics. A similar argument
as presented holds for the inner product with ,. Using (4.11), (4.15) and n =
(cosd,sin @) leads to

(4.22) Xt:—%% </8Dan.nds>.

Equations (4.13), (4.22) specify the droplet dynamics once the boundary value prob-
lem (3.16)—(3.18) is solved.
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482 K. B. GLASNER

4.2. Case q € (2,3). As for the case of p < 2, in region II the flux of order ¢?
involves the correction to H of order €3, which satisfies the linear equation

0=(J, 2), = (Hf [(H@zz — R Y(Hy), — 2R™*(H,).

1
(4.23) +§U”'(H1)H22 +U" (H, )H3] )
The relevant solvability condition for the linear equation (4.23) is found by using the
bounded function
* Hy—1

(4.24) d(z) = — o dz’,

z

which is in the adjoint nullspace of the linear operator in (4.23) and corresponds to
translation. Taking an inner product with (4.23) gives

(4.25)
0= |(Jq2) = (Hy = D[(Hs).. — U"(Hy)Hy] + (). (Hy). — (Hy)eo(Hs)| +Q.
— = _ -1 -2 l " 2
Q= (Hi—1) |R™(H2). + 2R *(H1). + 2U (H1)H3| d=.
Here (J,-2) = —(Jg-n) is just the flux matched to the region III solution at z = —oo.

Note that the term @ inherits radial symmetry from H;, H and therefore should be
inconsequential for migration dynamics.
Applying the far field and matching conditions

0%hy Ohs
(426) (I)NO, (H]_)ZNl, (HB)ZN—’—W(R’H)Z_E(R’H)’ zZ — 00,
(4.27) Hi~1, z— —o0,
to (4.25) gives
N [ Hi—1,, 0h

In region I, we expand h = hq(z,t) + €h1 + €2ha + o(€?) and obtain the same as
(4.1), except that it applies to the correction at order €2 instead of order €?:

Oho

(429) Lhy = X; - Vh() — Rtﬁ’ L= V[thA, xeD.

Solvability conditions are obtained as in case ¢ < 2. An inner product with ¢p gives

_ Jop MVAR: -nds

4. -
(4.30) B [, dho/dR dx

Note that h{VAhy would be the flux at order €2, but this is zero since the leading
order flux scales like €?. This means that R; = 0 on the timescale specified by 7(e).
One could potentially obtain the slow dynamics for mass exchange by going further
in the expansion, where a result like (4.13) should follow on a timescale €? instead

of 7(e).
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OSTWALD RIPENING IN THIN FILM EQUATIONS 483

For exponents ¢ > 2 the functions v;,1, are not bounded at » = R, but we
can integrate over a smaller disk D, of radius p and take p — R. To avoid excessive
notation, the integrals [ D I op Which appear below should be interpreted as this limit.
Integration with v, yields

Xt-fc/ Yo (ho)e dx = z/JmthAhg-nds—/ hd(Ahy) Vi), - nds
D oD oD

(4.31) _/ xth-nds+/ ho cosfds
8D oD

EBl+B2—|— B3—|— B4.

In contrast to p < 2, only the boundary term Bs is not zero. In light of (4.9), one has
the asymptotics

(432) Y. =O(r =RP*™), Vi, -n=0(r-R[""7, hj=0(r-R|.

The boundedness of derivatives of hg then implies By = By = 0. For By, matching
to region I implies Hy ~ % (ho)rr(R, 0)z% — (h1),(R,0)z + (h2)(R, ) for large z. This
means that hg is independent of 6, and symmetry gives By = 0. It follows that

(4.33) X - 5(/ Yy (ho)y dx = —/ xVhs - nds.
D aD

A similar expression can be obtained using ¢,. Combining this with (4.28), the terms
involving @ drop away by symmetry, leaving

1R? [ _H{ ™% — H{%dz'
(4.34) X =—— = </ nJ, - nds) .
@ Jo W(r)r2dr oD

4.3. Case q > 3. The expansion in region II is now done as H = eH; + ¢ Hy +
e3H3 + ---. At the level of the first nonzero flux J,, we get the linear equation

(X n(t). = (Y |(Ha)e — RO ). <R,

1
(4.35) + §U”’(H1)H§ + U”(Hl)Hg] )
The solvability argument proceeds as for the case 2 < ¢ < 3 and uses the bounded
function ® defined in (4.24). The inner product with (4.35) gives the same result as
for 2 < g < 3 except that the left-hand side is nonzero:
“H-1, O

dz

L R

* Hy -1
Here (J; -n) = —(J; - 2)(# = —00) is the flux matched to region III.
The expansion in region I is h = hg + €hy + €2ha + o(€2), which means hy solves
(4.37) V-(hiVAhy) = 0.

This is the homogeneous version of (4.29), and therefore the relevant solvability con-
ditions (for each coordinate direction) are the same as (4.33) with the left-hand side
suppressed:

(4.38) / xVhy -nds=0= / yVhs - nds.
oD oD
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We can now multiply (4.36) by = or y and integrate over 9D and use (4.38). Again
the @ term drops away and we are left with

1 [ [H T~ Hy Ydz
(4.39) Xy=—= f‘jj[ . 11_] </ an-nds>.
TR [° _[H = H dz \Jop

4.4. Case g = 2. This case is similar to g € (2, 3), but there are logarithmically
diverging terms that require care. The flux of order €2 in region II satisfies the linear
equation

0=(Jo-2). = <H12 {(Hg)zz — R™Y(H,). — 2R7*(H,).

1
(4.40) + §U”’(H1)H§ + U”(Hl)H3} ) ,

z

which again says that the normal component of the flux is constant. The relevant
solvability condition uses the function

* H;—1
(4.41) o = i dz',
which diverges logarithmically:
(4.42) ¢ =In(z)+0(1), z— oc.

Multiplying ® by (4.40) and integrating from —oco to some finite value z = Z (since
the result is unbounded as Z — o0) gives a result similar to (4.25):

(4.43)

0= [(J2 -2)® — (Hy — 1)[(H3).. — U"(H1)H3] + (H1).(H3). — (H1).2(H3) ’ +Q,

— 00

z
1
Q= / (H1—1) [Rl(Hg)Z +zR7?(Hy). + §U’”(H1)H22} dz.
Since the flux .J» is nonzero, integrating (4.40) directly gives (H3)... ~ 1/2% for large
z. Therefore Hs is bounded and (Hs), diverges logarithmically as z — +oo. The
balance of logarithmically diverging terms in (4.43) gives

(4.44) (H3), = (J2-n)In(z) + O(1), z— oo,

where (J; -n) = —(J; - Z)(z = —00) is the flux matched to region III.

In region I, we expand h = ho(z,t) + €h1 + €2In(1/€)hs + o(e2In(1/€)). Then
hy solves the linear equation (4.1), and the solvability arguments proceed as before.
Like the case ¢ € (2,3), Ry = 0 to leading order (albeit mass exchange is only
logarithmically slower). The other solvability conditions are obtained by taking inner
products with 5, ¢, which produces a result analogous to (4.33):

(4.45) X 5(/ Yy (ho)y dx = —/ xVh, - nds.
D aD

Matching conditions that relate (hi), to (Hs), are now derived. It is assumed
that region I and II solutions describe the same solution on some overlapping region
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1 < 2z < [eln(1/€)]~t. Within this region, a Taylor expansion is justified for hg, h1
but not A, so that

(Hy). + €(Hy). + €2(H3), + o(€?)
= — (ho)r — e(h1); — € In(1/€)(hs ) + o(e* In(1/e€))
= = (ho)+(R, 8) — e[ (1), (R, 0) + (o). (R, 0)z]

— In(1/€)(hs)r(R,0) + o(e* In(1/e)).

(4.46)

Equating terms at order 1 and e gives the usual matching conditions for regular
expansions. For the logarithmic terms, the procedure is to take ¢ — 0 and z ~
[eIn(1/€)]~! simultaneously. Using (4.44), for large z we have

(4.47) (Hs). = (Jo - n) ln([e 1n(1/e)]—1) +O(1) = (J2 - m) In(1/e) + O(ln(ln(l/e))).
Inserting into (4.46) and equating terms of order €2 In(1/¢) gives
(4.48) (J2-n) = —(h), (R, ).

This can be combined with (4.45) to yield

1 R?
(4.49) Xi=—-p— nJ, -nds ).
T [, W(r)r2dr \Jop

4.5. Case g = 3. This case is similar to both ¢ > 3 and ¢ € (2,3), but there
are again logarithmically diverging terms. The flux of order €3 in region II satisfies
the linear equation

0= (J3 2), = <H§ {(Hg)zz — R Y(Hy). — 2R*(H,).
(4.50) + %U”’(Hl)Hg + U”(Hl)Hg} )

A solvability argument identical to the case ¢ € (2,3) produces

*© Hy -1

(4.51) (J5 - n) s

dz' = (H3). — Q.

— 00

In region I, we expand h = ho(z,t)+eh1+€¢?/In(1/€)h.+o0(e?/In(1/¢)), so that h.
solves the linear equation (4.1) with ¢ = 3, and the solvability arguments proceed as
before. As for all cases ¢ > 2, R; = 0 to leading order. In this case, the inner products
with 5, 1, diverge logarithmically, so we integrate on a disk D(p) with radius p < R
and consider the asymptotics as p — R. Multiplying by v, and integrating gives

(4.52)
(X; %) [ tulho)sdx = /

Guh3V AR, - nds — / h3(Ah,) Vi, - nds
D(p) oD(p)

9D(p)

—/ a:Vh*-nds+/ hycosfds = By + By + B3 + By.
9D(p) 9D(p)
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The integral on the left-hand side has a logarithmic singularity as p — R because of
(4.9); in particular,

(4.53) / Vo (ho)s dx = —xR2In|R — p| + O(1), p— R.
D(p)

Matching conditions (which are detailed below) require Vh, ~ CIn|R —r|. As a
consequence, we find that h, is bounded and
(4.54) VAh, ~|R—7|"% Ahy~|R—7r|"!
as r — R. All this implies that the integrals B, Be, B4 are bounded as p — R but
Bs diverges logarithmically. Using (4.52)—(4.53) gives
(4.55) / xVh, -nds = TR*(X;-%X)In|R — p| + O(1), p— R.

9D(p)

The matching condition that relates (hi), to (Hs). is derived as for ¢ = 2.
Equating expansions for h, in regions I and II, then for 1 <« z <« log(1/e¢),

(Hy). + €(Hy). + €2(Hs), + o(€?)
= —(ho)r — €(h1)y — €/ In(1/€)(hs ) + o(e®/ In(1/€))
= ~(ho)r(R, 0) — e[ (h), (R, 0) + (o). (R, 0)z]

— 2(h)mr(R,0)z — €2/ In(1/€)(hy)r + 0o(*/In(1/€)).

Let (hy)y ~ Cln|R —r|, r — R, where C is to be determined. Taking ¢ — 0 with
z ~ In(1/€) simultaneously implies for large z

(4.56)

(4.57) (hs)r = Cln(ez) + O(1) = C'ln(e) + O(In(In(1/€))), €— 0.
Inserting into (4.56) and equating terms of order €2, we obtain

(4.58) C = lim —(Hs)..

Z—00

Finally, combining (4.51), (4.55), (4.58),

12— Hy Pl
(4.59) X = — 7 </8D nJ, - nds) .

5. Effective medium approximation and identification of timescales.
One potentially useful approximation to the free boundary problem described in sec-
tion 2 utilizes Green’s functions similar to the effective medium approximations for
standard Ostwald ripening [38]. This is employed to determine timescales and study
large systems of interacting droplets.

5.1. Reduced system. Let Xy, Ri, kK = 1,..., N, be the droplet centers and
radii. We want to solve AP = 0 exterior to the droplets, i.e., for all x, |x — X| > Ry,
subject to the boundary conditions

2
k
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The simplest approximation looks for a solution as a sum of Green’s functions,

N
(5.2) P(x) =By + Y Biln|x — Xi|*.
k=1
For each j =1,..., N, the boundary condition which one wishes to satisfy is
9 N
(5.3) — =Bo+» Brlnjx— X;|* for [x—X;|=R
B k=1

Assuming the droplets are well separated, the approximation |x — Xj| ~ | X; — Xj|
holds on the boundary of droplet j # k, giving

2
(5.4) E=Bo+len(Rj2-)+ZBkln|Xj—Xk|2, j=1,..
/ k#j

N.

The system is completed by the requirement that there be no flux at infinity:

(5.5) / VP -n—0,
s

as the curve S (take it to be a giant circle) is taken out to infinity. As x — oo,
1/|x — Ri| =~ 1/|x|, and therefore

(5.6) /VP n—>ZBk (/ = >=2wkZ_lBk.

This integral will be zero only if

N
(5.7) > By =o.
k=1

Equations (5.4) and (5.7) define an (N + 1) x (N + 1) linear problem to be solved.
The integral in (2.5) to be computed for each j is

(5.8) J-nds=— VP -nds=4nB;.
oD, oD,

The integral in (2.6) to be evaluated for each j is

/8Dj(J~n)IldS:—/ <2Bk |X Xk|2 )ds( )
X; =Xy
ZBk|X — X2 | </8D,~ n®nds> ’

k#j

(5.9)

where the same approximation [x — X| ~ |X; — X}| as before was used. Since

(5.10) / n®nds = TR;l,
oD,
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o 0,

'Y "o o ‘e (Y e

Fic. 5.1. Example numerical solution of an approximate system with four initial droplets. The
net repulsion experienced by the drop in the center is small, allowing one of the large droplets to
catch up.

where I is the identity matrix, it follows that

X: — X
(5.11) / (J-n)nds ~ —27R; S Bl 2k
oD, j; |Xj — Xil?

It is instructive to examine a simple situation where only two droplets interact.
By virtue of the quasi-steady diffusion (2.4) it follows that the flux J will on average
be toward the smaller drop. In the context of the above approximation, that means
that if Ry > Ra, then By > 0 > Bs. Using (2.6) and (5.11), it follows that the velocity
of both droplets is in the direction of the smaller droplet.

By virtue of the mobility factor (2.7), a smaller droplet moves faster, and therefore
it would simply “run away” from a single large droplet. On the other hand, if a smaller
droplet is surrounded by several large droplets, the net repulsion can be small enough
so that merging with a larger droplet is possible. Figure 5.1 shows a numerically
computed example with three large droplets and a small droplet, which eventually
touches one of the larger droplets. Simulations of the thin film equation indicate that
this initiates a rapid coalescence of both drops [29].

5.2. Dynamic timescales. Consider now a reasonably large array of droplets
which all have a similar size R and typical spacing L, so that the volume per unit
area is

}{3
(5.12) }{average = j?fa

which is constant as time progresses.
Timescale for ripening. The approximation (5.2) gives the scaling

(5.13) Bj~R'/InL,

which with (5.8) further implies

(5.14) / J-nds~R'/InL.

For exponents ¢ < 2, using (2.5), the timescale for ripening (i.e., mass exchange) can
be computed as

(5.15) Tripe ~ g ~RYInL~HYZ I8 mWmL, ¢<2.

average
t
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For exponents ¢ > 2, the ripening dynamics occur on a timescale of the flux, i.e., €?
rather than 7(e). This can be accommodated by including an extra factor in the
timescale:

R
(5.16) Tripe ™~ = ™ TS gass sy, L, q>2.

¢ Eq average

Timescale for migration. Using (5.11) and (5.13), one can obtain

(5.17) / (J-n)nds~ L~ '/InL.
aD;
Using (2.6), the timescale for migration can be computed as
Hlerage LY In L, q<2,
(5.18) Tmig ~ X% ~ Hﬁag@L<14—24>/3 InL, q€2,3],
Holrage L33 In I, q>3.

The limit of large droplet size in the unscaled equation. Here we show that our
scaling results are, suitably interpreted, the same as those derived in the companion
paper [9]. The starting point there was the unscaled thin film equation

(5.19) hy = V-(hiVp), p=U'(h)—Ah, ¢q>0.

In [9], the limit of large droplet volume was considered, in contrast to a small precur-
sor film. In this case, let V' > 1 be a typical droplet volume with characteristic
interdroplet distance L’. This suggests that the natural small parameter is e = V~1/3,
Rescaling (5.19) using

(5.20) r—ele, t—1(e)7te?d, h— hel

)

gives exactly (1.1). The average droplet size after rescaling is R = 1, and the charac-
teristic distance between droplets is

Vl/G

— [

where H = V/(L')%. The mass density for the scaled equation is
1 H

(522) Haverage = 762([/)2 = —V1/3 .

Timescales with respect to the unscaled equation (5.19) can now be written in
terms of V and H. For the ripening times given by either (5.15) or (5.16) one obtains

(523) Tunscaled = 7'(6)64_q7'm'pe ~ V4/3 InV + 0(1), V — oo.

ripe

For the migration timescale (5.18) one has

V53V, qe€(0,2),

V5/3, q=2,

VSV, ¢e(2,3), V— o,
VA3 m2V, ¢=3,

V431V, ¢>3.

(5.24) gunscaled _ 7(€)e* Iy = O(1) +

mig

T —

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



490 K. B. GLASNER

Fic. 6.1. Trajectories for a simulation with 500 initial droplets (q = 3). The direction of
motion is mostly outward from the center. Note that small, uncoalesced droplets on the fringes are
repelled.

6. Large scale coarsening by coalescence. We conclude by using the ap-
proximations of the previous section to study the evolution of a large assembly of
droplets. We focus on the most relevant mobility exponent ¢ = 3, which corresponds
to a fluid with Newtonian viscosity and a no-slip boundary condition. In doing this,
the exchange of material between droplets is ignored, and only the leading order ef-
fect, migration, is considered. There are no boundaries in the calculation, so that
(5.5) applies. An ad hoc criterion for coalescence is applied, which states that when
the perimeters of two droplets overlap, their volume is combined and the center of
mass is preserved.

Figure 6.1 is an illustration of the dynamics. The simulation was started with
500 droplets in random locations, each with a random but nearly uniform radius.
Droplets in the middle of the assembly coalesce first, simply because they have a
greater number of neighbors. As time progresses, it follows that smaller, more mobile
droplets on the fringes will be driven away, since the motion is opposite the flux, which
is toward larger droplets. The amount of time that droplets take to move (relative
to the interdroplet distance) increases since the driving force given by flux decreases
with increasing droplet size.
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F1G. 6.2. Dynamic scaling of coalescence-driven coarsening (¢ = 3), using 5000 initial droplets.
A line with slope —3/4 is provided for comparison to the predictions of [29].

Figure 6.2 shows the droplet number plotted as a function of time, for a sim-
ulation with 5000 droplets initially. Dynamic scaling of the coarsening process was
predicted [29]; in particular, the relevant length scale (the typical interdroplet distance
L) should increase as t3/%. Since the number of droplets N scales according to

NL? ~ area of domain,

N should scale in time like +=3/4. This is more or less borne out by the results in
Figure 6.2. At late times when the array has spread out to a somewhat larger area,
there is a slowing of the coarsening process, also seen in the computational results.

7. Conclusions. The main outcome of this paper is to establish a concrete link
between a class of thin film equations and a free boundary problem for the motion of
the contact line interface. In contrast to the classical situation of Ostwald ripening,
we have shown that migration of droplets, and ultimately coalescence, is a likely
mechanism for coarsening. Another feature which distinguishes this problem is its
mixed dimensionality: droplets are three-dimensional, but the quasi-steady diffusion
of material between them is effectively two-dimensional. This leads to dynamic scaling
with exponents different than the familiar “1/3” power law.

There is some experimental support for the conclusions which we reach. Limary
and Green [15, 16] examined the late stage structural evolution of droplets and mea-
sured their size and shape distributions. They found that droplet size (measured as a
length scale) evolved as a power law with an exponent that varied from 1/10 to about
2/5. They conclude from their observations that “coarsening occurs via a self-similar,
dynamic coalescence process, not Ostwald ripening” (referring to the exchange of
material).

As mentioned in the introduction, [32] derives dynamic equations for droplet ra-
dius and position in the same thin film model as ours for mobility exponent ¢ = 3. The
procedure used there does not involve systematic asymptotic expansions and solvabil-
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ity conditions, but rather poses a traveling wave problem that loosely derives from
the thin film equation. The authors connect the traveling wave speed to the influence
felt by the disjoining pressure at the foot of the droplet. The resulting formulas are
vaguely similar to ours but are not quantitatively the same. Most significantly, their
assessment of the sign of migration seems to be opposite of ours and contradicts other
analytical results [9, 11, 12] as well as direct numerical simulation of the partial dif-
ferential equation [11, 29]. Indeed, in section IV.B of their paper, they claim that in a
two-droplet system “both droplets migrate in the direction of the larger droplet” and
show calculations where smaller droplets are attracted to larger droplets. According
to (2.6), a larger droplet would move toward a smaller droplet since motion is oppo-
site of the flux J. This certainly calls into question the reasoning that leads to their
formulation.

There is reason to believe that our results (or at least our analytical procedures)
are relevant for a variety of related thin film problems. The main ingredients which
we required were the formation of near-equilibrium structures (droplets) and a sep-
aration of timescales between their formation and interaction. This separation of
timescales is a simple consequence of the nearly degenerate kinetics common to many
thin film models. A variety of other phenomena can create instability leading to
structure formation and interaction. For example, the Rayleigh—Taylor or Rayleigh—
Plateau instabilities lead to formation of migrating liquid ridges [10, 17]. Migration
effects similar to ours have also been reported for droplets subject to Marangoni ef-
fects [4], chemically driven droplets [31], and two-layer fluids [18]. More broadly, one
might expect that degenerate diffusion in other phase separation processes can lead
to alternative mechanisms to coarsening.
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bias Rump, and Dejan Slepcev, and for the hospitality afforded during his visit to the
University of Bonn.
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