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Dirac point Dirac point

The spectrum is continuous and we have Floquet–Bloch theory:

k = (k1, k2) ∈ R2/2πZ2, Λ ' Z2, γ1b1 + γ2b2 ↔ (γ1, γ2).

Speccont(H) =
⋃
n≥1

⋃
±

{
∆|−1[αn,βn]

(
±1

3 |1 + e ik1 + e ik2 |
)}

.
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Fefferman–Weinstein ’12, ’14: 2D Schrödinger equation models
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What is actually observed?

Answer: density of states, ρ(E ):

t̃r f (H) := lim
R→∞

tr 1B(R)f (H)

vol(B(R))
=

∫
R
f (E )dρ(E ).
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Magnetic field

B := B dx1 ∧ dx2

= dA, A = 1
2B (−x2 dx1 + x1 dx2) .

(HBψ)e := (DBDBψ)e + Vψe , (DBψ)e := −iψ′e − Aeψe

v ∈ ∂e1 ∩ ∂e2 ⇒ ψe1(v) = ψe2(v),
∑
∂e3v

(DBψ)e(v) = 0.

It is now important that the graph is directed.

The Peierls substitution P : ψe 7→ e iAetψe :

ΛB := P−1HBP, (ΛBψ)e = −ψ′′e + Vψe

∂±e1 = ∂±e2 =: v =⇒ e iδ+±Ae1ψe1(v) = e iδ+±Ae2ψe2(v),∑
∂±e3v

e iδ+±Aeψ′e(v) = 0,

Brüning–Geyler–Pankrashkin ’07
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Brüning–Geyler–Pankrashkin ’07



Magnetic field

B := B dx1 ∧ dx2 = dA, A = 1
2B (−x2 dx1 + x1 dx2) .

(HBψ)e := (DBDBψ)e + Vψe , (DBψ)e := −iψ′e − Aeψe

v ∈ ∂e1 ∩ ∂e2 ⇒ ψe1(v) = ψe2(v),
∑
∂e3v

(DBψ)e(v) = 0.

It is now important that the graph is directed.

The Peierls substitution P : ψe 7→ e iAetψe :

ΛB := P−1HBP, (ΛBψ)e = −ψ′′e + Vψe

∂±e1 = ∂±e2 =: v =⇒ e iδ+±Ae1ψe1(v) = e iδ+±Ae2ψe2(v),∑
∂±e3v

e iδ+±Aeψ′e(v) = 0,
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Reduction to an operator on `2(Z2) via Krein’s formula of
Brüning–Geyler–Pankrashkin ’07:

(ΛB − λ)−1 = (ΛD − λ)−1 − γ(λ)M(λ)−1γ(λ)∗

M(λ) ≡ 1
3

(
−∆(λ) 1 + τ0 + τ1(

1 + τ0 + τ1
)∗ −∆(λ)

)

τ0(r)(γ) := r(γ1 − 1, γ2) τ1(r)(γ) := e ihγ1r(γ1, γ2 − 1), γ ∈ Z2

which has the same spectrum as

1
3

(
−∆(λ) 1 + e ix + e ihDx(

1 + e ix + e ihDx
)∗ −∆(λ)

)
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Magnetic density of states

t̃r f (HB) := lim
R→∞

tr 1B(R)f (H)

vol(B(R))
=

∫
R
f (E )dρB(E )

The limit does exist in this case as well but that is less obvious
since we do not have periodicity anymore.

Qualitative pictures of ρB(E ) from the physics literature:

Pound et al ’11, Luican et al ’11
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∫
f (E )dρB(E ) =

B

π

∑
n∈Z

f (En), En := sign(n)vF
√
|n|B

Theorem. For I a neighbourhood of a Dirac energy, ED ,
∆(ED) = 0, and h the magnetic flux through a honeycomb
f ∈ Cαc (I ), α > 0,∫

f (E )dρB(E ) =
h

π |b1 ∧ b2|
∑
n∈Z

f (En(h)) +O‖f ‖Cα (h∞)

∆(En(h)) = κ(nh, h)

F (κ(ζ, h)2, h) = ζ, F (ω, h) ∼
∞∑
j=0

hjFj(ω), Fj ∈ C∞(R),

F0(ω) =
1

4π

∫
γω

ξdx , γω =

{
(x , ξ) ∈ R2/2πZ2 :

|1 + e ix + e iξ|2

9
= ω

}
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Landau Levels

∆(En(h)) = κ(nh, h), F0(κ(ζ, h)2, h) = ζ +O(h),

F0(ω) =
1

4π
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DOS is simple as h→ 0:

∫
f (E )dρB(E ) =

h

π |b1 ∧ b2|
∑
n∈Z

f (En(h)) +O‖f ‖Cα (h∞)

Spec(HB) is complicated (even as h→ 0):

B.–Han–Jitomirskaya ’18
Hofstadter ’76 ... Avila–Jitomirskaya ’09 ...
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Magnetic (de Haas–van Alphen?) oscillations

Grand canonical potential: ρ+B (E ) := ρB(E )E 0
+,

Ωβ(µ,B) := ρ+B ∗ fβ(µ)

fβ(x) := − 1

β
log (exp (βx) + 1)→ −x+, β →∞

Magnetization:

Mβ(µ,B) = −
∂Ωβ(µ,B)

∂B

Semiclassical approximation:

Ωβ(µ,B) =
h

π |b1 ∧ b2|
∑
n≥1

fβ(µ−En(h))+O(h∞), h = B|b1 ∧ b2|.

Differentiation can be justified for β < h−M (Helffer–Sjöstrand ’90)
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Magnetic (de Haas–van Alphen?) oscillations

Comparison with numerics for the exact formula for rational h:
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Comparison with numerics for the exact formula for rational h:
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Thank you very much!
S.B. and Maciej Zworksi, (2018), Magnetic oscillations in a model
of graphene, arXiv:1801.01931.
S.B., Rui Han, and Svetlana Jitomirskaya, (2018), Cantor
spectrum of graphene in magnetic fields, arXiv:1803.00988.


