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• Ring-type collapse in the nonlinear Schrödinger equation is not self-similar.
• Multibump solutions may be used as a basis for approximating dynamics.
• Rescaled ring radii shrink and eventually peak collapse occurs instead.
• Ring profiles with vortex or vectorial character can persist in modified systems.
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a b s t r a c t

The critical nonlinear Schrödinger equation (NLS) possesses nearly self-similar ring profile solutions. We
address the question of whether this profile is maintained all the way until the point of singularity. A
perturbative analysis of the rescaled PDE and the resulting self-similar profile uncover slow dynamics
that eventually drive the ring structure to the classical peak-shaped collapse instead. A numerical scheme
capable of resolving self-similar behavior to high resolutions confirms our analysis.We also consider ring-
type blowup arising either from azimuthally polarized solutions of a coupled NLS system or as vortex
solutions of the usual NLS. In this case, the ring profile is maintained up to the time of singularity.

© 2014 Elsevier B.V. All rights reserved.
1. Introduction

The cubic nonlinear Schrödinger equation (NLS)

i
∂ψ

∂t
+∆ψ + |ψ |

2ψ = 0, ψ : Rd
× R+

→ C, (1)

arises in nonlinear optics, fluid dynamics, plasma physics, and
Bose–Einstein condensates. In the context of propagation of opti-
cal pulses, ψ describes the envelope of the electric field, where t
is the direction of propagation and d = 2 is the dimension of the
transverse coordinates.

When d = 1, the cubic NLS is integrable and solutions are
globally well-defined (see, e.g., [1]). For dimensions d ≥ 2, it is
well known that solutionsmay not exist for all times, with singular
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behavior∥ψ∥∞ → ∞occurring at a finite time t = T . For d strictly
larger than 2, this can occur in a precisely self-similar fashion

ψex(x, t) =
1

√
2a(T − t)

ei log(T−t)/2aQ


|x|
√
2a(T − t)


, (2)

where Q and the scaling parameter a > 0 are determined as a
nonlinear eigenvalue problem [1]. The potentially complex-valued
function Q is the collapse profile in similarity variables, and is in
general non-unique.

The nature of singular solutions in the critical dimension d = 2
is much more subtle. The rate constant a in ψex vanishes as d ↓

2, making Eq. (2) meaningless. A series of papers [2–4] clarified
that collapse may be nearly self-similar in the following sense:
the solution profile (in similarity variables) evolves adiabatically
which leads to a small double-logarithmic correction in the blowup
rate. Originally the profiles that were considered were strictly
radially symmetric and monotone, and asymptote to the ground
state solution of the Townes equation

Rrr +
1
r
Rr − R + R3

= 0, Rr(0) = 0
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as the singularity time is approached. Subsequent work has ver-
ified this in a rigorous fashion [5,6], and experimental data were
found to be consistent with the Townes profile [7].

Non-monotone self-similar profiles have also been discovered.
These were first noted by Budd et al. [8] in numerical experiments
for supercritical dimensions d > 2. In these solutions, the ampli-
tude concentrates on a ring (or rings) whose radius shrinks to zero.
A formal asymptotic description of the self-similar profiles was
given in [9]. A rigorous proof of existence and uniqueness of the
profile equation was later provided by Rottschäfer and Kaper [10].
Although we are primarily concerned with the dynamics in the
critical dimension d = 2, we employ the self-similar solutions for
d > 2 as the basis for a perturbative analysis.

Numerical experiments of ring-type solutions for the critical di-
mension d = 2 were subsequently conducted by Fibich et al. [11].
These revealed that near the singularity, solution profiles may in-
deed be non-monotone in the radial variable, and the behavior
appears to be self-similar with a rate which is exactly a square
root. More specifically, they observe ‘‘single bump’’ profiles which
correspond to intensity maxima on two dimensional rings of ever
shrinking radius. Their numerical results suggest that the ring
structure is maintained all the way until the singularity; however,
there is currently no rigorous proof to support this. They concede
that strictly self-similar solutions would be unphysical, as they
must have infinite power (see 2.4). This leaves open two questions:

1. For physical initial data, does any part of the solution converge
to a self-similar profile?

2. Does the ring profile really persist until the time of singularity,
or does it eventually transition to different behavior?

In this paperwe address both questionswith formal asymptotic
analysis confirmed by careful numerical experiments. As with
the original case of monotone blowup profiles in the critical
dimension, the dynamic behavior is not strictly self-similar. We
also find that ring solutions represent only an intermediate stage
in the blowup dynamics, and eventually transition to monotone
profiles.

This paper is organized as follows. In Section 2 we review some
of the theoretical aspects of blowup and self-similarity for Eq. (1).
In Section 3, we generalize the calculation of LeMesurier et al. [4]
to the case of non-monotone blowup profiles. We present an
asymptotic argument that suggests the location of the ring radius
(in stretched variables) is not constant, but that exponentially
slow dynamics eventually drive it towards the origin. We verify
our analysis quantitatively using a numerical method suitable for
resolving self-similar solutions to high resolution. In Section 4,
we consider a modified system where the Laplacian in Eq. (1) is
replaced by the vector Laplacian, which arises from azimuthally
polarized solutions of a coupled system. We find there that similar
ring-type blowup occurs but does not transition to a different
behavior as the singularity is approached.

2. Singular solutions of the critical and supercritical NLS

We begin by reviewing analytic properties of the NLS and some
of its known solutions. Attention will be focused on the radially
symmetric case where Eq. (1) becomes

iψt + ψrr +
d − 1

r
ψr + |ψ |

2ψ = 0. (3)

For reasons that will be clear later, the dimension d will take non-
integer values.

Eq. (3) has two important conserved quantities: the L2 norm
(power)

N(t) =


∞

0
|ψ |

2rd−1dr ≡ N(0), (4)
and the Hamiltonian

H(t) =


∞

0


|∇ψ |

2
−

1
2
|ψ |

4

rd−1dr ≡ H(0). (5)

A necessary condition for blowup is that the initial power exceeds
some threshold value, N(0) > Nc ; a sufficient condition is that the
Hamiltonian is negative [11].

A particular solution of Eq. (3) comes from separation of
variables, ψ(r, t) = eitR(r), where R(r) satisfies

Rrr +
1
r
Rr − R + R3

= 0, Rr(0) = 0, R(∞) = 0. (6)

This problemwas studied in [12]. It admits a sequence of solutions
Rk, k = 0, 1, 2, . . . which can be arranged in order of increasing
power, where Rk has k zeros and k + 1 turning points. The lowest
power nontrivial solution of Eq. (6), R0, is referred to as the ground
state or Townes profile, which contains exactly the critical power
for blowup,Nc ≈ 11.69. Each solution Rk decays exponentially and
monotonically for large r .

2.1. Similarity ansatz

For singular solutions, we expect there to be a length scale
L(t) that tends to zero at some finite time T . In the case of self-
similar blowup, L is a characteristic width of the solution, while the
maximum amplitude scales as L−1. It is useful to work in similarity
variables

τ =

 t

0
L−2(s)ds, ξ =

r
L(t)

, (7)

so that the singularity is pushed to τ = ∞ and the characteristic
length scale remains finite. The dependent variable is written as

ψ(r, t) =
1

L(t)
u(τ , ξ), (8)

where

iuτ + uξξ +
d − 1
ξ

uξ + ia (ξu)ξ + |u|2u = 0, (9)

and where the dynamic rate parameter a = a(τ ) is defined by
a = −LLt = −L−1Lτ .

Note that if a is a constant, one has an exactly square-root
blowup rate, L = [2a(T − t)]1/2. We can then look for solutions
to Eq. (9) of the form u(τ , ξ) = eiτQ (ξ ; a), where Q satisfies

Qξξ +
d − 1
ξ

Qξ − Q + ia (ξQ )ξ + |Q |
2Q = 0 (10)

subject to the conditions

Qξ (0) = 0, lim
ξ→∞

Q (ξ) = 0. (11)

For d > 2, the value of a is determined along with Q as a nonlinear
eigenvalue problem. Together, a, L, andQ form the explicit blowup
solutions ψex(r, t) from Eq. (2). We remark that the frequency in
the phase factor eiτ is arbitrary; a different choice would simply
lead to a rescaled problem equivalent to (10)–(11).

Although (9) is valid for any smooth, positive choice of L(t),
in the spirit of similarity solutions L is chosen to renormalize the
solution and alleviate the singular behavior. In particular, we want
the maximum of |u| to be a constant. For the solutions studied in
Section 3, this is guaranteed by the particular choice

L =


3
2


sup
x

|ψ(x)|
−1

. (12)

The prefactor is chosen to be consistent with steady state solutions
for the supercritical case (c.f. Section 2.3).
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Fig. 1. Solutions of Eq. (10); (a) |Qk,j| for k = 1, j = 0, 1, 2; (b) |Qk,j| for k = 0, j = 1, 2, 3.
2.2. Monotone profiles in the supercritical case

Monotone solutions to (10)–(11) exist and are unique [13,14].
In particular, for 2 < d < 4 there exists a smooth monotone re-
lation a = a0(d), with its inverse denoted as d = d0(a). In [4], it
was established that the asymptotics of this relation for d → 2 is
beyond all orders (in fact exponentially small in the parameter a)
in the sense that

d
da

p

(d0(a)− 2)

a=0

= 0 for all p = 0, 1, 2, . . . .

In fact, the limit of the correspondingmonotone solutions as d → 2
is exactly the ground state solution to (6). This does not represent
a self-similar profile for d = 2 since (2) is meaningless for a = 0.

To analyze collapse in the critical dimension, LeMesurier
et al. [4] supposed that the solution was always near one of the
monotone supercritical profiles Q (ξ ; a). In this case, a is regarded
as slowly varying (with respect to the similarity time variable
τ ). This allows a perturbative solution for small a to be sought,
leading to an ordinary differential equation for a of the form aτ ∼

−C(d0(a)− 2). The exponential smallness of d0(a)− 2 means that
the solution profile changes very slowly and the blowup rate has a
correspondingly subtle log–log correction.

2.3. Multibump profiles

For dimension strictly larger than two, there are many non-
monotone self-similar profiles [8–10]. For a ≪ 1 and d very near
to 2, Eq. (10) can be regarded as a singular perturbation of Eq. (6).
For each Rk(r), k = 0, 1, 2 . . . , there is a corresponding sequence
Qk,j(ξ ; a(d)), j = 0, 1, 2 . . . such that Qk,j has (k+ j) local maxima.
In [10], Rottschäfer and Kaper rigorously proved the existence and
uniqueness of these solutions for k = 1, j = 0, 1, . . .when a is suf-
ficiently small. Although their paper does not explicitly address the
case of k = 0, j = 1, which is the main focus of the present paper,
their techniques can still be used to showexistence in this instance.
Numerical examples of these solutions are shown in Fig. 1.

A detailed asymptotic analysis of Eq. (10) for multibump
profiles was given by Budd [9]. Here we summarize the relevant
results from that paper which will be utilized in Section 3.

To understand how these multibump solutions arise, it is
convenient to write P = eiaξ

2/4Q and study the equation for P:

Pξξ +
d − 1
ξ

Pξ − P +
a2ξ 2

4
P − ia

d − 2
2

P + |P|
2P = 0. (13)
As in the case of monotone profiles, for each Qk,j there is an
invertible relationship between the nonlinear eigenvalue a and the
dimension d, which may be written d = d0(a). It turns out that
d0(a)−2 is exponentially small in a; specifically for the single bump
solutions Q0,1, the estimate

d0(a)− 2 ∼
3
a
e−(2π/3−

√
3/4)/a, a → 0, (14)

may be derived [9]. This implies that the coupling between real and
imaginary parts of P is very weak. Writing

P = A + iB,

then to all algebraic orders in a we have

Aξξ +
1
ξ
Aξ − A +

a2ξ 2

4
A + A3

= 0, (15)

which is readily seen as a perturbation of Eq. (6) in the region
where aξ ≪ 1. Furthermore, without loss of generality P(0) ∈ R,
so that the imaginary part is in fact exponentially small in a.

It was shown in [15] that all solutions of (15) decay when a is
nonzero. Therefore peaks of the multibump solutions necessarily
occur where ξ = O(1/a). To derive the shape and location of the
peaks, one can write

s = ξ − κ/a,

and look for solutions to (10) of the form

Q = e−iκs/2 (S0(s)+ aS1(s)+ · · ·) .

The leading order term satisfies a scaled version of Duffing’s
equation,

S0,ss −

1 − κ2/4


S0 + S30 = 0

with solution given by

S0(s) =


2(1 − κ2/4)sech


1 − κ2/4s


.

For the single-peak solution Q0,1, the value of κ is found from a
consistency condition at the next order of the expansion to be
κ = 1 + O(a2), so that

|Q0,1(ξ)| ∼


3
2
sech


3
4
(ξ − 1/a)


, a → 0. (16)

Multibump solutions of (13) were studied rigorously in the
work of Rottschäfer and Kaper [10]. In particular, they establish the
existence and uniqueness of the one bump solution Q0,1(ξ) over
some range 0 < a < amax.
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2.4. Collapsing ring solutions

In [11], Fibich et al. presented numerical simulations of the
critical dimensionNLSwhere the blowup appears to occur on a ring
whose radius tends to zero, rather than at the origin. They show
that if ψ(r, t) takes an asymptotic self-similar form

ψ(r, t) ∼ ψG =
1

L(t)
G(ξ)eiτ+i(Lt/L)(r2/4), (17)

then one necessarily has

Gξξ +
1
ξ
Gξ − G +

a2ξ 2

4
G + G3

= 0 (18)

and L(t)must have exactly a square root behavior.
It is worth noting that the large-ξ asymptotics of G are [11]

G(ξ) ∼
cG
ξ

cos
 a
4
ξ 2 − a−1 log ξ + c2


, ξ → ∞

where cg and c2 depend on the global structure. The tail ofG decays
algebraically and in particular the power integral


∞

0 |G|
2ξ dξ is

not finite. As a consequence, any initial conditions which generate
a solution asymptotic to G everywhere must also have infinite
power. In [11], it is supposed that for general initial conditions
which generate ring-type collapse, only the part of the solution in
the large amplitude ring-region is given by (17).

Fibich et al. [11] also tested the stability of collapsing ring
solutions numerically. They determine that the one-ring solution
is stable with respect to radially-symmetric perturbations, but is
unstable for non-radial initial conditions. In the case of multi-ring
solutions (based off of the functions Qk,j), only the innermost ring
will continue to blow up, while the outer rings become wider.
Therefore, the one-ring solution is an attractor for a wide range of
radially-symmetric initial conditions, but is unstable with respect
to symmetry-breaking perturbations.

3. Dynamics of ring solutions in the critical case

In this section, we propose a perturbative ansatz for solu-
tions which collapse with one-ring profiles. We suppose that the
rescaled profiles that satisfy (9) do not approach a steady state, but
rather evolve slowly, at least when a is small. In this respect, our
calculation is a generalization of LeMesurier et al. [4]. The results
are then checked numerically, showing that ring profiles are in-
deed dynamic and eventually transition to monotone profiles.

It is convenient to reformulate Eq. (9) by the substitution
V (τ , ξ) = e−iτ+iaξ2/4u, which in the critical dimension d = 2 leads
to

iVτ + Vξξ +
1
ξ
Vξ − V +


a2 + aτ

 ξ 2
4
V + |V |

2V = 0. (19)

Note that the analogous substitution for the self-similar profiles,
P = eiaξ

2/4Q , leads to Eq. (13).

3.1. Expansion around multibump solutions

In order to determine the evolution of a ring-type solution, we
suppose that solutions of (9) are well-approximated by the family
of single bump solutions u ≈ eiτQ0,1(ξ ; a), since each member of
this family has a unique ring radius ξmax ≈ 1/a.We emphasize that
even though each profile corresponds to a steady solution of (13)
in a particular dimension d = d0(a), the dynamics of u are only
occurring in dimension d = 2 here. The evolution problem then
reduces to determining the slow-scale dynamics of a(τ ).
In terms of the reformulated Eq. (19), the solution is approxi-
mated as

V (τ , ξ) = P0,1(ξ ; a(τ ))+ W (ξ , τ ), (20)

where P0,1(ξ ; a) = eiaξ
2/4Q0,1(ξ ; a) solves (13). The correction W

is assumed to be small; in particular

W = O(exp(−1/a)), a → 0. (21)

Let us briefly explain the philosophy behind the choice of
approximation. One can think of the family of profiles

M =

P0,1(ξ ; a)|0 ≤ a ≤ amax


(22)

as a kind of ‘‘slow’’ manifold of the evolution equation (19). In
particular, using (13) note that

∂

∂τ
P0,1 = i


d0(a)− 2

ξ
(P0,1)ξ − aτ

ξ 2

4
P0,1


+


(P0,1)aaτ − a

d0(a)− 2
2

P0,1


. (23)

The terms proportional to d0(a)−2 are necessarilyO(exp(−1/a)).
We also find, a posteriori, that aτ is also proportional to d0(a) − 2.
The dynamics of a(τ ) result from projecting the dynamics of (19)
onto M.

Putting (20) into (19) and using (13) gives

Wξξ +
d0(a)− 1

ξ
Wξ − W +

a2ξ 2

4
W + P2

0,1W
∗
+ 2|P0,1|2W

=
d0(a)− 2

ξ


(P0,1)ξ + Wξ


−

aτ ξ 2

4
(P0,1 + W )− ia

d0(a)− 2
2

P0,1 − iWτ

− i(P0,1)aaτ − 2P0,1|W |
2
− P∗

0,1W
2
− |W |

2W . (24)

Note that the left-hand side of this equation is the linearized opera-
tor fromEq. (13) acting onW . Sincewe are interested in leading or-
der behavior only, termswhich are products of exponentially small
quantities will be neglected. The resulting leading order equation
for W is

Wξξ +
d0(a)− 1

ξ
Wξ − W +

a2ξ 2

4
W + 2|P0,1|2W + P2

0,1W
∗

= −i

(P0,1)aaτ + a

d0(a)− 2
2

P0,1


−


aτ
ξ 2

4
P0,1 −

d0(a)− 2
ξ

(P0,1)ξ


. (25)

We separate this into real and imaginary parts as W = S + iT and
P0,1 = A+iB. Recall fromEq. (13) and the discussion thereafter that
B is exponentially small in a, so at leading order P is approximated
by its real part. The equations for S and T are to leading order

Sξξ +
d0(a)− 1

ξ
Sξ − S +

a2ξ 2

4
S + 3A2S

= −


aτ
ξ 2

4
A −

d0(a)− 2
ξ

Aξ


(26)

Tξξ +
d0(a)− 1

ξ
Tξ − T +

a2ξ 2

4
T + A2T

= −


aτAa + a

d0(a)− 2
2

A

. (27)

Eq. (26) is solvable with a general inhomogeneous right-hand side,
but (27) is not [4]. Eq. (27) is of the form LT = f (ξ)where the self
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Fig. 2. (a) Solution of (3) when max |ψ(r, t)| = 1.22 × 1010 , normalized by Eq. (12) (solid), and the asymptotic solution (16) (dashed). The initial condition is
ψ(r, 0) = 12.2e−r4 , with power N0 = 25Nc ; (b) the same data plotted on a logarithmic scale.
adjoint (with respect to the radial L2 inner product) operator L is
defined as

L =
∂2

∂ξ 2
+

d0(a)− 1
ξ

∂

∂ξ
− 1 +

a2ξ 2

4
+ A2. (28)

A Fredholm solvability condition for (27) arises in the usualway,
but the nullspace can only be computed approximately. From Eq.
(13),

LP0,1 = ia
d0(a)− 2

2
P0,1 + B2P0,1, (29)

so that

LA = −a
d0(a)− 2

2
B + B2A. (30)

Observe both terms on the right are exponentially small in a.
Therefore taking the inner product of (27) with A instead of the
exact eigenfunction will remain consistent with the desired order
of approximation. This leads to

− a
d0(a)− 2

2


∞

0
B(ξ)T (ξ)ξdξ

= −


∞

0
A(ξ)


aτAa + a

d0(a)− 2
2

A

ξdξ . (31)

The integrals are each O(exp(−1/a)), but the one on the left is
multiplied by another exponentially small factor. The dominant
term is therefore the integral on the right, and this leads to an
expression for the dynamics

aτ = −a(d0(a)− 2)


A2ξdξ
(A2)aξdξ

. (32)

Note that aτ is proportional to d0(a)−2, which is exponentially
small in a as claimed. The dominant contribution to the integrals
comes from the ring region of A, where (from Eq. (16))

A ≈ |P(ξ ; a)| ∼


3
2
sech


3
4
(ξ − 1/a)


, a → 0. (33)

From this we can explicitly compute the main contribution to the
integrals in (32):

∞

0
A2ξdξ ≈ 2 log


1 + e

√
3/a

,

∞

0


A2

a ξdξ ≈ −
2
√
3e

√
3/a

a2

1 + e

√
3/a
 . (34)
Themost significant consequence of (32) is that aτ is increasing,
in contrast to the slow dynamics of monotone profiles. Since the
location of the peak ξmax scales as 1/a, this means that (even in
rescaled variables) the peak location proceeds inward, rather than
remaining constant as asserted in [11]. Note the opposite result
would have been counterintuitive, since the ring would increase
in radius, and power contained in the ring would have to increase,
which would require radiation of energy from ξ = +∞.

Another consequence of (32) is that eventually a becomes so
large that the qualitative reliability of the approximation becomes
doubtful. Two natural possibilities are that either the profile
remains ring-like but is not close to the multibump profile Q0,1, or
the profile transitions to a completely different shape. We explore
this subsequently through simulation.

3.2. Numerical experiments

The slow dynamics which we have described analytically
present considerable challenges for numerical verification. We
have developed a code which deals with both small length- and
time-scales, capable of integrating the solution to amplification
factors of at least 1013. The details of the algorithm are outlined
in the Appendix.

Fig. 2 shows a typical solution as it approaches the singularity,
plotted in scaled variables. For comparison, we have also plotted
the asymptotic solution from Eq. (16). The agreement is good in
the peak region, but as Fig. 2(b) shows, there is a mismatch in the
tail.

We have found that for a wide variety of initial conditions, a
similar agreement between simulations and our ansatz (20) occurs
after a transient period of time. Even for monotone initial condi-
tions such as the ‘‘super-Gaussian’’ ψ(r, 0) ∝ e−r4 , the solution
developed a non-monotone ring structure and proceeded to col-
lapse with the Q0,1 profile, rather than the monotonic Q1,0 profile.

The length scale L(t) can be extracted directly from the
numerics via Eq. (12). Denoting rmax = argmax|ψ(r, ·)|, the
location of the peak in scaled variables, ξmax, can then be calculated
as ξmax = rmax/L. From (16), we know this location to be ξmax =

1/a, thus we can determine a as

a =
L

rmax
. (35)

Once L(t) is computed, Eq. (7) can be integrated numerically to
evaluate the scaled time variable τ .
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Fig. 3. Numerical (solid) and asymptotic (circles) calculation of the dynamic rate
parameter a. The initial condition used to solve (3) numerically is ψ(r, 0) = Ce−r4 ,
with C being chosen to adjust the initial power to values between 13Nc and 18Nc .
Higher power corresponds to smaller values of a(0).

Fig. 3 shows the results of running six simulations with initial
condition ψ(r, 0) = Ce−r4 , where C is chosen so that the initial
power N0 ranges from 13Nc to 18Nc . After some transient oscilla-
tions, a single ring profile forms, with some of the power being ra-
diated away to r = ∞. Varying the initial power provides control
over the initial ring radius, and in particular corresponds to differ-
ent initial values of a(τ ). The solution was integrated until either
the ring transitioned to a monotone profile (N0/Nc = 13 − 15), or
a maximum value of 1.35× 1013 was reached (N0/Nc = 16− 18).
We have also used initial conditions tomimic the ansatz (20) of the

form ψ(r, 0) =


3
2 sech


3
4 (ξ − 1/a)


with similar results.

The initial value a(0) is extrapolated from the numerical
solution using linear regression from the data for 0 ≤ τ ≤ 40. This
provides the initial condition for the ordinary differential equation
(32) for a(τ ), which is solved numerically using Eqs. (14) and (34).
There is considerable agreement between the simulation of the
full equation and reduced dynamics, especially when a(τ ) is small.
The agreement becomes worse where a = O(1), which would be
expected of a perturbative approximation.

Note that the initial power must be chosen in a very particular
range for meaningful comparisons. If N0 is too high, the dynamics
will be too slow to observe, even when the solution reaches a peak
magnitude of 1013. This is the case in [11], where ring profiles
appeared to be static. If N0 is too low, the transition to a monotone
profile will happen too quickly and the analysis leading to Eq. (32)
is not valid.

Wehave found in all cases, there is a rapid transition (in contrast
to the slowmotion of (32)) from ring-shaped tomonotonic profiles
when the computed value of a ≈ .5. This transition is captured
in Fig. 4. As a(τ ) continues to increase, the location of the peak in
scaled variables continues to decrease, until eventually the peak is
forced onto the origin.

4. A coupled NLS system

To account for the effects of field polarization in optical
propagation, a two-component system of coupled nonlinear
Schrödinger equations is considered [16,17]. These describe the
amplitude of the envelope of the transverse field components,
(ψ1, ψ2). With a particular set of constitutive parameters, this
Fig. 4. The solution of NLS (3) with initial condition ψ(r, 0) = 9.62e−r4 , with
N0 = 15.6Nc , plotted in scaled variables. The solution is shown at times when
max |ψ | = 5.38 × 1011, 3.4 × 1012, 6.28 × 1012, 8.77 × 1012 , and 1.23 × 1013 .

system has the form

i
∂ψ1

∂t
+∆ψ1 + (|ψ1|

2
+ |ψ2|

2)ψ1 = 0, (36)

i
∂ψ2

∂t
+∆ψ2 + (|ψ1|

2
+ |ψ2|

2)ψ2 = 0. (37)

In two transverse dimensions, one can look for radial solutions
which have azimuthal polarization, that is solutions of the form
(ψ1, ψ2) = ψ(r, t)θ̂ . This leads to a modified version of the radial
NLS equation (3),

iψt + ψrr +
1
r
ψr −

1
r2
ψ + |ψ |

2ψ = 0. (38)

The spatial operator in (38) nowcontains the extra term−ψ/r2,
and is the radial component of the vector Laplacian. To enforce
continuity of the underlying field, one requires ψ(0, t) = 0
at the origin, in contrast to the Neumann condition for Eq. (3).
It is interesting to note that this prohibits any collapse (self-
similar or not) which has an intensity maximum at the origin.
As a consequence, no transition to monotone blowup profiles is
possible.

Eq. (38) was studied by Fibich et al. [18] in a slightly different
context. In that case, ‘‘vortex’’ solutions of (1) having the form
ψ = exp(imθ)g(r, t) were considered. For m = 1, this leads to
(38). It was shown numerically that collapsing ring solutions exist
in this case. Just as with (3), exactly self-similar solutions having
finite power do not exist in dimension d = 2.

4.1. Multibump solutions for the modified operator

A modification of the problem (10),

Q̃ξξ +
d − 1
ξ

Q̃ξ −
1
ξ 2

Q̃ − Q̃ + ia

ξ Q̃

ξ
+ |Q̃ |

2Q̃ = 0, (39)

Q̃ (0) = 0, lim
ξ→∞

Q̃ (ξ) = 0 (40)

was studied by Shi [19], where an asymptotic analysis akin to [9]
was developed. A similar set of multibump profiles exists, with
slight modifications to the underlying structure. Significantly, the
single-peak solution Q̃0,1 behaves as

|Q̃0,1| ∼


3(2 − κ2)

2
sech


3(2 − κ2)

4
(ξ − κ/a)


,

a → 0, (41)



J. Allen-Flowers, K.B. Glasner / Physica D 284 (2014) 53–61 59
Fig. 5. (a) Typical solution of (39); (b) numerical solution of Eq. (38), at times when max |ψ | = 103 , 106, 109 , and 1012 .
where the scaled peak location is now a function of a given by

κ =


1
2


1 +


1 − 8a2


. (42)

There is a similar relationship d = d̃0(a), which leads to

d − 2 =
3(2 − κ2)

a
e−λ(a)/a, (43)

with

λ(a) = 4
 x0

κ/2


1 +

a2

4s2
− s2ds,

where x0 is the zero of the integrand. The complete details of the
calculation can be found in [19].

4.2. Ring profile dynamics

The analysis in Section 3 can be repeated for Eq. (38) in pre-
cisely the same manner. Since there is no difference in the under-
lying structure of the linearized problem, the resulting dynamical
equation for the parameter a(τ ) looks similar to (32),

aτ = −a(d̃0(a)− 2)


Ã2ξdξ
(Ã2)aξdξ

, (44)

where now Ã = |Q̃0,1|. The integrals in (44) are modified to
∞

0
Ã2ξdξ ≈ 2 log


1 + eg

√
3/a



∞

0


A2

a ξdξ ≈ −
2
√
3eg

√
3/a

a2

1 + eg

√
3/a
 (g − aga) ,

(45)

where g = g(a) =
√
2κ2 − κ4. The sign of da/dτ is positive when

a is small, signifying a general trend for the profiles to contract to-
ward the origin.

4.3. Numerical tests

A numerical study of (38) and (39) was conducted, similar to
that of Section 3.2. A typical single peak solution of (39) is shown in
Fig. 5(a). Dynamical solutions of (38) in scaled variables are shown
in Fig. 5(b) using the initial condition ψ(r, 0) = 15.41r2e−r4 . We
find that the profile continually steepens near the origin, without
any qualitative change in shape.

Eq. (41) shows that the amplitude of Q̃0,1 is no longer indepen-
dent of a. The length scale L that leads to Eq. (39) must be modified
accordingly,

L =


3(2 − κ2)

2
ψ−1

max. (46)

The quantity a(τ ) can be extracted from the numerics, in the same
spirit as in Section 3.2, by solving
rmax

L
=
κ

a
which yields

a =


3
2


ρ2 − 6
ρ2 − 3

,

where ρ = ψmaxrmax. Once a is known, L can be calculated and Eq.
(7) can be integrated for the scaled time τ .

Fig. 6 shows the results of running 4 simulations with initial
condition ψ(r, 0) = Cr2e−r4 , where C = 16.16, 16.88, 17.57, and
18.23. Changing the value of C allows control over the initial value
for a(τ ), with higher C values corresponding to lower a(0). In each
case, the solution was integrated untilψmax = 1.35 × 1013. As be-
fore, the initial value a(0) is extrapolated from the numerical solu-
tion and used to solve Eq. (44) numerically, utilizing (43) and (45).
We find good agreement with the asymptotic formula for reason-
ably small a(τ ), but significant deviations for larger a.

4.4. Multi-dimensional stability

For completeness, we examine the stability of azimuthally
polarized ring solutions ψ(r, t)θ̂ in the context of the full two-
component system (36)–(37). For this, numerical simulationswere
conducted using a perturbed initial condition

(ψ1, ψ2) = ψ(r)θ̂ + ψ′(x, y). (47)

The radial profileψ(r)was determined by solving (38) numerically
until a roughly self-similar profilewas formed. The perturbationψ′

was generated randomly using a Gaussian distribution.
The results are shown in Fig. 7. A modulation instability was

noted for a variety of amplitudes of the perturbation, akin to the
instability of collapsing rings in the regular NLS [11].
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Fig. 6. Numerical (solid curves) and asymptotic (circles) calculation of a(τ ) for themodified Eq. (38). The initial condition isψ(r, 0) = Cr2e−r4 , with C taking values between
16.16 and 18.23. Compare with Fig. 3.
Fig. 7. Instability of an azimuthally polarized collapsing ring in the full coupled system (36)–(37). The color corresponds to the combined intensity |ψ1|
2
+ |ψ2|

2 . Collapse
eventually occurs at points along the ring rather than maintaining the ring profile. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
5. Conclusion

In this study, we investigated the dynamic behavior of collaps-
ing ring solutions for the critical dimension nonlinear Schrödinger
equation and its vector-Laplacian counterpart. Even though the
self-similar profiles developed in [9] were for strictly supercriti-
cal dimension, we have shown their usefulness for approximating
dynamic profiles in the critical dimension. It is not surprising that
numerical studies such as in [11] would be misleading, as the
ring dynamics can be exceptionally slow because of the beyond-
all-orders character of the asymptotics. Another subtle aspect is
that ring-type solutions may or may not represent the ultimate
character of the collapse singularity, depending on the underlying
spatial operator.

Our results rely heavily on formal asymptotic approximations
and numerical confirmation. Although the analysis supports that
the Townes profile is a universal attractor for critical blowup,
a rigorous proof of this fact remains elusive. Our calculation
states that the ring radius continues to decrease, but a more
careful analysis is needed to determine what happens after the
quantitative reliability of the approximation breaks down.

Our analysis could conceivably be generalized to other contexts.
For example, multi-ring solutions can be regarded as essentially
superpositions of ring profiles. In the nonlinear setting, interaction
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Fig. 8. Grid spacing for the numerical experiments in Section 3.2.

between individual rings is expected [20], leading to a reduced
dynamical description of radial initial data.

From a practical point of view, it is significant that ring-type
solutions can achieve very large power in the collapse region, in
contrast to monotone collapse where power is always exactly the
minimum critical power for blowup. To achieve transient but high
intensity, it would be necessary to control or ameliorate azimuthal
instability effects. This might have uses in, for example, high-
power laser applications.
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Appendix. Numerical method

Here we describe the method used to solve Eq. (3) numerically.
Spatial grid: In order to find a balance between computation time
and accuracy, we employ a non-uniform stationary grid. The grid
is constructed using N + 1 points with r1 = 0 and rN+1 = L, and
the numerical solution lives at the center of the N cells. The cell
spacing is

∆ri = ri+1 − ri

= L
 si+1

si
et

2
dt
 M

0
et

2
dt
−1

, i = 1, . . . ,N

where si = (i − 1)M/N and M is an empirically chosen constant.
For the numerical experiments in Section 3.2, L = 5,N = 1000,
and M = 5.6. A plot of the grid spacing using these parameters is
shown in Fig. 8(a). The Laplacian operator is discretized on this grid
using second-order finite differences.
Time integration: The PDE is integrated in time according to the
explicit update rule

ψn+1 = ψn + i∆tn

Aψn+1 + |ψn|

2ψn+1

,

where the matrix A is the discretized Laplacian operator. The time
step∆tn is changed after each update to reflect the analytical struc-
ture of the problem, so that ∆tn = tol (maxr |ψn|)

−2. The value of
tol is chosen to ensure that there is not a drastic change in∆t on the
first time step, specifically tol = ∆t0 (maxr |ψ(r, 0)|)2. The time
integration continues until either maxr |ψ | = 0.1 (min∆r)−1, or
until argmax|ψ(r, ·)| = 0.

Although this method does not conserve power, by using an
initial time step on the order of 10−6, power loss can be restricted
to a few percent over the course of a blowup simulation.
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