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Abstract. We analyze in detail projective modules over two-dimensional noncommutative
tori and complex structures on these modules. We concentrate our attention on properties
of holomorphic vectors in these modules; the theory of these vectors generalizes the theory
of theta-functions. The paper is self-contained; it can be used also as an introduction to
the theory of noncommutative spaces with simplest space of this kind thoroughly analyzed
as a basic example.
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1. Introduction

Differential geometry of noncommutative spaces, in particular, of noncommutative
tori was developed by A. Connes [1, 2]. More detailed analysis of differential geome-
try of noncommutative tori was performed in [3, 4, 6, 14-17].

The interest in this subject was partly motivated by the applications to string/
M-theory found in [4] (see [7] for a review). Complex geometry of noncommutative
tori and of projective modules over them was studied in [18] in connection with non-
commutative generalization of theta-functions.

The goal of this Letter is to illustrate the general results of [18] using the example
of two-dimensional noncommutative tori, where all calculations can be performed
explicitly. We repeat all the basic definitions, starting with the definition of a non-
commutative torus. Therefore, the paper can be read independently of [18] and of
other papers about noncommutative tori. However, in the rest of the introduction,
we assume some knowledge of preceding work.

In Section 2 we describe projective modules over a two-dimensional noncommu-
tative torus and their tensor products. The results of this section are closely related
to some results proved in multidimensional case in [18]. We will formulate these gen-
eral results, restricting ourselves to basic Ty-modules (modules with a constant cur-
vature connection where the endomorphism algebra is another noncommutative
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torus Ty). Instead of basic modules, we can work with corresponding (7T, Ty)-
bimodules. Tensor product of (Ty, Ty)-bimodule £, and (Ty, Ty )-bimodule &, is
a (Ty, Ty )-bimodule £. We can find the bimodule £ using the fact that basic
bimodules £ and &, can be described by means of elements g, g, € SO(d, d, 7))
obeying 0’ = g0, 0" = g,0. Here g1, g> act on the parameter of noncommutativity
— antisymmetric matrix # — by means of fractional linear transformation. The
description of & follows from the relation 0" = g,g7'0’. In the two-dimensional case,
all basic right Ty-modules can be represented as modules E, ,, (see Section 2) where m
and n are relatively prime. The space E,, ,, can be considered also as a left Ty-module
E, ,, where

an—bm=1, abe7, 0" = (ab + b)(mb +n)~",

or as a (Ty, Ty)-bimodule that will be denoted by £;. One can use the general results
to calculate the tensor product & ®r, &, where & is a (Ty, Ty)-bimodule, corre-
sponding to the basic left Tp-module £ ;. It follows from these results that this ten-
sor product considered as a left 7jy-module is isomorphic to Ej;_ ;i WE give a
direct proof of this relation constructing an explicit isomorphism. This construction
is used essentially in Section 3, devoted to complex geometry of projective modules
over two-dimensional noncommutative tori. We calculate holomorphic vectors
(theta-vectors) in basic modules and tensor products of these vectors. The relations
we obtain generalize some well-known relations for theta-functions. The appendix to
the ArXiv version of the paper (math.QA/0203160) contains a very detailed calcula-
tion of the tensor product (we did not include the appendix into the journal version).
We did not try to analyze the connection of our results to Manin’s version of the
theory of noncommutative theta-functions ([8—10]). This is an interesting problem.

2. Projective Modules and their Tensor Products

One can define the algebra T of smooth functions on d-dimensional noncommuta-
tive torus as an algebra of formal linear combinations f = > C, U, where n € 7% and
C, are complex numbers tending to zero at infinity faster then any power and the
multiplication is governed by the rule

Un Um — enm()m Un+m’

where 0 = 0% is a real antisymmetric matrix. An antilinear involution on Tg is
defined by the requirement U} = U_,. These operations together with the standard
structure of vector space permit us to consider T(ﬁ’ as involutive associative algebra
with unit element 1 = Uy and with trace Trf'= Cy. We will fix our attention on
the case d = 2; in this case the matrix 0*/ can be specified by means of one number
0'2 = 0 and the multiplication is specified by the relation U, U, = ¢*U,U,, where
U, = U,, are elements U, corresponding to vectors of standard basis e; = (1, 0),

€ = (0, 1)
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In the case when 0 is a natural number 73 is isomorphic to the algebra of smooth
functions on the commutative two-dimensional torus. We will consider projective
modules over Té (we always assume that our modules are finitely generated; a pro-
jective module is by definition a direct summand in a free module (T%p)k). We assume
that the number 6 is irrational; in this case every projective right module over T: 5 is
isomorphic to one of the modules E, ,, defined in the following way (see [2, 3, 7]).
The elements of E, ,, are functions on the Schwartz space S(R x 7Z,,) and the action
of the generators Uy, U, of Tﬁ is given by:

ULl 1) =f(x—”+m”’9,u— 1),

sz(x’ ,“) — eZni(x—;m/m)f(x’ u)

We can define also left modules over 73 replacing 0 by —0 in the above formulas; we
will use the notation E,, , for left modules. If it is necessary to emphasize that we
consider E, , or E, , as a Ty-modules we will use the notation E, ,(0) or E , (0).
We will assume that the numbers m and # are relatively prime. Corresponding mod-
ules E, ,, are called basic modules. Every module over Tﬁ can be represented as a
direct sum of isomorphic basic modules. In this case the algebra of endomorphisms

of the module E = E, ,, is again a noncommutative torus Ty generated by operators

Zlﬂx’ﬂ) :f(x—%,y—a),

zsst. 0 =exp| 20, 2= 2 |

where a,b are integers obeying an — bm = 1. This fact follows from relation
Z\Z>, =e 07,7, where 0 = (b+ ab)/(n + mb). One can consider E as a left
Ty-module; this module is isomorphic to £, .

We can regard E also as (Ty, Tp)-bimodule, since the action of Ty commutes with
the action of Ty. Notice that the bimodule £ depends on the choice of @ and b. The
tori Ty and Ty are Morita equivalent and the bimodule E is a Morita equivalence
bimodule ([2, 3, 7]).

Recall that two associative algebras 4 and B are Morita equivalent if correspond-
ing categories of modules are equivalent. Having an (A4, B)-bimodule P we can assign
to every right 4-module E a right B-module £’ = E ® 4 P where tensor product over
A is obtained from the standard tensor product over C by means of identification
ea®p ~e®ap. If this correspondence is invertible, we say that P is a Morita
equivalence bimodule.

Let us now calculate the tensor product Enym®r,,E§(J where E,,, is a right Tf,-
module and E} ; is a left T 2-module. We will see that this product can be considered
a vector space £ = S(R X Zpymi). Namely, the formula
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n+ mo I(n + m0)
h(z, A) = |:f<(n + mb)z — q A, —q+ aA> X
QEZ/ m m(nl + mk)
k—10 k—10
xg((n+m0)z+ 7 q—nl+mkA,Q>} )]

where 0 < A < n/ 4+ mk — 1, specifies a map of tensor product over En,m®T(,E}(Y, onto
&, so that, with the usual notation, f € E, »(0) , g € E} (0) and h € E;_ (0
This map is an isomorphism between the tensor product and £. The formula (1)
determines a bilinear map that is compatible with identification ea @ p ~ e ® ap
(see the Appendix to the ArXiv version for details). We can consider £, , as a
(Ty, Tp)-bimodule, where

9,:—b+a07 an —bm =1
n+ mb
and Ej; as a (Ty, Ty)-bimodule where
, o d—cl B
0 ——m, ck —dl=1.

Then & can be regarded as (Ty, Ty )-bimodule. It follows from (1) that £ considered
as a left Ty-module is isomorphic to E), ,, where M = nl+ mk, N' = ak + bl and &
considered as a right Ty-module is isomorphic to Eyr , where N” = —(cn + md) for
ck —dl = 1. This result can be obtained also from general considerations (see the
Introduction).

Let us apply (1) to the special case when

_l ./2_ J
flx, p) = e " cl‘c&;’

g = by,

where
. m y
o, =it ——, € Zum,
1 n+mo u m
Gzzifzm, VEZ]

and 5; is the usual Kronecker delta. It is straightforward to check that in this case:

-~ 0 0 .\
hyp(z, A) = Z[exp{% ((n + mb)z — ! tnm q+ (n + m0) A) —

7 m(nl + mk)
n—+mo I(n + m0) —g—ah
- ((n+m0)z— m(nl—I—mk)A)}é“ X
o k=10 k=10 .\
xexp{—7<(n+m9)z+ ; q_nl—}-mk ) _

k—10  k—10 .
_Q<op+mmz+ 1 q—nb+mkA>}@i ©)
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Notice that the right-hand side of (2) can be expressed in terms of theta-functions;
first note that the set of solutions to the system of congruences:

q = aA — o (mod m), qg=p (mod]I)
can be written as ¢, + u(ml/r) for some integer ¢,, r = gcd(m, [), and u € 7. Hence,

we can substitute ¢, + u(ml/r) in for ¢ in (2), do away with Kronecker deltas, and
sum over u instead of ¢. We obtain:

h%ﬂ(z9 A) = @(S, t) . é(Z, A),

where
3 o1 In+mO)A\* (k — I0)A\>
Euplz, A) = exp|: 3 ((n+m6)z+m(nl+mk) 7 (n+m0)z pYE—
I(n+ m0) k—10
—(c1 +c)(n+mb)z — <Cl m(nl +mk) ol mk)A_
(. (ntmo 2+J k—10\*\ 42
"\ N\ 20
__o1lP(n+m0)’ + oym(k — 1)
n 2mir? ’
l_o'](n—l—mﬂ)z IA _lq_(, n—{—m@_ k—10
T 2mim : m(nl + mk) 1 "2nim @ 2mil
o2 (k — 10)? _n+m92 A mg,
2mil k—10 nl + mk r

and O(s, 1) a classical theta-function. We recall that classical-theta functions are
defined as

@(S, Z) — ZenixuerZnitu’ Ims >0

ue’z,

3. Connections and Complex Structures

One can define a connection on a right Tg-module E as a set of C-linear operators
Vi, ..., V, obeying the Leibniz rule:

Vu(ea)=Vye-a+e-d,a, 3)

where ee€ E,a € Té’ and the derivatives J,a are specified by the formula
0, Un = 2mniUy, (see [1]). It will be convenient for us to generalize the notion of con-
nection replacing d, in (3) by J, = agéﬂ where ag is a nondegenerate matrix. A con-
nection Vy, ..., V4 1s a constant curvature connection if

[Va. V] = ifip - 1.
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where f,3 are numbers and 1 stands for identity operator. Similar definitions can be
given for left modules. We always consider unitary connections (i.e. operators V,
should be anti Hermitian). It is easy to check that the operators

v =2mn+mm0x, szzn%. &)
specify a constant curvature connection of right Ty-module E,, ,. The same operators
determine a connection (in a generalized sense) on E, , considered as a left T-
module. This follows from relations [V}, V,] = (2nim)/(n + m0). We see that V|, V,
can be considered as a constant curvature connection on a (7, Ty)-bimodule.

If Vi, V, is a constant curvature connection on a module E, we can introduce a
complex structure on E fixing d-connection V = 4,V + 1,V,, where 4; and 1, are
complex numbers and the quotient T = A;/4, is not real [18]. This complex structure
on a Ty-module corresponds to the complex structure on Ty, specified by means of
d-derivative A;0; + /20,. By definition, vector ® € E is holomorphic if VO = 0.
Notice that the notion of holomorphicity depends only on t = 4;/4,, therefore we
say that V and pV where p # 0 determine the same complex structure on E. Holo-
morphic vectors are closely related to theta-functions, hence we call holomorphic
vectors in basic modules theta vectors.

Let us consider holomorphic vectors in Ty-modules E, ,,,, assuming that n and m
are relatively prime. In this case all constant curvature connections have the form
V., = Vg + ¢,, where Vg stand for the connection (4) and ¢y, ¢; are constants. The
equation VO = 0 takes the form

it x+8+’ (x,)=0
" mo ox )=

If Imt < 0 it has m linearly independent solutions

7l0'X27L’.\‘ L
P, (x, ) =¢€72 ol (5
where
m
=1 , € Zim.
7= + m6 # "

The functions (5) belong to S only if Reo > 0. We assumed that n 4+ m6 > 0; in the
case n + mf < 0, the condition of existence of holomorphic vectors is that Imz > 0.
We see that in the case when holomorphic vectors exist, the space H,, of holo-
morphic vectors in E,,, is m-dimensional; the functions (5) constitute a basis of
Hyu.m. Considering E, ,,, as a (Ty, Tp)-bimodule and taking into account that a con-
stant curvature connection on £, ,, is a constant curvature connection on the bimo-
dule, one can define a notion of complex structure and of holomorphic vector for a
bimodule. More precisely, complex structure on Ty-module E, ,, induces a complex
structure on same space considered as left 7y-module in such a way that the notion
of holomorphic vector remains the same. These two complex structures specify a
complex structure on a bimodule; the notion of holomorphic vector in a bimodule
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coincides with corresponding notion for both modules. If £ is a complex (T, Ty)-
bimodule, & is a complex (Ty, Ty)-bimodule, then the (T, Ty)-bimodule
E=E®r,E" can be equipped with complex structure. We assume that complex
structure on the right Ty-module & and on the left Ty-module £ correspond to
the same complex structure on Ty. One can prove [18] that the tensor product of
two holomorphic vectors is again a holomorphic vector (i.e. we have a natural
map H ® H" into H where H', H” and H stand for spaces of holomorphic vectors
in &, &" and £ correspondingly). Let the basis of H’ consist of

) m
it ——
n+mb’

and the basis of H” consist of

o] = WeE Zpm, well,...,m}

g2 ,
(p'/é —e 302) sza};’

where

Gzzlfzm, VEZ[,OCG{I,...,]}

We assume that £, considered as a right Ty-module, is isomorphic to E,,, and that
&, considered as a left Typ-module, is isomorphic to E} ;- We can use (2) to calculate
®,®1,9}. The condition that the complex structures on £ and £” correspond to the
same complex structure on £ implies 7| = 7,. Using this, we can check that the theta-
functions that appear in (2) do not depend on z in our case. Applying (2), we obtain
that, (p;®7(,(p//§ maps to Z,p(z, A) € H which is of the form

Eup(z A) =) chyp, (2, A),
y

where

i k 0
(py(z, A) _ eXp[TEl’E(nl +kn’l_ 3(0}1 +m )ZZ _ (Cl + 02)(’1 + m0)2i| 5?

constitute a basis of H and the constants c";/j are given by ciﬁ = 0O(s, 1) - eX, where
O(s, 1) a classical theta-function,
mitl 5 ({n+mb)c, —m(k — 0)c,)

K=— - isq? + 2mit
m(nl + mk) 4 m(nl + mk) 7o+ misq, o+ Smiig,

and

s = —ml(nl + mk),

. ItA — q,(nl 4+ mk) . cil(n + mO) — com(k — 10)
N r 2mir



270 MOMAR DIENG AND ALBERT SCHWARZ

Acknowledgements

We would like to thank Yu. Manin for his interest in our work, and for the informa-
tion that our results could be useful in number theory (Yu. Manin has explained the
relation of our results to number theory in his recent preprint [11]). One of authors
(A.S.) appreciates the hospitality of IHES and ESI where a part of this work was
done.

References

1. Connes, A.: C*-algebres et géométrie différentielle, C.R. Acad. Sci. Paris 290 (1980), 599—
604.

2. Connes, A.: Noncommutative Geometry, Academic Press, New York, 1994.

3. Connes, A. and Rieffel, M.: Yang-Mills for noncommutative two-tori, Contemporary
Math. 66 (1987), 237-266.

4. Connes, A., Douglas, M. and Schwarz, A.: Noncommutative geometry and matrix the-
ory: Compactification on tori, J. High Energy Phys. (2), 1998.

5. Konechny, A. and Schwarz, A.: BPS states on noncommutative tori and duality, Nucleus
Phys. B 550 (1999), 561-584.

6. Konechny, A. and Schwarz, A.: Moduli spaces of maximally supersymmetric solutions
on noncommutative tori and noncommutative orbifolds, J. High Energy Phys. 09
(2000), 1-23.

7. Konechny, A. and Schwarz, A.: Introduction to M(atrix) theory and noncommutative
geometry, arXiv:hep-th/0012145.

8. Manin, Yu. .: Quantized theta-functions, In: Common Trends in Mathematics and Quan-
tum Field Theories, Progr. Theoret. Phys. Suppl. 102, Progr. Theoret. Phys., Kyoto, 1990,
pp. 219-228.

9. Manin, Yu. I.: Mirror symmetry and quantization of abelian varieties, arXiv:math.AG/
0005143.

10. Manin, Yu. I.: Theta functions, quantum tori and Heisenberg groups, Lett. Math. Phys.
56 (2001), 295-320.

11. Manin, Yu. I.: Real multiplication and noncommutative geometry, arXiv:math.AG/
0202109.

12.  Mumford, D.: Tata Lectures on Theta I, Birkhduser, Basel, 1983.

13. Mumford, D.: Tata Lectures on Theta III (with M. Nori and P. Norman), Birkhduser,
Basel, 1991.

14. Rieffel, M.: Projective modules over higher-dimensional noncommutative tori, Canad. J.
Math. 40(2) (1988), 257-338.

15. Rieffel, M. and Schwarz, A.: Morita equivalence of multidimensional noncommutative
tori, Intl. J. Math. 10(2) (1999), 289-299.

16. Schwarz, A.: Gauge theories on noncommutative spaces, ICMP lecture, arXiv:hep-th/
0011261.

17. Schwarz, A.: Morita equivalence and duality, Nuclear Phys. B 534 (1998), 720-738.

18. Schwarz, A.: Theta-functions on noncommutative tori, Lett. Math. Phys. 58(1) (2001),
81-90.



