LECTURE 7: THE TODA LATTICE

Perhaps the simplest nonlinear system that can be represented as a Lax equation is the Toda lattice (after
M. Toda), a special case of the Fermi-Pasta-Ulam lattice

d*qn

dt?

(here we have picked units so the mass m = 1) where the potential energy of a spring is given by the
exponential function:

= Vl(QnJrl - Qn) - V/(qn - anl) ,

V(A) = Vpoaa(A) = ™.
Thus, the Toda lattice is given by the system of ordinary differential equations
d*qy
dt?

H. Flaschka introduced some interesting variables to use in place of g, to get a first-order system equivalent
to the Toda lattice:

— equr-f—l_q", _ e(In_QW,—l .

_ Ldgn _ L a2
an_th’ bn—2e .
Therefore,
db,, 1dgn+1 1dgn
Y = bn 5 -5 4 |~ bn n —Un),
dt (2 it 2 dt (@n+1 = an)
and

day, 1 d%g, 1 q 1

_ = — Zednt1=dn _ _n—dn-1 — 9(p2 _ p2 .
at 22 2" 2° (b = bns)
We can get a finite-dimensional version of the Toda lattice by picking some integer N and setting b_; =

by = 0. Thus we have a finite system of differential equations:

dCLO 2
— 2

dt 0
d db
Sk _ow2—02_,), k=1,....N—2, ZF_p(aper—ar), k=0,....N—1,
dt dt

daN,1
7 = —2b% ..

Lax form of the Toda lattice equations. The phase space of the finite Toda lattice can be viewed as
the space of finite real N x N Jacobi matrices:

ap bo 0 0 0 ce 0
b() a1 bl 0 0 e 0
0 b1 a9 b2 0 s 0
L:=|: )
0 -+ 0 by_a an—3 bn_3 0
o --- 0 0 bnv—3 an—2 bn_2
L 0 s 0 0 0 bN,Q aN-—1 |

We assume that by > 0 for all k. From the symmetric matrix L we can construct a skew-symmetric N x N
matrix B:

0 b 0 0 0 0
by 0 b 0 0 0
0 —bi 0 b 0 0
Bi=L, -L_=|: 5 . s
0 - 0 —byva 0 by O
0 - 0 0 —byvgs 0 by
0o -~ 0 0 0 —bya O

Here the subscript “+” means the upper triangular part and “—” means the lower triangular part.
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Proposition 1 (Flaschka, Manakov). The Toda lattice equations are equivalent to the matriz equation

dL
— +|L,B|=0
dt+[3 ] I

where the matriz commutator means [L,B] := LB — BL.

Spectral data and dynamics thereof. As L is a real symmetric matrix of dimension N x N, it has
N linearly independent eigenvectors that we may choose to be orthogonal and normalized to have unit
Euclidean length. The tridiagonal structure of L shows that there is, up to scaling, at most one eigenvector
for each eigenvalue: indeed given uq, then Lu = Au implies that
_)\—ao _)\—al b() _)\—ag bl
UQ—TUI; us = by Uz—aul, Ug = by U3—E
and so on. (Note the importance here of the assumption that by > 0.) In particular, this proves that the
real eigenvalues of every such Jacobi matrix L are all distinct, that is, the characteristic polynomial of L has
N simple roots, necessarily real.
Suppose that u®) is one of the eigenvectors, and its eigenvalue is A,. In general as the matrix entries of
L evolve according to the Toda lattice equations, we would expect A; to do the same. However, the formal
structure of the Lax equation shows otherwise.

uz,

Proposition 2. Fach eigenvalue A\ of L is a constant of the motion of the Toda lattice equations.

Proof. Let us differentiate the eigenvalue equation Lu®) = X\,u®) with respect to t:

dL du®  dx du®
P (RN b A PN )
dar dt a Lt

Using the Lax form of the Toda lattice equations, this becomes

du®)  d\ du®
= 22 a4y
dt ar T

BLu® — LBu® + L

Using the eigenvalue equation once again gives

du®  dx, du®)
L—— = ZEy® —
dt T

du®) dA
L— AT ga® ) = Dk k)
(L= ) ( dt " > at

We may use orthogonal projection to write du®) /dt — Bu®®) uniquely in the form

k
Ll;i ) —Bu® = qu® +v

where v is orthogonal to u(®). Making this substitution and using the eigenvalue equation again we get

A:Bu® — LBu® +

Rearranging, this is

_ _ ek
(L )\k) vV = dt u .

Finally, since v is a linear combination of the remaining eigenvectors (which are all orthogonal to u(k)) of L,
so must be (L — A\g)v. (A span of eigenvectors is an invariant subspace.) So, the left-hand side is orthogonal
to the right-hand side, which means that both sides must be zero. Since u'*) is normalized to have length
one, this proves that

d\g

dt

=0.
Since all of the eigenvalues are constant in time, so are all of the symmetric polynomials

Sp =AM+ AL+ + A
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This is a “spectral representation” of \S;,, written in terms of the eigenvalues of L. But we can just as easily
get explicit expressions for the S}, in terms of the matrix entries of L. Indeed, beginning from the obvious
formula
Sp = trace (AP)
where A is the diagonal matrix of eigenvalues, we can introduce the eigenvector matrix U that diagonalizes
L to write
A=U"'LU
from which it follows that for any p, A? = U'LPU. Therefore we also have
S, = trace (UT'LPU) .

Finally we recall that the trace of a matrix is invariant under similarity transformation (conjugation by a
matrix U). Therefore in fact for any integer p both sides of the identity

AP+ - AR, = trace (LP)
give constants of motion. Such a formula is called a trace formula. It expresses a constant of motion in
two different coordinates: on the left-hand side we have the “spectral coordinates” given by eigenvalues of

L, and on the right-hand side we have the “physical coordinates” given by the matrix entries of L. So, for
example, with p = 1 we see immediately that

S1 =trace(L) =ag+ a1 +---+an—_1

is a constant of motion of the Toda lattice. Finally, note that all of these symmetric polynomials can be
combined together into a simple generating function: introducing a parameter e, we have
2 2

N +€S; + %52 + - = trace(I) + etrace(L) + 65tmce (L?) +
2
= trace <]I—|—6L+2L2+--~>

= trace (eEL) .

For all € the latter is a conserved quantity, and expanding it in powers of € gives the symmetric polynomials
Sp as Taylor coefficients.

Proposition 3. Each normalized eigenvector u'*) satisfies du(k)/dt =Bu®.

Proof. From the previous proof we see also that v = 0, or put another way, there exists some a = «(t) such
that

k
dl;ii) —Bu® = qu® .
Let’s take the dot product of this equation with u(*). Using the fact that B is skew-symmetric, we get
(k)
qor®
dt

because u®Tu*) = 1 by normalization. On the other hand, if we differentiate the normalization condition
with respect to t we find

d du®)
- BT 1 (F)y = ou)T
0 7 (u'* ') = 2u Tt
Therefore o = 0, which completes the proof. ]

(k)

The dynamics implied by this proposition for the first component u; ’ are particularly simple.

Proposition 4. The time evolution of the first components is explicitly given by:

e2Xkty, (k) (0)2

Zezx t (J

k
M (1)? =



Proof. First note that because the normalized eigenvectors u¥, ..., u™) form an orthonormal basis of RY,
the matrix U whose columns are these eigenvectors is an orthogonal matrix, meaning that U7 U = I. From
this it follows that U7 is also an orthogonal matrix, so in particular the first column of U has Euclidean
length one. This of course is the same thing as saying that the first row of U has Euclidean length one, that
is,

N .
S uf ()2 =1
j=1

Next, consider the differential equation satisfied by ugk) (t):

du'®
71;; = (Bu(k))l = bouék) .

But since Lu® = A\ u®, we also have

aougk) + bouék) = )\ugk) ,

(k)

so we get an equation for u;~ alone:

ul®)
o = Ox —ao)ut?

The solution is (using constancy of Ax):

u(lk) (t) = n(t)e/\’“tu(lk)(()) , where n(t) = exp (— /Ot ao(7) dT) .

Of course ag(t) seems hard to pin down explicitly, since it is part of the solution of the nonlinear Toda lattice
equations. However, we now use the normalization condition:

N
1= Zugj)@)z Zez/\ t (])
j=1

and therefore we deduce that
-1

Zeu it (a) ’

and the proof is complete. O

The spectral map and its inverse. To summmarize our results so far, we have seen the following:

e There exists a spectral map S taking N x N Jacobi matrices L with positive off-diagonal entries

to their eigenvalues A\; < Ay < .-+ < Ay and squares of normalized eigenvector first components
(k)2
Wi = Uq .

e When the entries of the Jacobi matrix L evolve in time according to the Toda lattice equations, we
have A, (t) = Ax(0) and
2)\ktwk(0)

§ eQA t

For reasons that will become clear momentarlly, we refer to the {wy} as weights.

wy(t) =

In the “coordinates” given by the image of the spectral map, the Toda lattice dynamics are therefore
completely trivial.

Perhaps an equally important point is that the spectral map S can be inverted. This is what is needed to
complete the solution of the Toda lattice, since given the time-evolved weights and the constant eigenvalues,
we will be able to reconstruct the Jacobi matrix L and consequently obtain the functions a,(t) and by, (¢)
that solve the Toda lattice equations.



The key observation is that the jth entry of an eigenvector u®) of L is a polynomial of degree j — 1 in A
evaluated at A = A\g. Indeed, we have already seen that Lu = Au implies that
)\—(lo )\—al bo )\—az b1
Uy = ——Uq , ug = —uy, Ug= ug — —
2 by 4 3 by 1 4 b T b,
and so on. (In fact this also shows that (A — ay—1)uny — by—2un—1 is the characteristic polynomial of L.)
These recurrence relations clearly define w;/u; as a polynomial p;_1(X) in A of degree j — 1. This means
that the matrix U of eigenvectors is

VWipo(A1) Vwapo(A2) - \JwNpo(AN)
Vwipt (A1) Vwapi(A2) 0 Jwnpi(AN)

uz ,

U:

VWIpN—1(A1)  ywapy-1(X2) - JwnpN-1(AN)
Now the columns of the orthogonal matrix U form an orthonormal basis of RY, and so do the rows! If we
write out the orthogonality conditions satisfied by the rows, we get

N

k=1

In other words, the polynomials p, () are the normalized orthogonal polynomials with respect to the discrete
weights wy at the points A = Ag.

Finding the orthogonal polynomials from the weights is a standard procedure, the Gram-Schmidt orthog-
onalization process. Begin with a family of polynomials of increasing degree: G x()\) := cxAF + .-+, with
cy #0,for k=0,..., N —1. The algorithm proceeds in N steps. At step n we replace {Gn,l,k(A)}sz}} by a
new list of polynomials {G,, 1.(\)}2 ', and the result of the algorithm is that after N steps, Gy 1(\) = pr(\).
All that remains is to explain step n:

o First subtract from G,,_1 () its orthogonal projections (with respect to the weighted inner product
on )\1, ey )\N) onto Gn—l,l(/\)a ey Gn—l,n—1(>\>3

n—1 N
Q()\) = anl,n()\) - Z chnfl,j()\)a Cj = <Gn71,j7 anl,n>w = Z anl,j()\k)anl,n()\k)wk .
=0

k=1
e Then normalize to get Gy, (N):
1
Grn(A) = ——=Q()\).
(@, Q)w
e All other polynomials are unchanged at this step:

Gni(N) = Gno1x(N),  k#n.

This shows us how to systematically construct the whole eigenvector matrix U given just the eigenvalues
A1 < -+ < Ay and positive weights wq,...,wy. Of course once we know the eigenvector matrix and the
eigenvalues, we also know L, because

LU = Udiag(\y, ..., \n), so L =Udiag(\,..., \n)UT.
Note also, the fact that the polynomials pg () have degree at most N — 1 means that the relations
aopo(A) + bop1(A) = Apo(N),
br—1Pk—1(A) + axpr(N) + brprr1(N) = Apr(A), k=1,...,N -2,

and
by—2pN—2(A) +an—1pN—1(A) = Apn_1(N)

actually hold for all A € C, not just at the points Aq,...,Ay. These are the famous three-term recurrence
relations for the orthogonal polynomials.



A compact representation of the solution. Gram-Schmidt orthogonalization is an abstract process that
can be carried out to produce an orthonormal basis of any inner product space. One popular version of this
involves the space RY with the usual inner product

If we start with an arbitrary basis of linearly independent vectors ai,...,ay, we can convert this into an
orthonormal basis by applying the Gram-Schmidt algorithm, with the result being an orthonormal basis
di,--.,qny- By construction, q is a linear combination of the vectors ay,...,a;. Inverting these relations
preserves the “triangularity”, so we may also write a; as a linear combination of qi,...,qx. If we make a
matrix A out of the column vectors a, and another matrix Q out of the vectors qg, then we have a matrix
factorization:

A=QR,

where Q is an orthogonal matrix, and R is right-triangular (or upper-triangular) with positive diagonal
entries. This factorization is defined for all invertible matrices A and is unique. It is called the “QR-
factorization” of the matrix A.

We can view the Gram-Schmidt process we applied earlier to polynomials with the weighted inner product
defined by weights {wy} at the points {\;} as an example of QR-factorization. Indeed, set

VwiGoop(A)  yuiGoi(A) - JwiGon—1(A1)

A Vw2Gop(A2)  w2Goi(A2) -+ JwaGon—1(A2)

VUNGoo(AN) VunGoi(An) -+ VunGon—1(An)
Then, the QR-factorization of A is A = QR where the orthogonal matrix Q is

Vwipo(A1)  ywipi(M) o0 ywipy—1(A1)

Q= Vwapo(A2)  wapi(A2) - wapy—1(A2)

JIRpON) VInpO) o Inpr—1 ()

The matrix R contains the constants of the linear combinations required to carry out the orthogonalization.

As the weights evolve in time, so do the orthogonal polynomials pg (), so from now on we write wy, = wg(t)
and pr(A) = pr(A,t). A particularly natural family of polynomials with respect to which we can carry out
the above Gram-Schmidt process (now rephrased as QR-factorization) is the family Go () := pr(A,0), in
other words, the orthogonal polynomials with respect to the weights {wy(0)}. In this case it is easy to see
that A is closely related to the matrix U(0) of normalized eigenvectors of L(0):

w1 (t)po(A1,0) wi(t)p1(A1,0) - wi(t)pn—1(A1,0)
w2(t)p0(>\27 0) wa (f)pl()\z, 0) - wa(t)pn—1(A2,0)

po(An,0) wn(t)p1(An,0) --- \/wN(t)pJ;f—l(/\N;O)

- w1 t U)Q w (t)
= diag < 0y’ \/wz(0)> u0)”.

By Gram-Schmidt for weighted polynomials, the QR-factorization of this matrix gives the matrix U(¢)”

the orthogonal factor:
wi(t) [ wa(t) wy (t) T T
diag (\/:(0)’ wa(0) wN(())) Uu0)" =U@{#)'R.
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Multiply on the left by U

wa (0 wy (0

0)diag ( wilt t) U0 U®)TR.

The right-hand side is still of the form QR, where the orthogonal factor is given by Q = U(0)U(¢)”. Now we
consider the left-hand side. First, note that by our explicit formula for the time-dependence of the weights,
wi(t) et
wp(0) /ety (0) + - - - + ety (0)
Therefore, the left-hand side can be written as
4
diag ( \/ EN((OD U(0)” = n(t)U(0)e*U(0)T = n(t)eV @007
N

where A is the diagonal matrix of eigenvalues of L(¢) (independent of t). Using the eigenvalue problem
written at t = O:

=n(t)e?.

it follows that the left-hand side is simply

(1 / wit " " ) n(t)U(0)eMU(0)T = n(t)e™O

Multiplying through by 1 /n ) and absorbing this scalar into the R factor, we have a unique factorization
™0 = Q(H)R(t)
where Q(t) = U(0)U(¢)T. Knowledge of Q(t) is enough to solve the Toda lattice because
L(t) = U{t)AU(%)" = U)U(0)"L(0)U(0)U(1)" = Q(t)"L(0)Q(t).

Therefore the matrix algebra algorithm for solving the Toda lattice is simply:
tL(0).

1. Given initial data L(0), perform QR-factorization of e
O — Q(H)R(t).
2. Then the solution of the Toda lattice is
L(t) = Q()"L(0)Q(?).

Another approach to inverting S. Riemann-Hilbert problem. Suppose we are given the (constant)
eigenvalues A1, ..., Ay and corresponding weights {wy, = wy,(¢)}. We have described the solution of the Toda
lattice in terms of the construction of the corresponding orthogonal polynomials, and we have indicated that
Gram-Schmidt orthogonalization is an algorithmic approach to this construction.
‘We now outline another approach to this construction. This alternative construction will be advantageous
for two reasons:
e [t is this approach to the inversion of the spectral map S that generalizes naturally to many other
integrable systems.
e This approach has proved to be the best one for considering asymptotic expansions of solutions of
integrable problems (for example, large time, or in the case of Toda, large N (continuum limit)).
The alternative approach we have in mind is to solve a certain problem of complex analysis phrased in
terms of the given data ({A\x} and {wy}). This kind of problem is called a (matrix-valued) Riemann-Hilbert
problem.
The Riemann-Hilbert problem is the following: find a 2 x 2 matrix P()\; k) with the following properties:
e Analyticity: P(X;k) is an analytic function of A for A € C\ {A1,...,An}.
e Normalization: As A — oo,

(1) P(\: k) [Aok Aok} ~1+0 (i) .
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e Singularities: At each of the eigenvalues A = ), the first column of P(\; k) is analytic and the
second column of P(A; k) has a simple pole, where the residue satisfies the condition

. 0 Wp | 0 wnPu(/\n;kz)
2) )\Fie}\s;P()\, k) = )\lgglnP()\ k) { 0} N [0 W Pa1 (A k)

forn=1,...,N.

The solution of this problem encodes all quantities of relevance to a study of the orthogonal polynomials,
as we will now see. We use the notation that

pr(A) = memi(A)
where 7, () is a monic polynomial (that is, has leading coefficient equal to one):
m(A) = AF +
Proposition 5. The Riemann-Hilbert problem has a unique solution when 0 < k < N — 1. In this case,

al Wn Tk (/\n)

() P
(3) P\ k) = N ™! )
WnYk—1Pk—1{An
_1pr—1(A
Ve—1Pk 1() ;:1 -\,
if k>0 and
N

(4)

Proof. Consider the first row of P(A; k). According to (2), the function Pi;(A; k) is an entire function of A.
Because k > 0 it follows from the normalization condition (1) that in fact Py1(); k) is a monic polynomial
of degree exactly k. Similarly, from the characterization (2) of the simple poles of Pja(A;k), we see that
Py5(); k) is necessarily of the form

wnP )\n,k
(5) Pia(Ask) = er(N) + Z 1

where e1()) is an entire function. The normahzatlon condltlon (1 ) for k > 0 immediately requires, via
Liouville’s Theorem, that e;(A\) = 0, and then when |A| > max, |A,| we have by geometric series expansion
that

(6) Pia(A k) Z (Z Pri(An; k)X ) )\”3“ .

m=0

According to the normalization condition (1), Pj2(\;k) = o(A7F) as A — oo; therefore it follows that the
monic polynomial Pjq(A; k) of degree exactly k& must satisfy

N
(7) ZPll(/\n;k))\;”wnzo for m=0,1,2,...,k—1.
n=1
As long as kK < N — 1, these conditions uniquely identify Pjq(A; k) with the monic orthogonal polynomial
The second row of P(\; k) is studied similarly. The function Py (\;k) is seen from (2) to be an entire
function of A, that according to the normalization condition (1) must be a polynomial of degree at most k —1
(for the special case of k = 0 these conditions immediately imply that Pa;(A;0) = 0). The characterization
(2) implies that Pag(\; k) can be expressed in the form

nP Anvk
(8) PQQ(/\ k = 62 + Z Wnl21
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where es()) is an entire function. If k = 0, then P3(A;0) = ea(\) and then according to the normalization
condition (1) we must take ea(A) = 1. On the other hand, if £ > 0, then (1) implies that Pso(A; k) decays for
large A and therefore we must take e3(\) = 0 in this case. Expanding the denominators in geometric series
for |A| > max,, ||, we find

1
(9) Poy(\ k) Z (Z Py (A K)A™ wn> PSR

m=0 \n=1

Imposing the normalization conditions (1) we now insist that Py(A\;k) = A% + O(A7F71) as A — oc;
therefore

N
(10) ZP21()\n;k:))\$wn=O, for m=20,1,2,...,k—2,
n=1
and
N
(11) > P (ni k)N
n=1

Using (10), the condition (11) can be replaced by

N N
(12) ZPgl(/\n; E)me—1(Ap)wy, =1 or Z {

n=1

P21 /\n7 k):l pk—l(xn)wn =1.
Ve—1
These conditions therefore uniquely identify Poi()\; k)/~r—1 with the orthogonal polynomial py_1(X).

The Riemann-Hilbert problem is thus solved uniquely by the the matrix explicitly given by (3) for £ > 0
and by (4) for k = 0. O

In fact, the Riemann-Hilbert problem can also be solved for £k = N, with a unique solution of the form
(3) if we define

N
(13) ) =] -

which of course is not in the finite family of orthogonal polynomials as it is not normalizable. However,
7w (A) is proportional to the characteristic polynomial of L.

The constants in the three-term recurrence relations are also encoded in the solution of the Riemann-
Hilbert problem.

Proposition 6. Let k be fired with 1 < k < N — 2, and let sg, yx, Tk, and ug denote certain terms in the
large A expansion of the matriz elements of P(\;k):

1
NPo(As k) = 7 + ﬁ +0 ()\3>

1 1
(14) PaOk) =14 % +0(A2>
1
)\kPgl()\ k) = >\+O()\2)
as A — 0o. Then
1
Ve = —F/—,
Sk
(15) Ye—1 = \/uka
Yk
af =Tg + —,

br, = \/Sk+1Uk+1 -

Also, ax, = Tp — Tkt1.



Let the coefficients of py(\) be cg):
k
pe(N) = ch)/\j :
=0

According to our previous definition 7y is the same thing as c,(ck). With this we may give the proof.

—~

Proof. By expansion for large A of the explicit solution given by (3) in Proposition 5, we have

N
1
(16) sk= 3 T(An)Mw, = =,
n=1 Tk
(because \F = 7, (A\) + O(A¥~1), and using the definition of the normalization constants 7;),
N k)
17 Y = Tk An AfLJrlwn = _ﬂ7
(1 nz::l (n) VeVh+1
(because Mo+l — Te+1(A) — cgjzl'ygjlwk()\) + O()\kfl)),
k=1
18 TR =k —
(18) .
and
(19) Uk = Vi1
Similarly, by expansion for large A of the three-term recurrence relation, we have
(20) AL FTINE = by A 4 (et ay) AF 4+ O
as A — 00. Therefore,
(k=1) (k)
(21) bk:i, and ak:L_ﬂ_
V41 Ve Ve+1
Comparing with (16)—(19) completes the proof. O

This result is important because it shows that we do not need to do any further calculation after solving
the Riemann-Hilbert problem to get the solution of the Toda Lattice. We get the {ax} and {bs} directly
from the solution, and we do not need to do any further matrix multiplications involving the eigenvectors
built from the orthogonal polynomials. This is a common situation in integrable systems: the solution
of a Riemann-Hilbert problem gives the simultaneous solutions of the linear problems of a Lax pair, and
expansion of these solutions about a special point A immediately gives the desired coefficient(s) of the linear
operator in question.

Finally, note that the assumption that the weights {w, } make up a probability measure since

N
an =1
n=1

can be dropped, for the purposes of solving the Toda lattice, since multiplying all of the weights by a
common factor ¢? amounts to multiplying all of the orthogonal polynomials by 1/¢, which leaves the three-
term recurrence coefficients unchanged. Therefore, we may solve the Toda lattice by assuming simply that
wp(t) = e*tw, (0).
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