
Existence theorem for scattering theory
scattering data

evolve scattering data in time
analyticity in z

Riemann Hilbert problem
finding more special solutions
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LetÕs prove these have solutions

u = ψ

!
e! izx 0

0 eizx

"
= (1 , 1) + O

#
x! 1

$
, as x→ +∞ (1)

w = φ

!
e! izx 0

0 eizx

"
= (1 , 1) + O

#
x! 1

$
, as x→ −∞. (2)

The fundamental observation is that these odes are equivalent to integral
equations:

u = (1 , 1) +
%"

x
V u

!
Dz (x#− x) 0

0 D! z (x#− x)

"
dx#, (3)

where Dz (x) =
&x
0 e2izy dy = 1

2iz

#
e2izx − 1

$
. The equation for w is similar:

w = (1 , 1) +
%x

!"
V w

!
D! z (x− x#) 0

0 Dz (x− x#)

"
dx# . (4)

2



For each z ! R, there is a solution, and each entry satisÞes

|u " 1| # e! (x ) / |z| ! (x)
|z|

# econst./ |z| const.
|z|

, z $= 0 ,

! (x) =
! !

x
|V (x")|dx", " (x) =

! !

x
(x" " x)|V (x")|dx"

|u " 1| # K
(1 + max( " x, 0))

" !
x (1 + |x"|)|V (x")|dx"

1 + |z|
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! (x, z) = " (x, z)S(z) S(z) =

(
R 2
T2

1
T1

1
T2

R 1
T1

)

The scattering data
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E < 0

Fact:  you can express

If B(E) = 0, then we have an eigenfunction.

For E < 0, there is a unique decaying solution (as x ! +" ):

And there is a growing solution

similarly as x ! "# :

E = z2 means we have two images of each eigenvalue,zj = ± i
!

! Ej
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! (x, z) = " (x, z)S(z) S(z) =

(
R 2
T2

1
T1

1
T2

R 1
T1

)

The scattering data

And corresponding to eachEj we have two points on the imaginary axis,
zj = ±i

!
−Ej , and the associated norming constantAj .
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! (x, z) = " (x, z)S(z)

The scattering data

And corresponding to eachEj we have two points on the imaginary axis,
zj = ±i

!
−Ej , and the associated norming constantAj .

S(z) =
!

S11 S12

S21 S22

"

S(! z) =
!

0 1
1 0

"
S(z)

!
0 1
1 0

"
, S(! z) = S(z)
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What happens if V=V(x,t)?

We need two operators:

Think of them as acting on functions of x, depending parametrically on t.

Vt ! 6V Vx + Vxxx = 0 = " L t ! (BL ! LB ) = 0

And, amazingly,

¥ the eigenvaluesEj do not depend ont.

¥ Aj(t) = Aj(0)e8t( ! Ej ) 3/2

¥ r (E, t ) = r (E, 0)e8itE3/2
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Analyticity in z

u = ψ

!
e! izx 0

0 eizx

"
= (1 , 1) + O

#
x! 1

$
, as x→ +∞ (1)

w = φ

!
e! izx 0

0 eizx

"
= (1 , 1) + O

#
x! 1

$
, as x→ −∞. (2)

The fundamental observation is that these odes are equivalent to integral
equations:

u = (1 , 1) +
%"

x
V u

!
Dz (x#− x) 0

0 D! z (x#− x)

"
dx#, (3)

where Dz (x) =
&x
0 e2izy dy = 1

2iz

#
e2izx − 1

$
. The equation for w is similar:

w = (1 , 1) +
%x

!"
V w

!
D! z (x− x#) 0

0 Dz (x− x#)

"
dx# . (4)
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For each z with Im( z) > 0, the integral equation for u1 has a solution,
satisfying

|u − 1| ≤ e! (x ) / |z| ! (x)
|z| ≤ econst./ |z| const.

|z| , z #= 0 ,

! (x) =
! !

x
|V(x")|dx", " (x) =

! !

x
(x" − x)|V(x")|dx"

|u − 1| ≤ K
(1 + max(−x, 0))

" !
x (1 + |x"|)|V(x")|dx"

1 + |z|

|u − 1| ≤ e! (x ) / |z| ! (x)
|z| ≤ econst./ |z| const.

|z| , z #= 0 ,

|u − 1| ≤ K
(1 + max(−x, 0))

" !
x (1 + |x"|)|V(x")|dx"

1 + |z|
#
#
#
#

d
dz

u(x, z)

#
#
#
#≤ K 2

" !
x (1 + |x"|)|V(x")|dx"

1 + |z| ≤ K 3

1 + |z| , −∞ < x < ∞,

#
#
#
#

d
dz

u(x, z)

#
#
#
#≤ K 4

" !
x |V(x")|dx"

1 + |z| , 0≤ x < ∞

Analyticity in z
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, resz!
j
M = lim

z! z!
j

M(z)

!

"
0 0

e
! 8 i (z !

j )3
t ! 2 iz !

j x

A j (0) S"
11 (z+

j )
0

#

$resz+
j

M = lim
z! z+

j

M (z)

!

" 0 e
8i (z +

j )3
t +2 iz +

j x

A j (0) S!
11 (z+

j )
0 0

#

$
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