Math 583B Spring 2012 Problem Set #3
klin@math.arizona.edu
Exercisesdue\Wednesday, 2/29
PreHems Everything is due Friday, 3/2

Exercises. These do not need to be turned in.
1. Show that the Sturm-Liouville operator defined in classeié-adjoint.

2. Consider this example from class:

2%y (x) + xy' () + y(2) = py(2) . (1)
(a) By considering solutions of the forpixz) = cz® , find the general solution of
this equationHint: The general solution has the formf; (z)+ca fo(z) , where expanded 2/28
each of thef; is has the form above. You will find that the solutions are demp
however. By taking linear combinations, you can express/esaution in the
formcigi(z) + cdyg2(x) where they;(z) are real.

(b) Now suppose we want to solve the eigenvalue problem omtee/all < x <
2 with boundary conditiong(1) = y(2) = 0. Find the eigenvalues using the
general solution above. (Remember we showed in clasgitkat .)

3. Let H be the space of square-integrable functiongon] such that.(0) = 0 and
u'(0) = u(1), and letL be the operatoclﬁﬂ—z)2 acting on (a dense subset @f). Recall
that the adjoint.* is characterized by

(Lu,v) = (u, L"v) (2)

forall w € D(L) and allv € D(L*) , whereD(L) is the domain ofL (in this
case, we can take it to be the space of twice-differentiabletfons inH), and the
domain D(L*) of L* is such that Eq.[{2) holdsL is self-adjoint if . = L* (and
D(L) = D(L")).

(a) IsL self-adjoint?

(b) Consider the boundary value probldm = Au for v € H. Show that the
eigenvalue\ must satisf/\ = sin(v/)\) . Are there any real eigenvalues?

(This exercise illustrates a subtlety in the notion of s&lfeint operators, namely
that when we sayE = L* ;" we assume implicitly that the two operators are defined
on the same domain. There is a bit more discussion on this@eamCh. 6 of the
notes.)



Problems. Please write these up and turn them in.

1. This problem explores a phase-plane view of the Sturnortille problem (see Sect. 6.3.2
of the course notes for a more general formulation, but tisese error in Fig. 6.1).

Suppose: : [0,1] — R is an eigenfunction for a regular Sturm-Liouville problem
with Dirichlet boundary conditions(0) = u(1) = 0 . Let A denote the correspond-
ing eigenvalue, and let(x) = p(z)u/(x) .

(a) Using the functiornv above, we can rewrite the Sturm-Liouville equation as
a pair of ODEs. Rewrite these ODEs in polar coordinates bintgi(x) =
r(x)sin(f(x)) andv(x) = r(z) cos(f(x)) and deriving equations farandr .
(b) What conditions orir, §) correspond to the boundary conditions?
(c) Assuming ¢ ando > 0 arecorstants, show that' (z) > 0 for all x . glszsgump“‘)” added

(d) Let’s order the eigenvalues so that < A\, < --- . Assuming#’ is uniformly
positive, sketch what phase plane curves correspondinrg to¢, , and ¢
shouldlook like. Also sketch the corresponding graphs as funetimfi.

(e) How many zeros does, have insid€0, 1)? How are the zeros af, related to
those of¢p,, 1?

Note: This should give you a hint as to why the eigenvalue®tiactumulate except
at co.

2. For the inhomogeneous equation
2y (x) + zy'(2) +y(z) = f(z), 1<2<2, y(1)=y(2)=0,

write down a general expression for the solution as an odhalgexpansion using
the eigenfunctions of Eql](1).



