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Abstract. The g-rook monoid R, (g) is a semisimple C(qg)-algebra that specializes when ¢ — 1 to C[R,],
where R, is the monoid of n x n matrices with entries from {0, 1} and at most one nonzero entry in each row and
column. We use a Schur-Weyl duality between R, (q) and the quantum general linear group U, gl(r) to compute
a Frobenius formula, in the ring of symmetric functions, for the irreducible characters of R, (¢). We then derive
a recursive Murnaghan-Nakayama rule for these characters, and we use Robinson-Schensted-Knuth insertion to
derive a Roichman rule for these characters. We also define a class of standard elements on which it is sufficient
to compute characters. The results for R, (¢) specialize when ¢ = 1 to analogous results for R,,.
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0. Introduction

The rook monoid R, is the monoid of n x n matrices with entries from {0, 1} and at most one
nonzero entry in each row and column (these correspond with the possible placements of
nonattacking rooks on an n x n chessboard). It contains an isomorphic copy of the symmetric
group S, as the rank n (permutation) matrices. The g-rook monoid R,(g) is an “Iwahori-
Hecke algebra” of R,,. Itis a semisimple C(q)-algebrasothat wheng — 1, R, (¢) specializes
to the complex monoid algebra C[R,]. Recently, the representation theory of R,(q) was
analyzed. Solomon [20] found a faithful action of R, (¢) on tensor space. Halverson [10]
showed that R,(q) and the quantum general linear group are in Schur-Weyl duality and
found explicit combinatorial constructions for the irreducible R,(q)-representations.

In this paper we study the combinatorics of R,(q)-characters. First, we use Schur-Weyl
duality to prove the following identity in the ring of symmetric functions

GuLx1, X ) =) ) Xk TS, . x). (0.1)

k=0 Ak
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Here ¢, is a g-analog of the power sum symmetric function p,, s, is the Schur function,
and x ,@n y q)(TM) is the irreducible character of R, (¢) indexed by X and evalauated at a certain
element T,. This is a generalization of the Frobenius formula of Ram [15] for the Iwahori-
Hecke algebra H,(q) of the symmetric group S,, which in turn is a generalization of
Frobenius’ [5] original formula from 1900,

Puis ) =Y xd (Wsi(xr, . xy). 0.2)
Abn

Here x 3\,, (w) 1is the irreducible character of S, indexed by A and evaluated on the conjugacy
class with cycle type .
We use our Frobenius formula to derive two combinatorial methods for computing

Xy (T’

(1) We give a recursive rule for computing Xﬁn( o(Tw) by removing broken border strips
from A. This rule is an analog of the Murnaghan-Nakayama rule for S, characters,
which was generalized to H,(q)-characters in [15].

(2) We give a rule for computing X,‘?n(q)(Tu) as weighted sums of standard tableaux.
This rule is a generalization of Roichman’s rule [17] for the irreducible characters of

H,(q).

We use our Frobenius formula to show that the character table of R,(q), denoted Eg, ),
is of the form

Er @] O

) (0.3)

ERi(g) =

* dH/;(q)

where Eg, () is the character table of R,_i(¢q) and Ep,(,) is the character table of H,(q).
The elements in * are explicitly determined by either our Murnaghan-Nakayama rule or
our Roichman rule.

The characters of the rook monoid R, (g = 1) were originally studied in the 1950s
by Munn [14], who writes R, characters in terms of S; characters with 0 < k < n.
As an example, Munn produces the character table of R4. In the Appendix we produce
the character table of R4(g). Setting ¢ = 1 in our table gives Munn’s table, exactly.
Munn also determines a “cycle-link” type for the elements of R,, and he shows that R,,-
characters are constant on cycle-link classes. In Section 5, we show that the irreducible
R, (q)-characters are completely determined by their values on the set of standard ele-
ments T, u = k,0 < k < n. Our element T, specializes at ¢ = 1 to a rook element
with “cycle-link” type w, and we show how to use “rook diagrams” determine cycle-link
type.

Solomon [19] determined yet another way to compute R,(q¢ = 1) characters. He writes
the R, character table as a product AY = YB where Y is a block diagonal matrix whose
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blocks are the characters of the symmetric groups Si, 0 < k < n, and A and B are matrices
that can be computed combinatorially.

The g-rook monoid was first introduced by Solomon [18] as an analog of the Iwahori-
Hecke algebra for the finite algebraic monoid M, (IF,) of n x n matrices over a finite
field with ¢ elements with respect to its “Borel subgroup” of invertible upper triangular
matrices. In [20], Solomon gives a presentation of R,(q) and defines a faithful action
of R,(g) on tensor space. In [8], Halverson and A. Ram show that R,(g) is a quo-
tient of the Iwahori-Hecke algebra of type B, and prove that R,(g) is semisimple
over C whenever [n]! # 0, where [n]! = [n][n — 1]---[1] and [k] = qk’l + q"’z
+---+ L

1. ¢-Rook monoid algebras
1.1. The rook monoid

Let S, denote the group of permutations of the set {1, 2, ..., n}. Identify o € S, with the
matrix having a 1 in the (i, j)-position if 0 (i) = j.For 1 <i <n — 1,lets; € S, be the
transposition of i and i + 1.

The rook monoid R, is the monoid of n X n matrices having entries from {0,1} with at
most one nonzero entry in each row and column. There are (Z)Zk! matrices in R, having
rank &, and thus

n n 2
IR,| =Z<k> k. (1.1)

k=0

We have S, C R, as the rank n matrices.
Let E; ; be the n x n matrix unit with a 1 in the (i, j)-position and Os everywhere else.
In R,,, define

v=FE,+E;;+---+Ei1a
JTj:Ej+1’/+1+EJ+2,j+2++En,n9 15]5’1_1 (12)

EJZIn—Ej,j, 1<j<n,

where [, is the identity matrix. Let 7, be the zero matrix, and note that 7; = ¢;. Munn [14]
shows that the complex monoid algebra

C[R,] = { Zaxx | oy € (C}
xXeR,

is semisimple. Note that 77, is the zero matrix but it is not the zero element in C[R,,] (the
zero element in C[R,,] is the linear combination with «, = O for all x).
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1.2.  The q-rook monoid

Let ¢ be an indeterminate. For n > 2, define the g-rook monoid R, (q) to be the associative
C(g)-algebra with generators 1, Ty, ..., T,_1, Py, ..., P, and defining relations

(Al) TP=q-14(q—1DT;, forl<i<n-1,
(A2) T, T, =T, T;Tiyy, forl<i<n-2,

(A3) T, T; =T,T;, when |i — j| > 2,

(A4) T,P; = P;T; =qP,, forl <i <j<n, (1.3)
(A5) T,P; = P;T;, forl <j<i<n-—1,

(A6) P> =P forl <i <n,

(A7) Py =qP; TP, for2 <i <n.

Define Ry(q¢) = C(g) and define R (g) to be the associative C(q)-algebra spanned by 1 and
P, subject to P12 = P;. The subalgebra of R, (q) generated by T1, ..., T, is isomorphic
to the Iwahori-Hecke algebra of type H,(g) of type A,—; (see [20] or [10] for a proof that
they can be identified).

Solomon defined R,(¢q) in [18] and gave it a presentation in [20]. The presentation (1.3)
is proved in [10]. Solomon [18, 20] shows that R,(q) is semisimple with dimension

n 2
dim(R,(q) = > (Z) k. (1.4)

k=0

When g — 1, R, (q) specializes to C[R,]. Under this specialization, we have T; — s; and
P,' — TT;.

1.3. Partitions and tableaux

We use the notation of [12] for partitions and compositions. A composition A of the positive
integer n, denoted A = n, is a sequence of nonnegative integers A = (A1, A2, ..., A;)
such that [A\| = A; + --- + A, = n. The composition A is a partition, denoted A + n, if
Al > Xy > - .- > A;. Thelength £()) is the number of nonzero parts of A. The Young diagram
of a partition X is the left-justified array of boxes with A; boxes in the ith row. We let m; (1)
be the number of parts of A equal to i, and we sometimes write A = (1"™® 2m®) ) For
example,

ifr=(55731=(,375)= . then |A| = 14 and £(1) = 4.

If A is a partition with 0 < |A| < n, then we say that an n-standard tableau of shape X is
a filling of the diagram of A with numbers from {1, 2, ..., n} such that
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(1) each number from {1, 2, ..., n} appears in A at most once,
(2) the rows of A increase from left to right, and
(3) the columns of A increase from top to bottom.

Similarly, an n-column strict tableaux of shape A is the same as an n-standard tableau except
that we allow the rows to weakly increase. Thus,

[\
w
=]

10
12/15] 1s a 16-standard tableau of shape (4, 4, 3)

13

(9]
3

@)}
—
—_

98]
W
oo
o]

is a 16-column strict tableau of shape (4, 4, 3).

1.4. Irreducible representations

The irreducible representations of R,(¢) and C[R,] are indexed by partitions in the set
Ay={AFk|]0<k<n} (1.5)

For A € A, we let M* be the irreducible C[R,]-module indexed by A and let X,ﬁﬂ be its
character, and we let M 3 be the irreducible C[R,]-module indexed by A and let
X }}” () be its character. The dimensions of M *and M ; are given by

n
dim(M*) = dim (M;) = #(n-standard tableaux of shape 1) = (Ml)fb (1.6)

where f; is the number of |A|-standard tableaux of shape A given by the hook formula (see
[21], Theorem 3.10.2).

The R,-module M* is studied in [6, 14, 19]. In [6], C. Grood determines the analog of
Young’s natural basis for M*. In [10], analogs of Young’s seminormal bases of both M ;
and M* are constructed, and the action of the generators of R,(g) and R, on this basis are
described explicitly.

1.5. Standard elements

Define y; =T,, = 1 and

Ve = 8182 8i—1,
for2 <t <n. (1.7)
T, =TT---T;_,
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For a composition . = (i1, ia, ..., ng) with || = k and 0 < k < n, define

Yie = Vi @ Vi, @+ & Vs

T, =T, ®T, ® -®T,, (1.8)
and

dpt = ® Y,

TM =P ® Tyﬂv (1.9)

where we view T), = P, ® T),M ®---® T},M ER(Q@POR, ()® - R, (q) C R,(q).
For example, if » = 15 and u = (5, 3, 2, 2), then

T, = Py(T4TsTeT7)(ToT10)(T12)(T14).

In [15] it is shown that H,(g)-characters are completely determined by their value on
T,,. In Section 5 we show that characters of R,(q) and C[R,] are completely determined
by their values on T, and d,,. Since both the irreducible representations and the standard
elements are indexed by A,, we see that the character table is square with these labels.

When g — 1, we have R, (¢) - C[R,] with T, — d,,. Furthermore, in [10], we construct
M} so that M{ = M*, and the action of T}, specializes at ¢ = 1 to the action of d,. It
follows that the characters also specialize upon setting ¢ = 1,

XhyiyTdla=1 = X, (dy)- (1.10)

2. A Frobenius formula for the g-rook monoid

In this section, we use the Schur-Weyl duality between R,(g) and the quantum general
linear group U, gl(r) to derive a Frobenius formula for the irreducible characters of R,(q).

We define U, gl(r) as in Jimbo [11], except with his parameter g replaced by ¢'/2. Let
U, gl(r) be the C(g'/*)-algebra given by generators

ei, fil<i<r) and ¢=/* (1 <i<n),

with relations

&i/2,e;/2 ej/2 &i/2 &i/2
9

q“q" " = q"1%q q“Pq o =g g =1,
g re;, ifj=i—1, qrf;, ifj=i—1,
4" ejq™ " = \qde;, ifj =i, q“Pfig =g i =,
ej, otherwise, fis otherwise,
Sei—eir) _ ,—L(ei—eip)
. R qZ q 2
eifj— fiei =i i :

q%—q 2
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eis1€] — (q% + q_%)eiei:lzlei +€,2€ii1 =0,
fimr fP — (g2 +q2) fifixi fi + 2 fis1 =0,
ejej =eje;, fifj:fjfi’ 1f|l—j|>1

Define
=gt (1<i<r) k=7 A<i<r—1.

There is a Hopf algebra structure (see [11], p. 248) on U, gl(r) with comultiplication A and
counit u given by

Ale))=e; @k +k ®ej, u(e;) =0,
Af)=f®k'+k® f, u(fi) =0, (2.1
Al) =11, u(t) = 1.

2.1. Representations and characters of U, gl(r)

Let h be a Cartan subalgebra of the Lie algebra gl(r), and let ¢, . . ., &, be an orthonormal
basis for h* with respect to an inner product ( , ). The weight lattice is L = Y _;_, Zg;, and
the dominant integral weights are of the form

A=migr+ -+ mg, mi € L, my =my == my.
We identify the dominant weight A with the sequence (1, ..., A,), and we let V(1) denote
the irreducible U, gl(r)-module with dominant weight A (see [2], Section 10.1, for example).
Any finite dimensional U, gl(r)-module V has a basis B consisting of weight vectors,

where, for each b € B, there exists wt(b) € L such that

tib=qi@™MDp 1 <i<r

Let xq, ..., x, be indeterminates, and define the character of V to be
ch(V) =) ", (2.2)
beB
where if wi(b) = a1e; + -+ + a,&,, then x™® = x{"...x% It is known (see [2],

Proposition 10.1.5) that ch(V, (1)) is the same as the corresponding character of gl(r), and
so it is given by the Weyl denominator formula. Thus, when A is a partition, the character
of V,(A) is given by the Schur function,

ch(V, (V) = s3(x1, ..., x,) = ———— 2. (2.3)
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2.2. The bitrace

If V is a finite-dimensional U, gl(r)-module and Z = Endy, (V) is its centralizer algebra,
then define, for each ¢ € Z,

bir(@) =y x"P(gbl,), (2.4)

beB

where B is a weight basis of V' (a basis consisting of weight vectors) and ¢b|, is the
coefficient of b in ¢b. For u € L, let V, denote the u-weight space of V. Then, since Z
commutes with U, gl(r), we know that Z preserves weight spaces, and so by summing over
weight spaces we get

bir(g) =Y _ dim(V,)x"1ry, ($).

neL

where try, (¢) is the trace of ¢ on V. In particular btr(¢) is a weighted sum of usual traces,
and it satisfies the trace property, btr(¢i¢2) = btr(¢r¢y) for all ¢y, 9o € Z.

Now, by double centralizer theory (see for example [3], Section 3D), we have a decom-
position of the form

v=pv,oez
A

where Z* is an irreducible Z-module and the sum is over the highest weights A for which
V (A) is a constituent of V. For each module V, (1) ® Z* we choose a basis {b ® z*} where
= {b;} is a weight basis of V(1) and {zk} is a basis of Z*. The bitrace becomes

bir@) =Yy« quz 2 =Y ch(V,0))x5(9). 2.5)
A

A beB,;

Here qbz |Z is the coefficient of zj in (;52 and x5(¢) = Z ¢zk| ; is the character of Z*
evaluated at ¢. We thank Arun Ram for suggestmg this derlvatlon of (2.5).

2.3.  Schur-Weyl duality

The “fundamental” r-dimensional U, gl(r)-module V = V,((1)) = V,(w)) is the vector
space

V = C(qg"*-span{vy, ..., v}

(so that the symbols v; form a basis of V) with U,gl(r)-action given by (see [11],
Proposition 1)

Vjt1, if j =1, vj_1, if j=i+41,
ejv; = L fiv; = L
0, if j #1, 0, if j£i+1,
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and

{ql/‘*v,-, itj =i,

v, = ir

vj, if j 1.

The “trivial” 1-dimensional U, gl(r)-module W = V() is the vector space
W = C(g"*)-span{vo}

(so that the symbol vg is a basis of W) with U, gl(r)-action given by the counit u
e vy = f,-vo =0 and tvy = vp.

LetU =V @ W so that U has basis vo, vy, ..., v-. The coproduct on U, gl(r) is coasso-
ciative, so we can form the n-fold tensor product representation U ®". The simple tensors
v, ® -+ ® v;, form a basis for U®", i.e.,

U®" = C(g)-span{v;, ® -~ ®v;, |0 < i; < n}.

Define an action of R,,(¢) on U®" as follows. The action of a generator Ty, 1 <k <n—1,
and P;,1 < j < n,onasimple tensorv=v;, ® --- ® v;, in U®" is given by

qv, if iy = igy1,
Tiv=14(qg—Dv+q"?sv, ifip <iggr,
q '“Siv, Wi > lpyq.
o o 2.6)
v, ifiy=irb=---=1i; =0,
P]'V = ! '2 4
’ 0, otherwise.

where s; acts on v by place permutation,
sk(vil Q- QU Vv, ®"‘®U,‘n) =0,0 - QU;,, QV;, ®--- Qv .

Solomon [20] first proved that (2.6) extends to an action of R,(¢) on tensor space, although
he used a different generator N in place of the P;, and he proved that the action is faithful
when r > n.

Halverson [10] proved that R,(¢) commutes with U,gl(r) on U®", and so if r > n,
we have R,(q) = Endy,q(U®"). Furthermore, [10] shows that U®" decomposes into
irreducibles as

Uen =~ @ EB V,() ® M} (2.7)
k=0 Ak

as a bimodule for U, gl(r) ® R, (¢). Here, V(1) is the irreducible U, gl(r)-module of highest
weight A, and M 3 is the irreducible R, (¢)-module corresponding to A.
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2.4. A Frobenius formula
Putting together (2.3), (2.5) and (2.7), proves

Proposition 2.1 Forall h € R,(q), we have

n

bir(h) =Y - Y si(X1s -2 X)X ey (1)

k=0 AFk
where X;%,,( o) 18 the irreducible R, (q) character labeled Dy .

Letn =n; +ny,di € Ry (q), and d> € R,,(q). Then the bitrace of d; ® d» € R,(g) on
U®" satisfies btr(d; ® d») = btr(dy)btr(d,), where btr(d;) is the bitrace of d; on U®" (the
proof is identitical to that in [7] Section 5, since d; acts on the first n| tensor slots and d; acts

on the last n, tensor slots). Thus if © = (uy, ..., ) is a composition with 0 < |u| < n,
and T}, is defined as in (1.9), then

bir(T,,) = bir(P,—)bitr(Ty,) - - - bir (T, ). (2.8)
As in [15], let go(xo, X1, ..., X;;q) = 1, and for a positive integer k define
@G0, x1, x5 )=y ¢ Pg— 1D Dx g, 2.9)
I=(iy,....7x)

where the sum is over all weakly increasing sequences I = (0 < iy < --- < iy <r),e(l)
is the number of i; € I such that i; = i;;, and £(]) is the number of i; € I such that
ij <1ijy1.Foracomposition u = (1, 2, ..., i), define

u = 9ui9us  Gue- (2.10)

Proposition 2.2

(a) The bitrace of T, on U® js btr(Ty,) = qi(xo, X1, ..., X5 9).

(b) The bitrace of Py on U®F is btr(Py) = 1.

(¢) For a composition u with 0 < || < n, the bitrace of T, on U®" is

btr(Ty) = qu(xo, ..., X5 q).

Proof: Recall from Section 2.3, that v = vo, and for 1 < j < r, tjv; = q%vj and
tivy =v;ifi # j. Letxo = 1. Then

AV =1=x) and M =xY=x;, 1<j<r
so the simple tensors v;, ® - - - ® v;, form a weight basis of U®" satisfying
th(vil ®--Quj,

)ZX,'I-'-)C,‘.

n
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Now, the proof of (a) is exactly as the proof of [15], Theorem 4.1. For (b), we have
Pk(v,‘l ”‘U,‘k) = Ounless iy = --- = i, = 0, and Py(vg---v9) = vg---vg. Part (c)
follows from (a), (b), and (2.8). O

Combining Propositions 2.1 and 2.2(c), we have the following Frobenius formula for
Ru(q).

Theorem 2.3 Let u be a composition with 0 < || < n. Then
n

Gu(Loxt, 550 = D X TS - x)

k=0 Ak

where T, is defined in (1.9) and Xl)sn(q) is the irreducible R,(q)-character labeled by A.

We saw in (1.10) that upon setting ¢ = 1 we have Xﬁ,n(q)(TM)lqzl = X,’}n (d,,). Furthermore,
it is easy to see that g, (xo, x1, ..., x; 1) = p,(xo, X1, ..., X,), since when ¢ = 1in (2.9)
we must have iy = iy = -+ - = i;. Thus, setting ¢ = 1 in Theorem 2.3, gives

Theorem 2.4 Let p be a composition with 0 < |u| < n. Then

n
Pull, X1, ) =Y > X (d)si(x, . x0),

k=0 Ak

where d,, is defined in (1.9) and X,’}n is the irreducible R,-character indexed by A.

The next corollary (of Theorem 2.3) tells us that the character table of R,(¢) has the form
shown in (0.3).

Corollary 2.5 Let A € A, and let i be a composition with 0 < || < n, then
@) if 1Al > |l then x} (T) = O.
() if 101 < . then xh, () (T) = Xk, oy (T,)-

Proof: From Theorem 2.3, we see that

n [l
DY dho T, x) =3 xk o (Ty)saGen, L x0),
k=0 Ak k=0 Ak
since each side of this equation equals g,,(xo, X1, ..., X-; ¢). This is an identity in the ring

of symmetric functions, and the Schur functions are linearly independent, so the corollary
follows from equating the coefficient of s; on both sides. In particular, when |A| > |u| the
coefficient of s, on the right side is 0, proving part (a). O
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3. Murnaghan-Nakayama rules

If A and p are partitions, we say that u C A if u; < A; for each i. The skew shape A /v
consists of the boxes that are in A and not in . Two boxes in A/ are adjacent if they share
a common edge, and 1 /v is connected if you can travel from any box to any other via a path
of adjacent boxes. A skew shape X /v is a broken border strip (bbs) if it does not contain any
2 x 2 blocks of boxes, and a broken border strip is a border strip if it is a single connected
component. Each broken border strip A /v contains cc(A/v) connected components (border
strips).
The width and height of a border strip b are defined, respectively, by

w(b) = (the number of columns that b occupies) — 1,

3.1
h(b) = (the number of rows that b occupies) — 1. G-
For a skew shape /v, we define
(g — 1)/t 1_[ g"P(=1)"®if A /v is a bbs,
wiy(g) = b (3.2)

0, otherwise;

where the product is over the connected components (border strips) b in A /v. For example

(7,5,5,3,2)/4,4,3, 1) =

is a broken border strip consisting of two connected components b; and b, with w(b,) =
2,h(by) = 1 and w(by) = 3, h(by) = 2. Thus its weight is (g — )¢*>(=1)g3(=1)> =
—(q — Dg.

A key step in proving the Murnaghan-Nakayama rule for H,(q) is the following propo-
sition [15] (see also [7]), which is a g-analog of [12], Section 3, Example 11(2),

Proposition 3.1 (Ram [15]) Ifv F (n — k), then

QX1 X DS ) = Y W@ (e X,
An

where qy is defined in (2.9), s, is the Schur function, and the sum is over all partitions A
such that \./v is a broken border strip of size k.

To extend this result to our setting, we first expand ¢, (1, x1, X2, ..., X;; ¢) in terms of
Ge(X1, X255 X5 ).
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Lemma 3.2 Fort > 0, we have

t
G(Lx1 x5 q) = Y fl@qe(xr, . X5 q),
k=0

where
qtfl’ lf k = O,
fil@) =@ =g if0<k <y, (3.3)
1, ifk=t.
Proof: By definition ¢,(1, x1, ..., x:5¢) = >, ¢*“P(g — D" Dx;, ..., x;,, where the sum
is over all sequences I = (iy,...,i;) of theform 0 < i} <i, <--- <i, <r.Welet K
represent the subsequence of / containing all the strictly positive termsin /, and letk = |K|.
Now we sum the terms in ¢,(1, xq, ..., x,;q) according to k. The terms with k = ¢
contribute
Yo @@= D" =g x5 ),
K=(iy,....ir)

since | <i; <ip <.--<i, <r.Theterms with 0 < k < ¢ each have t — k — 1 equalities
between Os and one jump from a 0 subscript to a nonzero subscript. Thus, they contribute

t—1
G- T -y
k=1 K=(i/—ft1,511)

-1
=@-D) ¢ g, ... x:59).
k=1

Finally, there is one term with k£ = 0. It has the form

-1 -1 .
q X0, X0 =q  qo(X1,...,%5q).

Summing these three cases gives the desired result. O

Proposition 3.3 Ifv € A,_,, then

G(L X1 X S (s X)) = Y fapl@wh(@)si(x, . X)),
rEA,

where the nonzero terms in this sum are over the partitions .. € A, suchthat A /v is a broken
border strip with 0 < |A/v| <t.
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Proof: By Proposition 3.1 and Lemma 3.2, if v € A,_,, we have

t

g (L xr, oo X5 q)s(xn, - x) = Z Jea@aqi(xr, ... Xe3q)s0 (X1, - Xp)
k=0

=Y fuil@) Y whp@si. . x).
k=0

A=([v[+k)

O

We now are ready to derive a Murnaghan-Nakayama rule for computing the irreducible
characters of R,(q).

Theorem 3.4 Let A € A, and let i = (1, - .., 1e) be a composition with 0 < |u| < n.
Let ug=tand L. = (1,..., Me_1). Then

Ko@) = D Faple @t @i, (T

VEA,

where wty,;,(q) is defined in (3.2) and fi(q) is defined in (3.3). The nonzero terms in
this sum correspond to partitions v € A,_, such that A/v is a broken border strip with

0<[r/ul =t
Proof: From Theorem 2.3 and Proposition 3.3, we have

Z XI/\?,.(q)(T/A)SA(Xl, ce X))

LEA,
= q;,l.(lax15 AR ,xr;Q)
=qp(L,x1, ..., x50)q (1, x1,...,%59)

= Z X]lg,,il(q)(Tﬂ)SV(xla ey xl‘)qf(17 X1y ooy X3 (])
VEA,—
v
= > XhioT) Y Fapld @t (@i, . %)
VEA,_, AEN,
= ( > Xl‘é,,,<q>(Tﬂ)fx/v|,r(Cl)w&/v(Q)>SA(XIy e Xp).
rEA, veN,—;

Now compare coefficients of the s,, which are a basis in the ring of symmetric fun-
ctions. O

When g = 1, definitions (3.3) and (3.2) become

1, ifk=0ork=rt,

0, otherwise,

Jrea(1) = { (3.4)
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W (="M if A /v is a border strip, 3.5)
t(1) = , )
wir/ 0, otherwise.

It follows that the Murnaghan-Nakayama rule for the rook monoid is

Theorem 3.5 Let A € A, and let i = (W1, ..., 1e) be a composition with 0 < |u| < n.
Let ug=tand L. = (1,..., Me_1). Then

X, () =D (=D (dp),

VEA,_;

where the sum is over partitions v € A,_, such that either v = X or A/v is a border strip
of size t.

4. Robinson-Schensted-Knuth insertion and Roichman weights

Fix r > n. For a partition © = (u1, ..., i¢) € A, define B(u) to be the set of partial sums
of u so that
B() = {p1, (b1 + pay ooy g o g 4.1)
For u = k, define the p-weight of x;,, ..., x;, with0 <i; <r,tobe
k
wtﬂ(xil, .. .,xik) = l_[ q)#(j,xh, ...,x,'n), 4.2)
=1
jéB(M)
where

—1 if l'j < i_,‘+1,
Gu(j,xiys o xi ) =10, ifi;>ijyrandijy <ijpandijy ¢ B(u),
g, otherwise.

Proposition 4.1 ([16]) We have g5 = 1, and for u =k with 1 < k < n, we have

qu(X0, X1, ..., Xr5q) = Z wtu(xi],...,xik)xil,...,xik,

x,'] ...... X, i

where the sum is over all words x;,, ..., x;, with0 <i; <r.

Let A € A, and recall our definition, in Section 1.3, of an n-standard tableau Q; of shape
A. In this section we will place the numbers that are missing from Q, in a standard tableau
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of shape (n — |A|) to the right of L. Thus, our example from Section 1.3 becomes,

213]9]10] [1]4]8]|14]16

71121155 is a 16-standard tableau of shape (4, 4, 3).
61113

05 =

9}

In this way we identify n-standard tableaux with ordered pairs of standard tableaux, such that
the second tableau is a single row, and there is a total of n boxes. We write Q; = (Q;l), 5\2))
where Q;l) is the original tableau and Q&z) is the single row of “missing” entries.

In a similar fashion we identify n-column strict tableau P, with an ordered pair of column-
strict tableau, but such that the second tableau is a single row of length n — |A| containing
all Os. Thus, our example from Section 1.3 becomes

1]1]3]4] [o]o]o]o]o]
P, = 313881, is a 16-column strict tableau of shape (4,4, 3).

We write P, = (Pk(l), PA(Z)) where PI{D is the original tableau and PA(Z) is the single row of
0s. The Schur function can be written as

Py Py, (Pa
s,\(xl,...,x,.)zZ:x;"‘( )x;”( ),...,xr’” B, 4.3)
P,

A

where the sum is over all 7-column strict tableaux of shape A and m;(P;) is the number of
times that i appears in Py.
For an n-standard tableau Q; of shape A define

k
wi, (0 = [] vuG. Q) (4.4)
=1
jélB(lL)
where B () is as defined in (4.1) and

—1, if j + 1is southwest of j in Q;,

V(s 0y) = 0, if j + lisnortheastof j in Q; and j + 2 is
uwll, &a) = southwest of j +1in Q; and j + 1 ¢ B(w),

q, otherwise.

Here, by “southwest” we mean south (below) and/or west (left), by “northeast” we mean
north (above) and/or east (right) or both. Furthermore, we consider the entries of Q;\l) to be
southwest of those in Q(f). Notice that j + 1 cannot be south and east of j in a standard
tableau. For example, in the standard tableau Q; above, 2 is southwest of 1, 3 is northeast
of 2, 4 is northeast of 3, 5 is southwest of 4, etc.



CHARACTER FORMULAS FOR ¢-ROOK MONOID ALGEBRAS 115

The Robinson-Schensted-Knuth (RSK) correspondence (see [21], Section 3.2) is an al-
gorithm which gives a bijection between sequences x;,, ..., x;,, with 1 < i; < m, and
pairs (P, Q) where P is a column-strict tableaux, Q is a standard tableau, and P and Q
have shape A for some partition A with n boxes. The RSK algorithm constructs the pair of
tableaux (P, Q) iteratively,

©@,9) = (Po, Qo), (P1, Q1), ..., (Pr, Qn) = (P, Q),
in such a way that

(1) P; is a column strict tableau that contains j boxes, and Q; is a standard tableau that
has the same shape as P;,

(2) P; is obtained from P;_; by column inserting i; into P;_;, denoted P; = P;_; < i},
as follows

(a) Insert i; into the first column of P;_; by displacing the smallest number >i;; if
every number is <i;, add i; to the bottom of the first column,

(b) If i; displaces x from the first column, insert x into the second column using the
rules of (a),

(c) Repeat for each subsequent column until a number is added to the bottom of some
(possibly empty) column,

(3) Qj is obtained from Q;_; by putting j in the newly added box (i.e., the box created in
going from P;_; to P;).

The standard tableau Q is called the recording tableau.

We modify RSK insertion to work for n-standard and n-column strict tableaux. Given
a sequence Xx;,...,X; with 0 < i; < r, our insertion scheme constructs a sequence
@,0) = (Po, Qo),...,(P,, Q) = (P, Q), where P; = (Pi(l), Pi(z)) is an i-semistandard
tableaux, Q; = (Ql(.o), Q;l) ) is an i-standard tableaux, and P; and Q; have the same shape.
Our insertion rule uses usual column insertion in one of the components according to the
following rule:

PV i, PP, ifi; >0,
(P;I—)vpﬁ)l) —ij= ( 1(17)1 (2)j ji.l) . .j
(Pj_l, Pj_l <« z_,-), ifi; =0.

That is, insert Os into the second tableau and insert nonzero numbers into the first tableau,
using usual column insertion in both cases. Again, we construct Q; from Q;_ by putting i
into the new box added in the ith step. For example, the result of inserting x;, x1, X, X2, X0 1S

p@.m. ([2).0). (012).9). (2], [0)). (; 2], @)’ (; 2|,|0|o|>

0 : (@, ), (Q) (Q)) ( )(1 2,>7(1 2] (3 5).
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Two well-known properties of RSK insertion are

4) Ifi; <ijqrand Pjy = (Pj_1 < ij) < ij41, then j + 1is southwest of j in Q 41,
(5) Ifi; = ijyrand Py = (Pj—y < i;) < i;41,then j + 11is southwest of j in Q 4,

In our modified insertion, we always keep the Os to the right (northeast) of the nonzero
numbers, so properties (1) and (2) still hold. By property (2), the second tableau in our
insertion will always be a single row. Thus, our insertion establishes a bijection between
sequences X;,, ..., X;,, with 0 < i; < r, and pairs (P, Q), where P is an n-column strict
tableau, and Q is an n-standard tableau, each having shape A - k with O < k < n (note that
k is the number of nonzero subscripts in x;,, ..., x; ). Furthermore, it follows from (4.2),
(4.4), and properties (4) and (5) of RSK insertion that this bijection is weight preserving,
ie., forall u € A,,

if (P, Q) results from inserting x;,, ..., x;,, then @5)
P .
wtﬂ(x,-l,...,x,-n) =wt,(Q)andx" =x;, ..., x;,.

Proposition 4.2  For each i € A, we have

GpX0, - X3 ) = Y (Zwr,AQ»)n(xl,...,xr)

AEA, Q'A

where the inner sum is over all n-standard tableaux of shape A.

Proof: Using (4.5) and Proposition 4.1, we have

q’u(x07 R xr;Q) = Z wtu(x,'l, ey X,‘”)x,‘l, ceey Xy

Xipseens? Xiy

= > wi(Qux"”
reA, P;,0;

= (Zwm@») (Zx“)
AEA, 0, P

= Z (Zwtu(Q)u)>s)n(X]7"'9xl‘)5
reA, 0,

where the sums are over all n-column strict tableaux P, of shape A and all n-standard
tableaux Q; of shape X. O

By comparing coefficients of the s;, which are linearly independent in the ring of sym-
metric functions, in Theorem 2.3 and Proposition 4.2, we get the following theorem. It is a
generalization of Roichman’s rule [17] for H,(q).
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Theorem 4.3 For i, . € A,, we have

Xy Tu) = Y win(Qy).
0i

where the sum is over all n-standard tableaux of shape A.
All of our calculations work when ¢ = 1, and so we have

Corollary 44 Let u € A,. Then

(D) pu(lx1, oo 0 = 3500, g, w(Q)sa(x1, ..oy Xp),

(2) Foreach ) € A, X,Aen(du) = ZQ& wt, (05),

where in each case Q;, varies over all n-standard tableaux of shape A and wt,, is computed
as in (4.4) withq = 1.

5. Standard elements

We now show that R, (g)-characters are completely determined by their values on the
standard elements T),. In doing so, we show that R, (¢) satisfies a basic construction similar
to the partition algebra [9]. In Section 5.2, we define rook diagrams and use them to show
how to explicitly “conjugate” elements of R, to get standard elements d,,.

5.1. Standard elements in R,(q)

The elements sy, ..., s,—; generate S,, and a reduced word for w € §, is a product w =
Siys ..., 8, with k minimal. Given a reduced word w = s;,Si,,...,8;, € Sy, let T, =
T, T,,, ..., T;, € Hy(q). The element T,, is well-defined (independent of choice of the

reduced word for w), and the elements T,,, w € S,, form a basis of H,(¢). Furthermore,

Theorem 5.1 (Ram [15]) The characters of H,(q) are completely determined by their
values on the set {T, | u + n}.

The proof in [15] of Theorem 5.1 shows that for any w € S, there exists a,,, € Z[q]
such that T, = Zul—n ay, Ty, In [7] we give a new basis {L,, | w € S, } for H,(g) such that
for any character x, we have x(L,) = x(T),), where u is the cycle type of the permuta-
tion w.

For 1 <i < n, define T;; = 1, and define

T,;=T;.1Tj—,...,T;, forl<i<j<n.

Let A={ai,a,...,a;} C{1,2,...,n}, and assume that a; < a» < --- < ay. Define

TA = T],a. T2,a2a ey Tk,ak~
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Now for O < k < n, define,

A,BC{1,2,...,n},|A| = |B| =k,
Q= 1(4, B,w)
W € Sik+1,....n)»
where Sii+1,....) 1 the symmetric group of permutations of {k 4+ 1, ..., n}. Define

Ty =TaTuPiTy'. (A B w) € Q.
Then let Q = | J;_, S, and we have
Theorem 5.2 ([10]) The set {T(a,p,w) | (A, B, w) € Q} is a C(q)-basis of R,(q).

The following relations are easy to verify in R,(q)

T '=¢ 'Ti+@"'-D-1, (5.1)
(T Ty, ..., TOT; = Ty (i Ta, ... Ty), 1 < j < L. (5.2)
PiPj = Prax. ), (5.3)
Py =PT;Pi—(qg—DP,. (5.4)

Lemma 5.3 Let A,_; be the subalgebra of R,(q) generatedby T», ..., T,_1, P2, ..., P,.
Then for each b € R,(q) there exists a € A,_ such that PybP, = aP, = Pia.

Proof: First note that P; commutes with ¢ € A,_; by (A4) in (1.3) and by (5.3). It
is sufficient to prove the statement for b = g; g, ..., gx where for each i, we have g; €
{T\,...,T,—1, P1, ..., P,}. Weshow that P, g1g2, ..., g« P = aPy,a € A,_ byinduction
on k. When k = 1, we have P, g, Py = g, P, if g # Ty, P;. Furthermore, P PP, = P; - 1,
and by (5.4),

PiTiPy=P,+(@—DPi=(Pr+(@—1-DPy.

Whenk > 1,wecanassume g; ¢ A,_1,otherwise P;(g1, ..., g)P1 = g1P1(g, ..., &)
Py, and we can apply inductionto Pi(gz, ..., gx)P1.If g = Py wehave Pi(g182, ..., &) P1
= Pi(g2, ..., 8P, and we can again apply induction. Thus, we assume that g; = T}.
First we see that,

Pi(T\Ty, ..., Ti)Py = PIT' Pi(T, ..., Ti) = (P2 + (g — 1) - I)(T>, ..., T\ Pr.

Now assume thatforsome £ > 1,b =Ty, ..., T¢Qei1, .-, k> &er1 7 Tei1,and consider
the possibilities for gy;. If go+1 = T, then we can use relation (Al) in (1.3) to write
PibP; = gqPb'Py + (¢ — 1)P1b" Py, where b’ and b" are both shorter words than b, so we
can apply induction to each term. If g,y = T; with j > £ + 1, then T; commutes with all
the elements to its left, and so it can be factored out making the word shorter. If g1 = T;
with j < £, thenby (5.2), Pi(T1, ..., T)T; = T;;1P(Ty, ..., Ty) and again induction can
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be applied. If g¢1.; = P;, then by (5.4) and induction, P(Ty, ..., T)Pj(get2, - .., &) P1

Pl(Tl, ey Tg)P]PjPl(gg+2, ey gk)Pl = a1P1Pja2P1 = aleagPl for some ay,ay €
Ayt O
Proposition 5.4 The map p : R,_1(q) — P1R,(q)P; defined by

p(T) =Pl =T P, 1<i<n-2,

p(P;) = Piy1, l<i<n-—1.
is an isomorphism.
Proof: Lemma 5.3 tells us that P\R,(q)P, = PiA,_1 = A,_1 Py, and since A,_; is

generated by 7;,2 <i < n—1,and P;,2 < i < n, we see that p maps R,_;(g) onto
PR, (q)P,.Since P; commutes with A, _1, itis easy to check that p(7;) and p(P;) satisfy the
same relations (1.3) as 7; and P;, and thus p is a homomorphism. To see that it is one-to-one,
we compare dimensions. When we specialize ¢ = 11in Py R, (gq) P;, the specialized algebra is
the C-span of the rook matrices of the form 7r;dm|, where d € R,. These are all the matrices
in R, having their first row and first column equal to 0. There are |R,_;| = dim(R,—(¢))
such matrices. Furthermore, under such a specialization, the dimension cannot go up. This
is because PiR,(q)P; is generated by elements P, T; Py, P, P, P; whose structure constants
are well-defined (no poles) at ¢ = 1 (see [4], Section 68.A). O

Theorem 5.5 If x is an irreducible character of R,(q), then x is completely determined
by itsvaluesonT,,u+k,0 <k <n.

Proof: The proof is by induction on n with the cases n = 0, 1 being trivial. Let n >
1 and let y be a character of R,(g). It is sufficient to compute y on a basis element
Ta.B.w), (A, B,w) € Q.If|A| = |B| = 0,thenT{4 p w) =Ty € H,(g) and by Theorem 5.1,
X (Ty) can be written in terms of the values x(7),), u = n. If |A| = |B| > 0, then we use
the trace property of x and (5.3) to get

X(TaTuPiTy") = x (T ' TaTwPr) = x(Ty ' TaTu P PY) = x (P1T; 'TaTy PiPy).

Since |A| = |B| > 0, we have P, TI;ITATU,PkPl € P1A,_1Pi = R,_1(g). By induction,
x(Pi Ty 'T4T, Py Py) can be written in terms of x(p(T,)) where T, is a standard element
in R,_1(g). Since p increases the subscripts of 7; and P; by one and then multiplies by
Py, p(T,) is a standard element of R, (q). O

5.2. Rook diagrams

We say that a rook diagram is a graph on two rows of n vertices, having k edges with
0 < k < n such that each edge is adjacent to one vertex in each row, and each vertex is
incident to at most one edge. We multiply two rook diagrams d; and d, by placing d; above
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d, and identifying the vertices in the bottom row of d; with the corresponding vertices in
the top row of d,. For example,

YK% _ e (5.5)
75 WS

If we assign to each rook diagram d the n x n, 0-1 matrix having a 1 in row i and column
j if and only if the ith vertex in the top row of d is connected to the jth vertex in the
bottom row, then this identification is an isomorphism with the rook monoid. Under this
identification, we have, for 1 <i <n—1land1 < j <n,

LI NN
R )08 T 49 RO DN

Let y; = 1 and let v; be the diagram consisting of a single column of vertices with no edges.
Fort > 1, let

123 t 123 t

" =m and  n =.\\\\.

For a rook diagram d we compute the cycle and link type of d as follows: connect each
vertex in the top row with the vertex directly below it by a dotted line. We call the connected
components of this new diagram blocks. Each block is one of the following

(a) At-cycle (iy,ia,...,10;,11), with 1 <t < n, where i; maps to i, i, maps to i3, and so
on until #,_; maps to i, and i, maps to i;.
(b) A t-link [iy, ip,...,i], with 1 <t < n, where i maps to iy, i, maps to i3, and so on

until i,_; maps to i,;. By definition, we let v; be the 1-link (a single column of vertices
with no edges).

The sizes of the cycles in d form a partition u called the cycle type of d, and the sizes of the
links form a partition t called the link type of d. They satisfy |t| 4 |p| = n. For example,
the diagram d, from (5.5) has cycle type (2) and link type (5, 1).

Two elements d; and d, of R, are conjugate, written d; ~ d, if there exists 7 € S, so
that 7diw~! = d,. Notice that if d is a rook diagram, then wdmw~! is the rook diagram
given by rearranging the vertices of d, in both the top and bottom row, according to 7. If
d and d, are rook diagrams in R,, and R,,, respectively, then d; ® d is the rook diagram
in R, ;,, obtained by placing d, to the right of d;. It is easy to check that
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(1) wdn~" has the same cycle-link type as d.

2) d ~b; @b, ®--- ® b, where each b; is a single block.

(B) bi ® by ~ by ® by

(4) Each t-cycle is conjugate to y, and each ¢-link is conjugate to v,.

It follows that if d has cycle type u = (i1, . . ., i¢) and link type © = (7y, .. ., T»), then
d~vy @V, @V, @V ® Vi, @+ ® Yy, (5.6)
For a composition u = (i1, ..., ng) with 0 < |u| < n, define

Y = Yy @ Y, ® -+ ® ¥y, and

(5.7)
dy = Tn—ju ® Vyu-

For example, if u = (4,4,2,1) - 11 and n = 14, then

b= LT

This is the ¢ — 1 specialization of the element T}, defined in (3.3). Using rook diagrams,
we now provide a more streamlined proof to a result found in Munn [14].

Proposition 5.6 ([14]) If x is any character of R, (q), and d is a rook diagram with cycle
type |, then

x(d) = x(dy).
Proof: From (5.6) we know that x(d) = x(d') whered' = v, ® - -- ® v, ® y,,. If d’ has

an isolated vertex (a vertex adjacent to no edges) in the kth position of the top row that is
part of a link v, with # > 1, then

d =¢ed and de =d".
where in d” the link v, is replaced by v,_; ® v;. Furthermore, by the trace property x, we

have x(d') = x(exd’) = x(d’e;) = x(d”). Recursive application of this process, replaces
all the z-links with the ¢-fold tensor product of vy, and the result is proved. O

Appendix: Character table of R4(q)

We index the rows of the character table for R,(q) by the irreducible representations and
the columns by the standard elements. Thus, for A, © € A,, we let the entry in the row
indexed by A and the column indexed by u be yx ﬁﬂ(q)(Tﬂ). Below, we give the character
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table of R4(q). It contains the character tables of R3(q), R2(q), R1(q), and Ry(g) as well as
H.(q), H3(q), Hx(q), H\(¢q), and Hy(q) on the diagonal (see (0.3)). Upon setting g = 1 we
obtain the character table of R, first given in [14].

Character table of R4(q)

a" 1% 2% (3D )

a* 1 -1 1 1 -1
(21%) 3 q-2 1-2g 1—gq q
2% 2 g—1 9> +1 —q 0
31 3 29 -1 q(q —2) q(q—1) —-4*
) 1 q q* q* q°
(1% 4 q-3 2(1-¢q) 2—¢q qg-1
@ 8 4q -1 2q — 1) 1-3g+4> q(1—q)
®3) 4 3¢ -1 2q(q — 1) q2q —1) q*(q—1)
(12 6 3g—1) 1—4g +q2 (g —1)? q(1 —¢q)
@ 6 22q - 1) 1—-2¢ +34* 2q(g = 1) q*qg -1
¢)) 4 3¢ -1 2q(q — 1) q2q—1) q*(q—1)
0 1 q q? q* q°

(1% 21 3) (1% 2) (1 @
1% 0 0 0 0 0 0 0
213 0 0 0 0 0 0 0
2% 0 0 0 0 0 0 0
@30 0 0 0 0 0 0 0
“) 0 0 0 0 0 0 0
13 1 -1 1 0 0 0 0
@n 2 g—1 —q 0 0 0 0
(3) 1 q q* 0 0 0 0
1% 3 q-2 R 1 -1 0 0
2) 3 2g — 1 q(qg—1) 1 q 0 0
(1) 3 2g — 1 q(g—1) 2 qg—1 1 0
] 1 q q° 1 q 1 1
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