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Abstract

We studythe patternof activatedtrajectoriesin a doublewell systemwithout de-
tailed balance,in the weak noiselimit. The patternmay containcuspsandother
singularfeatures,whicharesimilar to thecausticsof geometricaloptics.Theirpres-
enceis reflectedin the quasipotentialof the system,muchasphasetransitionsare
reflectedin thefreeenergy of a thermodynamicsystem.By tuningsystemparame-
ters,acuspmaybemadeto coincidewith thesaddlepoint. Suchananomalouscusp
is analogousto a nonclassicalcritical point. We derive a scalinglaw, andnonpoly-
nomial‘equationsof state’,thatgovernits bifurcationinto conventionalcusps.
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The optimal trajectory concepthasbeenwidely usedin the theoryof noise-activatedtransi-
tions[1–7]. In theweaknoiselimit, whentransitionsbetweenstablestatesbecomeexponentially
rare,oneor at mosta few trajectoriesin thesystemstatespacearesingledout asescapepathsof
leastresistance.Also, betweentheenergetically loweststablestateandany otherstatethereare
atmostafew dominantactivatedtrajectories.Suchoptimaltrajectories,whicharedeterminedby a
‘leastenergy expended’or ‘leastaction’variationalprinciple,areexperimentallyobservable[6,7].
In systemsthathave the propertyof detailedbalance,they aretime-reversedrelaxationaltrajec-
tories.But in nonequilibriumsystems,which lack detailedbalance,theoptimaltrajectorypattern
extendingfrom astablestatemaybemorecomplicated.

Optimal trajectoriesaresimilar in many waysto the raysof geometricaloptics,which char-
acterizein theshortwavelengthlimit thewavesemanatingfrom a point source.That is because
opticalraysmaybecomputedvariationallytoo,from a‘leastopticaldepth’principle. In amedium
with inhomogeneousindex of refraction,it is commonfor aray family to bounceoff acaustic sur-
face, leaving theregion behindin shadow: not illuminated,or illuminatedonly indirectly. Other
singularfeatureswith a catastrophe-theoreticinterpretationmay be produced[8,9]. In a noise-
drivensystemin whichdetailedbalanceis violated,thepatternof optimaltrajectoriesmaycontain
similar features[1,5,10].SeeFig. 1.

To understandthe crossingof optimal trajectories,it is useful to look at the quasipotential
of thenoise-drivensystem.If � is thenoisestrength(e.g., ��� 	�


in thermalsystems),and ��
����
denotesthestationaryprobabilitydensityof thesystematstate� , thenaquasipotential� ����
����
maybedefinedphenomenologicallyby

��
������ const ����� ��!#"$��
����&%'�&(*) �,+ -/. (1)

Thisdefinitionmakessensewhetheror not thesystemdynamicsareconservative,andwhetheror
not the noiseactsso asto preserve detailedbalance. � equalszeroat the energetically lowest
stablestate(s),and ��
���� is essentiallytheminimumenergy neededto excitethesystemto state� .
It maybecomputedasa line integralalongtheoptimaltrajectoryextendingto � .

Formally, � is multivaluedat any state,suchasthe statesneara caustic,that is reachedby
morethanoneoptimaltrajectoryemanatingfrom theenergeticallyloweststate(s).But by (1), the
leastvalueis dominant,andthe trajectoriesgiving rise to othersareunphysical.Thestatespace
of a noise-driven systemis typically partitionedby ‘switching surfaces’,on which dominance
switchesbetweenbranchesof � .

The switchingof dominanceresemblesa first-orderphasetransitionin a condensedmatter

FIG. 1. How a caustic(solid curve) couldbe formedastheenvelopeof a family of outgoingoptimal
trajectories.
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system. The similarity is unsurprising,sincephasetransitionswith classicalcritical exponents
alsohaveacatastrophe-theoreticinterpretation[9]. Consider, for example,aferromagneticsystem
with extensiveorderparameter0 (magnetization),in a magneticfield 1 . Its thermodynamicsare
determinedby a free energy function 2434265�798�1;: . Below the critical temperature7=< , 2 and0 3?>�2A@B>C1 aremultivalued. If the phasetransitionis classical,i.e., of mean-fieldform, 2 is
three-valuedin a sharp-tippedregion of the 5�798�1;: planeboundedby ‘spinodals’of theform 1�DE

const FG5�7C<IHJ7$:LKNMPO . Thatis becausetheleadingtermsin theLegendretransform Q2SRUTWV&5�798�0X:ZY1[0\H]2^5�798�1;: areof Ginzburg–Landautype:

Q2 R_T`V 5�798a0X:bDdc O 5�7eHG7C<L:L0 O @'fhgic,jk0 j @Bl[m (2)

In thecatastrophe-theoreticsense[8,9], thespinodalsarefold caustics. Eachis theprojectionof
a fold in thegraphof 2 , which is a two-dimensionalsurface,onto the 5�798�1;: plane. Thecritical
point 5�7=<k8kno: from which thespinodalsextendis a cusp catastrophe: theprojectionof thepoint on
thegraphof 2 atwhichthetwo folds join. A first-orderphasetransitionline, onwhichdominance
switchesbetweenbranchesof 2 , extendsfrom 5pn/8knq: to 5�7=<k8anq: .

Switchinglines in two-dimensionalnoise-drivensystemsareclearly analogousto first-order
phasetransitionlines,andcausticsto spinodals.Causticstypically terminateatcusps,andswitch-
ing linesalsofrequentlyterminateat cusps.Socusps,which arevery common,areanalogousto
second-ordercritical points[2]. They arephysicallyimportantbecauseat any cusp,theprefactor
‘const’ in (1), which in generalis r -dependent,diverges.

In previouswork [1,2], wepointedout thatin many noise-driventwo-dimensionaldoublewell
systemswithoutdetailedbalance,acuspmaybemovedto coincidewith thesaddlepointbetween
thewells,by tuningparameters.If they coincide,theKramers( sut n ) limit of noise-inducedinter-
well transitionsis greatlyaffected.Theprefactorin theKramerstransitionrateformulabecomes
anomalous:it acquiresa negativepowerof s .

Preciselyat criticality, we were able to approximatethe quasipotentialv near any such
‘anomalouscusp’. Our expressiondifferedfrom thepolynomial‘normal forms’ of conventional
catastrophetheory. In thermodynamics,it would correspondto a nonclassical phasetransition.
In catastrophetheory, it would be interpretedasa nongeneric catastrophe:oneof the few such
of physicalrelevanceto have beendiscoveredsincethe work of Berry andMount on the short
wavelengthlimit of scattering[8].

In thisLetter, weextendRef.[2] by analysingthe‘unfolding’ of ananomalouscuspin atypical
two-dimensionalnoise-activatedsystem,asaparameteris movedtowardor away from criticality.
Weexplainhow it maybifurcateinto conventionalcusps.Ourscalinglaw for thebifurcationyields
acorrespondinglaw for thedivergenceof theKramersprefactor[11].

Considerthe following doublewell model,which is similar to modelsof blockingdynamics
in glassysystems,wherea particle is coupledto a randomlyfluctuatingbarrierwhoseposition
is coupledto the particlemotion [12]. Let w (a particlepositionvariable)and x (a barrierstate
variable)benontrivially coupledin sucha way that thevalues

E^y
for w and n for x arestable.Ifw and x areoverdampedandaredrivenby whitenoiseof strengths , their joint dynamicscouldbe

modeledby Langevin equationszw{3}|[~A�Uw�� y H�w Ok� H���w;x OL� gis`� MPO�� ~�5��&:zx^3�H^��|[���#5 y g�w O :Lx�g�s`� MPO�� �'5��&:`m (3)
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FIG. 2. The patternof optimal trajectoriesnearthe saddle,in the ‘broken phase’( �����=� ). Here���9���
, � �q� � �e���#�

, � �G�q� �¡�
, andthecritical value �=� equals

�q� �£¢
. In theshadedregion thequasipotential¤

is multivalued,andaswitchingline extendsfrom ¥§¦o¨N¦ª© to thecusp ¥¬«/�a¨N¦ª©�­�¥§¦ � ¦ �ª® ¨N¦ª© .
Theparameters̄

�A°�±
and ¯ ��²�±

determinethetimescalesonwhich ³ and ´ evolve,andgovern
theall-importantrelaxationalbehavior nearthesaddlepoint µ ±/¶k±q· , where µ/¸³ ¶ ¸´ ·b¹ µº¯ � ³ ¶�»^¼ ¯ � ¼ ´ · .
The forcing terms µp½ �o¶ ½ �¡· area pair of independentGaussianwhite noises,so that ¾*½ª¿Nµ*À · ½�ÁBµ�Â ·&Ã
equalsÄ`¿�Á`Ä µºÀ » Â · . TheparameterÅ controlstheabsenceof detailedbalance:only when Å equalsÆÈÇ ¼ ¯ ��¼�É ¯ � is theredetailedbalance,sinceonly in that caseis the drift field derived from a
potential.

Our resultsareinsensitiveto thedetailsof thecouplingbetween³ and ´ , solongasthemodel
is symmetricthrough³�Ê ±

and ´ËÊ ±
. To computethepatternof optimaltrajectoriesemanating

from the bottom of the ³ ² ±
well or the ³ ° ±

well, we use the fact that in any multidi-
mensionalnoise-drivensystemwith vectorLangevin equation ¸Ì ÊÈÍuµ Ì ·ÏÎ�Ð`Ñ*ÒPÓkÔ µ�Â · , theoptimal
trajectoriesare really zero-energy Hamiltonian trajectories,generatedby the Wentzell–Freidlin
Hamiltonian[13] Õ µ Ì ¶aÖ×· Ê Ö Ó É'ØÙÎ Íuµ Ì ·ÛÚ£ÖZÜ (4)

Thatis becausetheassociatedHamilton’sprincipleis

Ä×ÝeÞßµ Ì ¶ ¸Ì ·[à Â,ÊáÄbÝ ¼ ¸Ì » Íuµ Ì ·£¼ Ó à ÂÙÊ ±/¶
whichis clearlya‘leastenergy expended’principle.Theconjugatemomentum

Ö Ç�â Þ É â ¸Ì equals¸Ì » Í , whichmeasuresthesystem’smotionagainstthedrift.
Figure2 wasobtainedfrom (3) and(4) by integratingHamilton’s equationsoutward,at zero

energy, from µNã ¶k±q· , i.e., from the bottomof the right-handwell. A small portion of the ³ ²ä±
half-planeis reachedby optimal trajectories,but the rest is in shadow. In phasespace,which
is four-dimensional,the optimal trajectoriestraceout a two-dimensionalmanifold, calleda La-
grangianmanifold. This manifold lies ‘above’ only a smallpartof the ³ ²�±

half-plane.It folds
over, coveringtheshadedportionof the µ�³ ¶ ´ · planemorethanonce.In theshadedregion,themo-
mentum

Ö
andthequasipotentialå , whichequalsæ ÖAÚPà Ì , aretwo-valued( ³ ²e±

) or three-valued
( ³ °�±

). At any point Ì ,
Ö

equalsçGå�µ Ì · .
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In Fig. 2, the parameterè is chosento be slightly greaterthan a certaincritical value, è�é .
If thereis detailedbalance,the optimal trajectorypatterncontainsno singular features,but ifè is increasedthrough è�é , a cusp ê�ë;é`ìaíqî emergesfrom the saddlepoint at êpí/ìkíqî andmovesto-
ward êLï'ìkíqî . This phenomenonis not peculiarto the model definedby (3). In any symmetric
two-dimensionaldoublewell systemthat violatesdetailedbalanceandhasa tunableparameter,
asimilarcuspmaybeborn.Thefocusingof optimaltrajectoriesatthecuspresemblesthefocusing
of raysin a radially symmetricopticalsystem.

Thevalue è�é canbecomputedfrom thesecond-ordervariationalequationðòñCó,ôËõoö�÷øí , which
is a criterion for bifurcation. On physicalgrounds,when èáù�è�é , ðòñ=óuôËõoö computedalongthe
on-axistrajectoryto thesaddleis positive,but when èûú�è�é , it is negative. In themodel(3), è�é
turnsout (cf. Ref. [2]) to equal üªý�êpý6þÿïòî .

The cusp ê�ë;ékìkíqî that is presentwhen è ú�è�é resemblesa second-ordercritical point.
�

is
three-valuedin thesharp-tippedregion extendingfrom it, which is boundedby ‘spinodals’of the
form ����� const �iê�ë;é	��ëCî�

� ñ . (SeeFig. 2.) Moreover, thereis a switchingline extendingfrom
thesaddleat êpí/ìkíqî to ê�ë;ékìkíqî . As noted,this line is analogousto afirst-orderphasetransitionline.

Whatremainsto beunderstoodis how thecuspis bornat è ÷øè�é . In athree-dimensionalspace
with coordinatesê�ë�ì����kè×î , thereis a line of second-ordercritical pointsin the � ÷}í planethatex-
tendsfrom ê*í/ìkí��kè�é�î to êLï'ìkí���þ���î . By analogywith thermodynamics,onemightexpect êpí/ìkí��aè�éPî
to beathird-ordercritical point. At any fixed è�úeè�é , theleadingtermsin theLegendretransform�������� ê�ë�ì�� � î���� � � � �

, closeto thecusp,areknown to beof Ginzburg–Landautype[2,5]:�� ����� ê�ë�ì�� � î!�#" ñ ê*è×î%$ ë&�Jë;é¡êpèÛî(')� ñ�+* üÙþ,".-Bê*è×î/� -�0*21�3 (5)

Onemightexpectthatthecorrectthree-dimensionalgeneralizationwouldbeahigher-degreepoly-
nomial in ë , � � , and è4��è�é . That would allow thebirth of the cuspto be viewedasa classical
phasetransition,or oneof thegeneric(polynomial)elementarycatastrophes[8,9].

In Ref. [2] we presentedinitial evidenceagainstthis. At criticality ( è�÷�è�é ), we wereableto
constructascalingsolutionfor

�
, valid nearthe ë -axiscloseto thesaddle.Theequationsatisfied

by thescalingfunctioncontainednon-integerpowers:in fact,powersthatdependedcontinuously
on theeigenvaluequotient ý .

By linearizingHamiltoniandynamicsnearthe saddle,we have now characterizedfully the
behavior of the quasipotential

�
neara singularpoint like êpí/ìkí��kè�éNî . Our chief new result is a

cubic equation satisfiedby the doubleLegendretransformof
�

. It definesa higher-order, but
nonclassical,critical point. We have also extendedour èä÷ è�é scalinglaw to the casewhen5 è6��è�é 5 is nonzerobut small. Theseresultsshouldextendto any symmetricdoublewell system
with a tunableparameter.

Figure3, which wasobtainedin the‘unbrokenphase’( èeù}è�é ), shedslight on behavior near
criticality. Thecrucial featureis the two caustics,relicsof which appearedin Fig. 2. They form
partof theboundaryof the‘illuminated’ region. Eachcausticextendsfromacusp,whichis located
verycloseto the � -axisseparatrixbetweenthetwo wells. As è87 è�é�9 , thecuspsneck down to the
saddle.Any furtherincreasein è causesthe ë -axiscuspto beborn,andto movetowardpositive ë .

Themergedcuspat êpí/ìkíqî , when èG÷áè�é , is truly anomalous.It is theprojectionof a point on
theboundaryof theLagrangianmanifold,ratherthanof a point in its interior. Soit is a boundary
catastrophe: asingularpointof asensitivekind. To explain its bifurcationinto cuspsonthe ë -axis
or � -axis,wemustapproximatetheoptimaltrajectorypatternin aneighborhoodof thesaddle,for5 è:�]è�é 5 nonzerobut small.
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FIG. 3. The patternof optimal trajectoriesnearthe saddle,in the ‘unbroken phase’( ;=<>;@? ). HereACB�D�E
, F ACG F D#EIHJE

, ; DLKMH)NOE
, andthecritical value ;�? equals

KMH)N+P
. As ;RQS;�?UT , thetwo cuspscloseto

the V -axisneckdown to thesaddle.

WeaccordinglylinearizeHamilton’sequations,whichany optimaltrajectorymustsatisfy, near
thepoint W/XZY\[^]�_ B Y�_ G%`�a Wcb�Ydb�]db�Y\b ` in phasespace.A simpleanalysis(cf. Ref. [3]) showsthatthis
fixedpoint hastwo stabledirections,egf a Wcb�Y%hO]db�Ydb ` and iegf a W�hjYdb�]IkmlOn B Ydb ` , andtwo unstable
directions,eMo a W
hOYdb�]db�Ydb ` and ieMo a Wpb�YIhO]\b�Yql^rsn G r ` . Thezero-momentumdirections(notilde) are
eigendirectionsfor relaxationaltrajectories,which follow the drift. In the linear approximation,
any optimaltrajectorynear W/XZY�[ `ta Wcb�Ydb ` mustsatisfy

W/XZY\[^]�_ B Y�_ G%`�u#v fUw T^x yqz{x | egf~}��v f�w Tgyq��| iegf (6)} v o�w yq��| eMo�} �v o�w x y{z0x | ieMo�Y
wherethe

v
’saretrajectory-specificconstants.

We now index the ‘f an’ of optimal trajectoriesthat approachthe saddlepoint, as in Figs. 2
and3, by � . Thenormalizationof this index variableis somewhatarbitrary. A reasonablechoice
would be for it to denotedistancefrom the X -axis (at a fixed X���b , nearthesaddle).With this
choice, � a b will correspondto theuphill optimal trajectorythatclimbstoward Wpb�Ydb ` alongthe
positive X -axis. If eachcoefficient in (6) canbe expandedin � about � a b , thenby symmetry
considerations v f a���� �.} �C� � � }��+�+�0Y (7a)�v f a��d� } �d� � � }��+�+�0Y (7b)v o a��q� � � } �q� � � }��+�+�0Y (7c)�v o a���� �.} �C� � � }��+�+�%� (7d)

We identify thepassagethroughcriticality, as � is increasedthrough � ? , with thepassingthrough
zero of the coefficients

�{�
and

���
. So, setting �=� � ? k>� , we take

�q�
and

���
to be linearly

proportionalto � , to leadingorder.
Eq. (6) comprisesfour scalarequations. Eliminating � and � amongthem, we can derive

‘equationsof state’relating � andany threeof thephasespacecoordinatesX , [ , _ B , and_ G . When
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�s���g� �
, theequationrelating � ,   , ¡£¢ , and

�
(nearthe � -axis),andtheequationrelating � ,   , ¡�¤ ,

and
�

(nearthe   -axis),turnout to be,respectively,

¥§¦©¨ ¡�¢�ª¬« �s­ ¢ �  �®�¯ (8a)°²±�³ � �µ´·¶ ¨ ¡�¢¸ª,« �s­ ¢ �  £® °L±O¹ ��º(¶0¡£¢¥§¦©¨ ¡�¤ ° « ­ ¤I��® ¯ (8b)°¼» ³ � ¡£´·¶�½g´¤  g´ ¨ ¡£¤ ° « ­ ¤I��® °¼»0¹  Cº·¡£º(¶ ½ ¯¤
Here

±�³
,
±O¹

,
» ³

, and
»0¹

arepositiveconstants.At criticality (
� ¦�¥

), (8a)–(8b)reduceto theequa-
tionswepreviouslyobtainedby analtogetherdifferenttechnique[2].

By definition,thecusp
¨ �µ¾d¿ ¥ ® is thepoint on thepositive � -axiswhere À or

¨ ¡£¤M¿�¡�¢I® ¦�Á À
stopsbeingmultivaluedasafunctionof

¨ �Z¿\ �® , as � increasesfrom
¥
. It is easyto verify from (8a)

thatwhen
�

is smallandnegative(i.e., ÂÃª¬ÂÄ¾ is smallandpositive),thecusplocation �µ¾ satisfies�µ¾§Å ¨ ª � ® ³cÆ ´·¶ . The
�
-dependenceof the parentcusps,which have   ¦�Ç  j¾ , canbe computed

from (8b). They arethepointscloseto the   -axiswhere
¨ ¡£¤O¿c¡£¢+® first becomesmultivalued,as

�   �
increasesfrom zero. When

�6È ¥OÉ
(i.e., Â È ÂZ¾ ½ ), we find that the parentcuspsneckdown

at the rate  2¾ÊÅ � ¯ Æ ´�½C¶ . That is so when
�ÌË�Í�ÎÐÏMÑ « , at least; for other

Í
, the predictionis

thatthereareno parentcusps,andno neckingdown. All thesepredictionshave beennumerically
confirmed[11].

Despitethecontinuouslyvaryingexponents,theemergenceof the � -axiscuspis surprisingly
similar to a second-orderphasetransition. Recall that closeto the ferromagneticcritical point
definedby (2), scaledmagnetizationÒ andscaledmagneticfield Ó arerelatedby

Ò ¯ Ç Ò ª¬Ó ¦�¥ ¿ (9)

or equivalentlyby thescalinglaw Ò ¦ÕÔ�Ö!¨ ÓR® . Here Ò ×�ØmÙ Ñµ� Ú ª Ú ¾ � ³cÆ ´ and ÓS×�ÛÝÜ Ñ^� Ú ªÚ ¾ � ¯ Æ ´ , with ØÞ×àß á º Ñ á ´ and ÛS×ÐØ ¯ Ñ á º . The plus (minus)applieswhen
Ú ª Ú ¾ is positive

(negative). Eq.(8a)mayberewritten in theform (9), providedthatonedefines

Ò × ¨ ¡�¢¸ª,« �s­ ¢ �  �®�â � ±�³ � � ´·¶ °L±M¹ � º(¶ � ³cÆ ´ (10)

Ó�×>« �s­ ¢ � ±M¹ ��º(¶O �â � ±�³ � �µ´·¶ °L±M¹ ��º(¶ � ¯ Æ ´+ã (11)

The plus (minus)applieswhen
±�³ � � ´·¶ °�±O¹ � º(¶ is positive (negative). The law Ò ¦äÔ�Öt¨ ÓR® , in

which
�

appearsimplicitly, providesaunifieddescriptionof the � -axisbehavior bothat criticality
(
� ¦�¥

) andaway (
�æå¦�¥

).
The most striking consequenceof this approachis a generalscalinglaw, showing how the

quasipotentialvariesas
¨ �Z¿\ ^çdÂ	® movesaway from

¨c¥ ¿ ¥ çdÂÄ¾·® , in any direction. It canbe written
usingthedoubleLegendretransform èÀ�é ¤Iê ¢�ë ¨ ¡£¤O¿�¡£¢%®�×�ì:í+îïª,À , whichequalsðñìòí�óMî . Nearthe
saddle,

À ¨ �Z¿\ £®	ô>À ¨p¥ ¿ ¥ ®Äª ­ ¤I�µ´ ° �s­ ¢ �  �´ (12)

èÀ é ¤Iê ¢�ë ¨ ¡£¤j¿�¡£¢%®�ô©ªõÀ ¨c¥ ¿ ¥ ®	ªï¡�´¤ Ñ2öC­ ¤ ° ¡�´¢ Ñ2ö@�s­ ¢ � ã (13)

Let ÷ ¦ ÷ ¨ ¡£¤M¿�¡£¢%® denotethe differencebetweenèÀ�é ¤Iê ¢\ë andthe right-handsideof (13). SinceèÀ é ¤Iê ¢�ë ¦ ð�ìLí§øîùóMú , ÷ may be expressedin termsof û and ú by employing (6) and (7). By
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eliminating ü and ý from the formulæfor þÊÿcü��Uý � , ���gÿ�ü���ý � , and ���jÿcü��Uý � , we find to leadingorder
in �

þ
	���
����������� ���� þ���
��������� ������! � (14)

where 
�� and 
�� arepositive constants.This is theextensionto �#"�$ of a formuladerived in
Ref. [2].

In phasetransitionlanguage,thecubicequation(14) fully characterizesthenonclassicalstruc-
tureof thecritical point ÿ&%'�)(*�)+ � � ÿ  �  ��+', � , i.e., ÿ-���.�/���0��+ � � ÿ  �  �)+1, � . The equation(14) is
alsointerestingfrom a catastrophetheorypoint of view. Nongenericcatastrophes,which aredif-
ficult to classify, mayin generalbeperturbedin aninfinite numberof wayssoasto yield generic
catastrophes[8]. But (14) describesthe bifurcationof a nongenericcatastrophe(the anomalous
cusp)into conventionalcusps,in aunique,physicallydeterminedway.

This researchwassupportedin part by NSF grantPHY-9800979.A portion wascompleted
while theauthorswerein residenceat theAspenCenterfor Physics.
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