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Beta Ensembles

Given n-tuplets of random variables {λ1, . . . , λn}, define
joint density functions:

Pnβ(λ1, . . . , λn) = Cnβ exp

[
−1

2
β

n∑

i=1

λ2
i

]∏

i<j

|λi − λj |β

Cnβ are normalization constants and βGOE = 1 ,βGUE = 2,
βGSE = 4.
Originally λi are eigenvalues of randomly chosen matrices
from some ensemble.
Physics interpretations: eigenvalues are energy levels
(resonances) in heavi nuclei scattering experiments, or
particles in Coulomb gas (with β= inverse temperature).
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Edge scaling

For λ1 ≥ λ2 ≥ . . . ≥ λn, let

λ̂
(n)
k =

λk −
√

2 n

2−1/2 n−1/6

λ̂
(n)
k is rescaled kth eigenvalue measured from edge of

spectrum

λ̂
(n)
k

D−→ λ̂k

whose law is given by the Tracy–Widom distributions
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Tracy–Widom Distributions

Theorem [Tracy, Widom]:

F2(s) := PGUE(λ̂1 ≤ s) = exp

[
−

∫ ∞

s
(x− s) q2(x)d x

]

F 2
1 (s) :=

[
PGOE(λ̂1 ≤ s)

]2
= F2 · exp

[
−

∫ ∞

s
q(x)d x

]

F 2
4 (s) :=

[
PGSE(λ̂1 ≤ s)

]2
= F2 · cosh2

[
−1

2

∫ ∞

s
q(x)d x

]
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Painlevé II

Theorem [Clarkson, McLeod, ’88]:
There exist a unique solution q(x) to the Painlevé II equation

q′′ = x q + 2 q3

such that q → Ai as x →∞ and Ai(x) is the solution to the

Airy equation that decays like x−1/4 exp
(
−2

3 x3/2
)

at +∞ .
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Tracy–Widom Densities
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Figure 2: The density functions fβ , β = 1, 2, 4
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Next largest GUE eigenvalues

Let
F2(s,m) := PGUE(λ̂m ≤ s)

Tracy and Widom also showed that:

F2(s,m + 1)− F2(s,m) =
(−1)m

m !

dm

d λm
D2(s, λ)

∣∣∣∣
λ=1

m ≥ 0, F2(s, 0) := 0

D2(s, λ) = exp

[
−

∫ ∞

s
(x− s) q2(x, λ)d x

]

q(x, λ)′′ = x q(x, λ) + 2q3(x, λ) q(x, λ) ∼
√

λ Ai(x)
Momar Dieng, U.C. Davis – p. 7/20



Next largest GUE eigenvalues

Let
F2(s,m) := PGUE(λ̂m ≤ s)

Tracy and Widom also showed that:

F2(s,m + 1)− F2(s,m) =
(−1)m

m !

dm

d λm
D2(s, λ)

∣∣∣∣
λ=1

m ≥ 0, F2(s, 0) := 0

D2(s, λ) = exp

[
−

∫ ∞

s
(x− s) q2(x, λ)d x

]

q(x, λ)′′ = x q(x, λ) + 2q3(x, λ) q(x, λ) ∼
√

λ Ai(x)
Momar Dieng, U.C. Davis – p. 7/20



Next largest GUE eigenvalues

Let
F2(s,m) := PGUE(λ̂m ≤ s)

Tracy and Widom also showed that:

F2(s,m + 1)− F2(s,m) =
(−1)m

m !

dm

d λm
D2(s, λ)

∣∣∣∣
λ=1

m ≥ 0, F2(s, 0) := 0

D2(s, λ) = exp

[
−

∫ ∞

s
(x− s) q2(x, λ)d x

]

q(x, λ)′′ = x q(x, λ) + 2q3(x, λ) q(x, λ) ∼
√

λ Ai(x)

Momar Dieng, U.C. Davis – p. 7/20



Next largest GUE eigenvalues

Let
F2(s,m) := PGUE(λ̂m ≤ s)

Tracy and Widom also showed that:

F2(s,m + 1)− F2(s,m) =
(−1)m

m !

dm

d λm
D2(s, λ)

∣∣∣∣
λ=1

m ≥ 0, F2(s, 0) := 0

D2(s, λ) = exp

[
−

∫ ∞

s
(x− s) q2(x, λ)d x

]

q(x, λ)′′ = x q(x, λ) + 2q3(x, λ) q(x, λ) ∼
√

λ Ai(x)

Momar Dieng, U.C. Davis – p. 7/20



Next largest GUE eigenvalues

Let
F2(s,m) := PGUE(λ̂m ≤ s)

Tracy and Widom also showed that:

F2(s,m + 1)− F2(s,m) =
(−1)m

m !

dm

d λm
D2(s, λ)

∣∣∣∣
λ=1

m ≥ 0, F2(s, 0) := 0

D2(s, λ) = exp

[
−

∫ ∞

s
(x− s) q2(x, λ)d x

]

q(x, λ)′′ = x q(x, λ) + 2q3(x, λ) q(x, λ) ∼
√

λ Ai(x)

Momar Dieng, U.C. Davis – p. 7/20



Next largest GUE details

Proof of formula for F2(s,m) is only a slight modification of
that for F2(s).
Combinatorial argument shows that the difference of
distributions for consecutive eigenvalues is the appropriate
derivative of

D2(s, λ) = det(I − λK2,∞)

evaluated at λ = 1.
K2,∞ = KAi is the integral operator with so–called Airy
kernel

KAi(x, y) =
Ai(x) Ai′(y)− Ai′(x) Ai(y)

x− y
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Next largest GOE/GSE

What are the equivalent formulas for GOE and GSE?
Same combinatorial argument as for GUE shows that the
difference of distributions for consecutive eigenvalues in
GOE/GSE is the appropriate derivative of

D
1/2
β (s, λ) =

√
det(I − λKβ,n)

evaluated at λ = 1.
Again only difference with largest eigenvalue case is extra λ
in Fredholm determinant. Therefore, one might expect to
get for Fβ(s,m + 1), β = 1, 4:
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Next largest GOE/GSE cont’d

Fβ(s,m + 1) = Fβ(s,m)+
(−1)m

m !

dm

d λm
D

1/2
β (s, λ)

∣∣∣∣
λ=1

m ≥ 0, Fβ(s, 0) ≡ 0

With
Conjecture :

D1(s, λ) = D2(s, λ) · exp

[
−

∫ ∞

s
q(x, λ)d x

]

D4(s, λ) = D2(s, λ) · cosh2

[
−1

2

∫ ∞

s
q(x, λ)d x

]
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Next GOE

Hint that things cannot be so simple:
Theorem [Forrester, Rains, ’01]: Eigenvalues GSEn are
distributed like alternate even eigenvalues from GOE2n+1

Fact that had been noticed by Dyson, Gaudin, Mehta, and
conjectured (in the scaling limit) by Baik and Rains.

Above theorem combined with conjectured formulas for
Fβ(s, λ) would imply unlikely new identities between
derivatives of solution to Painlevé II

Those identities seemed wrong so conjectured formulas
cannot be correct.

Conjecture is true in GSE case, but not in GOE case!
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Main Results

Theorem [Dieng, ’04]:

D4(s, λ) = D2(s, λ) cosh2

(
µ(s, λ)

2

)

D1(s, λ) = D2(s, λ̃)
λ− 1− cosh µ(s, λ̃) +

√
λ̃ sinh µ(s, λ̃)

λ− 2

with

µ(s, λ) :=

∫ ∞

s
q(x, λ)d x and λ̃ := 2 λ− λ2
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Main Results cont’d

Corollary :

D1(s, λ) = D4(s, λ̃)

(
1−

√
λ

2− λ
tanh

µ(s, λ̃)

2

)2

Corollary : For n ≥ 0,

(−1)n

n!

∂n

∂ λn
D

1/2
4 (s, λ)

∣∣∣∣
λ=1

=

[
− 1

(2 n + 1)!

∂2 n+1

∂ λ2 n+1
+

1

(2 n)!

∂2 n

∂ λ2 n

]
D

1/2
1 (s, λ)

∣∣∣∣
λ=1

F4(s, m) = F1(s, 2m) , m ≥ 1
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Next GOE details

We would like to write GOE determinant as a finite rank
perturbation of corresponding GUE determinant:

det(I − λK1,n) = det (I − λK2,n) det(I −B)

with B =
∑N

i=1 αi ⊗ βi. But if we do this:

B = I − λ
2m∑

k=1

(−1)k (S + R S) (I − λχ) εk ⊗ δk − λ (I + R) ε ϕ ⊗ χ ψ

− λ

2 m∑

k=1

(−1)k (ψ , (I − λχ) εk ) ((I + R) ε ϕ)⊗ δk

− λ (1− λ) (S + R S) χ− λ (1− λ) ((I + R) ε ϕ)⊗ χ ψ

Term in red is not finite rank!
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Next GOE details cont’d

To make perturbation finite rank, factor out

det
(
I − λ̃K2,n

)
, λ̃ = 2λ− λ2 instead of det (I − λK2,n)

Then:

det(I − λK1,n) = det(I − λ̃K2,n) det

(
I −

3∑

i=1

αi ⊗ βi

)

Perturbation has rank 3 but when λ → 1 it simplifies to
perturbation from largest eigenvalue case which had rank 2
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Some Data

-10 -8 -6 -4 -2 2 4

0.1

0.2

0.3

0.4

Figure 3: 104 realizations of 103 × 103 GOE matrices
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Application: Wishart distribution

Consider:

n× p data matrix X

rows xi are independent gaussian Np(0, Σ)

Xt X is (up to factor 1/n) sample covariance matrix

Xt X is said to have Wishart distribution Wp(n, Σ)

“Null Case” corresponds to Σ = Idn

Let λ1 > · · · > λp be eigenvalues of Xt X and define:

µnp =
(√

n− 1 +
√

p
)2

σnp =
(√

n− 1 +
√

p
) (

1√
n− 1

+
1√
p

)1/3
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Application: Wishart cont’d

Theorem [Johnstone, ’01]: if n/p → γ ≥ 0 then

λ1 − µnp

σnp

D−→ F1(s, 1)

Theorem [Soshnikov, ’01]: if n/p → γ ≥ 0 then

λm − µnp

σnp

D−→ F1(s,m)

Note that Soshnikov redefines µnp, σnp by letting n → n + 1

in Johnstone definition, but this does not affect limiting
distribution
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Application: Wishart cont’d

Redefine X to satisfy:

Exij = 0, E(xij)
2 = 1.

Redefine X to satisfy:

Exij = 0, E(xij)
2 = 1.

the r.v’s xij have symmetric laws of distribution

all moments of these r.v’s are finite

the distributions of the xij decay at least as fast as a
Gaussian at infinity: E(xij)

2m ≤ (const m)m

n− p = O(p1/3)

Theorem [Soshnikov, ’01]: if n/p → γ ≥ 0 then

λm − µnp

σnp

D−→ F1(s,m)
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Numerics

100× 100 100× 400

F1-Percentile λ1 λ2 λ3 λ1 λ2 λ3

0.01 0.008 0.005 0.004 0.008 0.006 0.004

0.05 0.042 0.033 0.025 0.042 0.037 0.032

0.10 0.090 0.073 0.059 0.088 0.081 0.066

0.30 0.294 0.268 0.235 0.283 0.267 0.254

0.50 0.497 0.477 0.440 0.485 0.471 0.455

0.70 0.699 0.690 0.659 0.685 0.679 0.669

0.90 0.902 0.891 0.901 0.898 0.894 0.884

0.95 0.951 0.948 0.950 0.947 0.950 0.941

0.99 0.992 0.991 0.991 0.989 0.991 0.989

Table 2: Percentile comparison of F1 vs. experimental empirical distributions
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