Math 128 A - Section 5 - Final Exam

      Name:___________________

5 May 2000

In order to get full credit, you must show all of the steps and all of the work that you use to solve each problem. You should also define any variable and/or event that you introduce in your calculations.

A list of formulas that you may find useful is provided on the last page of this test.

	Question
	Points
	Score

	1
	23
	

	2
	10
	

	3
	37
	

	4
	20
	

	5
	20
	

	6
	15
	

	7
	28
	

	8
	22
	

	9
	15
	

	10
	10
	

	Total
	200
	


1. You have just hired a new employee and you estimate that there is a 60 % chance that this person will not be promoted after one year, that there is a 10 % chance that she will leave your company within a year and that there is a 39 % chance that neither will happen.

(i) (4 points) What is the probability that she will be promoted ? What is the probability that she will still be your employee after one year ?

Let Pr be the event that she is promoted and L be the event that she will leave the company.



P(Pr) = 1 - P(PrC) = 1 - 0.6 = 0.4



P(LC) = 1 - P(L) = 1 - 0.1 = 0.9

So there is a 40 % chance that she will be promoted and a 90% chance that she will still be our employee after one year.

(ii) (4 points) What is the probability that she will not be promoted or that she will leave your company ?

We are looking for 

P(PrC ( L) = P((Pr ( LC)C) = 1 - P(Pr ( LC) = 1 - 0.39 = 0.61.

So there is a 61 % chance that she will not be promoted or that she will not leave the company.

(iii) (5 points) What is the probability that she will be promoted and that she will leave your company ?

We want P(Pr ( L). We know that P(Pr ( L) + P(Pr ( LC) = P(Pr) = 0.4. So 


P(Pr ( L) = P(Pr) - P(Pr ( LC) = 0.4 - 0.39 = 0.01

The probability that she will be promoted and leave the company is 1%.

(iv) (5 points) Are the events of her promotion and of her leaving your company independent ? Why or why not ?

Two events Pr and L are independent if P(Pr) P(L) = P(Pr ( L). Since  P(Pr) = 0.4 and P(L) = 0.1,  P(Pr) P(L) = (0.4) (0.1) = 0.04 ( 0.01 = P(Pr ( L).


So the events of her promotion and of her leaving our company are dependent.

(v) (5 points) If you know that she will be promoted within a year, what are the chances that she will leave your company anyhow ?

We want P(L|Pr) = P(L ( Pr) / P(Pr) = 0.01/0.4 = 0.025. So there is a 2.5 % chance that she will leave the company even if she is promoted.

2. Consider two events R and W. 

(i) (5 points) Shade the event RC on the diagram below.
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(ii) (5 points) Shade the event WC ( R on the diagram below.
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3. Consider the experiment of randomly picking a number in the following set {1,1,1,2,3,3,3,3,3,5,5,5,6,6,6,6,6,7,7,7}. 

(i) (3 points) Define a sample space S for this experiment.

The sample space for this experiment consists of all possible outcomes, that is 

S = {1,2,3,5,6,7}. 

(ii) (4 points) Let X be the random variable giving the number picked when you run the experiment once. Is X a discrete or a continuous random variable. Is X a finite random variable ? Explain.

X is a discrete random variable since it can only take the values 1, 2, 3, 5, 6, and 7. It is also a finite random variable since the number of possible values that X can take is finite.

(iii) (4 points) Find P(X < 10).

X can only take values between 1 and 7, so P(X < 10) = 1.

(iv) (4 points) Find P(3 ( X ( 5).

P(3 ( X ( 5) = P(X = 3) + P(X = 4) + P(X = 5) = 5/20  + 0/20 + 3/20 = 8/20 = 2/5 = 0.4

(v) (12 points) Plot the probability mass function for the random variable X. Explain how you obtained this graph.
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(vi) (10 points) Find the expected value E(X) of X.
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4. (20 points) You are a loan officer and have to decide whether you should foreclose on one of your clients. You are given the following information: the full value of this person's loan is $300,000; the foreclosure value is $150,000 and the default value is $50,000. You looked at past bank records and you estimated that the probability of success of an attempted workout is 0.4. Use this information to decide whether you recommend workout or foreclosure for this loan. Explain your decision.

We need to compute the expected value of a loan workout and compare it to the foreclosure value. Let S be the event that an attempted workout is successful and F be the event that an attempted workout fails. If S occurs, the bank will get back the full value of the loan, that is $300,000. If F occurs, the bank will get back the default value of the loan, i.e. $50,000. Since P(S) = 0.4 and P(F) = 1 - 0.4 =0.6, the expected value of a workout is

E(X) = 300,000 P(S) + 50,000 P(F) = 300,000 (0.4) + 50,000 (0.6) = 150,000.

Since the expected value of a workout is equal to the foreclosure value of the loan, we cannot base our conclusion on the sole computation of the expected value.

5. You are taking an oral exam and have to draw a question from one of two boxes. You are told that Box I contains 3 difficult questions and 7 easy ones, and that Box II contains 2 difficult questions and 3 easy one. When you draw your question, you cannot see the labels on the boxes, so you are equally likely to draw from any of the two.

(i) (8 points) What is the probability that you draw an easy question ? Explain.

Let I be the event that you draw your question from Box I and II be the event that you draw from Box II. We also define E as the event of drawing an easy question and D the event of drawing a difficult question. We want to compute P(E). Since I and II form a partition of the sample space, we have

P(E) = P(E | I ) P( I ) + P(E | II ) P( II ) = (7/10) (1/2) + (3/5) (1/2) 

                           = (7/10 + 3/5)(1/2) = 13/20 = 0.65.

So there is a 65 % chance that you will draw an easy question.

(ii) (8 points) If you picked an easy question, what is the probability that it came from Box I. Explain.

We want to find P(I | E). Since I and II make a partition of the sample space, we can use Baye's theorem and write
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So there is a 53.85 % chance that an easy question came from Box I.

(iii) (4 points) If you could see the labels on the boxes, which box would you draw your question from ? Why ?

Since P(E | I ) = 7/10 > P(E | II ) = 3/5 = 6/10, I would pick my question in Box I; this will increase my chances of getting an easy question. 

6.  In what follows, we consider an investment of $3,000, that you deposit in a bank account with a 6% interest rate.

(i) (5 points) How much will you have in your account after 5 years if interest is compounded quarterly ?
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(ii) (5 points) If interest is compounded continuously, what is the yield of your bank account ?
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(iii) (5 points) If interest is compounded quarterly, how long should you leave the money in the bank if you want your balance to be $4,500 ?
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We should leave the money in the bank for about 7 years if we want the balance to reach $4,500.

7. You are interested in buying a European call stock option that expires in 14 weeks with a strike price of $80. 

(i) (8 points) Assume that at the end of the 14 weeks, the stock can only close at $60, $70, $80 and $90. Also assume that these closes are equally likely. What is the expected value of the future value of your European call option ? Show all your work.

If the stock closes at $60, $70 or $80, then the option will be worth nothing, i.,e. FV=$0. If the stock closes at $90, the future value of the option (FV) is equal to $10. Since all of the closes are equally likely, P(FV=0)=3/4, and P(FV=10)=1/4. The expected value of the future value of the call is therefore given by the following formula:
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Thus the future value of the option is $2.5.

(ii) (6 points) For option pricing purposes, we assume that the expected value of the close of the stock grows at the risk-free rate. Given that interest is compounded continuously and that the annual risk-free rate is 5%, find the expected value of the stock after 14 weeks if the close at the beginning of the 14 weeks is $75.

Since E(X) grows at the risk-free rate, we have 

E(X) = 75 exp[(0.05) (14/52)] ( $ 76.02

(iii) (7 points) If the expected value of the stock at the end of the 14 weeks is less than the strike price, does it mean that the option is worthless ? Why or why not ?

The fact that the expected value of the stock at the end of the 14 weeks is less than the strike price tells us nothing about the expected value of the option. Indeed, because of the volatility of the market, there will be instances when the close after 14 weeks is larger than its expected value, and unless the strike price is really very high, some observations of the close after 14 weeks will be larger than the strike price. For these events, the option will be worth the difference between the close and the strike price.

Therefore, even if the expected value of the stock is less than the strike price, the option will not be worthless.

(iv) (7 points) Assuming that you are given 8 years worth of weekly adjusted closes on a stock, what would you do to give a graphic representation of the volatility of this stock ?

From the adjusted weekly closes, one can compute weekly ratios giving the value of the close at the end of one week divided by the close at the end of the previous week. Each ratio indicates whether the stock price grew during the corresponding week: a ratio larger than 1 means that the stock price went up. A ratio less than 1 means the stock price went down. If the stock grew at a steady rate, all weekly ratios would be equal and there would be no volatility. Therefore, volatility is represented by the spread of the weekly ratios. A good way of representing this graphically is to plot an approximation of the probability density function of the weekly ratios. The wider the plot, the more volatile the stock is.

8. Assume that X is a uniform continuous random variable which takes values on the interval [0,5].

(i) (6 points) What is the value of the p.d.f. fX  at x = 1 ? What is the probability that X takes the value 2.5 ?

fX (1) = 1/5 = 0.2                            P(X=0.25) = 0

(ii) (8 points) Sketch the graph of the c.d.f. FX of X. 
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(iii) (8 points) Use the c.d.f. of X to determine the probability of X being between 2 and 5 ? Explain.
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9. The questions below refer to the following part of an Excel worksheet.

	
	A
	B

	1
	10
	0.003407

	2
	11
	0.072475

	3
	12
	0.984034

	4
	13
	0.410101

	5
	14
	0.811876

	6
	15
	0.64378

	7
	16
	0.772688

	8
	17
	0.780632

	9
	18
	0.801951

	10
	19
	0.168292


(i) (3 points) What is the outcome of the Excel command VLOOKUP(13,A1:B10,2) ? Explain.

VLOOKUP finds 13 in the first column of the table (A1:B10) and returns the value 0.410101, which is the contents of the cell at the intersection of Column B and Row 4.

(ii) (3 points) Which Excel command would you use to compute the average of column B?

AVERAGE(B1:B10) gives the average of Column B.

(iii) (3 points) Which Excel commands would you use to find the range of the data given in column B ?

The range is obtained by finding the minimum, with MIN(B1:B10), and the maximum, with MAX(B1:B10), of the data in Column B.

(iv) (3 points) Which Excel command would you use to randomly pick one of the numbers in Column B ?

The command VLOOKUP(RANDBETWEEN(1,10),A1:B10,2) returns a randomly chosen entry of Column B.

(v) (3 points) Assume that you want to compare the numbers in Column B to 0.5. More precisely, you want Excel to write "yes" in Column C if a number in column B is strictly larger than 0.5 and "no" otherwise. Explain how you would proceed. 

The IF command =IF(B1>0.5,"yes","no") returns "yes" if the number in cell B1 is strictly larger than 0.5 and "no" otherwise. By typing this command in Cell C1 and dragging it down to Cell C10, one creates a new column whose entries are "yes" and "no", depending on how the corresponding numbers in Column B compare to 0.5.

10.  (10 points) The relative frequencies given in the table below were obtained by running the "Histogram" function of Excel on a large random sample, which consists of independent observations of a continuous random variable X. Use the data in the table to plot an approximation of the p.d.f. of X.

	Bins
	Relative frequency

	0
	0.0000

	0.5
	0.0100

	1
	0.0300

	1.5
	0.0500

	2
	0.0900

	2.5
	0.2000

	3
	0.3500

	3.5
	0.2000

	4
	0.0400

	4.5
	0.0200

	5
	0.0100
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The height of each bar was adjusted so that the total area under the curve is equal to one. More precisely, we divided each relative frequency by the width (0.5) of each bin to obtain the height of the corresponding bar in the pdf of X.

FORMULAS
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The height of each bar corresponds to the probability of having X equal to the value indicated below each bar.
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