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Overview

o system of particles with a nearest-neighbor interaction - The

Toda lattice

o potential function of the form V/(r) = g

@ 1955 - Enrico Fermi, John Pasta, and Stanislaw Ulam
conducted experiments to understand a 1-dimensional crystal

o Morikazu Toda investigated a variation using potential
V(ir)=e"4+r—-1

o Toda's system has soliton solutions - solutions which do not
change shape or size over time
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Overview

overview of Hamiltonian mechanics
symplectic geometry required to do Hamiltonian mechanics
the Toda lattice

geometric quantization

© 6 66 o o

geometry - connections, curvature, line bundles, and
cohomology

(7]

Toeplitz operators constructed for approximation
o dispersion
o sketch of the ideas of Bloch, Golse, Paul, and Uribe
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Hamiltonian Mechanics

Definition

A Hamiltonian function is a smooth function

H:(ql,q27.“’qn’pl,p27""pn)HR,

o the ¢’ coordinate represents the position of the it" mass, and
the p; coordinate represents the momentum of the it" mass.

o Hamiltonian function often represents the energy of a system.
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Hamiltonian Mech

Definition (Hamiltonian vector field)

For a given Hamiltonian function H, the Hamiltonian vector field is

defined by
oy MMy OR (Mo oW om
"= op ™ T o P T \op dps 0ql T ag”

o the set of points (g*,4°,...,9", p1,p2,...,pn) is called the
phase space for a classical mechanical system

o the set of points (g, ¢, ...,q") is called the configuration
space for a classical mechanical system

o an integral path for the Hamiltonian vector field determines
the path followed in time by the system
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Hamiltonian Mech

time derivatives of position and momentum can be computed:

Definition (Hamiltonian equations)

Hamiltonian equations

Ni— OH
|
Pi:—a—q;-
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Particle in a Potential field

o a single particle with potential function V(q) has a
Hamiltonian of the form

2

mer=§;+vm»

o Hamiltonian equations are

g ==&
p =-VV.

o these are Newton's laws in Hamiltonian mechanics.
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Poisson bracket

Given two functions f and g (each of g’ and p;), the Poisson
bracket of f and g is given by

of Bg OFf Bg
{f.} = Z8q8p Op; 0q'"

o allows the time derivative of an arbitrary function F to be
computed along solution curves of the Hamiltonian vector
field by

F={F H}
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Hamiltonian Mech

Why? _
F={FH}

because

dF OF . OF OF OH  OF OH
= -4+ pi) = ) ={F,H}.
dt Z <8q’ v opi p) Z <3q’ opi  Op; 8q’> tFH}

i i

The Poisson bracket is antisymmetric, so in particular,
H={H,H}=0.

Therefore, the energy of the system is conserved.
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The Toda Lattice

o N identical masses connected by identical springs in a
1-dimensional chain

@ units chosen to normalize the mass m = 1 and the resistance
of the system k=1

N N—-1
1 Cn
H(qlaqz"'qu)pLPZ;u.,pN):5 E pl2_|_ E qu o4
Jj=1 j=1

N
- 1 5
o kinetic energy is 5 Zp,-
Jj=1
N—-1

o potential energy is Z e? ="
j=1
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Hamiltonian Mech

The associated Hamiltonian equations are

L OH .

qI:TM_pI‘JI:la"'uN

. 5 i—1_ i i_gitl .

p;:—gzyf:eq *q—eq*q+,/:2,...,N—1
_ _OH _ 1g?

Pl——aTll——ez qN

. __87'{_ qfl—q

PN = an_e

Matthew Thomas Dispersionless Toda Lattice and Toeplitz Operators



Hamiltonian Mech

er construction for the Toda lattice

Let the potential be V(r)=e "+ r—1
Hamiltonian function is:

LN N—1
— i+1 i
H—2§;p,+_§;V(q q)
= =

Why would this be a good potential?

N

V(r) = e "+ r — 1 has Taylor series approximation V/(r) ~ %

(harmonic potential)
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Hamiltonian Mech

The equations of motion for this Hamiltonian are

qi:%—piforizl,...,N

. S i—1 i i i+1 .
pi= -G =el "9 —e? 9 fori=2... ,N-1
- OH __ 1_ .2

Pl——@—l—eq q/v .

. 9H _ gN-1_g

PN = —ggn = 1+e

o nearly the same as those of the original definition of the
Hamiltonian

o we will use the original Hamiltonian function
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Change of coordinates

By applying the change of coordinates

1 gt
a; = 56‘ 2
b P
J 2’

én = an(bn+1 - bn)
by = 2(a; — a5_y)
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Boundary Values

o indeterminacy in the change of coordinates

(*]

to determine solutions to the differential equations, we need
to know the values of ag and ay

o choosing q° and gVt! « choosing ag and ap

o ap = ayy = 0 - called the non-periodic Toda lattice

@ corresponds to formally setting go = —o0 and gy11 = +0©

@ ajyn = aj and bj ny = b; - called the periodic Toda lattice.

o can define a quasi-periodic boundary condition for the Toda
lattice by ay = e 2™ ag
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Matrix Description of the Toda Lattice

Definition

A Lax pair is a pair of matrices L(t) and B(L(t)) such that

dL
4 = [B(L(1)), L(t)].

o The change of coordinates into the a and b allow the
equations of motion to be written as a Lax pair
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The Periodic Case

by
al
Lt)y=1| 0

aN

a1 O ay
b2 d» 0
an b3 as... 0
an—-1 by
al 0 —an
0 an 0
—dr 0 as 0
—dan-—1 0
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Non-periodic case

b1 al 0 0
dai b2 an . 0
L(t) — 0 an b3 az... 0

0 .. an-—1 bN

and
0 al 0 0

—dail 0 an 0
B(L(t)) = 0 —a 0 a... O
0 —an-—1 0
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Hamiltonian Mech

Definition
An integral of motion is a function f such that {f, H} = 0.

Definition

If H(q', 4%, ...,9",p1,P2,---,Pn) is @ Hamiltonian function for a
system, then the Hamiltonian system is called integrable or
completely integrable if there exist n integrals of motion /; such
that {/;, Ik} =0V # k and dh Adh A ... Adl, #0.

o the Hamiltonian function will be an integral of motion

o for the Toda lattice, the eigenvalues of the matrix L (assumed
distinct) are integrals of motion since % = 0 by Lax pair
formulation

o The periodic and non-periodic Toda lattices are both
integrable systems
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Hamiltonian Mech

o Consider two continuous functions on the unit interval, a and
b

o We will fixed particular values of these functions by demanding
that they satisfy conditions related to the Toda lattice

Let

o The spacing between the fixed values is ﬁ If we then allow
the functions a and b to vary over time, t, we can then
require that af and bf satisfy the equations of motion

an = an(bpy1 — by) and b, = 2(a% — a2_,)
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Hamiltonian Mech

Definition
Define the variables

X
i
2l 2.

Proposition
Let af and | be defined as above. These relations, under the
change of variables above and in the limit as N — oo produce the

partial differential equations

{asas(x) = 25(x)0xb(x)
0sb*(x) = 20,(a%(x))?.

This is called the dispersionless limit of the Toda lattice.
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Hamiltonian Mech

Proposition

This system is hyperbolic.

Hyperbolicity implies the system may develop shocks, depending
on the initial conditions. This can be seen by imposing the initial
conditions bt=0 = 2at=0% which reduces to Burger's equation:

2
Osa = O0ya“,

which is known to develop shocks.
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Symplectic Geometry

Definition

A symplectic manifold, (M,w) is a smooth manifold, M, equipped
with a nondegenerate skew-symmetric, closed 2-form, w, called the
symplectic form.

Can be written in local coordinates:
o w will be written as a matrix at each point in the manifold, Wl
o Nondegeneracy = w' has nonzero determinant
o Skew symmetry = wi = —uJ

Owij | Owik | dwy _
] wclosed:>W+ o +W—O

Matthew Thomas Dispersionless Toda Lattice and Toeplitz Operators



Hamiltonian Mech

Relation between dH, w, and the hamiltonian vector field

o want a coordinate independent way

o will be related back to the definition presented earlier

Definition

The Hamiltonian vector field, denoted X3, is defined by the
condition tx,,w = dH.

o consider the mapping of vector fields to one-forms:
X = ixw =w(X,")

o gives existence of Hamiltonian vector field
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Why Symplectic Geometry?

assuming w is a 2-form on M such that 1x,, w = dH

o (Xp)w = dH should be solvable, so w should be
nondegenerate.

o The flow on M generated by the Hamiltonian vector field
should leave w invariant. Therefore Lx, w = 0, so

Lxyw = dix,w+ tx, dw
= ddH + 1x,,dw = 1x, dw.

Since w is nondegenerate by the previous item, w will be
preserved if and only if w is closed.
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Hamiltonian Mech

o H should be invariant under the flow of Xy. The last claim
can be checked:

Lx,,(H) = Xn(H) = dH(Xn) = w( X, Xn),

which will be zero since w is a 2-form, so skew-symmetric.
The skew symmetry of w then implies conservation of energy.
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Hamiltonian Mech

Definition

Suppose f and g are two functions on a symplectic manifold
(M, w) which have Hamiltonian vector fields X and X,
respectively. The Poisson bracket of f and g is defined in a
coordinate independent manner by

{f, g} = w(Xr, Xg) € C(M).

o The bracket gives smooth functions on the manifold the
structure of a Lie algebra.

{f,g} = w(Xf,Xg) = L,‘!(gb)(fw = Lngf = ﬁ)(gf,

so a function f is constant along integral curves of X¢ by the
antisymmetry of the Poisson bracket.
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Polarization

o What if M is only a symplectic manifold?

o How do we determine which coordinates should play the role
of position and which should play the role of momentum?

o polarization

o The manifolds we will be concerned with will have additional
structure.

o when we need to consider sections of line bundles, the
holomorphic and anti-holomorphic sections will provide this
distinction.
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Geometric Quantization

@ constructs quantum analogues of classical systems

o goal is to map observables in a classical setting to observables
in a quantum setting

o In quantum mechanics, observables are given by self-adjoint
linear operators acting on a Hilbert space.

@ not unique
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Quantum Mechanics

Definition

A wave function in one space dimension is a complex function of
position, 1, such that [+/|? is a probability distribution. The
probability of finding a given particle between positions a and b is

given by [?*1)(q)[? dg.
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Quantization Requirements

quantization will be denoted by a hat, ©
Dirac determined that the map should be linear and have the
following properties:

o The identity element of the algebra should map to the identity
operator in the Hilbert space.

o Complex conjugation in the Poisson algebra should commute
with the mapping.
star denotes the conjugation of a function and the adjoint of
an operator, so (F*) = (F)*
real classical observables will map to Hermitian operators
eigenvalues of a quantum mechanical observable are the
possible measurements, and the measurements should be real,
as in the case of a Hermitian operator
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Quantization Requirements Continued

L(EG - GF).

o {F, G} should map to [F, G], := 5

Definition

A complete set is defined as a set Fi, F», ..., Fx such that
{f,Fj} =0 Vj implies f is a constant or [f, Fj], =0 Vj implies f
is a constant.

o Complete sets should map to complete sets.
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Quantization and pre-quantization

o It is a result of Groenwald and van Hove that the quantization
conditions cannot all be satisfied for a general symplectic
manifold, though quantizations do exist for many specific
manifolds

o A mapping which satisfies the four properties above is called a
quantization.

o If only the first three conditions are satisfied, the map is a
pre-quantization.
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A pre-quantization which is not a quantization

Suppose M = R? = T*R. We denote the operator of
multiplication by x by M. Consider the mapping

N h 0
— e U S
p=p 2mi Gq
h 0
=M,
- Ty 2mi Op’
the fourth condition is not satisfied:
{f,q} ={f,p} =0= o = 99 = 0 = f is constant, therefore

{q, p} form a complete set.

The set of operators {§, p} do not form a complete set - consider

. 27mi
either the operator — or — + T ——p. Each commutes with g and
op  Jq h

p, but is not constant.
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A quantization of R?

o consider H = L?(IR?); the operators will be

= Mq

d
ih—.
i dq

o

R
I

o g is called the position operator and p the momentum

operator
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The Choice of g and p

o Recall - In the classical case, possible measurements are given
by functions of the g' and p; variables

o Measurements of quantum mechanical systems are given by
eigenvalues of operators.

o We would like to define an operator corresponding to position,
and so we will define it such that the position, ', is the
eigenvalue of the operator §':

4 = q'y.

o p should be the differentiation operator, though our definition
of the bracket will require an additional coefficient:
0

ﬁl' = Ihaiq,?
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Segal's Result, 1960

a quantization of an exact symplectic manifold can be given in the
following way:

Theorem (Segal)

Suppose (M,w) is an exact symplectic manifold with w = d# and
let the vector field X be defined by 1x,w = df. A quantization is
given by

f =M — ihXr — (X, 0)
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An Example Which Is Not A Cotangent Bundle

o consider a phase space given by the sphere, x12 =+ x22 + x32 =r

and w the usual area form, local coordinates are given by
r(du A dv) This
————~— Thi

u = x1,v = xp and the form by w =
2 _ 02 _ 2

manifold cannot be represented as a cotangent bundle.

o There exist complex polarizations for this manifold, which
comes from a condition on the surface area of the manifold.
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Geometric Quant.

o Segal's result allows us to construct a quantization of an
exact symplectic manifold

o we want to quantize arbitrary compact manifolds

o We know that the form is always exact locally, so we can
cover M by open sets U, such that on each open set there is
a 1-form 6, where df, = w. We could then use Segal’s
formula on each set.

o IF the manifold admits a quantization, then these local
operators can be glued together to form a global operator.

Matthew Thomas Dispersionless Toda Lattice and Toeplitz Operators



Line Bundles

o We might hope to work with complex holomorphic functions
on a phase space

@ The only holomorphic functions on compact connected Kahler
manifolds are just constants

o Not all manifolds require that we use line bundles - consider
RZ
A line bundle, L over a manifold M is a smooth manifold equipped
with a smooth surjection 7 : L — M such that:
o the fibre 771(m) = L, = C for all m € M, and
o (local triviality) for every m € M, there exists an open
neighborhood U, and a diffeomorphism

¢ : 7 Y Um) — Up x C so that ¢(Ly,) C {m} x C and ¢|,,
is a linear isomorphism.

y
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Geometric Structure

The simplest example of a line bundle over a manifold, M is
M x C. The vector space at each point mis {m} x C = C.

A line bundle is called a trivial line bundle if there exists a global
diffeomorphism ¢ : L — M x C.

A section of a line bundle is a map s : M — L such that
TOoSs = idM.

A line bundle is trivial if and only if it has a nowhere vanishing
section.

A\

Matthew Thomas Dispersionless Toda Lattice and Toeplitz Operators



Transition Functions on Line Bundles

o Consider a line bundle L over M

o By local triviality, cover M by open sets {U,} so that each U,
has a nonvanishing section s, : U, — L

o this makes s,(U,) a trivial line bundle by the proposition

o consider a global section S (possibly vanishing) - one can
restrict the global section S to the open sets {U,}

o There exist functions f,, : U, — C such that
fasa = 5’Ua

o consider the overlaps between the charts - suppose
UsNUg#0

Sluanus = fasaluanus = 1858|uanus
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Geometric Structure

o if given a set of nonvanishing sections {s,} and if there exist
{fa : Uy — C} satisfying f,s, = fgs for all a and 3 where
Ua N Ug # 0, then the set {s,} form a global section, S

Definition
The transition functions for a line bundle L over M with local
sections {s,} over open sets {U,} are functions

8ap: UaNUg — C,
where, for z € C, g, is defined by
¢a¢§1(m’z) = (m7gozﬁ(z))'

This takes z in the 8 chart to g,3(z) in the a chart, so for
sections s, and sg,

Sa = 8apBSs-

Matthew Thomas Dispersionless Toda Lattice and Toeplitz Operators



Geometric Structure

%
Ua g XC —"~ Uy nUs xC
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Geometric Structure

Proposition

These transition functions must satisfy the following conditions:
0 oo =1
0 8Bup = gﬁ_al on Uy, N Ug
© 8opBBy8ya =1 on Uy NUgN U,

These three properties will provide reflexivity, symmetry, and
transitivity for an equivalence relation on the disjoint union
C U U,. The third property is called the cocycle condition.

Proposition

Given a manifold M, an open cover {U,}, and functions

{gap : Us N Ug — C} satisfying the three conditions of the
proposition for every U, and Ug, there exists a line bundle L — M
having {gas} as transition functions.
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Geometric Structure

Definition

Line bundles have a tensor product structure defined fibre-wise.
Suppose L and Ly are line bundles over M. L1 ® L, denotes the
tensor product of the two line bundles. Elements of this tensor
product are equivalence classes such that [a, b] = [3, b] if 3c € C
such that [1a, cb] = [3, h.

o the tensor product of complex line bundles is again a complex
line bundle.

o sections are multiplied

Matthew Thomas Dispersionless Toda Lattice and Toeplitz Operators



Connections

o One motivation for the concept of a connection comes from
attempting to differentiate sections of line bundles.

o The connection should measure how a section is changing in
the direction of a specific vector field, X.

Definition

A connection is a K-linear (where K is R or C) map
V:C>®(E) — C®°(T*M ® E) such that

Vf e C®(M),ue C®(E),V(fu)y=df u+ fVu.

o The connection along a vector field X is a map
Vx :T(L) —T(L).
o We will think of connections as assignments of 1-forms.
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Geometric Structure

The definition of the connection implies the following properties:

o The map to respect scaling by functions on the manifold, so
we will require

Vxu=fVxu Vfe C®(M).
o The connection V should satisfy a Leibniz (product) rule,
Vx(fu) = (Xf)u+ FVxuvf € C(M),u € C(E).
@ The connection should satisfy

Vxyy ¢=Vx ¢+ Vy ¢
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Geometric Structure

If the manifold M is also equipped with a metric, h, then it is
natural to require that the two structures interact in a specified
way.

Definition

A connection is said to be compatible with the metric h if

Vx(h(Y,Z)) = h(VxY,Z)+ h(Y,VxZ)

A natural Hermitian metric to keep in mind is on the trivial bundle:

h(m, z1),(m, z) = 212, ¥(m, z;) € (M, C).

Proposition
Every line bundle admits a connection.
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Geometric Structure

Definition

Suppose V is a connection on a line bundle L over M. Consider a
local trivialization ¢; : U; — C. The connection acts on open sets
by determining a 1-form called the potential 1-form. On a given
open set U with connection V, the connection acts on a section s
by the rule

Vs = —ifs.

Because it will arise often, we denote

n=—i6.

Proposition

The connection V can be globally defined.

Matthew Thomas Dispersionless Toda Lattice and Toeplitz Operators



Curvature

Definition

The curvature 2-form of the connection V with potential 1-form 6
is given by df. The curvature df will be denoted €.

Proposition

The curvature, <0, is globally defined.

Idea: Suppose that on Uy, V(sp) = nsp and on Uy, V(s1) = fjs1.
The transition between the sections is given by s; = ¢sg on

Up N Uy do(X
(= ) = 22— din(o)(x)

In other words, changing the chart corresponds to mapping the
potential 1-forms by the rule

1+ 1+ ding.
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Geometric Structure

We have a complex line bundle L with Hermitian structure h and
compatible connection V. We can choose the trivialization to
satisfy h(sj,s;) =1 Vj by simply rescaling.

Proposition

The one-form 7 is purely imaginary.
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Cech Cohomology

We need to relate the global structure of quantization with the
local structure that Segal's result gives. We will construct this
relation with Cohomology.

An open cover {U,} of M is called a contractible cover of M if
each of the open sets U;, Ui N U;, Ui N U; N Uy ... is either empty
or can be smoothly contracted to a point.

4

A k-simplex is a k + 1-tuple of indices (i, i1, ..., ix) determining
sets (Uj, Up, ..., Uj) so that Uy N U, N...NU;, #0.
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Geometric Structure

Definition

A k-cochain is a totally skew (skew in any pair of coordinates) map
g (io,il,...,ik) i—>g(l'o,l'1,...,l.k) € R.

The set of all k-cochains will be denoted CX(U,R).

o The target space of a k-cochain is generally defined to be an
abelian Lie group.

o For the purposes of this section, we will only need this group
to be R.

o We will also only need the case k = 2 for our construction.
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Definition

For each k, there is a map 6 : CK*1(U,R) — CK(U,R) defined,
using ~ to denote omission, by

k+1
0gioy it - yikr1) = D (=LY glios ity -y 0js s ikp1)
=0

The operator § is called the coboundary operator.

If g € CK(U,R) and 6g = 0, then g is called a k-cocycle.
If g is a k-cocycle, and g = dh for some (k + 1)-cochain, h, then g

is called a k-coboundary. The set of coboundaries is denoted
Z*(U,R).

”
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Definition

The k" cohomology group relative to {U} is defined as the
quotient

H*(U,R) = CK(U,R)/5(C*"1(U,R)).

The elements of this group consist of equivalence classes of
cocycles with the relation that two cocycles are in the same class if
they differ by a coboundary.

V.

o The Cech cohomology of a manifold is independent of the
choice of contractible cover. Because of this, we may denote
the cohomology by H*(M, R).

o The cohomology groups discussed here are isomorphic with
the de Rham cohomology groups.
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The Integrality Condition

A form w is called integral if the class of (27h) 1w lies in the
image of H?(M, Z).

Definition

A symplectic manifold (M, w) is called quantizable if w satisfies the
integrality condition above, i.e. w is integral.

This is equivalent to:

Proposition

A symplectic manifold is quantizable if there exists a Hermitian
line bundle B — M with a connection V on B which has curvature
hlw.

The first definition requires the integral of w over any closed
2-dimensional surface in M be integer multiple of 27/i. The B in
the second definition is called the quantizing line bundle.
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Quantization of Kahler Manifolds

Definition

A complex manifold, M, is a smooth manifold which has
coordinate patches diffeomorphic with C" for some fixed n which
has holomorphic transition functions.

W

A Hermitian metric is an assignment of a self-adjoint (Hermitian)
form to each fibre of a line bundle.

<

Suppose M is a complex manifold which has a smoothly varying
Hermitian metric h on its tangent spaces. If the imaginary part of
h is closed, M is called a Kahler manifold.
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Kahler Structure

o The Hermitian metric relates structures on the manifold.

o imaginary part of h is a non-degenerate, skew-symmetric
2-form. If 2-form is also closed = it is a symplectic form

o real part of h assigns a symmetric 2 form to each of the
tangent spaces = Riemannian manifold.

Notation

This notation allows the immediate decomposition of d as 8 + 0.
By considering only holomorphic sections, we now have the
condition curv(L) = —89 In(hy) = 30 In(hg).



Kahler Structure

If C" is endowed with the natural symplectic form

w =i} dzj A\ dz;, the line bundle is trivial and we can find the
appropriate Hilbert spaces for the quantization. Since

i-curv(L) = w, w = —id0In(hg). Therefore,

dd1In(hy) = Zdz/\dz

However, 00zz = ZJ- dz A\ dz, so

In(ho(2)) = —

Therefore, ) ,
ho(z) = e 32 = e 171,
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Kahler Structure

o arbitrary powers of a line bundle over a manifold gives
h(z) = e~ KlzI* for any positive integer k.

o transition functions of a tensor product of line bundles are
products of the original transition functions, so the transition
functions of L®" are just the powers of the transition
functions of the line bundle L.

o The Hermitian structure is then given locally by hé. The
Hilbert spaces are then

Hy = L2,,(C, e ¥ dz A d3).
o The curvature of the k" tensor power of L is given by
curv(L®k) = k curv(L).
o This gives us sets of Hilbert spaces defined by
Hic = Loy (M, L%9),
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Quantization of S?

We will consider the Riemann sphere with two charts given by
stereographic projection.

Proposition

The metric on a section s is given by

- dz ANdz

h(s(2). 5(2)) = [ s2)5(e) e

special case of the Fubini-Study fundamental form for projective
space, defined as

A+ wP) SN, dw; A dw — SN

ij=1 V_V,'WJ'dW,' VAN dV_VJ
w =1 .
F (1+|w[2)?
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An Orthonormal Basis

Proposition
The dimension of the space of holomorphic sections of L®" is n.

Proposition
A basis for the Hilbert space of holomorphic sections of L®" is
given by
_ |(n+1)/n\ 4
o= 27 k z
fork=1,...,n.
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Kahler Structure

To summarize, the Hilbert space for the quantization of S? is
equivalent to the space

S | ' _ i 5, dzAdz
H :{f.(C—>(C|f|sent|reand2/c\f(z)|(1+|Z‘2)N+2<OO '

This identification is achieved through stereographic projection (by
considering the sphere to be the completion of C). These functions
are just homogeneous polynomials with degree less than or equal
to N.
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Quantization of T2

The functions on T? are equivalent to doubly periodic functions on
the plane. The area form on the torus will then take a much
simpler form than the area form on S? did, namely

wn = Nh dx ANdy mod Z X Z

To satisfy the quantization condition, we need a 1-form 6 such
that df = h~'w, so we will use

¢»*(0) = Nhx dy

to achieve this given our maps. We will relate the sections with
another set of functions, the theta functions.
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Kahler Structure

Consider the set of functions f(z) satisfying the condition
f(z+m+in)= eN’T(”2’2"”Z)f(z)

for a fixed value of N.

Definition

The set of functions that satisfy the transition function condition
will be denoted ©p. These will be called the theta functions of
order N.

Proposition

The set of functions ©p has dimension N.
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Proposition

The functions 0;, defined by the Fourier series

o0
9: — efﬂ(Nk2+2jk) o2mizj+2miNk
= E

k=—0c0

for j =0,...,N — 1 define an orthogonal basis for © 5 with inner
product

h(F,g) = / £(2)B(2)e=2V™ dxdy.
[0,1]x[0,1]

Significant in this computation is the fact that

1o ||2 B o272 /N
! V2N
This allows us to construct an orthonormal basis.

Matthew Thomas Dispersionless Toda Lattice and Toeplitz Operators



Toeplitz Operators

o Toeplitz operators will be the tools used to estimate solutions
to the Toda lattice.

o M is a Kahler manifold with symplectic form w.
o M must be quantizable, so 5=z must be integral.
v

o L is a holomorphic Hermitian line bundle over M with
connection V with curvature form equal to w.

[ Definition

Define the Hilbert spaces

Hy = H(M, LZN)

for each N. These are the spaces of holomorphic sections of the
Nt tensor power of L.
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Toeplitz Operators

Definition

We will denote orthogonal projection by

M:L2(M, LEN) — Hy.

So that we can discuss the case of the torus and sphere
simultaneously, we will denote the Hilbert space on the sphere by
H3, and the Hilbert space on the torus by H].
o sphere - the Hilbert space Hﬁ is a closed subspace of the
space L2(C, é%)
o torus - the Hilbert space H,C is a closed subspace of
L2(]0, 1], e=2N7Y* dx A dy)
o Having defined the basis for Hﬁ,, the projection is naturally
defined. For T2, M/, is a closed subspace of L2([0, 1] x [0, 1]),
and so there is again a natural projection.
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Definition

A Toeplitz operator T is a sequence of operators T,E,N) acting on
‘Hn which has an asymptotic expansion of the form

N (N
T ~ ST NETY,
j=0
where H; are functions such that
T,(_,N) :Hy — Hpy
J
f — N(fH;).
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Example

The space on which we will be working (Hy above) will be the
span of 1,e™,e?* ... eNx We would like to understand Ty(f),
which we will find by considering the series T{")(f). First, we can

project f onto the span of 1, e, e?* ... eV producing

N(F) = (F,1) - 1+ (f,e%) - e™+...+ (f,e"™) . M.

To keep track of these coefficients, we set ¢p = (f, 1),
a = (f,e™),... cy = (f,eV*). We now need to multiply M(f) by
H=32__ kpe™
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Toeplitz Operators

The result is then projected back to the span of

1,eX, e ... eNX We can represent this entire process by
considering a matrix. The matrix of T,(_,N) will be an N x N block
of a doubly infinite matrix which is operating on the Fourier series

of the function f. In our example, this matrix has the form

0 0 O 0 0 0 0
0 ko ko koo k_ni1 O
0 kq ko k 1 k7N+2 0
0 k Kk ko k_niz O
0 : :

0 kvo1 kv - ki ko O
0 0 o 0 0 0 0

The Toeplitz operator is then defined by this sequence.
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Toeplitz Operators

o Toeplitz operators can arise when we try to do operations on
holomorphic sections of a line bundle.

o If a holomorphic section is multiplied by a differentiable
function, the resulting section is only differentiable, so one
needs to project back to the holomorphic sections.

o Because of our definition in terms of having an asymptotic
expansion, and since Hp is a finite dimensional space, being a
Toeplitz operator is only seen in the limit N — oc.

Definition

The order of a Toeplitz operator is the first j > 0 for which H; # 0.

o The composition of two Toeplitz operators is a Toeplitz
operator with order equal to the sum of the orders of the
summands.

o The commutator is also a Toeplitz operator with order one
less than the sum of orders of the summands.
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Proposition

If T = (TW) is a Toeplitz operator of order m, then

ITMNlns ~ dyN~"||Hp 2,

where || TN)|| s is the Hilbert-Schmidt norm and dy is the
dimension of Hy.

If a Toeplitz operator T has the expansion Zj.io MyMp; My, then
Hp is called the principal symbol of T.
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Toeplitz Quantization of T?

Lemma

The principal symbol of the Toeplitz operator associated to the
matrix Ly for the period Toda lattice is given by

H(x,y) = b(x) + 2a(x) cos(2my),

where x and 2wy are the natural coordinates on the torus.

o compute the Fourier coefficients of a function of the form
H(x,y) = u(y) + 2v(y) cos(2mx)

in the orthonormal bases defined above.

o The u and b function will eventually be equated and the v
and a functions will be closely related.
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Toeplitz Operators

We will break the function into its two summands and consider
each separately in the following two propositions, which will then
be used to prove the lemma.

Proposition

If v(y) =0, so that H(x,y) = u(y), the Toeplitz matrix for H is
diagonal with the j* diagonal entry given by

)\fN) _ Z a(m)e—wm2/2Ne—27rimj/N'

m=—0o0

As N — oo, if &I has compact support in m,
N ~ —27imj .
A D7 am)e 2N = u(—j/N)
uniformly in j.
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Toeplitz Operators

Proposition

If H(x, y) is of the form 2 cos(2wx)v(y), then the Toeplitz matrix
for H is O except for the super and sub diagonals and corners. The
entries of the matrix are asymptotic to the entries of the matrix

0 v(1—1/2N) 0 v(1/2N)
v(1—1/2N) 0 v(1 — 3/2N) 0
0 v(1 - 3/2N) 0 0

: : : 0 v(3/2N)
v(1/2N) 0 0 v(3/2N) 0
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Toeplitz Operators

we obtain the matrix

u(1) v(1—1/2N) 0 . v(1/2N)
v(1—1/2N) u(l—1/N) v(1—3/2N) - 0
0 v(1—3/2N) u(l—2/N) 0

: : : v(3/2N)

v(1/2N) 0 0 v(3/2N)  u(1/N)

We now take

and

v(x):a<x—21N>.

using the basis {(2N)/4e~"(N-1/Ngyy ;... (2N)Y/*go}, which
is just a rearrangement of the original basis. Now with a; = a(4;)
and b; = b(4;), we obtain the desired matrix
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Toeplitz Operators

We can also see that the operator we have constructed is, in fact,
a Toeplitz operator.

o we have functions v and v.

o We can find functions upn and vy so that _
uy ~u+ 332 Ny and vy ~ v+ 3372 Ny

o We then have our Hy functions which will be given by
Hn(x,y) = un(y) + 2 cos(2mx)vn(y). Now consider the

matrix
bk(]./N) ak(l/N) 0 0
a(1/N) be(2/N)  ax(2/N) 0
7 _ 0 a(2/N)  be(3/N)  ak(3/N)... 0
0.... ak(l—-l/N) bkl(l)
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Toeplitz Operators

For the function H, we have now constructed an operator Ty k
which has an asymptotic expansion

K
Tk = > N *TM 1 o(n—H+1),
k=0

These are truncations of the operator Ty.

The matrices Ly above are the T™N) in the definition of a Toeplitz
operator. Written as a function of h and 0, the height and angle of
the sphere, the principal symbol is given by

Ho(h, 8) = b(h) + 2a(h)cos(6).
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Dispersion

To understand dispersion, we will investigate its appearance in a
particular setting. The following equation was studied by Korteweg
and de Vries in 1895 to describe shallow water waves:

Definition (The KdV Equation)

Up = Ulx + Uxxx

QO ur = %, etc.
o In a physical situation, we will have nontrivial coefficients

o The terms on the right hand side of the equation correspond
to different aspects of the wave, depending on the relation of
the height of a wave to the depth of the water.
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Dispersion

o If the water depth is much larger than the amplitude of the
wave, we can approximate the equation by the linear KdV
equation:

Ut = Uxxx

o For waves where the amplitude is much larger than the depth
of the water, the term u, becomes insignificant, so the wave
can be modelled by the equation

U = Uly
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Dispersion

The height of the wave is given by u, so u; is the speed of the
wave. The speed of the wave will depend on the height of the
wave, so points with larger height with move faster. This will force
a wave to topple.

u U

/\ SN
x / X
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Solving the nonlinear equation

We can check that if u is implicitly given by u = f(x + ut), then
this provides a solution. An inspiration for this solution is to
instead consider a solution to u; = cuy. This guess is valid as long
as % = 0, precisely the moment when we have a vertical tangent
line to the function f, as the wave is about to topple.
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Solving the linear KdV equation

We will next consider the situation given by the linear KdV
equation. This equation can be solved by methods of Fourier
analysis, by assuming a solution u and considering its Fourier
transform.
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Dispersion

We expect the solution to be of the form
/ ?(k)ei(kx-‘rwt) dk,

where kw + wt is the phase function.

o k is the wave number, and is the spatial analogue of the wave
frequency.

o If use this guess, we see that w = k3.

o < is the propagation speed or phase speed and describes the
speed of the phase function.

o This is seen by considering the initial phase function,
Oy — wt

0o = kx + wt. The position, x, is then given by x = p

% is then the speed.
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Dispersion

Definition

A solution which has a propagation speed dependent on the wave
number is said to be dispersive.

In our case, the propagation speed is given by k?. u; = uu, does
not have this property, so it is also referred to as the dispersionless
KdV equation.

We will also mention one of the important solutions to the KdV
equation, the soliton. This is given by

1 1
u(x,t) = §c2 sechz(ic(x + c?t)),

and this is particularly remarkable since the presence of a solitary
wave solution can only be achieved by a balancing of the dispersive
and nonlinear summands of the KdV equation.
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Statements of the Theorems

Setup:
Let a,b € C*(R) be 1-periodic functions, and let a} and bf,
j=1,..., N be the solution of the periodic Toda flow

aj = aj(bj41 — b))

bj = 2(312 - 312—1)

with initial conditions
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Let us moreover suppose that there exists s. > 0 such that the
system

Osa = a0yb
dsb = 20, a°

with initial conditions

2> (x) = a(x)

b5=%(x) = b(x)

has a smooth periodic solution for s < s..
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Main Result

Theorem

There exist two sequences of smooth functions (determined by
a*(x) and b°(x)), a;(x) and bj(x), k =1,2,..., defined on
[0,sc) x R and periodic in x, such that for all integers K > 0 and
for each € > 0, there exist Cyx > 0 such that for t < N(s. —¢€),

. K-1 .
. ] k¢ d —K
Vi=1,...,N, aj—(aN(N)—F;N aL"(N)> < CkN
and
J\ N kb d
_ t_ e —kpn(d < -K
Vji=1,...,N, |b (bN(N)—i—k_lN bk(N)> < CkNK.
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Theorem (Theorem continued)

In particular, as N — oo, & — x, and § — s < s,

af — a°(x)

and

bf — b*(x)

where a° and b°® are solutions of the Toda PDEs.
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Second Theorem

Setup: Let

ac A= {a e €°([0,1]) ‘ \/;(1)(71@ e C>([o, 1])}

and b € C*(R), and let af for j=1,...,N —1 and b} for
j=1,..., N be the solution of the non-periodic Toda flow

3 = by —b)
b _2( _] 1)

—o_ _(J
3 _a<N>
0 _ . [J
af —b<N>.
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Let us moreover suppose that there exists s. > 0 such that the
system

Osa = a0yb
dsb = 20, a°

with initial conditions

2> (x) = a(x)

b5=%(x) = b(x)

has a solution with a° € A and b° € C*)[0, 1]), for s < s.
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Theorem

There exist two sequences of smooth functions (determined by
a*(x) and b°(x)), a;(x) and bj(x), k =1,2,..., defined on

[0,sc) x (0,1) with a;(-) € A for each s € [0, sc), such that for all
integers K > 0 and for each € > 0, there exist Cx > 0 such that for

t < N(sc—e),
K—1 .
Vi=1,...,N—1, |a} — <afv(lfv) + kzl N—ka,y()> < CkN=K
and
K-1 .
Vji=1,...,N, |bf - <b&(/fv) + N—kb,y(f)> = G5
k=1
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Theorem

Theorem Continued In particular, as N — oo, JN — x, and

t
N—>S<SC,

af — a°(x)

and

b — b*(x)

where a° and b°® are solutions of the Toda PDEs. )
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Sketch of the Proofs

Lemma

Let L(t) satisfy

dL

=4 = 1L(8), B(L(t))]
where B(L(t)) is defined according to the whether the periodic or
non-periodic lattice is being considered. We also require L(0) to be
given by the appropriate matrix. Let s. be defined as in the
theorem above. For all s < s, there exists a Toeplitz operator T
such that

IL(Ns) = Ts[lns = O(N™)

where || - ||us is the Hilbert Schmidt norm. Despite the change in
notation, this norm is still evaluated on Hy, and H[,. Furthermore,
for all e > 0, the estimates on [0, s. — €| are uniform.

v
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o The proof is constructive, and defines the operator in an
inductive way.

o We are given L(t) and so must construct Ts.

o To do this, we must find a symbol H so that Ty is “close” to
L.

o Suppose L; and Ly are Toeplitz operators defined as in the
Toda lattice case. This means that the operators have
principal symbols given by

HY2(0, h) = a1.2(h) 4 2 cos(#)a1 2(h).
o It is true that LiLy is also a Toeplitz operator with principal
symbol H'H? and %[Hl, H?] is a Toeplitz operator with

principal symbol given by

{HE, HZY = 0nH3OgHZ — D9 H3ORHZ.
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We now apply this to our operator Ty. If we use x to denote
either h or ¢ depending on the situation, then Ty has principal
symbol H(x,6) = b(x) + 2a(x)cos(0) and 7 B(Ty) has principal
symbol —20ga(x) cos(6).

The next step is to construct a certain smooth one-parameter
family of self-adjoint Toeplitz operators, denoted A(t). We will let
X denote the sphere or the torus so that the following theorem
applies to either space.
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Proposition

Let Loy = {L(()N)} be a self-adjoint Toeplitz operator on X,
tridiagonal in the standard basis with principal symbol

Ho : X — R. Let J = [0, 7] be a closed one-sided neighborhood of
zero in R, and assume that there exists a solution H : J x X — R
of the initial value problem

L H={H,oH}
H|s—o = Ho.

Then there exists a smooth one-parameter family of self-adjoint
operators, \(t), of order zero, with NN)(t) defined for £ € J and
Toeplitz operators R and S such that

IN=[AB(N)]+R
/\|t:0 = LO "‘ 5

v
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Main Result

Proposition

Proposition continued The norms of R and S are of arbitrary order
in N~1. Moreover, A\ can be chosen to be tridiagonal.
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o make increasingly accurate approximations of A
o begin with Ag(s), which is self-adjoint and time dependent

o choose Ag(s) to be an order zero Toeplitz operator with
principal symbol H, making it the most general approximation
we could start with

o Ag(s) can be chosen to be tri-diagonal

o For a Toeplitz operator Rg of order —1,

d

CT/\O = N[/\o, B(/\o)] + Ro.
s

o construct a chain of A; such that the norms of R; and S; are
of increasing order in N™1. This will allow us to create A, R,

and S of arbitrary order
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o Now, with S a Toeplitz operator of order —1 in N, define
N =N+S.

o We now get

d
—ANA1 = N[\, B(A R
dsl [17 (1)]+ 1

where R is a Toepltiz operator of order —2 as long as the
symbol ¢ of S satisfies

d
0= {H, 090} + {o,09H} — po
where pg is the principal symbol of Rg. This is a linearization

of the equation above around H.

o Since Ag(s) was tri-diagonal, o will also be tri-diagonal. This
makes the equation solvable with smooth solutions (since it is
a hyperbolic first-order 2x2 system).
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Proceeding by this method, we can construct A, so that

/\oo|s:0 - LO + O(N_OO)
I \oo — N[A, [N, Z]] = O(N~).

This is very nearly our desired result. We only need to make the
change of variables t = sN.
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We now want to relate the operator A, to the Toda lattice. This
will be shown by comparing the matrices and considering an energy
norm. We will then denote the matrix of A, by

Bp A 0 .- 0 An

Al B A 0 0
/\oo: 0 AQ B3 A3 0 ,

AN AN—l BN

where Ay is 0 for the non-periodic lattice.
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We can then consider the difference,

b1 aa 0 .- 0 an
ar P2 ax O o 0
L(t)—Ao(t)=| O @ B3 a3 -+ 0
ay 0 -+ 0 an-1 Bwn

we can achieve bounds on the energy function

N

E=)" <2a} + iﬁf)

j=1

where «; and 3; are defined as above. Furthermore, Bloch et al
show that E(t = 0) = O(N~°°). Bloch et al go on to show by
computation that E = O(N~°°) uniformly for & bounded. Since E
controls the Hilbert-Schmidt norm of L(t) — A, the lemma is
proven.
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Proof of the Main Theorems

o we know that there exists a Toeplitz operator T such that
||L(Ns) — Ts||us = O(N=°°) uniformly on [0, sc — €] for every
e>0

o now use the functions which were created in the matrix 75 to
approximate the true solutions to the Toda lattice

o Recall
br(1/N) ak(1/N) 0 0
ak(l/N) bk(Q/N) ak(2/N) 0
Tk — 0 ak(2/N) bk(3//\/) ak(3/N)... 0
0--- ax(l—1/N) bk(1)
These matrices were used to construct the Toeplitz operator
TH,Kv and

o _ —(K+1)
1L(t) = Thwllns = O(N~KFD).



o compare L(t) with 7x_1, and in particular the entries in each
matrix, since we are considering a Hilbert-Schmidt norm

o bound the difference between exact solutions of the Toda
lattice given by aj’? and the approximation by the Toeplitz
operator, giving the relations and limits of the theorem
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