Existence theorem for scattering theory
scattering data
evolve scattering data in time
analyticity in Z
Riemann Hilbert problem
finding more special solutions
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The fundamental observation is that these odes are equivalent to integr:
equations:
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where D,(z) = | 2@ dy= 5 €27 — 1. The equation for w is similar:
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LetOs prove these have solutions



For eachz ! R, there is a solution, and each entry satisbes
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The scattering data

Recall that we have these two normalized solutions v and ¢ to the Schrodinger equation. They are related,
as we have discussed before. We will express this relationship using the scattering matriz, as follows:
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For E < 0, there is a unique decaying solution (as X ! +" ):
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And there is a growing solutior o=V EE(1+ 0 (z7h)).
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Fact: you can express vy = AE)Y_ + B(E)y_.

If B(E) =0, then we have an eigenfunction.

It turns out that under suitable assumptions on the potential V', there is at most a finite number of L?
eigenvalues, which will be denoted by {Ej};"r: - For each one, the “normalization constant” is defined to be
the coefficient A(E) appearing in (14), which is then expressed as A, := A(E;).

E = z? means we have two images of each eigenvalug,= +i ! E
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And,corresponding to eachF; we have two points on the imaginary axis
2j = £1 —Ej, and the associated norming constant4; .




The scattering data
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What happens V=V(x,1)?
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We need two operators: L=—5+V, B=—4 5+

Think of them as acting on functionsxqfdepending parametrically dn

%L—(BL—LB):(V;—SVVmeme)
Vi! BVVe+ Viw =0 =" L,! (BL! LB)=0

And, amazingly,

¥ the eigenvaluesE ; do not depend ont.

¥ A(t)= A,(0)ed B

S11(z,t) = 811(2,0),

So1(2,t) = So1(2, EI)E_SM ‘

Si2(z,t) = Sl_._:(.z D)E‘BM :
(2,) =

¥

Sii

2y

d
3— V+3V
I +

dz



Analyticity in z
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The fundamental observation is that these odes are equivalent to integr:
equations:
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where D,(z) = | 2@ dy= 5 €27 — 1. The equation for w is similar:
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e 1; can be extended analytically to C_, and u; can be analytically extended to C_.
e Wy can be extended analytically to C,, and w; can be analytically extended to C_.



Analyticity in z

For each z with Im( z) > 0, the integral equation for u; has a solution

satisfying
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Now define M(z) as follows:
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Theorem. Let V(z,t) evolve according to the KdV equation, with initial data corresponding to the
scattering data {r(z),{E;, A, }f:l} Then the row-vector M(z;xz,t) is the unique solution of the following
Meromorphic Riemann—Hilbert Problem.:

Problem: Find M, a 1 X 2 matriz, satisfying the following 4 conditions

(1) Each entry of M is a meromorphic function of z, for z € C; UC_, with continuous boundary values
for z € R. These boundary values are denoted M., respectively.

(2) M=(1,1)+0(1/z) as z — 00.

(3) For each eigenvalue E;, M possesses a simple pole at z_;L = +1./—F;, and
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(4) For z € R, the boundary values M. are related by a jump relationship:

M. (2) —M(z)( L —r(z)e2iznt8iz’t )
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In addition, the potential V (x,t) may be extracted from M as follows. One computes the behavior of M for
zZ — 00!

M(z;z,t) = (1,1) + MY (z,8)27 1 + O (27°), asz— oo,

V(z,t) = 211% (Mfﬂ(m,_t))
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