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1 Varieties

Let K be a perfect field and K be a fixed algebraic closure of K. We begin our study of
algebraic geometry with affine n-space and its subsets defined by zeros of polynomials.

Affine n-space over K is the set of n-tuples

A" = A"(K)={P = (z1,....,7,) : 7, € K}.
Similarly, the set of K-rational points in A™ is the set
A"K)=A{P = (z1,....,x,) : x; € K}.

Let K[X] = K[X1, ..., X,,] be a polynomial ring in n variables, and let I C K[X] be an ideal.
To each such I we associate a subset of A",

Vi={PeA": f(P)=0 for all feI}.
An algebraic set is any set of the form V;. If V' is an algebraic set, the ideal of V' is given by
I(V)={feK[X]: f(P)=0 for all P€V}.

An algebraic set V' is defined over K if its ideal I(V') can be generated by polynomials in
K[X]. We denote this by V/K. If V is defined over K, the set of K-rational points of V is
the set

V(K)=VNA"(K).

An affine algebraic set V' is called an affine variety if I(V) is prime ideal in K[X]. Let V/K
be a variety defined over K. Then the affine coordinate ring of V/K is defined by

K[X]
V] = :
I(V/K)
It is an integral domain; and its quotient field, denoted K (V), is called the function field
of V/K. Similarly K[V] and K(V') are defined by replacing K with K. Note that since an

element f € K[V] is well-defined up to a polynomial vanishing on V', it induces a well-defined
function f: V — K.




Definition 1.1. Let V' be a affine variety. The dimension of V, denoted by dim(V'), is the
transcendence degree of K (V') over K.

Example 1.2. The dimension of A" is n, since K (A") = K (X1, ..., X,,). Similarly, if V. C A"
is given by a single non-constant polynomial equation

f(X1,...,X,) =0,
then dim(V') = n — 1. The converse is also true

Definition 1.3. Let V be an affine variety, P € V, and fi, ..., fm € K[X] a set of generators
for I(V'). Then V' is non-singular (or smooth) at P if the m x n matrix

g e S

has rank n —dim(V'). If V' is non-singular at every point, then we say that V' is non-singular
(or smooth).

Let P € V, and define an ideal Mp of K[V] by
Mp={fe€K[V]: f(P)=0}.
Notice that Mp is a maximal ideal, since there is an isomorphism
K[V]/Mp — K given by f — f(P).
The quotient Mp/M?2 is a finite dimensional K-vector space.

Definition 1.4. The local ring of V at P, denoted K[V]p, is the localization of K[V] at
Mp. In other words,

K[V]p={FecK(V): F=f/g for some f,g¢c K[V] with g(P) # 0}.

Notice that if F'= f/g € K|[V]p, then F(P) = f(P)/g(P) is well-defined. The functions in
K[V]p are said to be regular (or defined) at P.

There is another characterization of smoothness, in terms of the functions of the variety
V', which is often quite useful.

Proposition 1.5. Let V be an affine variety. A point P € V is non-singular if and only if

dimz Mp/M3 = dim(V).

proof Let P be the point (ai,...,a,) in V.C A" and let Ip = (X7 — ay, ..., X;, — a,) be

the corresponding maximal ideal in K[X]. We define a linear map 6 : K[X] — K by

00 = (5P )



for any f € K[X]. Now it is clear that 8(X; — a;) for i = 1,...,n form a basis for K, and
that 6(13) = 0. Thus 6 induces an isomorphism ¢ : Ip/I% — K. Now let fi, ..., fm be a set
of generators of I(V) C Ip. Then the rank of the Jacobian matrix

Ofi
J = ( (P)>
an 1<i<m,1<5<n

SOl >

is just the dimension of §(I(V)) as a subspace of K. Using the isomorphism 6, this is the
same as the dimension of the subspace (I(V)) + I3)/I} of Ip/I}. On the other hand, if mp
is the maximal ideal of K[V]p, we have

mp/mp = Ip/(I(V) + I}).

Counting dimensions of vector spaces, we have dimzmp/m% = n—rankJ. Now let dim(V) =
r. Then K[V]p is a local ring of dimension r, so dimzmp/m% = dim(V) if and only if
dimzmp/m3 = r. But this is equivalent to rankJ = n — r, which says that P is a nonsin-
gular point of V. Now the fact that Mp/M32 = mp/m% as K-vector spaces completes the
proposition.

Projective n-space over K, denoted P* or P"(K), is the set of all (n + 1)-tuples
(zo, ..., 1,) € A"
such that at least one z; is non-zero, modulo the equivalence relation gives by

(0, ey Tn) ~ (Y0y -y Yn)

if there exists a A € K with z; = \y; for all i. An equivalence class {(Azo, ..., \z,)} is
denoted [z, ...x,], and zy, ..., z, are called homogeneous coordinates for the corresponding
point in P". The set of K-rational points in P™ is the set

P"K) = {[x1,....,x,] €P" 1 all z; € K}.

A polynomial f € K[X] = K|[Xy, ..., X,] is homogeneous of degree d if
FOAXo, oy A X)) = M F( X,y oy Xo)

for all A € K. And ideal I C K|[X] is homogeneous if it is generated by homogeneous
polynomials. Note that for a homogeneous polynomial f, it makes sense to ask whether
f(P) =0 for a point P € P". To each homogeneous ideal I we associate a subset of P",

Vi={PeP": f(P)=0 for all homogeneous f € I}.

A projective algebraic set is any set of the form V. If V' is a projective algebraic set, the
homogeneous ideal of V, denoted I(V'), is the ideal in K[X]| generated by

{f € K[X]: f is homogeneous and f(P)=0 for all P € V}.
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Such a V' is defined over K, denoted by V/K | if its ideal I(V') can be generated by homoge-
neous polynomials in K[X]. If V' is defined over K, the set of K-rational points of V is the

set
V(K) =V NnP"K).

A projective algebraic set is called a projective variety if its homogeneous ideal I(V) is a
prime ideal in K[X].

It is clear that P™ contains many copies of A™. For example, for each 0 < i < n, there is
an inclusion

¢i A" — IP)TL’ (yh sy yn) = [y17 e Yi1, 17 Yiyoeey yn]
If we let H; denote the hyperplane in P" given by X; = 0,

H;, = {P = [l‘o, ,xn] elP":x = 0}7
and let U; be the complement of H;,
U, = {P = [{L‘O, ,l’n] eP":ux 7& O}’

then there is a natural bijection

—_ Zo Ti—1 Tit1 T
o7t Uy — A", [T0, ooy Tp] = (—, .0, —, =, ., 0.

Having fixed an 7, we will normally identify A™ with the set U; in P" via the map ¢;.

Now let V' be a projective algebraic set with homogeneous ideal I(V) C K[X]. Then
VNA™ (by which we mean ¢; ' (VNU;)) is an affine algebraic set with ideal I(VNA") C K[Y]

given by
IVnA") ={f(Y1,....Yi-1,1, Y1, .., o)« f(Xo, ..., Xin) € I(V)}.

The process of replacing f(Xo,..., X)) by f(Y1,...,Y;_1,1, Y4, ..., Y,) is called dehomoge-
nization with respect to X;. o
This process can be reversed. for any f(Y) € K[Y], let
Xo Xic1 Xina Xn

(Xoy oo Xn) = XU S, 0, o ey =
f( 05 3 ) Z(XZ" ) Xi’ Xi7 ’Xi)’

where d = deg(f) is the smallest integer for which f* is a polynomial. We say that f* is the
homogenization with respect to X;.

Definition 1.6. Let V' be an affine algebraic set with ideal 1(V'), and consider V' as a subset
of P™ via the map
VC A2 P,

The projective closure of V, denoted V, is the projective algebraic set whose homogeneous

ideal I(V') is generated by
{7 felV)}.
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Most of the important properties of a projective variety V may now be defined in terms
of the affine subvariety V' N A”".

Definition 1.7. Let V/K be a projective variety, and choose A™ C P" so that VN A" # &.
The dimension of V' is the dimension of VN A". The function field of V', denoted K(V),is
the function field of V' N A™; and similarly for K (V).

Remark 1.8. For different choices of A", the different K (V')’s are canonically isomorphic,
so we will always identify them.

Definition 1.9. Let V' be a projective variety, P € V', and choose A" C P" with P € A™.
Then V' is non-singular (or smooth) at P if V' N A" is non-singular at P. The local ring of
V at P, denoted K[V]p, is the local ring of V. N A" at P. A function F € K(V) is reqular
at P if it is in K[V]p; in this case, it makes sense to evaluate F at P.

Definition 1.10. Let V; and V5 C P™ be projective varieties. A rational map from Vi to
V3 is a map of the form

¢‘/1—)‘/2 ¢:[f07--'>fn]7

where fy, ..., f, € K(V1) have the property that for every point P € Vi at which fy,..., fu
are all defined,

O(P) = [fo(P), ... fu(P)] € Va.
Definition 1.11. A rational map
¢: [fﬂ?"'afn] . ‘/1 E— ‘/2

is reqular at P€ V; if there is a function g € K(V}) such that
(a) each gf; is regular at P; and

(b) for some i, (gf;)(P) # 0.
If such g exists, we set

O(P) = [9fo(P), ., g fn(P)].

A rational map which is regular at every point is called a morphism.

Example 1.12. Let V' be a projective variety from
Vi iX?+Y?r=1
Consider the rational map

v X1

Clearly ¢ is regular at every point of V' except possibly (—1,0). But using

(X+1)(X —=1)=-Y? (mod I(V)),
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we have

Thus
¢([_17 07 1]) = [07 _2] = [07 1]'

2 Algebraic Curves

By a curve we will always mean an projective variety of dimension 1. We start by describing
the local rings of a smooth curve.

Let R be an integral domain, K its field of fraction. R is a waluation ring of K if, for
each x # 0, either x € Ror z ' € R

Proposition 2.1. Let C be a curve and P € C' a smooth point. Then K[C]p is a discrete
valuation ring.

proof It is immediate from Proposition 1.5 and the lemma 2.3.

Example 2.2. Consider the two curves
Ci:Y?’=X3+X and O,:Y?=X%4+X2%

Let P = (0,0). Then O is smooth at P and Cj is not. The maximal ideal Mp of K[Cy]p
has the property that Mp/M?% is generated by Y, so for example

ordp(Y) =1 ordp(X) =2 ordp(2Y? — X) = 2.
On the other hand, K[C,]p is not a discrete valuation ring.

Lemma 2.3. Let R be a Noetherian local domain of dimension one, m its maximal ideal,
and k = R/m. Then the following are equivalent:

(a) R is a discrete valuation ring;

(b) R is integrally closed;

(c) m is an principal ideal;

(d) dimp m/m? = 1;

(e) Every non-zero ideal is a power of m;

(f) There exists z € R such that every non-zero ideal is of the form (z*), k& > 0.

proof Before we start going the rounds, we make two remarks (A) and (B):

(A) If I is an non-zero proper ideal, then I is m-primary and I O m” for some n.
Since A is Noetherian I has a primary decomposition and so v/I = m for m is the only
nonzero prime ideal. Then it is immediate from the following sublemma.

sublemma 2.4. Let A be a Noetherian ring, m a maximal ideal of A, [ any ideal of A.
Then the following are equivalent:
(1) I is m-primary;



(2) VI =m;
(3) m"™ C I C m for some n > 0.
proof Atiyah-MacDonald [Cor 7.16 p.83]

(B) m™ # m"! for all n > 0.
It is immediate from the following lemma.

sublemma 2.5. Let A be a Noetherian local ring, m its maximal ideal. Then exactly one
of the following two statements is true:

(1) m™ # m"™*! for all n;

(2) m"™ = 0 for some n, in which case A is an Artin local ring.

proof Atiyah-MacDonald[Prop 8.6 p. 90]

(a) = (b) Let z € K be integral over R, where K is a field of quotients of R. Then we
have
b+ +0,=0

with the b, € R. If + € R there is nothing to prove. If not, then 7' € R, and so
r=—(by+bx™ '+ ... +b,2'"") € R.

(b) = (c¢) Let @ € m and a # 0. By remark (A) there exists an integer n such that
m” C (a) but m"™' & (a). Choose b € m"™! and b ¢ (a), and let z = a/b € K. We have
7! ¢ R since b ¢ (a), hence ! is not integral over R, and therefore by the following
sublemma we have 7 'm ¢ m; for if 27'm C m, m would be a faithful R[z~']-module,
finitely generated as an R-module. But z7'm C R by construction of z, hence z7'm = R
and therefore m = Rx = (x). Recall that m is faithful if Ann(m) = 0.

sublemma 2.6. The following are equivalent:

(1) z € B is integral over A;

(2) Alz] is a finitely generated A-module;

(3) A[z] is contained in a subring C' of B such that C' is a finitely generated A-module;
(4) There exists a faithful A[z]-module M which is finitely generated as an A-module.
proof Atiyah-MacDonald[Prop 5.1 p59]

(c) = (d) Tt is easy to see that z + m? generates m/m? as k = A/m-vector space. So we
have dimy(m/m?) < 1, and by remark (B), m/m? # 0.

(d) = (e) Let I be a non-zero proper ideal of R. By remark (A) we have I O m” for some
n; from the following sublemma applied to R/m”, which is an Artin local ring, it follows
that I is a power of m.

sublemma 2.7. Let A be an Artin local ring, m its maximal ideal, k = A/m its residue
field. Then the following are equivalent:

(1) every ideal in A is principal and a power of m;

(2) the maximal ideal m principal;

(3) dimg(m/m?) < 1.

proof Atiyah-MacDonald[Prop 8.8 p91]



(e) = (f) By remark (B), m # m?, hence there exists r € m, z ¢ m?. But () = m" by
hypothesis, hence r = 1, (z) = m, (2*) = m*.

(f) = (a) Clearly () = m, hence (z¥) # (z*!) by remark (B), hence if a is any non-zero
element of R, we have (a) = (z*) for exactly one value of k > 0. Define v(a) = k and extend
v to K* by defining v(ab™!) = v(a) — v(b). Check that v is well-defined and is a discrete
valuation, and that R is the valuation ring of v.

Corollary 2.8. Let R be a normal Noetherian domain. Then every localization of R at a
height-1 prime is a discrete valuation ring.

proof If a prime p has height 1, R, is a normal Noetherian local domain of dimension 1,
and so by the previous lemma it is a discrete valuation ring.

Definition 2.9. Let C be a curve and P € C a smooth point. The (normalized) valuation
on K|[C|p is given by

ordp : K[Clp — {0,1,2, ...} U {0}
ordp(f) =max{d € Z: f € MZ}.
Using ordp(f/g) = ordp(f) — ordp(g), we extend ordp to K(C),

ordp : K(C) — Z U {oc}.
A uniformizer for C at P is a function t € K(C) with ordp(t) = 1.

Proposition 2.10. Let C/K be a curve, and let ¢ € K(C') be a uniformizer at some non-
singular point P € C'. Then K(C) is a finite separable extension of K (t).

proof K(C) is clearly a finite extension of K (t), since it is finitely generated over K, has
transcendence degree 1 over K, and t ¢ K. Now let x € K(C). We will show that z is
separable over K (t).

In any case, x is algebraic over K(t), so it satisfies some polynomial relation

S aytia? =0, where ®(T,X) = a;T'X’ € K[X,Y].

We may further assume that ® is chosen so as to have minimal degree in X. Let p = char(K).
If ® contains a non-zero term a;;T°X7 with p { j, then a<1>a(§,(x) is not identically 0, so x
is separable over K (t). Suppose now that ®(7,X) = W(T, X?). We proceed to derive a
contradiction.

The main point to note is that if F'(7, X) € K[T, X] is any polynomial, then F(1?, X?)
is a p-power. Thus if F(T,X) = > a;;T°X7, then writing ay; = 0, gives F(T?, X?) =
(X8,;T"X7)P. We now regroup the terms in ®(T, X) = (T, X?) according to powers of T
modulo p:

-1 p—1

(T, X) =U(T,X7) =Y () bipTPX)TF =" (T, X)PT*.
k=0 4,5 k=0

bS]



Now by assumption, ®(¢,z) = 0. On the other hand, since ¢ is a uniformizer at P, we
have
ordp(¢p(t, 2)PtF) = pordp(o(t,z)) + kordp(t) = k(mod p).

Thus each of the terms in the sum > ¢ (¢, 2)Pt* has a distinct order at P, so every term
must vanish:

do(t,x) = dpy(t,x) = ... = ¢p_1(t,2) = 0.

But one of the ¢ (T, X)’s must involve X; and for that k, the relation ¢ (t,2) = 0 con-
tradicts the fact that we chose ®(¢, X) to be a minimal polynomial for x over K(t). Note
that degy (¢x(T, X)) < degy(P(T, X))/p. This contradiction completes the proof that x is
separable over K (t).

Proposition 2.11. Let C be a curve, V. C PV a variety, P € C a smooth point, and
¢ : C' — V a rational map. Then ¢ is regular at P. In particular, if C' is smooth, then ¢
is a morphism.

proof Write ¢ = [fo, ..., fn] with f; € K(C), and choose a uniformizer t € K (C) for C at
P. Let

n= 121§I}v{ordp fit

Then
ordp(t™"f;) >0 forall ¢ and ordp(t™"f;) =0 for some j,

so each t7"f; is regular at P and t~"f;(P) # 0. Therefore ¢ is regular at P.

Example 2.12. Let V' be a projective variety
ViY?=X34+ X2
and consider the rational maps
p:V—P, ¢=[Y,X]

and
Pt —V, 4 =[(S* =TT, (5* - T%)8,T7.

Then since P! is a smooth curve 1) is a morphism, while ¢ is not regular at [0,0,1].

3 More about height-1 primes

First we prove the following theorem. Then we are going to look at the geometric version of
the theorem.

Theorem 3.1. If R is a normal Noetherian domain, then R is the intersection of its local-
izations at height-1 primes.



Lemma 3.2. If R is a Noetherian domain, then R is the intersection of its localizations at
every prime associated to principal ideal in R.

proof Suppose a/u is in Q(R) — R, then a ¢ (u). We need to show that there is
an associated prime p of (u) such that a ¢ (u), C R, which implies a/u ¢ R,. Let
(u) =L NIyN..N I, be a primary decomposition of (u), where [; is a g;-primary. Suppose
a € (u)q for all i. Then for all i there exists t; € R — ¢, such that t;a = uz; € I;. Thus
a € I; for all i, contracting a ¢ (u)

Proposition 3.3. A Noetherian domain R is normal if and only if for every prime p asso-
ciated to a principal ideal, p, is principal.

proof Suppose first that R is a normal domain and that p is a prime of R associated
to a principal ideal (a); say p is the annihilator of b mod (a), with b € R — (a). Then
pp = ((a)p : b) We shall show that p, is principal. Let K = Q(R) = Q(R,), and consider
the set p,' = {r € K : rp, C Rp}. We clearly have p, C p,'p, C R, C p, "', and since
pp is maximal, this leaves only the possibilities p,'p, = pp and p'p, = Ry, If p ', = by,
then by the sublemma 2.6 the elements of pgl are integral over R, since for each r € p;l,
pp[r] is finitely generated Ry,-module. Since R, is normal, p,* = R,. But pyb C (a)y, so
b/a € p,' = Ry, whence b € (a), contracting our assumption. Thus p,'p, = Ry; that is, p,
is invertible. Since Ry, is local, p,; ', = R, implies that for some r € Py ! we have rp, = R,.
Consequently, p, = R,r~! is principal. Conversely, we show that the given conditions imply
that R is normal. Since an intersection of normal domains with a common quotient field is
obviously normal, it will be enough to show that R is the intersection of its localizations at
primes associated to principal ideals. Thus lemma 3.2 completes the proof.

Lemma 3.4. Any prime properly contained in a proper principal ideal in a Noetherian ring
R has height 0.

proof If on the contrary, ¢ & p & () in a ring R with q and p prime ideals, then factoring
out g we can assume that g = 0, and thus that R is a domain. If y € p, then y = ax for some

a, and since x ¢ p it follows that a € p; thus p = xp. By the sublemma below (1—b)p = 0 for
some b € (z). Since R is a domain, we must have b = 1, so (x) is not proper, a contradiction.

sublemma 3.5. If M is a finitely generated R-module and I is an ideal of R such that
IM = M, then there is an element r € [ that (1 —r)M = 0.

proof Atiyah-MacDonald[Cor 2.5, p 21].

Lemma 3.6. every height 1 prime p in a domain R is minimal to a principal ideal.

proof Let x be an nonzero element in p. Then p is a minimal prime to (z) since p has
height 1.

proof of theorem 3.1 By lemma 3.2, any Noetherian domain is the intersection of its
localizations at the primes associated to principal ideals. If R is normal and p is a prime
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associated to a principal ideal, then by proposition 3.3, p, is principal. Thus by lemma 3.4
p has codimension 1. Finally lemma 3.6 completes proof.

As I mentioned above, the geometric version of theorem 3.1 is quite useful:

Theorem 3.7. let V be a normal variety and W be a subvariety of codimension at least 2.
Then every regular function on V' — W can extend to a regular function on V.

proof A function f in K(V) is regular at a point P if and only if f € K[V]p. Thus if
f € K(V) is regular on V — W then f € K[V]p for every point P € V — W. We need to
show that for each point P € V| f € K[V]p. Let Q € W. Then by Theorem 3.1

KVig= () &V
pF[V}Q ht=1

By the identity (Agp)pay, = Ap for prime ideals p C P C A,

K[Vlg= () K[Vl

Mqg2p hi=1

Since height of p is 1 and height of (W) is larger than or equal to 2, then V,, — W # &, say
PyeV,—W,thatis, B, € V—W. So Mp, D p and so f € K[V]|p, C K[V],. Hence

feK[Vlg.

Example 3.8. Consider A = k[z,y]. Let V = A%(k) and W = {(0,0)}. Then I(V) = (0)
and (W) = (z,y). Since A is a UFD, V is normal, and W has height 2. So by Theorem

3.7, every regular function on V' — W can extend to a regular function on V.

4 Some interesting examples of varieties

Example 4.1. A factorial variety which is singular. Take Zg’zl r? =0 in A°.

Example 4.2. A normal variety which is not factorial. Take the cone zy = 2? in A3

Example 4.3. A variety not non-singular in codimension 1. Take y? = 2% in A2
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