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Rapid solidification fronts are studied using a phase field model. Unlike slow moving solutions
which approximate the Mullins—Sekerka free boundary problem, different limiting behaviour
is obtained for rapidly moving fronts. A time-dependent analysis is carried out for various
cases and the leading order behaviour of solidification front solutions is derived to be one
of several travelling wave problems. An analysis of these problems is conducted, leading to
expressions for front speeds in certain limits. The dynamics leading to these travelling wave
solutions is derived, and conclusions about stability are drawn. Finally, a discussion is made
of the relationship to other solidification models.

1 Introduction

Rapid solidification processes have become important in many modern manufacturing
applications [17, 20, 19]. Modeling of these events is complicated by the fact that at high
velocities, solidification fronts may be far from thermodynamic equilibrium. This leads
to growth modes different from those of slow solidification processes, and results in the
formation of different microstructures.

Many studies of solidification have been done in the context of free boundary problems,
which assume the solid-liquid interface is infinitesimally narrow (see [21] for a review).
More recently, phase field models have become a popular way of describing the dynamics
of solidification [13, 22]. They introduce a continuous order parameter ¢ which takes on
(approximately) the values

¢ =

corresponding to the two material phases. The phase interface is described implicitly by
the zero level set

1 solid
—1 liquid

I' ={¢(x)l¢ = 0}.
An additional field u represents temperature and is dynamically coupled to ¢.
Phase field models have been derived from thermodynamic considerations and incor-
porate many observed features of solidification processes including undercooling, surface
tension and kinetic effects. Several authors [16, 26, 32] have suggested a phase field
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formulation based upon a free energy functional of the form

b
F(o) = [ aF (g +3VP. (1)

The first term is the classical free energy density, where a is the dimensional magnitude of
this energy, and F(¢, u) is a nondimensional, O(1) quantity. The second term accounts for
energy due to gradients of the order parameter; the constant b sets the scale of this term.

We will choose a scale for u so that the coexistence temperature of the two phases is zero.
Letting c,, L be the heat capacity and latent heat respectively, we may nondimensionalize
u by setting

u' = cpu/L.
We will drop the prime notation from here on.

The internal energy density e may also be scaled by latent heat, and so in nondimensional
form is related to the temperature by

1
e=u—>p(@)

where p is some increasing function for which p(+1) = 1 and p’(£+1) = 0. It will not be
essential to specify the exact forms of the constitutive functions described here. It will be
convenient at times to regard F as a function of e instead; we will write either F(¢,e) or
F(¢,u), where the context will remove any ambiguity.

There are two fundamental requirements that F must satisfy. The first is that F(¢,u)
has two wells at ¢ = +1 for each fixed u, ensuring that at constant temperature, the
liquid and solid states are stable to infinitesimal perturbations. The second requirement
is that for fixed ¢, F(¢,u) is convex in u, which is necessary for well-posedness of the
diffusion equation. We will concentrate on the simplest model which satisfies these two
requirements, namely

Fig.w) = 2(9) + 512,
where g is a double well potential with equal well depths at +1. The positive coupling
parameter 4 is the relative magnitude of bulk free energy in comparison to surface energy.
The free energy may be restated in terms of the more familiar quantities of surface
energy and interface width. The equilibrium one dimensional interface profile will solve
the Euler—Lagrange equation for (1.1) with u = 0:

b¢xx - ag/(¢) =0.

b /2agb<¢)

which motivates the choice € = \/g as the interface width. The surface energy density o
is the free energy if this interface, which may be computed to give

1
o = \Jab 1 V21,

We suppose that the constant a was defined so that the integral in this expression is unity,

This may be integrated to give
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so that ¢ = (/ab. In terms of these new quantities, the free energy is

F(pu) = a/%F(qﬁ,u) + §|V¢\2dx. (1.2)

The dynamics resulting from (1.2) are generated by allowing the free energy to relax,
while conserving internal energy [26, 32]. The internal energy satisfies the conservation
law

€y + V : _] = 0
where j is the heat flux. The time derivative of (1.2) is
a7 ¢

A
= [t wg@r+ 5 (e 500 )| 6ok e o0 et 1
To ensure that this quantity is negative, we choose
A 1
¢ =D [—ew) +g(@)+5 (e + 2p(</))) p’(¢)} ,
j=-DrVu,

where Dy, D7 are phase and thermal mobilities, respectively. The result is the pair of
equations

0 A
S = 40— ()= Sup9) = 40+ [0 (1.4
% _ Dy du (1.5)

where 7 = del is a relaxation timescale and Dt is thermal diffusion.

It is important to point out that phase field models for isothermal alloy growth have
the same mathematical structure as the one we describe. The analogy between physical
quantities is

temperature < chemical potential
internal energy <> solute concentration
A discussion of this analogy is given in Lowen et al. [24]. We shall occasionally refer to
this physical problem as well.

The most studied limit of the phase field model for pure solidification is the Mullins—
Sekerka free boundary problem (MS):

u=Drdu xé&lI (1.6)
Vio=Dr(Vu;—Vu;) n onTl (1.7)
u=—dox—pV, onl. (1.8)

Here V, is the normal velocity of the interface I', x is the geometric curvature of
the interface and f is a ‘kinetic’ undercooling parameter. The limit of (1.4)—(1.5) as
e — 0,7 ~ € was investigated first by Caginalp & Fife [8], and later rigorously by
Soner [29]. The leading order behaviour was shown to be the above interface motion, and
relationships between diffuse and sharp interface parameters were given. Karma & Rappel
[18] considered a different limit, one where t ~ € and A ~ e. In this limit they showed
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that the kinetic coefficient f could be determined arbitrarily. Other limits of the phase
field models have been identified by Caginalp [6] and proved by Caginalp & Chen [7].

A crucial aspect of the asymptotics described above was a separation of scales between
the interface width € and the diffusion length Dy /V, where V' is a characteristic velocity
of the interface. This assumes a timescale that is (1), which is not necessarily valid for
large undercoolings. In this case, the interface temperature may not be well defined, so a
different free boundary problem must be sought.

Recently, Bates et al. [4, 5] developed a phase field model describing hypercooling,
when the far field temperature —4 (the negative undercooling) is less than —1. In their
paper, they consider dynamics on a timescale of order ()(¢), and the interface velocity is
determined solely by the travelling wave problem associated with equations (1.4)—(1.5).
A number of studies of this travelling wave problem have been conducted. Caginalp &
Nishiura [9] prove existence when the coupling between the two variables is weak. In a
more recent study, Bates et al. [4] established the existence of waves under the hypothesis
of hypercooling, when 4 > 1. Schofield & Oxtoby [28], as well as Lowen et al. [23, 24],
studied the non-hypercooled situation; they obtain solutions for very specific forms of
equations (1.4)—(1.5).

This paper extends the results described above in the following ways:

e A time-dependent analysis of the full equations is carried out, which examines a number
of different scaling regimes for both parameters and time, and deduces the resulting
leading order behaviour.

e We show by thermodynamic considerations that hypercooling is not necessary to obtain
steadily propagating (travelling wave) fronts. In particular, steady solidification fronts
may exist when 4 is larger than some critical value 4* which depends on the parameters
of the model.

e As shown elsewhere [28, 23, 24] for very specific models, the critical value A" is less
than 1 when the ratio A/D is larger than some constant, but is equal to one otherwise.
In our study, an asymptotic treatment shows that this is in general the case.

e Quantitative information about front speeds is derived in regimes where the diffusion
length is both small and large.

e The approach to travelling wave solutions of the inner problems is systematically ana-
lysed by considering motion on very fast time scales. In particular, the one-dimensional
stability properties of some solutions are derived.

The layout of the paper is as follows. A formal analysis of the time dependent equations
is performed in § 2, leading to several different travelling wave problems. The resulting
travelling wave problems are analysed in more detail in § 3-§ 4. In § 5, the transient
dynamics of the model is explored, showing how travelling wave solutions are approached
in the full, time dependent model. A discussion of the relationship between the phase field
model and other solidification models is presented in § 6.
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2 Sharp interface limits

We will analyse the time dependent behaviour of the model in the limit of small interface
width e. Rather than further non-dimensionalizing the evolution equations, we leave them
as they are so that the results of the analysis are not obscured.

In the spirit of Caginalp [6], we shall consider various scales of model parameters, and
determine the resulting leading order behaviour. For each combination of parameters,
we select a one or more timescales on which to look for solutions. Of course, some
combinations of parameters and timescales lead either to scalings which have been
encountered previously, or to inconsistencies in the asymptotics. We shall therefore mostly
focus only on situations which give new and sensible results.

The following combinations will be considered:

T~e€ €€

DT ~ 1,6.

The scale Dy = O(¢) is particularly important in the case of alloy growth, since impurity
mobility is usually small near the phase interface [33]. The case 4 = O(¢) or smaller, while
of interest in the slow time scale asymptotics, leads to nothing new for rapid dynamics,
so we shall always have 4 = O(1).

A matched asymptotic approach is used (e.g. see Caginalp & Fife [8]), and we work in
two space dimensions. For the inner solution (¢, u) corresponding to the interfacial layer,
an orthogonal curvilinear coordinate system (r, s) is used, where r is the distance from the
interface I' = {x|¢(x) = 0} and s is the distance along the interface. We will assume that
r < 0 corresponds to ¢ > 0, i.e. solid. The normal coordinate r is rescaled using z = e~ 'r
reflecting the fact that ¢ varies rapidly near the interface. In this new coordinate system,

the time derivative becomes

0 _1dr 0 ds O

a " W T aes
noting that that dr/dt is to leading order just the normal interface velocity V,,. We shall
also rescale time, in such a way as to make V, an (1) quantity. The Laplacian is replaced
by

2 2
e*z% +elar a% + \Vslz% + As %.

It will be assumed throughout that the interface is smooth, and not highly curved, so that
Ar,|Vs)? and As are all O(1). All quantities are then expanded in an asymptotic series in
powers of €, and solutions to each order are sought.

To leading order, the outer solution for ¢, which we will denote by the capitalized
version @, satisfies

d=+4+1lord=-1 (2.1)

in each outer region. In what follows, we will consider either Dy = (U(¢) or a timescale
t = ((e), with one noted exception (case V below). Therefore, the leading order temperature
in the outer expansion will be constant, determined by the initial data. Notice that this is
in sharp contrast to the Mullins-Sekerka limit, where the evolving temperature field away
from the interface will affect the interface’s dynamics.

The outer solutions are then matched to the inner ones (e.g. see Caginalp & Fife [8])
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by the leading order conditions
B(0%) = lim ¢(z), H(07) = lim ()
Uo") = :113.1@ u(z), UWO7)= ZLIIEIO; u(z).

Although we have been careful about writing the details of the coordinate transforma-
tions up to this point, the analysis which follows will only consider the model’s leading
order behaviour, which generally will not involve curvature effects at leading order. Again,
this is different from the Mullins—Sekerka limit, where curvature effects are important,
and crucial to obtain a well-posed free boundary problem [25].

Case I: 1 = O(¢?), D1 = O(1)
Let © = ae?, where o is assumed to be ((1). With a timescale t = (/(1), the Fife-Caginalp
asymptotics are recovered, and the interface motion is given by the MS problem. When
the motion becomes fast, however, we must rescale time so that each of the terms in the
expansion remains (/(1).

Bates et al. [5] introduced the time scale defined by the new variable

T =€t

For completeness, we summarize their analysis. To lowest order for the inner expansion,
one obtains the problem

¢ +oVud. + f(dp,u) =0, (2.2)
Dru + v, (u ~Lpor- em) —o, (2.3)

where e, is a constant of integration determined by matching to the outer solution as
z — 00:

eOO:uL—i_E»

where u;, is the temperature just on the liquid side of the interface, which we shall call
the ‘local’ undercooling and denote by —A. Assuming a solution exists, we may also use
the matching condition for z — —oo to obtain

1
Us = e, + = =up + 1, (2.4)

2

where ug is the temperature just on the solid side of the interface. The boundary conditions
for ¢ are also obtained by the matching conditions:

$(+o0) = FL. 25)

We refer to the problem (2.2)—(2.5) as the phase-field travelling wave problem (PF); it will
be discussed extensively in § 3.

The interface motion is therefore described by a free boundary problem where the
temperature field is discontinuous across the interface, changing by exactly one unit, and
the leading order interface motion is given by a simple law of the form

Vi =V(uL; D, 7). (2.6)

The function V(uy) is given by finding the (stable) velocity to the PF problem. It will
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happen that sometimes no solution will exist. This simply means that the initial assumption
about motion on the fast timescale was incorrect, and the interfacial motion is therefore
described by slow timescale asymptotics.

Case II: 7 = 0(€%), D = ((¢)
We now consider the situation of small diffusivity, setting D = eD. With a timescale now
O(1) again, the leading order inner solution satisfies

¢:- + f(P,u) =0, (2.7)
bul + v, <u — pld) - ew> 0, (28)

which is like the first travelling wave problem, but the V¢’ term has been suppressed
in the first equation. This problem has the same boundary conditions as before. We call
this the fast relaxation travelling-wave problem (FR problem), and it will be seen that its
solutions are unstable.

Now with the fast timescale again, we obtain the leading order problem

e + AV + (o) = . (29)
ut 3p(6) = e (210)

where the constant of integration e, has the same value as before. Upon substitution of
u into the first equation, we obtain

¢z +oVad: — F¢ses) =0, (2.11)

where F is the bulk part of the free energy, evaluated at constant internal energy e,.
This is the well known standard Bistable Travelling-Wave (BTW) problem. The solution
to this problem is both unique and stable. We will discuss this problem below as well.

Case III: T = O(e®), Dy = O(1)

We now consider the more rapid relaxation rate T = ae’ which has been has been
suggested in recent versions of the pure solidification model [2, 18]. This case is actually
the same as case II, except that time has been rescaled by a factor of e~!. Therefore,
on the timescale 4 = e %, we obtain the BTW problem (2.11), and on the timescale
7 = €'t we obtain the FR problem.

Case IV: 1 = ((€®), Dy = ((¢)

This case is similar to Case III, except that the timescales are a factor of ¢ slower. On
the =t timescale, the FR problem is obtained, and on the 9 = e~ !t scale, the BTW
problem is obtained.

Case V: 1= 0(e), Dy = 0(1)
Finally, we consider the case where © = ae. On timescales faster than J = ¢, we find the
leading order velocity V' = 0, which means that motion must be ()(1) or less. This violates
the intent of this paper, but we include this case because it yields leading order behaviour
similar to that above.

For Dy = (1) and motion on the J = t timescale, the outer temperature solution is
no longer a constant, but satisfies a simple diffusion equation in each outer regions:

u, = DrAu.
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For the inner solution, we get the leading order problem
¢zz + oVad: + f(p,u) =0, (2.12)
and u is a constant, determined by matching conditions
u=up=us = u.

This is a different bistable problem than the one above, which we shall call the alternative
Bistable (AB) travelling wave problem.

Case VI: 1 = O(¢), Dy = O(¢)

This case is really identical to Case I, but time has been rescaled by a factor of 7!
Therefore, now on the (original, slow) J = t timescale, we obtain the PF problem. For
small undercoolings, this problem will not have solutions; we would therefore look for
solutions on the (very) slow J = et timescale, which leads to the original MS problem.

3 Solutions to the phase-field travelling wave problem

Of the travelling wave problems derived above, the PF system has the richest behaviour.
We will rescale by setting V' := oV, and D = «Dr in equations (2.2)—(2.3), giving

b2z + V. + f(¢pu) =0, (3.1)
Du. 4+ Vu— %Vp(qﬁ) — Ve, =0. (3.2)
with the boundary conditions
d(=c0) =1, $(+0) = —1, (3.3)
u(400) = —4 (= ur). (34)

For 4 > 1, existence, and in restricted cases uniqueness, was obtained by Bates et al. [4].
A rigorous study of this problem has also been conducted by the present author [14],
who considers 4 < 1 as well.

By the gradient flow construction of the model, there are some elementary conditions
which travelling wave solutions must satisfy. In one dimensional front propagation, one
steady state is being replaced with another. Intuitively, this implies that the free energy of
the final state must be smaller than that of the initial state, and internal energy must be
the same in both states. Formally, this is

Proposition 1 Any solution to (3.1)—(3.2) for which

lim ¢, u exists

x—too

must satisfy

) =0 (33)
and
_ o0 i o0
[F(,e)=", = V [ G+ = [ s (3.6)
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The first property is just conservation of internal energy, which simply implies that the
the supercooled liquid is warmed by exactly one unit when it changes into solid. The
second property (3.6) is just a computation of free energy dissipated as the front moves.
For a front to have positive velocity, a necessary condition for existence is that

[F($, e )]:2%, = Alu(o0)* — u(—o0)’] > 0

Z=—00

which using (3.4) and (3.5) means one must at least have 4 > 1/2. For fixed values of
D, A, there will be some critical value, 4%, a value of the undercooling below which no
solutions will exist. It will always be the case that

1
— <A <L 1.
2<

We note that equation (3.6) has analogues for the other travelling wave problems as well.

There are two different limiting cases for which the problem is reasonably tractable:
one where the diffusion length D/V is small, the other where it is large. We will carry out
an asymptotic analysis in these limits.

3.1 The limit of small diffusion length

Here we find a solution to (3.1)—(3.2) perturbatively when the diffusion length D/V is
small in comparison to unity. By examining (3.6), it follows that ¥ must remain finite for
this to happen, since the integral of (1')> remains bounded. Then for small values of D
we look for solutions with the asymptotic expansions

¢ ~ o+ D"2p + Dy + -, (3.7)
u ~ up+D"uy +Duy+ -, (3.8)
V ~ Vo+DV2Vi+DVy+---. (3.9)

Furthermore, we choose a new scale for the undercooling by defining

_1 1
smni(s-1)

which is assumed (/(1). These choices of scalings are made so that the three terms in (3.6)
balance in the limit D — 0. Inserting these into (3.1) - (3.2), we obtain to lowest order in
D that ug is “slaved” to ¢y:

1
1o — 5p(¢) = 0. (3.10)
and ¢y is the solution of
(¢0)zz + Vog: + G'(¢o) = 0, (3.11)

where
2 (1 ?
6(0) = )+ (500))
Multiplying equation (3.11) by ¢, and integrating gives the solvability condition V = 0.
The solution of (3.11) is then some monotone decreasing function which represents the
phase profile.
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We proceed to the next order in D, which gives the linear system

d? ,
(dz2 +f¢> ¢1 + fuur = —Vidy,
1, u
_EP (Po)p1 + uy = —7(1 + 9,

where derivatives of f are computed at ¢, up. Such a problem only has solutions if the
right-hand side is orthogonal to solutions of the homogeneous adjoint problem. In our
case, it is easy to see that the vector [(¢bg)., A(up).] is a null vector of the adjoint operator.
We obtain the solvability condition

V45— Ly =0, (3.12)
Vi

where

I = /w(qﬁo)ﬁdz, J = /w(uo)gdz. (3.13)

—00 —00
The quadratic equation (3.12) has the two real positive roots

70 £/ (40)> —4i1J
Vi = — (21) , (3.14)

as long as
1/2
4= 1—1—2(1{1)) / . (3.15)
2 A

The interpretation of (3.14) is that travelling wave solutions are possible for undercool-
ing somewhat larger than 1/2 provided D is small. Furthermore, there are two solution
branches which emanate from a saddle-node type bifurcation. Equation (3.15) gives a
perturbative estimate for the critical value 4.

A simple argument suggests that the faster one is the dynamically preferred, thus
stable, solution. Suppose that we are just past the existence point, so that the fast and
slow solutions are nearly identical. For any travelling wave solution, one may compute
the time derivative of the free energy to be

dF 1
N IV
7= (a-3)

Now consider any initial condition which is near both solutions. Since the dynamics are a
gradient flow for #, the initial condition will evolve so that d% /dt is as large as possible.
As a consequence, it is unlikely that the time evolving solution would tend toward the
slow front. It is, however, unclear if the fast branch should be globally attracting. In
fact, for 4 < 1, hysteresis is quite possible; depending on the initial data, either the fast,
steady front will be approached, or the front may slow to the point where the slower scale
asymptotics apply instead.

3.2 The limit of large diffusion length

We next examine the case when the diffusion length is large. In contrast to the small-
diffusion length situation, we may take D to be fixed and assume that V' is getting small,
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but not as fast as € is getting small, so that leading order time-dependent asymptotics still
yield the PF problem. Taking V' — 0 in expression (3.6), after a careful evaluation of the
integral we see that

A
[FieaiZ", =5
which means that 4 = 1. In other words, to have small velocities we must be near unit
undercooling.
We define a new small quantity
o0=4—1

and expand ¢, u, V in powers of d. Since the temperature field varies on a spatial scale of
6~!, a matched asymptotic expansion is necessary. Far in front of the interface (z >> 1),
we use the rescaled coordinate { = ¢z, and denote solutions of various orders using the
capital letters @, U instead.

Near the interface, the lowest order solution must satisfy

(¢0)zz + Vo(eho): + f(¢ho, uo) = 0, (3.16)
D(up). = 0. (3.17)

Since to leading order up(z) — 0 as z — —oo, we have uy = 0. This means that 7, must
be zero for (3.16) to have a solution.
The leading order ‘outer’ problem for { > 0 is

f(@o,Up) =0, (3.18)
1 1
D(Uop): =V ( Uy + (Do) — ) (3.19)
Therefore, @y = —1 and the solution of the second equation is just
41
Uy =—1+exp (—DC> , (>0, (3.20)

where we have assumed that the interface is at { = 0 and the leading order matching
condition has been used.
For the next order of solution, the inner problem for u; gives

D). = ¥, (uo + o) - 1)

which has the general solution

wie =i+ 32 [ plan(z) - i,

where ] is a constant of integration. Expanding the left-hand boundary condition
u(—o0) = —4 + 1 in powers of 9§, it follows that wy = —1. Then ¢ solves the linear
equation

d? A
{ + f4(cbo,0 ]¢1=—V1(¢0 + ulp (¢0),
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which has the solvability condition

i [tz +5 [ wipoldz =0

—00

As before, we set the integral of (¢o)? equal to I, and find that

[ mlbtgodz =2+ 71,

where J is the integral

J =/0 1= (o) d=.

The solvability condition may then be restated in terms of the leading order velocity:

2\t
V ~oV; —5}L<I—2DJ) . (3.21)
Condition (3.21) says that when the ratio A/D is small, then there is a branch of
solutions for 4 > 1 where the velocity is roughly proportional to 4 — 1; it will be shown
that this branch is stable. However, when the ratio A/D is larger than 21 /J, for the leading
order velocity to be positive one needs 4 < 1. This is a rather unphysical situation: the
velocity decreases with increasing undercooling. It will be demonstrated later on that this
branch is actually unstable.
Figure 1 shows numerical computations of V' using an elementary shooting method
where the particular constitutive functions are

1 15 2 1
€0 = 1= 0= (036 + 3.

When A/D is subcritical (less than about 2.6 in this case), solutions only exist in the
hypercooled region (when 4 > 1). But when the ratio is large, solutions are seen to exist
for undercoolings which are smaller than 1. Furthermore, we see that the large diffusion
length solution branch is simply a continuation of the the unstable branch of solutions in
the small diffusion length case.

4 The fast relaxation and bistable travelling wave problems

In the limit of slow diffusion or fast relaxation, two different travelling wave problems
arise simultaneously, operating on different timescales: the (slow) FR problem and the
(fast) BTW problem. Alternatively, for slow relaxation, we obtain a different bistable
travelling wave problem (problem AB). We shall again rescale both ¥ and Dt by o as in
the previous section.

We first consider the FR problem (2.7)—(2.8). The analog of the dissipation equality
(3.6) in the PF problem is

1 D [*,

This means that again one needs 4 > % to obtain forward moving solutions. It turns

out that for large diffusion lengths, and most likely in general, solutions are unstable.



Rapid growth in phase field models 51
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1 11 1.2 13 14

FIGURE 1. Numerical solution of travelling wave velocities as a function of the undercooling. The
plots from right to left are for the values /D = 0.8,4.0,8,40. In each case, 1 = 0.4.

Therefore initial data will generically be driven to the alternative faster dynamics, given
by the BTW problem.

The BTW problem (2.11) has been extensively studied [12, 11]. This problem has a
unique solution and wave speed. The dissipation of free energy for this case is

o0
Figie % =V [ gl (42)
—0
For V to be positive and O(1), the undercooling must necessarily satisfy 4 > % In
particular, if V' is small, then asymptotically

V I [F(¢sen)i=” (4.3)

z=—00

where I is just the integral of (¢o)?, ¢o being the solution for V = 0. In other words,
the propagation velocity is roughly proportional to the jump in free energy across the
interface.

We finally discuss the AB problem, which is of the same form as the BTW problem,
the difference being that temperature, rather than internal energy, is constant across the
interface. Multiplying (2.12) by ¢. and integrating gives

o0
Jup = —V/ ¢ dz.
—0o0

To a good approximation, the velocity therefore is proportional to the negative interface
temperature.

5 Stability and approach to the travelling wave solutions

For arbitrary initial data, the asymptotic inner solution will only be valid after a very
short initial transient time. Even so, there is no guarantee that this travelling wave solution
will be approached if it is not stable. Here a time-dependent analysis is presented for
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the situation where the diffusion length is small, but large compared to the interface
width e. This determines the leading order dynamics of the transient solution and allows
conclusions to be drawn about stability.

We introduce a new small variable 0, representing the ratio of interface width to
diffusion length which will play the same role as it did in the § 3.2. We will conduct a
time-dependent analysis as €,0 — 0 with the further assumption that

e =0(6%). (5.1)

We will attempt a matched expansion now in some new rescaled spatial coordinate {. The
coordinate system near the interface for the inner expansion is the same as before. The
new spatial scale { is defined by

{=0elr
so that the diffusion length measured in terms ( is exactly unity. We shall look for
dynamics on a very fast time scale, namely

T =%t

5.1 The PF problem

In the new coordinate system, the equations pertaining to the inner solution may be
written

3¢7 = ¢+ f(d.u) +0(0%), (5:2)
eg = Drug + 0(5) (53)

The outer solutions are the same as before: the temperature field is constant, and ¢ = +1.
Equations (5.2)—(5.3) are the one-dimensional versions of those considered in the
Caginalp-Fife analysis [8], where 0 now plays the role of the small parameter. Rather
than repeating their somewhat lengthy analysis, we only summarize the resulting free
boundary problem. We then examine the stability of fronts for this problem instead.
In the limit 6 — 0, the leading order behaviour of u is dU({,t) where U satisfies the
one-dimensional ‘Stefan’ problem

Us = Uy in (=o0,00)/{s(1)j, (54)
V =s(7)=—BU(s) (5:5)
V' =Dr[U(s+) = Ur(s—)l; (5.6)

where s(7) denotes the position of the interface and s+, s— are limits from the left and
right, respectively. The kinetic coefficient f is given by

_ iy A
B = (1 2DJ>. (5.7)

where I and J are the same integrals as in § 3.2. Note that the velocity V is defined in
terms of the rescaled coordinates; in original coordinates the velocity is actually e 15 V.
The boundary conditions for U are given by a matching condition:

U(—w0)=us =ur+1, U(+ow)=u =—4. (5.8)
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The first remark to be made is that the problem (5.4)—(5.8) has the well known travelling
wave solution

s()y=V7T, (5.9)
Vv
Uo({,T7)=—A+exp [—D(x - Vﬁ‘)} , (5.10)
T
with velocity
A—1
V=——.
B

Note that V is identical to the velocity derived in equation (3.21). Thus the hypercooled
solution branch simply corresponds to ff > 0, whereas the non-hypercooled branch
corresponds to f < 0.

For arbitrary initial conditions, it is known what occurs in the case § > 0 [10]. For
A > 1, the travelling wave solution is globally attracting. When 4 < 1, solutions slow
down via a /2 power law, and approach a self-similar solution originally derived by
Zener [34].

The case where f < 0 has received, on the other hand, little attention. We shall
demonstrate here that the travelling wave solution is, as expected, unstable.

Consider a perturbation to the travelling wave solution given by

T Ae V) v <V,
U, 7) = Uo((, T) +ee”” x { Be V) >y, (5.11)
and
S(T)=VT + e, (5.12)

where ¢ is some small quantity, and u_ < 0, uy > 0, ensuring that the perturbation is
bounded (Of course, more general perturbations could be considered, but we are only
interested in instability). Inserting these into equations (5.4)—(5.8), to leading order in ¢ we
obtain that 4 = B, and w, u_, u, satisfy

o+u V=2, (5.13)
o+ p Vo=, (5.14)
py—po=—p". (5.15)

Equations (5.13)—(5.15) have the real solutions

1
pe = 3=V £V 4 40),

where o is given by
1 , 1= (4—1)?
=75 - V2= —

Provided 4 < 1, w is positive, proving instability.

5.2 The FR problem

The analysis for the FR problem follows the same lines as what appears above. The only
real difference is that the time derivative term in equation (5.2) vanishes. This leads to
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Table 1. Various behaviours of the phase field model in different parameter regimes. The
velocity scales are those of the stable solutions. For rapid growth situations, the interface
velocity is determined solely by solving the travelling wave problem listed

tscale Dr scale Velocity scale Interfacial Motion  Undercooling regime

0(€?) o(1) o(1) MS A<1
0(e?) o(1) O™ PF A> 4
0(€?) O(e) O(e™) BTW 4>1
0(e) o(1) 0(e7?) BTW A>1
(€% O(e) O(e™) BTW 4> z
O(e) o(1) o(1) AB any

0(e) 0(e) o(1) PF A> A
O(e) O(e) O(e) MS 4 <1

the same modified Stefan problem as before, except that the I term in equation (5.7) is
suppressed, giving instead
0

p=—557<0. (5.16)

By virtue of the results above, we may conclude that solutions to the FR problem are
always unstable.

6 Discussion; relationship to other models

By considering different scales of variables and parameters in the phase field model, we
have classified several possible behaviours the model can have. A summary is given in
Table 1. It may be that all of the parameter regimes we have studied are not experimentally
accessible, but we have nevertheless included them for completeness. The free boundary
problems obtained have a close relationship with existing theories of solidification; we
now discuss this.

The most interesting case is that which yields the PF system. When A/D is supercritical,
steady solutions exist without hypercooling. This is not possible in many models of
rapid solidification, but it is not clear experimentally if this should always be the case.
The experiments of Glicksman & Schaefer [15] on white phosphorus showed a velocity
dependence which decreased in a continuous fashion as the undercooling decreased below
unity, much as in the left-most curve in Figure 1. It should be pointed out that their
solidification fronts in this regime were not strictly planar, however, and therefore cannot
be directly compared to our results.

For the subcritical case, rapid dynamics may only exist for the situation of hypercooling.
The front velocity is only determined by local conditions, namely the (local) undercooling.
This resembles models for hypercooling of Bernoff and Sarocka [27], as well as Umantsev
& Davis [31]. Their theories also incorporate dependence on local geometric properties
of the interface; we anticipate that proceeding to further orders in the time-dependent
asymptotics would produce these features in the phase field model as well.

The other cases which give the BTW problem yield a generalization of many geometric
models of crystal growth [30], which assume that the velocity is proportional to the
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jump in free energy at the interface. Note that the BTW problem is obtained by the fact
that e is constant across the interface. In alloy solidification, where e represents solute
concentration, this is an important non-equilibrium effect known as solute trapping [3, 1].

7 Conclusion

A mathematical treatment of rapid dynamics in phase field models has been presented.
Interfacial motion different from the usual Mullins—Sekerka problem has been derived.
The essential qualitative and quantitative features of front dynamics have also been
produced.

We mention that the necessity of using a free-energy functional in constructing the
model is only due to the mathematical simplicity which results. For other models which
are not based on a variational principle, the qualitative structure of the equations (3.1)-
(3.2) is still the same and should produce similar behaviour. The incorporation of other
effects such as long range forces and anisotropy of surface energy, however, may be
important. In particular, anisotropy could result in fast growth in certain directions but
not others due to the critical nature of existence.

Future work should include extending the analysis presented here to models with
unequal diffusion scales, such as those encountered in alloy solidification. Additionally,
the asymptotics may be carried out to further orders to derive presumably geometric
corrections to the interface motion laws.

Acknowledgements

The author wishes to thank Robert Almgren and Paul Fife for helpful discussions and
comments.

References

[1] AaMaD, N., WHEELER, A. A., BOETTINGER, W. & MCFADDEN, G. (1998) Solute trapping and
solute drag in a phase-field model of rapid solidification. Phys. Rev. E, 58, 3436-3450.

[2] ALMGREN, R. (1999) Second-order phase field asymptotics for unequal conductivities. SIAM J.
Appl. Math., 59, 2086-2107.

[3] Aziz, M. J. & Kaprran, T. (1988) Continuous growth model for interface motion during alloy
solidification. Acta Metall., 36, 2335-2347.

[4] BatEs, P. W, Firg, P. C., GARDNER, R. A. & JonEs, C. K. R. T. (1997) The existence of traveling
wave solutions of a generalized phase field model. Siam J. Math. Anal., 28, 60-93.

[5] Bates, P. W., Firg, P. C., GARDNER, R. A. & JonEs, C. K. R. T. (1997) Phase field models for
hypercooled solidification. Physica D, 104, 1-31.

[6] CaGINALP, G. (1989) Stefan and hele-shaw type models as asymptotic limits of the phase-field
equations. Phys. Rev. A, 39, 5887-5896.

[71 CacinaLp, G. & CHEN, X. (1998) Convergence of the phase field model to its sharp interface
limits. Euro. J. Appl. Math., 9, 417-445.

[8] CacinaLP, G. & FIFE, P. (1988) Dynamics of layered interfaces arising from phase boundaries.
SIAM J. Appl. Math., 48, 506-518.

[9] CagiNnaLP, G. & NISHIURA, Y. (1991) Examples of traveling wave solutions for phase field
models and convergence to sharp interface models in the singular limit. Quart. J. Appl.
Math., 49, 147-162.



56

(10]
(1]
(12]
(13]
(14]
(15]
(16]
(17]
(18]
(19]
(20]
(21]
(22]
(23]

(24]

(25]
(26]
(27]
(28]
(29]
(30]
(31]

(32]

(33]

(34]

K. Glasner

DeEwynNE, J. N., Howison, S. D., OCKENDON, J. & Xig, W. (1989) Asymptotic behavior of
solutions to the stefan problem with a kinetic condition at the free boundary. J. Aust. Math.
Soc. B, 31, 81.

Fieg, P. C. (1988) Dynamics of Internal Layers and Diffuse interfaces. STAM.

FirE, P. C. & McLEop, J. B. (1977) The approach of solutions to nonlinear diffusion equations
to traveling front solutions. Arch. Rat. Mech. Anal., 65, 335-361.

Fix, G. (1983) Phase Field Methods for Free Boundary Problems. Pitman, pp. 580-589.

GLASNER, K. (2000) Traveling waves in rapid solidification. Elec. J. Diff. Eq., 1-23.

GLICKSMAN, M. E. & SCHAEFER, R. J. (1967) Investigations of solid/liquid interface tempera-
tures via isenthalpic solidification. J. Crystal Growth, 1, 297-310.

HOHENBERG, P. C. & HALPERIN, B. 1. (1977) Theory of dynamical critical phenomena. Reuv.
Modern Physics, 49, 435-476.

JAcksoN, K. A., GILMER, G. H. & Leamy, H. J. (1980) Laser and Electron Beam Processing of
Materials. Academic Press, p. 51.

KarmA, A. & RAPPEL, W.-J. (1996) Phase-field method for computationally efficient modeling
of solidification with arbitrary interface kinetics. Phys. Rev. E., 53, 3017-3020.

KARMA, A. & SARKISSIAN, A. (1993) Interface dynamics and banding in rapid solidification.
Phys. Rev. E, 47, 513-533.

Kurz, W. & Trivepy, R. (1990) Solidification microstructures: recent developments and future
directions. Acta Metal. et Mater., 38, 1-17.

LANGER, J. (1980) Instabilities and pattern formation in crystal growth. Rev. Modern Phys., 52,
1-28.

LANGER, J. S. (1986) Models of Pattern Formation in First order Phase Transitions. World
Scientific.

LoweN, H. & BECHHOEFER, J. (1991) Critical behavior of crystal growth velocity. Europhys.
Lett., 16, 195-200.

Lowen, H., BECHHOEFER, J. & TUCKERMAN, L. (1992) Crystal growth at long times: Critical
behavior at the crossover from diffusion to kinetics limited regimes. Phys. Rev. A, 45,
2399-2415.

MuLLINs, W. & SEKERKA, R. (1963) Morphological stability of a particle growing by diffusion
of heat flow. J. Appl. Phys., 34, 323-329.

PENROSE, O. & HFE, P. (1990) Thermodynamically consistent models for the kinetics of phase
transitions. Physica D, 43, 44—62.

SarROCKA, D. C. & BERNOFF, A. J. (1995) An intrinsic equation of interfacial motion for the
solidification of a pure hypercooled melt. Physica D, 85, 348-374.

ScHOFIELD, S. & OxTOBY, D. (1991) Diffusion disallowed crystal growth. I. Landau-Ginzburg
model. J. Chem. Phys., 94, 2176— 1286.

SoNER, H. M. (1995) Convergence of the phase-field equation to the Mullins—Sekerka problem
with kinetic undercooling. Arch. Rat. Mech. Anal., 131, 139-197.

TAYLOR, J., CAHN, J. & HANDWERKER, C. (1992) Geometric models of crystal growth. Acta.
Metal. Mater., 40, 1-39.

UMANTSEV, A. R. & Davis, S. H. (1992) Growth from a hypercooled melt near absolute stability.
Physical Rev. A, 45, 7195-7201.

WANG, S., SEKERKA, R., WHEELER, A. A., MURRAY, B., CorieLL, C., BRAUN, R. & MCFADDEN,
G. (1993) Thermodynamically consistent phase-field models for solidification. Physica D, 69,
189-200.

WHEELER, A. A., BOETTINGER, W. & MCFADDEN, G. (1992) Phase-field model for isothermal
transitions in binary alloys. Physical Rev. A, 45, 7424-7439.

ZENER, C. (1949) Theory of growth of solid precipitates from solid solution. J. Appl. Physics,
20, 950.



