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Abstract

We consider the long-time evolution of solutions to a
Schrédinger-type wave equation on a lattice with a Markov
random generator. We show that solutions to this problem
possess a diffusive scaling limit and compute higher
moments.

Based on joint work with Jeffrey Schenker.
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Statement of the Theorem

Theorem
If )y € (?(29) satisfies

{iaﬂl)f(X) = VI, Vi)

Yo(x) = do(x) ’
then
i\/mk-x _ oM e e, (k-e1)(k-62)Dey e,
nlgggzjde E (Jry(x)[2) = e e .
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What do we mean by diffusion?

@ Consider the standard heat equation

ou(x, t) = Au(x, t) (x,t) € RY x R
{ u(x,0) = do(x) x € RY

with solution u(x, t) = (2rt)~9/2eIX*/4t,
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What do we mean by diffusion?

@ Consider the standard heat equation

ou(x,t) = Au(x,t) (x,t) e RY x RT
{ u(x,0) = do(x) x € RY

with solution u(x, t) = (2rt)~9/2e~Ix*/4t,
d

1
@ X ciu(x, t) is a p.d.f. on RY with ¢; = </ u(x, t) dt)
R

the normalizing constant.
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What do we mean by diffusion?

@ The p moment of position is given by

Ctwg > 2
/Rd\x]pctu(x, ) dx = (27rt)d/2/0 rPHd=1e=% gr,

where wq = [0B(0, 1)] is the surface area of the unit ball in
RY,
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What do we mean by diffusion?

@ The p" moment of position is given by

c 00 )
/ Ix|P cru(x, t) dx = td / a1 -7 dr,
R A

(2rt)d/2
where wg = |0B(0, 1)| is the surface area of the unit ball in
RY,
@ The integrand is maximized when r « +/t which leads us to
define ...
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Diffusive Scaling

@ Definition: Diffusive Scaling

t 1t
{ " asn— 0"

4
X mX
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Diffusive Scaling

@ Definition: Diffusive Scaling

t— 1t
{ K asn— 07"

XH%X

@ Question: The problem under consideration is defined on
the lattice Z9. How do we scale a discrete space?
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Diffusive Scaling

@ Definition: Diffusive Scaling

t— 1t
{ K asn— 07"

XH%X

@ Question: The problem under consideration is defined on
the lattice Z9. How do we scale a discrete space?

@ Answer: Mollify.
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Characterization of Diffusion for a Discrete Problem

@ he CX[RY), [hdx=1,h>0
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Characterization of Diffusion for a Discrete Problem

@ he CX[RY), [hdx=1,h>0

@ Under diffusive scaling, if the convolution h 1|2
converges (weakly) to a solution of the heat equation, then
we say that the model exhibits diffusion.
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Characterization of Diffusion for a Discrete Problem

@ he CX[RY), [hdx=1,h>0

@ Under diffusive scaling, if the convolution h 1|2
converges (weakly) to a solution of the heat equation, then
we say that the model exhibits diffusion.

@ A Fourier transform removes the mollifier from our diffusion
criterion.
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Characterization of Diffusion for a Discrete Problem

@ he CX[RY), [hdx=1,h>0

@ Under diffusive scaling, if the convolution h 1|2
converges (weakly) to a solution of the heat equation, then
we say that the model exhibits diffusion.

@ A Fourier transform removes the mollifier from our diffusion
criterion.

@ Diffusion Criterion:

Z ei\/ﬁk.x‘wt/n(x)F N e—Dt|k|2’ k e Td

xezd
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Resolvent Analysis

@ Key step:
> VIR (X)?)
xezd
__ L e—f2<50®1, S— 60®1>dz
2mi Jr iL sk +B—nz




Resolvent Analysis

@ Key step:
> VIR (X)?)
xezd
S e—f2<50®1, S— 60®1>dz
2mi Jr iL sk +B—nz
@ Notes:




Resolvent Analysis

@ Key step:
> eVIXE(|yy (X)[P)
xezd
Z—L. e ” oo ® 1, —= N bo®1) dz
2mi r IL\/ﬁk—f-B—nz
@ Notes:

e The LHS is (almost) the diffusion criterion.
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Resolvent Analysis

@ Key step:
> eVIXE(|yy (X)[P)
xezd
Z—L. e ” oo ® 1, —= N bo®1) dz
2mi r IL\/ﬁk—f-B—nz
@ Notes:

e The LHS is (almost) the diffusion criterion.
e The expectation allows us to use a Feynman-Kac-Pillet
formula.
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Resolvent Analysis

@ Key step:
> eVIXE(|yy (X)[P)
xezd
Z—i. e (1, n bo®1) dz
2mi r IL\/ﬁk—f-B—T]Z
@ Notes:

e The LHS is (almost) the diffusion criterion.

e The expectation allows us to use a Feynman-Kac-Pillet
formula.

o FKP allows us to express the expectation as a matrix

element of the semigroup e~ (L m+B),
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Resolvent Analysis

@ Key step:
> &VIRXE(|gpy, (x)[7)
xezd
Z—i. e (1, n bo®1) dz
2mi r IL\/ﬁk—f-B—T]Z
@ Notes:

e The LHS is (almost) the diffusion criterion.

e The expectation allows us to use a Feynman-Kac-Pillet
formula.

o FKP allows us to express the expectation as a matrix
element of the semigroup e~ tvm+8)

e which can be understood by the holomorphic functional
calculus:

et(ilﬁﬁB) _ L / e 1 dz
2mi r IL\/ﬁk +B-~Zz




Resolvent Analysis

@ We have reduced the problem to understanding:

nm<%®uf ' %@&.
n—0* iL sk +B—nz
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Resolvent Analysis

@ We have reduced the problem to understanding:

nm<%®uf ' %@&.
n—0* iL sk +B—nz

@ From here,
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Resolvent Analysis

@ We have reduced the problem to understanding:

nm<%®uf ' %@&.
n—0* iL sk +B—nz

@ From here,
@ use projections and the Schur complement formula.
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Resolvent Analysis

@ We have reduced the problem to understanding:

nm<%®uf ' %@&.
n—0+ iL sk + B —nz

@ From here,
@ use projections and the Schur complement formula.
@ construct a symmetric operator D, which is a lower bound
for the matrix element in question. Use this to show the limit
exists and is of the desired form.
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Resolvent Analysis

@ We have reduced the problem to understanding:

lim <50®1,_A ' 5O®1>.
n—0+ iL sk + B —nz

@ From here,

@ use projections and the Schur complement formula.

@ construct a symmetric operator D, which is a lower bound
for the matrix element in question. Use this to show the limit
exists and is of the desired form.

@ Higher Moments?

lim > eVikrE (th Il X)‘2> _ o ey ke (k&) Der ey

n—0+t

xezd qlg
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