LECTURE 24: CONTINUING THE ASYMPTOTIC CALCULATION.

Lecture plan. Starting again with the first transformation of the RHP, we will proceed with an outline of
the asymptotic analysis.

USING EQUILIBRIUM MEASURES
Recall that the equilibrium measure is defined as the unique minimizer in

(1) M; (R = {Probability measures on R}

of the functional
(@) Ty s My = (=oc,0) i [ logle =3l du@)du) + [ moleldu(e).

In the previous lecture we discussed the various origins of this variational problem, and how it relates
to orthogonal polynomials and random matrix theory. In this lecture we will require (later) the following
properties of the equilibrium measure

e The equilibrium measure p* is a.c. w.r.t. Lebesgue measure, [ f(z)du*(z) = f_ll f(x)g(x)dz, and

38 I

T R /u2 _ .1;‘2

e There is a constant £ so that for all x € (—1, 1), the equilibrium measure satisfies

(3) Ya(zx) du, z € (-1,1).

1
(4) 2 / toge = yld” () = Vi) = ¢

e For x € R\ [—1, 1], the following holds:

1
(5) 2 / ogle — yldu* () = Vi(z) < ¢

FIRST TRANSFORMATION OF THE RIEMANN—HILBERT PROBLEM

Recall from the previous lecture that we have following Riemann-Hilbert problem which is known to

characterize the polynomials pE-N) orthogonal with respect to e~ NV () [3] . The calculations of the present
lecture were first carried out in [1] and [2], but for the particular case of orthogonality with respect to

e=Nrslel” gz the work was presented in [4]

Riemann-Hilbert Problem 1. Find a 2 x 2 matriz A(z) = A(z;n, N) with the properties:

Analyticity. A(z) is analytic for z € C\ R, and takes continuous boundary values A (x), A_(x)
as z tends to x withzt € R and z € C, z € C_.
Jump Condition. The boundary values are connected by the relation

1 e—NV(:c)

0 1
Normalization. The matriz A(z) is normalized at z = 0o as follows:
z7" 0

(7) lim A(z) =1.
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The connection between these orthogonal polynomials and the solution of Riemann-Hilbert Problem 1 is
the following:

1 1 Pr(s)e NV
—wPal?) ™) /]R ds

. (N _
Kn.,n 2mikn,n §—Zz

—NV(s)
_QWiKSX)l n71pn71(2) _Kgﬁ)l nil/%ds
’ ’ R S —Z

This relationship provides a useful avenue for asymptotic analysis of the orthogonal polynomials in the limit
n — oo; it is sufficient to carry out a rigorous asymptotic analysis of Riemann-Hilbert Problem 1.
The first transformation is as follows. Define

(9) g(z) = / log (z — z)dp*(z) = / log (z — z)ys(z)dx

—1 —1

which is taken to be analytic in C\ (—oo,1]. Using g(z), we define a new matrix valued function (the new
unknown) B(z), as follows:

Ne

(10) B(Z) =e 2£U3A(z)e_N(g(z)_%)”3

We will verify that B satisfies a new Riemann—Hilbert problem:

Riemann-Hilbert Problem 2. Find a 2 X 2 matriz B(z) = B(z;n, N) with the properties:

Analyticity. B(z) is analytic for z € C\ R, and takes continuous boundary values B4 (z), B_(z)
as z tends to x withx € R and z € C4, z € C_.
Jump Condition. The boundary values are connected by the relation

e~ N(gt(@)—g-(2))  N(g+(x)+g-(2)=V(z)—L

0 eN(g+(z)—g-(2))

Normalization. The matriz B(z) is normalized at z = oo as follows:

(12) lim B(z) =1.
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Here is a very useful result concerning the function g defined, as used, above:
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Proposition 3.6. There exists a &; > 0 such that for all n € M, the following holds.

ia) g is analytic and gl-, have continuous extensions to T,

ib) The map z — e"¥* possesses an analytic continuation to T4 [—1, 1] and
ngzl _—m I
e — 1 4 9 ﬁ a4s T — oo, 3.7
z
il

2mi forw = —1,
O+ixl—g-ixl =1 2ml |': Wpisids  for [x| < 1, 13.8)

0 forx=1.

The function g4 — g- possesses an analytic continuation G to the strips 8, s {z e T 0 <
Re {:l:z} < 1, |Imz| < &} such that

Be Giz) =0 forze T Mn&,, 13.9)
FEe Gizy = 0 forze C_1n&,. 3.1
)
-2 [V 3 [ ,“g___;, ﬂdu) ds forx=—1,
gelx)+g_ix) —kalx|fF —l=1¢ 0 for|x| <1, i3.11)

O

Using the properties of the function g outlined above, it is straightforward to verify that the jump matrix

for B takes one of the following forms:

e—nG (s) 1

0 e for —1<s<1,

1 eM(ererHo_xpisif-)
for |s| > 1.
0 1

Where the function G is defined above. It is purely imaginary on the interval (—1,1).
Check out the factorization:
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e—T‘LG(SJ 1 _ 1 0 0 1 1 0 -
0 enGis) | | enGle) 1 1 0 c-nGE 1 = V_voV,

Now the amazing thing is that these matrices can be extended off the real axis, where the oscillations
turn into decay. The two relevant statements are these:
e ¢"¢(*) can be extended analytically below (=1,1), where it is exponentially small as n — oo.
e ¢"G(2) can be extended analytically above (=1,1), where it is exponentially small as n — oo.
These two facts may be verified as follows: first, you check that Re(G(z)) = 0 for z € (—1,1), and then
by the Cauchy-Riemann equations,

0 0
(13) 87/Re (Gl+iy)|  =-o-Im (Ga+iy) =2mp(x) > 0.
y=0
So we then define D(z) as follows:

e For z outside the “lens shaped region” surrounding the interval (—1,1
e For z within the “upper lens shaped region”, we set D(z) = B(2)v4(z
e For z within the “lower lens shaped region”, we set D(z) = B(z)v_(z2).

2
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pX]

And it is clear that the new unknown, D, is analytic of the more complicated union of contours shown
above. Moreover, given the above considerations, the jump matrices satisfy the following important property:

For any § > 0, the jump matrix Vp(z) is exponentially close to I for all values of z whose
distance from [—1,1] is greater than J.

Homework Problem: Ignoring all contours except the interval [—1,1], solve the following Riemann—
Hilbert problem.

Riemann-Hilbert Problem 3. Find D(z) satisfying the following three conditions.
(1) (analyticity) The matriz D is analytic in C\ [-1,1].
(2) (Normalization) D(z) =1+ O (1) as z — oo.
(3) (Boundary values and jump relation)

1 D) =D () g )
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