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Abstract

We studythe patternof activatedtrajectoriesin a doublewell systemwithout de-
tailed balance,in the weak noiselimit. The patternmay containcuspsand other
singularfeatureswhich aresimilarto the causticsof geometricabptics. Their pres-
enceis reflectedin the quasipotentiabf the system,muchasphasetransitionsare
reflectedin the free enegy of a thermodynamisystem.By tuning systemparame-
ters,acuspmaybemadeto coincidewith the saddlepoint. Suchananomalougusp
is analogougo a nonclassicatritical point. We derive a scalinglaw, andnonpoly-
nomial‘equationsof state’,thatgovernits bifurcationinto corventionalcusps.
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The optimal trajectory concepthasbeenwidely usedin the theoryof noise-actratedtransi-
tions[1-7]. In theweaknoiselimit, whentransitionsbetweenrstablestatesbecomesxponentially
rare,oneor at mosta few trajectoriesn the systemstatespacearesingledout asescapgathsof
leastresistance Also, betweerthe enegetically loweststablestateandary otherstatethereare
atmostafew dominantactivatedtrajectories Suchoptimaltrajectoriesyhich aredeterminedy a
‘leastenegy expended’or ‘leastaction’ variationalprinciple,areexperimentallyobsenable[6,7].
In systemghat have the propertyof detailedbalance they aretime-reversedrelaxationaltrajec-
tories. But in nonequilibriumsystemswhich lack detailedbalancethe optimaltrajectorypattern
extendingfrom a stablestatemaybe morecomplicated.

Optimaltrajectoriesare similar in mary waysto the raysof geometricaloptics, which char
acterizein the shortwavelengthlimit the wavesemanatingrom a point source.Thatis because
opticalraysmaybecomputed/ariationallytoo, from a‘leastopticaldepth’principle. In amedium
with inhomogeneoumdex of refraction,it is commonfor aray family to bounceoff a caustic sur-
face, leaving theregion behindin shadev: notilluminated,or illuminatedonly indirectly. Other
singularfeatureswith a catastrophe-theoretiaterpretationmay be produced[8,9]. In a noise-
drivensystemn which detailedbalances violated,the patternof optimaltrajectoriesmaycontain
similar featureq1,5,10]. SeeFig. 1.

To understandhe crossingof optimal trajectories,it is usefulto look at the quasipotential
of the noise-drvensystem.If e is the noisestrength(e.g.,e = k7" in thermalsystems)andp(x)
denoteshestationaryprobabilitydensityof thesystematstatex, thenaquasipotential’ = W (x)
may be definedphenomenologicallipy

p(x) ~ constx exp[—W (x)/¢], e — 0. (1)

This definitionmakessensavhetheror not the systemdynamicsareconserative, andwhetheror
not the noiseactsso asto presere detailedbalance.WW equalszeroat the enegetically lowest
stablestate(s)andW (x) is essentialltheminimumenegy neededo excite the systento statex.
It maybe computedasaline integral alongthe optimaltrajectoryextendingto x.

Formally, W is multivaluedat ary state,suchasthe statesneara caustic,thatis reachedoy
morethanoneoptimaltrajectoryemanatingrom the enegetically loweststate(s) But by (1), the
leastvalueis dominant,andthe trajectoriesgiving rise to othersare unphysical. The statespace
of a noise-drven systemis typically partitionedby ‘switching surfaces’,on which dominance
switchesbhetweerbranche®f W.

The switching of dominanceresemblesa first-orderphasetransitionin a condensednatter

FIG. 1. How a caustic(solid curwe) could be formedasthe ervelopeof a family of outgoingoptimal
trajectories.



system. The similarity is unsurprising,since phasetransitionswith classicalcritical exponents
alsohave a catastrophe-theoretioterpretatiorf9]. Considerfor example,aferromagnetisystem
with extensve orderparametern (magnetization)in a magneticfield 4. Its thermodynamicsare
determinedby a free enegy function ¥ = (T, h). Below the critical temperaturél,, ¥ and
m = 0V /0h aremultivalued. If the phasetransitionis classical,i.e., of mean-fieldform, ¥ is

three-aluedin a sharp-tippedegion of the (T, h) planeboundedby ‘spinodals’of theform h ~

+constx (T, — T)*2. Thatis becauseheleadingtermsin the Legendretransform®¥ ") (T, m) =

hm — ¥(T, h) areof Ginzlurg—Landautype:

(T, m) ~ Co(T — T,)m?/2 + Cym*/4. (2)

In the catastrophe-theoretsensg8,9], the spinodalsarefold caustics. Eachis the projectionof
afold in the graphof ¥, which is a two-dimensionakurface,ontothe (7', k) plane. The critical
point (7., 0) from which the spinodalsextendis a cusp catastrophe: the projectionof the pointon
thegraphof ¥ atwhichthetwo foldsjoin. A first-orderphasdransitionline, onwhichdominance
switchesbetweerbranche®of ¥, extendsfrom (0, 0) to (7, 0).

Switchinglinesin two-dimensionahoise-drven systemsare clearly analogougo first-order
phasedransitionlines,andcausticdo spinodals Causticgypically terminateat cuspsandswitch-
ing lines alsofrequentlyterminateat cusps.So cuspswhich arevery common,areanalogougo
second-ordecritical points[2]. They arephysicallyimportantbecausetarny cusp,the prefactor
‘const in (1), whichin generals x-dependentliverges.

In previouswork [1,2], we pointedout thatin mary noise-drventwo-dimensionatdoublewell
systemswithout detailedbalancea cuspmaybe movedto coincidewith the saddlepoint between
thewells, by tuningparameterslf they coincide theKramers(e — 0) limit of noise-induceadhter-
well transitionsis greatlyaffected. The prefactorin the Kramerstransitionrateformulabecomes
anomalousit acquiresa negative power of .

Preciselyat criticality, we were able to approximatethe quasipotentiall¥’ nearary such
‘anomalouscusp’. Our expressiondifferedfrom the polynomial‘normal forms’ of corventional
catastropheheory In thermodynamicsit would correspondo a nonclassical phasetransition.
In catastropheheory it would be interpretedas a nongeneric catastropheone of the few such
of physicalrelevanceto have beendiscoveredsincethe work of Berry and Mount on the short
wavelengthlimit of scatterind8].

In this Letter, we extendRef.[2] by analysinghe‘unfolding’ of ananomalouguspin atypical
two-dimensionahoise-actratedsystemasa parameters movedtowardor away from criticality.
We explainhow it maybifurcateinto corventionalcusps.Our scalinglaw for thebifurcationyields
acorrespondindaw for the divergenceof the Kramersprefactor[11].

Considerthe following doublewell model,which is similar to modelsof blocking dynamics
in glassysystemswherea patrticleis coupledto a randomlyfluctuatingbarrierwhoseposition
is coupledto the particlemotion [12]. Let z (a particle positionvariable)andy (a barrierstate
variable)be nontrivially coupledin sucha way thatthevalues+1 for = and0 for y arestable.If
x andy areoverdampedndaredrivenby white noiseof strengthe, their joint dynamicscouldbe
modeledby Langevin equations

=N [m (1 - x2) - ozny] + €2n,(t)
g =~ (1 +2%)y + /2ny(2). 3)
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FIG. 2. The patternof optimal trajectoriesnearthe saddle,in the ‘broken phase’(a > «.). Here
Az = 1, |\y| = 1.1, a = 4.64, andthecritical valuec, equalst.62. In theshadedegion thequasipotential
W is multivalued,anda switchingline extendsfrom (0, 0) to thecusp(z., 0) = (0.048, 0).

Theparameters, > 0 and), < 0 determinghetime scalesonwhichz andy evolve,andgovern
theall-importantrelaxationabehaior nearthesaddlepoint (0, 0), where(z, §) ~ (Azz, —|Ay|y).

The forcing terms(n,, n,) area pair of independenGaussiarwhite noises,so that (;(s)n;(t))

equalsi;;o(s — t). Theparametery controlsthe absencef detailedbalance:only whena equals
u = |A\y|/A; is theredetailedbalance sinceonly in that caseis the drift field derived from a
potential.

Ourresultsareinsensitve to the detailsof the couplingbetween: andy, solong asthemodel
is symmetricthroughz = 0 andy = 0. To computethe patternof optimaltrajectoriesemanating
from the bottomof thex < 0 well or thez > 0 well, we usethe fact that in ary multidi-
mensionahoise-drven systemwith vectorLangesin equationk = u(x) + ¢'/?5(t), the optimal
trajectoriesare really zero-enegy Hamiltonian trajectories,generatedy the Wentzell-Freidlin
Hamiltonian[13]

H(x,p) =p*/2 +u(x) - p. (4)
Thatis becausehe associatetHamilton’s principleis
5/L(x,>'<) dt = 5/\>‘<— u(x)[? dt = 0,

whichis clearlya‘leastenegy expendedprinciple. Theconjugatenomentunp = 9L /0x equals
x — u, which measuresghe system$ motionagainsthe drift.

Figure 2 wasobtainedfrom (3) and(4) by integratingHamilton’s equationsoutward, at zero
enegy, from (1,0), i.e., from the bottom of the right-handwell. A small portionof thez < 0
half-planeis reachedby optimal trajectories but the restis in shadev. In phasespace which
is four-dimensional the optimal trajectoriestrace out a two-dimensionamanifold, calleda La-
grangianmanifold. This manifoldlies ‘above’ only a small partof thez < 0 half-plane.It folds
over, coveringtheshadedortionof the (z, y) planemorethanonce.In theshadedegion,themo-
mentump andthequasipotential , whichequals p-dx, aretwo-valued(z < 0) or three-alued
(z > 0). At ary pointx, p equals (x).



In Fig. 2, the parameter is chosento be slightly greaterthan a certaincritical value,

If thereis detailedbalance,the optimal trajectory patterncontainsno singularfeatures,but if

is increasedhrough , acusp emepesfrom the saddlepoint at andmovesto-
ward . This phenomenons not peculiarto the model definedby (3). In any symmetric
two-dimensionadoublewell systemthat violatesdetailedbalanceand hasa tunableparameter
asimilarcuspmaybeborn. Thefocusingof optimaltrajectoriesatthecuspresembleshefocusing
of raysin aradially symmetricoptical system.

Thevalue canbecomputedrom thesecond-ordevariationalequation , Which
is a criterion for bifurcation. On physicalgrounds,when , computedalongthe
on-axistrajectoryto the saddleis positive, but when , It is negative. In the model(3),
turnsout (cf. Ref.[2]) to equal

The cusp thatis presentwhen resembles second-ordecritical point. is
three-aluedin the sharp-tippedegion extendingfrom it, which is boundedoy ‘spinodals’of the
form const . (SeeFig. 2.) Moreover, thereis a switchingline extendingfrom
thesaddleat to . As noted thisline is analogougo afirst-orderphasdransitionline.

Whatremaingo beunderstoods how thecuspis bornat . In athree-dimensionalpace
with coordinates , thereis aline of second-ordecritical pointsin the planethatex-
tendsfrom to . By analogywith thermodynamicspnemight expect
to beathird-ordercritical point. At ary fixed , theleadingtermsin the Legendretransform

, closeto the cusp,areknown to be of Ginzkburg—Landauype|[2,5]:

()

Onemightexpectthatthecorrectthree-dimensionajeneralizatiorwould beahigherdegreepoly-
nomialin , , and . Thatwould allow the birth of the cuspto be viewed asa classical
phasdransition,or oneof the generic(polynomial)elementarycatastrophef8,9].

In Ref. [2] we presentedhitial evidenceagainsthis. At criticality ( ), we wereableto
constructascalingsolutionfor , valid nearthe -axiscloseto thesaddle. Theequatiorsatisfied
by the scalingfunction containechon-integer powers:in fact, powersthatdependedontinuously
ontheeigervaluequotient .

By linearizing Hamiltoniandynamicsnearthe saddle,we have now characterizedully the

behaior of the quasipotential neara singularpoint like . Our chief new resultis a
cubic equation satisfiedby the doubleLegendretransformof . It definesa higherorder but
nonclassicalgritical point. We have also extendedour scalinglaw to the casewhen

is nonzerobut small. Theseresultsshouldextendto any symmetricdoublewell system
with atunableparameter
Figure3, which wasobtainedin the ‘unbroken phase’( ), sheddight on behaior near
criticality. The crucialfeatureis the two causticsrelics of which appearedn Fig. 2. They form
partof theboundaryof the‘illuminated’ region. Eachcausticextendsfrom acusp whichis located

very closeto the -axisseparatrixbetweerthetwo wells. As , thecuspsneck down to the
saddle Any furtherincreasen causeshe -axiscusptobeborn,andto movetowardpositve .
Themegedcuspat , when , Is truly anomalouslt is the projectionof a pointon

theboundaryof the Lagrangiammanifold, ratherthanof a pointin its interior. Soit is a boundary

catastrophe: asingularpointof asensitvekind. To explainits bifurcationinto cuspsonthe -axis

or -axis,we mustapproximatehe optimaltrajectorypatternin aneighborhooaf thesaddle for
nonzerabut small.
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FIG. 3. The patternof optimal trajectoriesnearthe saddle,in the ‘unbroken phase’( ). Here
, , , andthecritical value equals . As , thetwo cuspscloseto

the -axisneckdown tothesaddle.

We accordinglylinearizeHamilton’s equationsywhich ary optimaltrajectorymustsatisfy near
thepoint in phasespace A simpleanalysiqcf. Ref.[3]) shovsthatthis
fixed point hastwo stabledirections, and , andtwo unstable
directions, and . Thezero-momentundirections(notilde) are
eigendirectiondor relaxationaltrajectorieswhich follow the drift. In the linear approximation,
ary optimaltrajectorynear mustsatisfy

(6)

wherethe ’saretrajectory-specificonstants.
We now index the ‘fan’ of optimal trajectoriesthat approachthe saddlepoint, asin Figs. 2
and3, by . Thenormalizationof thisindex variableis somavhatarbitrary A reasonablehoice

would be for it to denotedistancefrom the -axis (at a fixed , hearthe saddle).With this
choice, will correspondo the uphill optimaltrajectorythat climbstoward alongthe
positve -axis. If eachcoeficientin (6) canbe expandedn about , thenby symmetry

considerations

(7a)
(7b)
(7c)
(7d)

We identify the passagéhroughcriticality, as is increasedhrough , with the passinghrough
zero of the coeficients and . So, setting , wetake and to belinearly
proportionalto , to leadingordet

Eq. (6) comprisesfour scalarequations. Eliminating and amongthem, we canderive
‘equationsof state’relating andary threeof the phasespacecoordinates, , ,and .When
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, theequatiorrelating , , ,and (nearthe -axis),andtheequatiorrelating , ,
and (nearthe -axis),turnoutto be,respectrely,

(8a)

(8b)
Here , , ,and arepositive constantsAt criticality ( ), (8a)—(8b)reduceto theequa-
tionswe previously obtainedby analtogethedifferenttechniqug?2].

By definition,the cusp is thepointonthe positve -axiswhere or
stopsbeingmultivaluedasafunctionof ,as increase$rom . It is easyto verify from (8a)
thatwhen is smallandnegative (i.e., is smallandpositive),thecusplocation satisfies

. The -dependencef the parentcusps,which have , canbe computed
from (8b). They arethe pointscloseto the -axiswhere first becomesnultivalued,as
increasegrom zero. When (i.e., ), we find that the parentcuspsneck down
at the rate . Thatis sowhen , at least;for other , the predictionis

thatthereareno parentcuspsandno neckingdown. All thesepredictionshave beennumerically
confirmed[11].

Despitethe continuouslyvarying exponentsthe emegenceof the -axiscuspis surprisingly
similar to a second-ordephasetransition. Recallthat closeto the ferromagneticcritical point
definedby (2), scaledmagnetization andscaledmagnetidield arerelatedby

9)
or equivalentlyby the scalinglaw . Here and
, With and . The plus (minus)applieswhen is positive
(negative). Eq. (8a) mayberewrittenin theform (9), providedthatonedefines
(10)
(11)
The plus (minus)applieswhen is positive (negative). The law ,in

which appearsmplicitly, providesa unifieddescriptionof the -axisbehaior bothat criticality
( ) andaway ( ).
The most striking consequencef this approachis a generalscalinglaw, shoving how the

guasipotentialariesas movesaway from , inany direction. It canbe written
usingthedoubleLegendretransform , whichequals . Nearthe
saddle,
(12)
(13)
Let denotethe differencebetween andtheright-handside of (13). Since

,  may be expressedn termsof and by emplgying (6) and (7). By



eliminating and from the formulaefor , , and , we find to leadingorder
in

(14)
where and  arepositive constants.This is the extensionto of aformuladerivedin
Ref.[2].

In phasdransitionlanguagethe cubicequation(14) fully characterizethenonclassicastruc-
ture of the critical point , i.e., . Theequation(14) is

alsointerestingfrom a catastroph¢heorypoint of view. Nongenericcatastrophesyhich aredif-
ficult to classify mayin generabe perturbedn aninfinite numberof wayssoasto yield generic
catastrophef8]. But (14) describeghe bifurcationof a nongenericatastrophdthe anomalous
cusp)into corventionalcuspsjn aunique,physicallydeterminedvay.
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