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Abstract

A minor error in thenecessaryconditionsfor thealgebraicform of theLamé equationto
haveafinite projectivemonodromygroup,andhencefor it to haveonly algebraicsolutions,
is pointedout.[SeeF. Baldassarri,“On algebraicsolutionsof Lamé’sdifferentialequation”,
J. DifferentialEquations41(1) (1981),44–58.]It is shown thatif thegroupis theoctahedral
group ��� , thenthedegreeparameterof theequationmaydiffer by �����
	 from an integer;
this possibilitywasmissed.Theomissionaffectsa recentresulton themonodromyof the
Weierstrassform of theLaméequation.[SeeR. C. Churchill,“Two-generatorsubgroupsof�
�����
�����

andthehypergeometric,Riemann,andLamé equations”,J. SymbolicComputa-
tion 28 (4–5) (1999),521–545.]TheWeierstrassform, which is a differentialequationon
anelliptic curve,mayhave,afterall, anoctahedralprojective monodromygroup.

Key words: Laméequation,hypergeometricequation,projective monodromygroup,finite
monodromy,algebraicsolution,Schwarzlist
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1 Intr oduction

TheLaméequationis asecond-orderFuchsiandifferentialequation.It maybewrit-
ten ����� ��� �"! , where�#�$� � is theLaméoperatorwith complex parameters% and & .
The first, the so-calleddegreeparameter, is often denoted' , but the notation % is
usedhere,to hint at connectionswith Lie grouprepresentationtheory. & is anac-
cessoryparameter, which in many applicationsplaystherole of aneigenvalue.

TheLaméequationarosein aclassicalsetting:thesolutionof Laplace’sequationin
ellipsoidalcoordinatesby separationof variables.In thatcontext, its solutionsin-
cludetheellipsoidalharmonics.In classicaltreatments,% is accordinglyaninteger,
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orperhapsahalf-odd-integer[1, Chap.XXIII]. Thelattercasearisesin amorecom-
plicatedseparationof variablesproblem(see[2, Chap.IX, Ex. 4], [3, Sec.15.1.3]).
In modernapplications,% mayvary continuously. For example,theLamé equation
with %�*,+-!/.1032 hasbeenusedto computetheHubbledistance–redshiftrelationin in-
homogeneous,spatiallyflat cosmologies[4]. In thatapplication,%54�%7698;:=<
>?*,+@!�.
8A2
is thefractionof inhomogeneousmatterin theuniversethatis ‘dark’, i.e.,excluded
from observation.

Actually, several distinct equationsare referredto in the literatureas the Lamé
equation.Weinitially considerthealgebraicform, ratherthantheWeierstrassor the
Jacobiform.Thealgebraicform is definedonthecomplex projectiveline B ) 4�C?:D�CFEHGJILK , with

�#�$� �NM�O�P�RQTS�6 80 UVW X ) 8YTZ,[ W Q Z %54�%D6\8]: Y 6^&_a` UW X ) 4 Y Zb[ W : . (1.1)

where Q M�O�P�dce<
c Y . Here %J.f&T. [ ) . [ S . [ U *gC , the [ W aredistinct,andby convention,[ ) 6 [ S 6 [ U �h! . Theequation����� �i�g�j! hasfour regularsingularpoints,three
of which ( [ ) . [ S . [ U ) have characteristicexponents!�.
8]<50 , andoneof which ( I )
hasexponentsZ %;<
0 , 4�%k6l8]:m<50 . So thealgebraic-formLamé equationis a special
caseof the Heunequation,which is the generalsecond-orderFuchsianequation
on B ) 4$C?: with four singularpoints.

Via the map 4 Y .=no:qpr Y , the line B ) 4$C?: is doubly coveredby the elliptic curven S � _ Y U Z\s S YtZFs U , wherethe invariants s S . s U *uC , at leastoneof which is
nonzero,aredefinedby

_ Y U Z?s S YaZ?s Ukv _ ` UW X ) 4 YkZq[ W : . Thiscurvewill bedenotedwyx$z � x${ . �#�$� � canbepulledbackto adifferentialoperator����� �i� x$z � x${ thatactson
wyx$z � x${ .

Thepullbackhasonly onesingularpoint, namely 4 Y .=no:|�}4~I".1I�: , which from a
geometricpoint of view is why theLamé caseof theHeunequationis important.
Thepulled-backequation�#�$� �7� x�z � x${ ���L! on

w|x�z � x${ is theWeierstrassform,whichis
discussedin Section5. Indirectreferencesto theelliptic curve interpretationoccur
elsewhere,sincewhenstudying ����� � , we classifyvarioussituationsby supplying
the correspondingvalue of � , Klein’s modularfunction (also known as Klein’s
absoluteinvariant).Recallthat �tM=O�P� s US <
�d*,C , where �jM�O�P� s US Z 05� s SUT���! is the
modulardiscriminant.If f two elliptic curvesspecifiedby s S . s U havethesamevalue
of � , they arebirationallyequivalent,e.g.,homeomorphicascomplex manifolds[5,
Sec.5.3].

Thedeterminationof all quadruples%
.�&T. s S . s U for which �#�$� � hasonly algebraic
functionsin its kernelis anunsolvedproblem.Thenonclassicalcase0]%T<*H� of this
problemis perhapsthemosttractable.Singer[6] andMorales-RuizandSimó [7,
Lemma1] mentionanunpublishedresultof Dwork that for any fixed % for which0]%T<*9� , if [ ) is fixed,thenthereareonly afinite numberof pairs [ U .f& for whichall
solutionsof ����� ��� �L! arealgebraic.In essence,for each%�<*,4�8;<505:f� thereareonly
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a finite numberof ‘algebraic’pairs �/.f& ; thoughfor this statementto make sense,& would needto be redefinedin a scale-invariantway, constanton eachelliptic
curve isomorphismclass.

Thedifficulty of findingall %J.f&�. s S . s U for which theLaméequation�#�$� �����L! has
only algebraicsolutionscontrastswith theclassicalsolutionof thecorresponding
problemfor thehypergeometricequation���
� �]� ���q�F! , thecanonicalsecond-order
Fuchsianequationon B ) 4�C�: with threesingularpoints.Here

���;� �]� �|M�O�P� c Sc�� S 6 8 Z�� S_ � S 6 8 Zb� S_ 4�� Z 8]: S 6 � S 6 � S Z 8 Z,� S_ ��4�� Z 8]: (1.2)

is the (normal-form)hypergeometricoperatorwith exponentdifferences� . � . � *C , andthesingularpointson B ) 4$C?: (coordinatizedby � ) are ���}!/.
85.1I . It is a
classicalresultof Schwarzthatif � . � . � <*�� , then ���
� �3� �A���"! will haveonly alge-
braicsolutionsif f asuitablynormalizedversionof � . � . � (regardedasanunordered
triple) appearsonacertainlist. This is thefamous‘Schwarzlist’, whichhas15en-
tries,numberedI–XV. (See[2, Sec.30], [3, Sec.2.7.2], [8].) The casewhenone
of � . � . � is anintegeris degenerate,andcanbehandledby othermeans(it hasits
own list). To eachlist entrytherecorrespondsafinite group,to whichtheprojective
monodromygroup  T4����;� �]� �;: , whichwill bea finite subgroupof theMöbiusgroup¡£¢¥¤ 4�0/.AC?: , is necessarilyisomorphic.Thepossiblegroupsarecyclic ( ¦a§ , '©¨ª8 ),
dihedral( Q?§ , '©¨F0 ), tetrahedral( « � ), octahedral( ¬ � ), andicosahedral( «£­ ).
Klein’s theoryof pullbacksof Fuchsianoperatorsgrew out of Schwarz’s classifi-
cationtheory. Associatedto any second-orderFuchsianoperator® onanalgebraic
curveover C is aprojectivemonodromygroup  T4�®¯:a° ¡£¢¥¤ 4~0/.�C�: . Klein showed
that  T4�®¯: will be finite, which is almostenoughto ensurethat ®±�b�²! hasonly
algebraicsolutions,if f ® is a (weak)pullbackfrom B ) 4$C?: of some���
� �3� � , where� . � . � belongsto a smallsublist,calledthe‘basicSchwarzlist’. (Otherlist entries
canbeomittedsincethey areredundant:they themselvescorrespondto pullbacks.)
Necessarily �4�®³:±°´ �4����
� �3� �
: ; andin fact, thereis at leastone � . � . � on theba-
sic Schwarz list, with correspondingpullback,suchthat  T4�®¯:|�� T4����;� �]� �;: . If the
pullbackis known explicitly,  �4�®³: mayreadilybecomputed,andthesolutionsof®µ���"! maybecomputedtoo.All solutionswill bealgebraic,providedtheWron-
skianof ® is algebraic.Theproofsof Klein weremodernizedby Baldassarriand
Dwork in [9,10].

In a remarkablepaper, Baldassarri[11] appliedKlein’s theoryto the Lamé equa-
tion. By determiningnecessaryconditionsfor the existenceof a pullbackof �#�$� �
from eachpossible���
� �3� � , Baldassarriderivedanecessaryconditionfor �#�$� �i� �"!
to have only algebraicsolutions,and also necessaryconditionsfor  �4��#�$� ��: to
be eachpossiblefinite subgroupof the Möbiusgroup.It is a classicalresult that T4��#�$� ��: is nevercyclic, andcanbedihedralonly if 0]%³*b� . Moreover, in thenon-
classicalcase0]%N<*�� , it cannotbedihedral.Baldassarrishowedthat if 0]%N<*^� , all
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solutionsof �#�$� �i���l! canbealgebraiconly if oneof %¥¶l8]</8;! , %D¶l8]<
> , %D¶"8]< _ ,
or %·¶¹¸º<e8;! is aninteger. Moreover,  T4������ �#: cannotbetetrahedral,soif it is finite,
it mustbeoctahedralor icosahedral.

Unfortunately, [11] errsin its treatmentof theoctahedralcase.In Theorem3.1,we
restatetheconditionsof [11] with thefollowing correction:For  �4��#�$� ��: to beocta-
hedral,it is necessarythatoneof %�¶t8]<
> or %�¶t8]< _ beaninteger, but notthatoneof%¥¶l8]< _ beaninteger. We discoveredtheneedfor this correctionwhile examining
theimplicationsfor Lamé monodromyof [12], which in effect classifiesall strong
pullbacksof the hypergeometricto the Heun equation.Pulling back ‘algebraic’���;� �]� � via thequadraticandcubiccyclic mapstreatedin [12] yieldsusefulexam-
plesof Lamé operatorswith only algebraicfunctionsin their kernels,includinga
counterexampleto thenecessaryconditionof [11]. Thecounterexampleappearsin
Proposition3.4,andexplicit formulæfor the solutionsof a numberof interesting
Laméequationswith projectively finite monodromyaregivenin Section4.

Thecorrectednecessaryconditionfor  �4��#�$� ��: to beoctahedraloverlapswith the
necessaryconditionthat it be icosahedral,which is thatoneof %k¶l8]</8;! , %k¶l8]<
> ,
or %±¶u¸º<e8;! be an integer. For example, %,� 8]<
> is both an octahedraland an
icosahedralalternative.It followsfrom Propositions3.4and3.5thatthereareLamé
operatorswith %¯�}8]<J> of boththeoctahedralandicosahedraltypes.This implies
thatin thenonclassical0]%T<*�� case,finite projectivemonodromyis notdetermined
uniquelyby % .
Churchill [13] studiedthe monodromyof the Weierstrass-formLamé equation�#�$� �7� x�z � x${ �t�»! on theelliptic curve

wyx$z � x${ , andemployedtheresultsof [11] to de-
rivesimilar resultson theprojectivemonodromygroup  �4��#�$� �7� x�z � x�{ : . In particular,
hededucedthatit cannotbeoctahedral.Unfortunately, thisdeductionis invalidated
by theerrorin [11] andtheconsequentnonuniqueness.In Section5,weprovidede-
tails, includingTheorem5.1,a correctedtheoremon  �4��#�$� �7� x�z � x�{ : andits relation
to  T4��#�$� ��: . Wealsogiveanexampleof anequation�#�$� �7� x�z � x${ ���"! with octahedral
projectivemonodromy.

2 Preliminaries

Thefollowing definitionsandresultsarefairly standard[9,10], but areincludedto
makethispaperself-contained.Suppose¦ is anonsingularalgebraiccurveover C
with functionfield ¼�<�C , andthat Q is a nontrivial derivationof ¼�<�C . (For exam-
ple, ¦h�´B ) 4$C?: , with ¼½�hC 4 Y : , thefield of rationalfunctions,and Q theusual
derivation ce<
c Y .) Considerthemonicsecond-orderoperator�b�"Q S 6,¾´¿]Q»6,À (2.1)
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where ¾�.�ÀÁ*Â¼ . Let G3Ã ) .
Ä�Ä
Ä�.fÃ�ÅAK be its setof singularpoints,which comprises
the polesof ¾ and À , and possibly the point at infinity; and let Ã be an ordi-
nary point. A

¢¥¤ 4~0/.AC?: monodromyrepresentationof the fundamentalgroupof
thepuncturedcurve, Æ ) 4�¦\Ç±G3Ã ) .
Ä
Ä
ÄA.fÃ�Å�K�ÈfÃ³: , is obtainedby analyticallycontinu-
ing any two linearly independentfunctionelements� ) .�� S aroundclosedpathsthat
issuefrom Ã . Its imagein

¢¥¤ 4�0/.AC?: is themonodromygroupof � (its isomorphism
classis independentof thechoiceof � ) .�� S and Ã ). The imageof themonodromy
groupin

¡£¢¥¤ 4�0/.AC?: , obtainedby quotientingoutits intersectionwith CTÇÉG3!/K , is the
projectivemonodromygroup  �4��D: , thegroupof monodromiesof theratio � S <J� ) .
If f  �4��D: is finite, any ratio of independentsolutionsof ���,�R! will be algebraic
over ¼ , with Galoisgroup  �4��D: . Let Ê besucha ratio. By calculation,if ¾d�j! ,
then � ) M=O�P� 8]<�Ë QÌÊ and � S M�O�P� ÊÉ<�Ë Q�Ê will satisfy ��� W � ! . Moreover, these� ) .�� S areindependent.Soif ¾²��! , all solutionsof ���t�´! arealgebraicover ¼
if f  �4��D: is finite. ¾ �Í! canbe weakenedto the condition that the WronskianÎ � Î 4��¥: , definedlocally on ¦ by Q Î 6^¾�¿ Î �l! , bealgebraicover ¼ . This is
becauseÏ� �,8]< Ë Î�Ð � Ð Ë Î (2.2)�HQ S Z QT¾Ì<50 Z ¾ S < _ 6,À
equalsQ S 6 Ï¾h¿�Qh6 ÏÀ with

Ï¾Ñ�²! , i.e., is of ‘normal form’. The groups  �4��D:
and  �4 Ï�¥: are isomorphic,and ���ª�Í! if f

Ï�Ò4��Ó< Ë Î :��Ô! . That is, the solution
spaceof �����²! is spannedby Ë Î < Ë Q ÏÊ and Ë Î ÏÊÉ< Ë Q ÏÊ , where

ÏÊ is any ratio
of solutionsof

Ï� Ï�^�Õ! ; ÏÊ is algebraicif f  �4��D: is finite. So if Î 4��D: is algebraic,�����L! hasa full setof algebraicsolutionsif f  �4��D: is finite.

Let Ö�×�¦Ør ¦�Ù be a rationalmapof algebraiccurves,where ¦±Ù is anothernon-
singularalgebraiccurve over C , with its own function field ¼ÚÙÛ<�C andnontrivial
derivation Q�Ù . If � is asin (2.1),and �·Ù��u4�Q�ÙÛ: S 6�¾?Ù�¿�Q�Ùm6�ÀDÙ , with ¾?ÙÜ.�ÀDÙÝ*©¼ÚÙ , is
asimilarmonicsecond-orderoperatoron ¦�Ù , then � is saidto beastrongpullback
of �·Ù if thereareindependentsolutions� ) .�� S and �ÉÙ ) .���ÙS of �y.���Ù respectively, such
that � W �Þ� ÙW Ð Ö . For example,if Y is the coordinateon ¦ and ¦ Ù �ÞB ) 4$C?: is
coordinatizedby � , sothat �¯�\ÖÉ4 Y : is a rationalfunctionon ¦ , and �·Ù��FQ Sß 6HÀ¥Ù ,
thenthestrongpullbackof �·Ù is

4�cºÖº<
c Y : S|à c S <
c5Ö S 6�À Ù 4�Ö�:�ák� (2.3)c Sc Y S Z c S Ö�<
c Y Sc5Ö�<
c Y cc Y 6"4�cºÖº<
c Y :�SmÀ Ù 4�ÖÉ4 Y :m:�.
wheretheprefactor 4�cºÖº<
c Y : S ensuresmonicity.

If �|.1â are monic second-orderoperatorson ¦ (resp. ¦±Ù ), � is said to be pro-
jectively equivalentto â (written �ªãdâ ) if f any ratio of independentsolutions
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of âL�g�}! is a ratio of solutionsof ���b�h! , i.e., if f â �}ä7å ) Ð � Ð ä for someä�*æ¼ (resp.¼ÚÙ ). Notethatif â is normal-form,then ä çÁè Î 4��D: asin (2.2),andâ is uniquelydeterminedby � .

If �|.f�·Ù aremonicsecond-orderoperatorson ¦µ.f¦�Ù , � is saidto beaweakpullback
of � Ù (hereafter, a pullback) if thereare Êª*´¼ , Ê Ù *´¼ Ù , ratiosof independent
solutionsof �����Õ! , � Ù � Ù �²! , with Ê,�}Ê Ù Ð Ö . That is, ��ãØâ and � Ù ãéâ Ù ,
with â astrongpullbackof â Ù . Pullbacksarenotunique,thoughthereis aunique
normal-formpullback.

Lemma 2.1 �"�hQ S 6Â¾j¿ºQj6ÂÀ on ¦ is a pullback by Öæ×i¦Rr B ) 4�C�: of the
normal-formoperator ��Ùo�LQ Sß 6,À¥Ù on B ) 4�C�: iffZ QT¾Ì<50 Z ¾ S < _ 6,À^� (2.4)80 cc YÂê c S Ö�<
c Y Sc5Ö�<
c YLë Z 8_ ê c S Ö�<
c Y Sc5Ö�<
c Ylë S 6"4�c5Ö�<
c Y : S & Ù 4�ÖÉ4 Y :m:�Ä
If this is thecase, thesolutionspaceof �����L! is spannedbyè Î 4��¥:è Qæ4�Ê Ù Ð Ö�: . è Î 4��D:�4�Ê Ù Ð Ö�:è Qt4�Ê Ù Ð Ö�: . (2.5)

where Ê�Ù is anyratio of independentsolutionsof �·Ùì��Ù/�"! .
PROOF. The strongpullbackof ��Ù is given by (2.3), andaccordingto the for-
mula (2.2), the uniquenormal-formweakpullbackof � Ù will be Q S 6 ÏÀ , whereÏÀ is definedastheright-handsideof (2.4).But ascomputedin (2.2),anoperatorof
theform Q S 6 ÏÀ is projectively equivalentto � if f

ÏÀ^� Z QT¾Ì<
0 Z ¾ S < _ 6gÀ . The
final statementfollows from theaboveremarksaboutthesolutionspaceof ��� �"!
in relationto thatof 4�Q S 6 ÏÀk: Ï���L! . í
We now specializeto operators®Í�ÞQ S 6"¾Õ¿/QÕ6lÀ on ¦ that areFuchsian,
i.e., have two characteristicexponentsî W � ) .fî W � S *ØC (which may be the same)
at eachsingularpoint Ã W . If î W � ) ��ïî W � S , this means®µnF�ï! hassolutions n W � ð ,ñ ��8
.10 , at Ã W thatareof theform ò�ó;ôÛõ ö timesaninvertiblefunctionof ò , whereò is a
localuniformizingparameter(if î W � ) �Lî W � S , onesolutionmaybelogarithmic).The
exponentdifferences÷Ý4�®|.fÃ W :±�²î W � ) Z î W � S aredefinedup to sign; when ÷g*�ø ,
theconvention ÷ ¨L! will beadheredto. At eachordinarypoint, theexponentsare!�.
8 , sotheexponentdifferenceis unity.

Theorem2.2is Klein’spullbacktheorem,takenfrom [10, Thm.1.8].Theauxiliary
Table1 is thebasicSchwarzlist of exponentdifferences� . � . � . Thehypergeomet-
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Table1
ThebasicSchwarzlist.

Case ù �$ú���û Group Solutionratio inverse,üþýgü � ÿ|�
— ��� � � � � ��� � � § ÿ §
I ��� �
� ��� �
� ��� � � § � ÿ §�� � � S� ÿ §
II ��� �
� ����� � ����� 	D� � ��
 � � ÿ S � ÿ � � � � S� ÿ � � ��
 � � ÿ S � � � U
IV ��� �
� ����� � ��� � � � �þ� ÿ ) S � �
� ÿ���� �
� ÿ � � � � S����� ÿ � � ÿ � � � � �
VI ��� �
� ����� � ����� 	 ­ � ÿ U�� � � �;�º� ÿ S ­ ��ÿ ­ ��� ���
�
��� � ÿ S � � ÿ )�� � � ��� S��� � � ÿ ­ � ÿ )�� � �;� ÿ ­ � � � ­

ric operator���;� �]� � correspondingto eachrow hasa full setof algebraicsolutions,
andthereis a ratio Ê/Ù of solutionswhich,asanalgebraicfunctionfrom �Ì*tB ) 4$C?:
to Ê/Ù�*»B ) 4$C?: , is the inverseof a single-valued,i.e., rational, ‘polyhedral func-
tion’ �q�ª��4�Ê/Ù : . Thesearetabulatedin thefinal column,which is adaptedfrom [2,
Sec.31] and[14, Sec.14.3]. Eachis automorphicunderthe correspondingfinite
subgroupof theMöbiusgroup.

Theorem 2.2 Let ®ª�"Q S 6�¾�¿ Q�6�À beaFuchsianoperatoron ¦ , with ¾�.�À\*æ¼ ,
andsupposethat  �4�®³: is finite. There is a unique � . � . � on thebasicSchwarzlist
such that  T4�®¯: is isomorphicto  �4����
� �3� �
: and ® is a pullback of ���
� �]� � by some
rational map Ö"×þ¦ r B ) 4$C?: , where Ö is unramifiedover B ) 4$C?:kÇTG3!�.
8
.1ILK .
Moreover, if for any � . � . � on the list, ® is a pullback of ���
� �3� � , then  �4�®³: is
isomorphicto a subgroupof  T4����;� �]� �;: .
If  �4�®³: is finite andtheWronskianÎ 4�®³: is algebraic,®µ�N�l! will have a full set
of algebraicsolutions;andif � . � . � andthepullbackmap Ö ×�¦ur B ) 4$C?: , which
areguaranteedto exist by Theorem2.2,areknown, a basisfor thesolutionspace
of ®µ�©�u! maybecomputedfrom (2.5), in which Ê Ù ��Ê Ù 4��º: is theinverseof the
polyhedralfunctionin thefinal columnof thetable.

It is worthnotingthatasalgebraicfunctions,thepossibleÊ�Ù arequitespecial.Each
is ramifiedover �Â�Í!/.
85.1I , at most,and the ramificationorderof eachof the
points in 4�Ê/Ù : å ) 4�!º: , 4�Ê/Ù : å ) 4�8]: , 4�Ê�Ùì: å ) 4�I�: is 8]< �ÚZ 8 , 8]< ��Z 8 , 8]< ��Z 8 , respec-
tively. Thatis, if � denotesthemappingdegreeof �?�L�o4�Ê Ù : , i.e., �Õ� �  T4����;� �]� �;:
� ,
theprojective monodromyof ���
� �]� ���t�}! aroundeachof thesingularpoints �Ú�!�.
85.fI is alwaysa restrictedsortof permutationof the � branchesof Ê�Ù , thecycle
decompositionof which comprises,respectively, � � cyclesof length 8]< � , � � cy-
clesof length 8;< � , and � � cyclesof length 8]< � .
Lemma 2.3 Supposethe Fuchsianoperator ®d�}Q S 6\¾h¿ºQh6�À is a pullback
of ���
� �3� � via Öq×�¦ªr B ) 4�C?: . Theexponentdifference÷Ý4�®|.fÃ³: at any Ã´*æ¦ equalsä timestheexponentdifference÷Ý4����
� �]� �5.=ÖÉ4�Ã¯:m: , if ä is themultiplicity with whichÃ is mappedto ÖÉ4�Ã¯: , i.e., 8 plustheramificationorderof Ö at Ã .
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PROOF. Considertheseriesexpansionsof solutionratiosÊ�.=Ê Ù of ®µnq�F! , ���
� �3� �Anq�! at Ã|.=ÖÉ4�Ã¯: , respectively. Eachis of theform ò�! timesan invertiblefunctionof ò ,
whereò is auniformizingparameter;andlocally, Ö�4�òm:�ã"ò#" . í
Lemma2.3constrainstheFuchsianoperators® to which Theorem2.2 canbeap-
plied, i.e., ® for which  T4�®¯: is finite. For example,theremustbea row of Table1
suchthateachof thesingularpointexponentdifferencesG]÷Ý4�®y.�Ã W :1K ÅW X ) is aninteger
multiple of oneof thecorresponding� . � . � . It alsoconstrainsthemonodromyat
eachÃ W . SupposeWLOG that ÖÉ4�Ã W :��L! . Theprojectivemonodromyof ���;� �]� ���?�"!
around�Ú�h! permutesthe � branchesof Ê/Ù , andthecycle decompositionof the
permutationcomprises� � cyclesof length 8]< � . Sotheprojective monodromyof®µ�Ú�´! aroundÃ W mustbeisomorphicto anintegerpower of sucha permutation.
Togetherwith the fact that  �4�®³: , the groupof permutationsof thebranchesof Ê
which is generatedby thesemonodromies,mustbe identical to the Galoisgroup
of Ê over ¼ (ratherthanbeinga propersubsetof it), this imposessubstantialcon-
straints.

Thefollowing lemmawill beusedin thenext section.

Lemma 2.4 If �#�$� � is analgebraic-formLaméoperator with finiteprojectivemon-
odromygroup,sothat it is a pullback of some���
� �]� � on thebasicSchwarzlist bya
rational map Ö ×/B ) 4�C?:kr B ) 4�C?: of thesort guaranteedto exist by Theorem2.2,
thenprovided %|6ª8]<50Â<*"� , Ö mustmapthe setof singular points G [ ) . [ S . [ U .1ILK
into G3!�.
85.fILK .
PROOF. The only ramificationpointsof Ö areabove �©�²!�.
85.1I . So if Ö�4�Ã³:Ú<*G3!�.
85.fILK , ÷Ý4��#�$� ��.fÃ³:�� ÷£4����
� �]� �
.=Ö�4�Ã³:=:��d8 by Lemma2.3.Since ÷Ý4��#�$� �·. [ W :µ�8]<50 and ÷Ý4��#�$� ��.1I�:��L¶�4Ü%¥6F8]<
05: , theclaim follows. í
3 KeyResults

Theorem 3.1 Theequation�#�$� �i���h! on B ) 4$C?: hasa full setof algebraic solu-
tions, i.e., solutionsalgebraic over C 4 Y : , iff  �4��#�$� ��: is finite. In the nonclassical
case0]%t<*¹� ,  �4��#�$� ��: is finite iff it is octahedral (i.e., isomorphicto ¬ � ), in which
case% mustequal '�¶l8]<
> or 'T¶l8]< _ , with ' an integer; or icosahedral (i.e., iso-
morphicto «þ­ ), in which case% mustequal '�¶l8]</8
! , ' ¶l8]<
> , or '�¶�¸º</8
! , with' an integer.

PROOF. The Wronskian Î 4��#�$� ��: equals
` UW X ) 4 YgZª[ W : å )%$ S , which is algebraic;

so ����� �i��� ! having a full set of algebraicsolutionsis equivalent to finiteness
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of  �4��#�$� ��: . Thenecessaryconditionson % comefromconditionsimposedbyLemma
2.3 on pullbacksof �#�$� � from ���
� �3� � on thebasicSchwarz list, sincesucha pull-
backis guaranteedto exist by Theorem2.2.As thefinal sentenceof that theorem
acknowledges,a Fuchsianoperator® canbe a pullbackof ���
� �3� � with  �4�®³: iso-
morphic to a propersubgroupof  �4����
� �]� �;: , ratherto  �4����
� �3� �;: . To compensate,
onemustconsiderthevarious ���
� �3� � ‘in order’.Therowsof Table1 areorderedso
that if   S appearsin a laterrow than   ) , then   S is not isomorphicto a subgroup
of   ) .
The analysisbegins with the tetrahedralrow, sinceit is a classicalresult that if0]%Ú<*^� ,  �4��#�$� ��: cannotbecyclic or dihedral.If  �4��#�$� ��: is tetrahedral,����� � must
be a pullbackof � )%$ S � )%$�U � )%$�U . Since �#�$� � hasexponentdifferences8]<
0 , 8]<50 , 8]<50 ,¶�4Ü%¯6R8]<505: at Y � [ ) . [ S . [ U .fI , respectively, it follows from Lemma2.4 and
Lemma2.3 that Ö mustmap [ ) . [ S . [ U to ! , and I to 8 , resp. I . HenceÖ å ) 4�I�: ,
resp. Ö å ) 4�8]: , mustcompriseonly ordinarypointswith exponentdifferencesequal
to unity. By Lemma2.3,eachpoint in Ö å ) 4~I�: , resp.Ö å ) 4�8]: , mustbemappedtriply
to I . So ¸&�('*),+�Ö . This canbe combinedwith the predictionof the ‘degreefor-
mula’ of BaldassarriandDwork [9, Lemma1.5],whichis derivedfrom theHurwitz
genusformula.If ® , asecond-orderFuchsianoperatoronanalgebraiccurve ¦ with
genuss , hasexponentdifferencesG]÷ W K andis a pullbackby a rationalfunction Ö
from ®�Ù , a Fuchsianoperatoron B ) 4$C?: with exponentdifferencesG]÷5ÙW K , then- 0 Z 0 s 6 V]W 4�÷ W Z 8;:�.��u4�'/),+�Ö�: - 0y6 V]W 4�÷ ÙW Z 8;:�.�Ä (3.1)

The degreeformula (3.1) yields ¶�4Ü%Ò6»8]<505: Z 8]<50Ú� 40'*),+�Ö�:m<
> whenappliedto®»�l�#�$� � , ®±Ù��l� )%$ S � )%$�U � )%$�U . In conjunctionwith ¸1�2'/),+�Ö , this contradicts0]% <*9� .
[This ruling outof thetetrahedralalternative is takenfrom [11, Prop.3.1].]

If  �4��#�$� ��: is octahedral,�#�$� � mustbea pullbackof � )%$ S � )%$�U � )%$ � . Thepoint Y �´I
cannotbe mappedto ! , sinceby Lemma2.3 that would imply that %y6�8]<
0 is an
integermultiple of 8]<
0 , which is a contradiction.However, it canbemappedto 8 ,
in which case%k6l8]<50 mustbean integermultiple of 8]<
¸ , or to I , in which case%o6æ8;<50 mustbeanintegermultipleof 8;< _ . Thatis, % mustequal'k¶©8;<
> or '|¶æ8]< _ ,
with ' aninteger. [Thepossibilitythat Ö�4~I�:��»8 waserroneouslyruledout in [11,
Sec.3], by anargumentbasedon theincorrectassumptionthat ÖÉ4 [ W : mustequal !
for all 3 .]
If  �4��#�$� ��: is icosahedral,�#�$� � mustbe a pullbackof � )%$ S � )%$�U � )%$ ­ . As in the octa-
hedralcase,Y �hI cannotbemappedto ! . It canbemappedto 8 , in which case%y6l8]<
0 mustbean integermultiple of 8]<
¸ , or to I , in which case%y6l8]<
0 must
beanintegermultiple of 8]<54 . That is, % mustequal ' ¶»8]<J> , with ' an integer, or'Ì¶"8]</8;! or 'Ì¶Â¸º<e8;! , with ' aninteger. í
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Accordingto Propositions3.4 and3.5 below, the five alternativeslisted in Theo-
rem3.1caneachberealized.

Definition 3.2 Theharmoniccaseis thecasewhen �Â�Ø8 , i.e., when s U �²! , so
that theunorderedset G [ ) . [ S . [ U K comprisesthreeequallyspacedcollinear points
in C , i.e., is of the form î�G Z 85.�!�.
8
K . Theequianharmoniccaseis the casewhen�´�Þ! , i.e., when s S �Þ! , so that G [ ) . [ S . [ U K is the vertex setof an equilateral
triangle in C , i.e., is of theform î�G�85.76Ò.76 S K with 6 U �}8 . In bothcases,î ��Á! is
arbitrary.

Lemma 3.3 In the harmoniccase, �#�$� � is a pullback of � )%$ S �98 S �%: )%;<$ � � )%$ � , and in
the equianharmoniccase, �#�$� � is a pullback of � )%$ S � )%$�U �98 S �%: )%;<$>= . Here %L* C is
arbitrary. Thesepullbacks are via maps Ö which up to compositionwith Möbius
transformationsareof thecyclic form Ö�4 Y :�� Y@? , where A��L0/.f¸ respectively.

PROOF. Themap Ö S 4 Y :|M�O�P� Y S takes Y �u!�.1I to !/.1I , eachwith multiplicity 0 ,
and Y ��¶q8 to 8 with multiplicity 8 . By thetheoryof Fuchsiandifferentialopera-
tors,any pullbackof ���
� �]� � via Ö S will beaFuchsianoperatorwith Z 85.f!�.
8
.1I asits
only possiblesingularpoints.By Lemma2.3, the respective exponentdifferences
will be � .f0 � . � .10 � . If � . � . � �Õ8]< _ .�8]<50/.]4�0]%¥6l8]:m< _ , thesingularpoint locations
andexponentdifferenceswill be identicalto thoseof �#�$� � (harmoniccase).Simi-

larly, any pullbackof ���;� �]� � via Ö U 4 Y :·M=O�P� Y U will havesingularpoints !�.�85.76Ò.76 S .1I ,
with exponentdifferenceş � . � . � . � .f¸ � . If � . � . � ��8]<
¸�.
8;<50/.]4�0]%
6T8]:=<J> , thepointY �"! will becomeanordinarypoint,andthesingularpoint locationsandexponent
differenceswill beidenticalto thoseof �#�$� � (equianharmoniccase).

Thevaluefor theaccessoryparameter& of thepullbackcanbeshown to bezero
in both cases.This follows from Lemma2.1, sincein both casesa computation
(omittedhere)yields equalvaluesfor the left-handandright-handsidesof (2.4),
irrespective of % , if f & is setequalto zero.It alsofollows from a theoremof [12],
which determinesthevaluesof theaccessoryparameterandexponentparameters
for which Heunoperatorsarestrongpullbacksof ���
� �]� � .
Thepermutationof 8;< _ .
8]<
0/.]4~0;%e6N8;:=< _ into 8]<50/.]4�0]%e6�8]:=< _ .
8]< _ , asrequiredby the
statementof thelemma,is accomplishedby choosingÖq�ªâ Ð Ö S , where âÁ4��º:k�4�� Z 8]:m<
� is theMöbiustransformationthatmaps!�.
85.fI to I".�!�.
8 . Soin thehar-
moniccase,ÖÉ4 Y :��u4 Y S Z 8]:m< Y S . Similarly, thepermutationof 8]<
¸�.
8;<50/.]4�0]%�6F8]:m<
>
into 8]<50/.�8]<
¸�.]4�0]%·6F8]:m<
> is accomplishedby composingÖ U with themap �³pr 8 Z � .
Soin theequianharmoniccase,Ö�4 Y :���8 ZgY U . í
It shouldbe notedthat cyclic pullbacksof hypergeometricoperatorshave been
studiedor appliedby severalotherauthors.In theharmoniccase,Ivanov [15] dis-
coveredthat the Jacobiform of the Lamé equationcanbe reducedto the hyper-
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geometricequation,via a quadratictransformationanalogousto ÖÉ4 Y :©� Y S . In
theequianharmoniccase,ClarksonandOlver [16] discoveredthat theWeierstrass
form of the Lamé equationcanbe similarly reduced,via a cubic transformation
analogousto ÖÉ4 Y :�� Y U . Ourefforts to understandtheir resultsled to [12], andulti-
matelyto thispaper. Recently, theClarkson–Olvertransformationhasbeenapplied
by Kantowski andThomas[4, Eq.12].

Proposition 3.4 Let ' denotean integer.

(1) In theharmoniccase( �¹�é8 ),  T4�� §�B )%$>= � � : is octahedral if ' v ! 4�CEDF' 05: ,
resp.' v 8�40CGDH'�05: .

(2) In theequianharmoniccase( �Ú�"! ),
(a)  T4�� §
B )%$ � � � : is octahedral if ' v !�40CGDH'?¸º: , resp.' v 0?40CGDH'?¸5: .
(b)  T4��·§
B )%$m)�� � � : is icosahedral if ' v !�40CGDH'?¸5: , resp.' v 0¯4�CEDF'¯¸º: .
(c)  T4��·§
B U#$m)�� � � : is icosahedral if ' v 8±40CGDH'?¸5: .

PROOF. This follows from Lemma3.3,togetherwith Schwarz’sclassicalcharac-
terizationof the � . � . � for which  �4����
� �3� �
: is finite. If theunorderedtriple � . � . �
appearson thefull Schwarzlist, then  �4����
� �]� �;: will befinite, andthesamewill be
trueif anormalizedversionof � . � . � appearsthere.Normalizationis performedby
replacing� . � . � by Iy¶ � .�J�¶ � .�K�¶ � , whereIÉ.LJ].LK areany integerswhosesumis
even.(See[2, Sec.28], [3, Sec.2.7.2].)Preservationof algebraicitycanbeverified
from theGausscontiguity relations,which solutionsof hypergeometricequations
mustsatisfy.

The full list includesCasesI, II, IV, VI of Table1, andalso,amongothers,the
icosahedralCaseXIV, for which � . � . � � 8]<50/.10
<54/.
8]<J¸ . (See[2, Sec.30], [3,
Sec.2.7.2].)By choosingappropriateintegersI�.�J;.�K (andinterchangingthe � . � of
CaseXIV), it is readilyverifiedthat  �4����
� �3� �
: is isomorphicto

(1) ¬ � if � . � . � �´8]<50/.�AÓ.
8]< _ with A�*��Ú¶"8;<
¸ [CaseIV].
(2) (a) ¬ � if � . � . � �´8]<50e.
8]<
¸�.�A with A *9�Ú¶"8]< _ [CaseIV].

(b) «£­ if � . � . � �´8;<50/.
8]<J¸�.MA with A�*��Ú¶"8]<54 [CaseVI].
(c) «£­ if � . � . � �´8;<50/.
8]<J¸�.MA with A�*��Ú¶�05<54 [CaseXIV].

By Lemma3.3,eachof these���
� �3� � canbepulledbackto a Lamé operatorof the
form �#�$� � , with % determinedby 4�0]%y6ª8]:m< _ �NA (Case1), or by 4~0]%|6»8;:=<
>N�OA
(Cases2(a)–2(c)).The operators�#�$� � of the propositionarea propersubset:the
onesfor which 0;%�<*L� . Thereasonfor imposingthis additionalrestrictionis that
if 0]%�<*u� ,  �4��#�$� � : is guaranteedto be isomorphicto  T4����;� �]� �]: , ratherthan to a
propersubgroup.Thatis because,by Theorem3.1,theonly possiblegroupsare ¬ �
and «£­ , andneitheris asubgroupof theother. í
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Case1 of Proposition3.4 providesa counterexampleto the necessarycondition
of [11]. It shouldbementionedthatCase2(b)is actuallyageneralizationof another
resultof [11], which is thatin theequianharmoniccase,� )%$m)�� � � canbepulledback
from � )%$ S � )%$�U � )%$ � via a degree-̧ cyclic map.In fact,Baldassarriwasthefirst to see
therelevanceof degree-̧ cyclic mapsin this context.

The following propositionshows that the remainingalternative of Theorem3.1,
which Proposition3.4 did not cover, canalsobe realized.Unlike Proposition3.4,
it is specificto a singlevalueof % , andalso to a nonzerovalueof the accessory
parameter& .

Proposition 3.5 Supposethat �©� ZQP ! , i.e., s S � P !5î S <
¸ and s U � ZRP !5î U <
¸ for
someî ��"! ; equivalently, that [ ) . [ S . [ U are therootsof ¸ Y U Z 0
! Y 6H0
! , multiplied
bysomeî ��"! . Then  T4�� )%$>= � åeó $>S : is icosahedral.

PROOF. This %�� 8;<
> examplewas constructedby a techniquesuggestedby
the methodemployed to prove Lemma3.3, which we sketch.The first stepis to
find a rational ÖÉ4 Y : , unramifiedover B ) 4$C?:�Ç±G3!�.
85.1ILK , suchthat thepullbackof� )%$ S � )%$�U � )%$ ­ hasthe sameexponentdifferencesas any � )%$>= � � . The threesingular
pointsof thepullbackthathave exponentdifference8;<50 aretakento be [ ) . [ S . [ U .
Thesecondstepis to usetheformula(2.4)of Lemma2.1to computetheunique &
for which � )%$>= � � with this choiceof [ ) . [ S . [ U is, in fact,thepullback.

It wasnotedin theproof of Theorem3.1that in the %³*b�æ¶"8]<
> icosahedralcase,Ö mustmapthesingularpoint Y �»I to �q�u8 . Since Y �»I hasexponentdiffer-
ence¶Ì4�%¥6\8]<505:��ª¶µ05<
¸ , themappingmusthavemultiplicity 2. In thesameway,
it follows that Ö mustmapeach[ W to �N� ! with multiplicity 1. The function Ö is
characterizedby thepointsin Ö å ) 4�G3!�.�85.1ILKJ: andthemultiplicitieswith whichthey
aremapped.Supposethat Ö å ) 4�!º: includes' � ordinarypoints,besides[ ) . [ S . [ U ; thatÖ å ) 4�8]: includes' ) ordinarypoints,besidesI ; andthat Ö å ) 4~I�: includes'�T or-
dinarypoints.By Lemma2.3, Ö mustmapeachof the ' � .=' ) .�'UT ordinarypoints
with multiplicity 0e.f¸�.M4 , respectively. Theintegers' � .�' ) .�'UT�¨\! mustsatisfy

¸Ò6¹03' � �l0y6^¸
' ) �V43'�TL�W'*)X+¥Öo. (3.2)4�¸þ6,' � :�6L4�8¥6�' ) :�6�'�TL�l0y6&'/),+�ÖoÄ (3.3)

Here(3.2) is thedegreecondition.Equation(3.3) is a consequenceof theHurwitz
formula, accordingto which any rationalmap ÖF×y¦ r B ) 4$C?: from a nonsin-
gular algebraiccurve ¦ of genuss to B ) 4$C?: that is unramifiedabove B ) 4$C?:aÇG3Ã ) .�Ä
Ä
Ä�.�Ã�Å�K satisfies� Ö å ) 4�G3Ã ) .
Ä
Ä
ÄA.fÃ�Å�KJ:��
�"0 Z 0 s 6"40Y Z 05:/'/),+�Ö .
The only solution of (3.2)–(3.3)is ' � � ' ) � '�T � 8 , with '*),+�Ö"� 4 . So
any function Ö by which an operatorof the form � )%$>= � � canbe pulled backfrom
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� )%$ S � )%$�U � )%$ ­ mustbeof theform

ÖÉ4 Y :D� 4 YTZ ¦ ) :�4 Y Z ¦ S :A4 Y�Z ¦ U :�4 YTZ ¦ � : S4 Y�Z ¦k­1: ­ �´8 Z ¦ = 4 Y�Z ¦�Zf: U4 Y�Z ¦k­1: ­ (3.4)

for certain ¦ ) .
Ä�Ä
Ä�.f¦�Z�*ÁC , where ¦ ) .f¦ S .�¦ U areto be identifiedwith [ ) . [ S . [ U .
Solutionsof (3.4)maybeconstructedbyeliminationtheory. Imposingthecondition[ ) 6 [ S 6 [ U �L! yieldsanessentiallyuniquesolution,namely

ÖÉ4 Y :D� 4�¸ Y U Z 0
! Y 6¹0J!º:�4�0 YÌZ 45: S8;0o4 Y�Z 8]: ­ ��8 Z 4%4 YTZ[P : U8]0o4 YTZ 8]: ­ . (3.5)

which requiress S � P !º<J¸ and s U � ZQP !º<
¸ . On theright-handsideof (3.5), Y may
bereplacedby Y <
î for any îb*�CÂÇ£G3!/K . It followsby substituting(3.5) into (2.4),
andsomealgebraicmanipulation,that � )%$>= � � will beapullbackif f &´� Z î·<]\ . Theî -dependenceis dueto & notbeingscale-invariant. í
Corollary 3.6 In thenonclassicalcase0;%�<*9� , finite projectivemonodromyof the
Laméequationis notuniquelydeterminedby % .
PROOF. By Propositions3.4 and3.5,  T4�� )%$>= � � : is octahedralwhen �L�Ô8 and
icosahedralwhen �Ú� ZQP ! , if in eachcase,& is appropriatelychosen. í
4 Explicit Formulas

In practicalapplicationsof the Lamé equation,suchasthe astrophysicalapplica-
tion of [4], it is usefulto have explicit formulasfor thealgebraicsolutions,if any.
Thefive casesof thefollowing proposition,which correspondto thefour casesof
Proposition3.4andto Proposition3.5,shouldserveasexamples.

Proposition 4.1 Let ÊT�\Ê�4 Y : , analgebraic complex-valuedfunctionof a complex
argument,bedefinedasfollows.

(1) In theharmoniccaseG [ ) . [ S . [ U K���G Z 8
.f!�.
8
K , if %Ò�´8]<
> and &´�L! , let Ê be
definedbyZ 4�Ê ) S Z ¸5¸JÊ � Z ¸5¸JÊ � 6F8]: S8;! P Ê � 4�Ê � Z 8]: � � Y S Z 8Y S Ä

(2) In theequianharmoniccaseG [ ) . [ S . [ U K���G�85.^6Ò.76 S K ,
13



(a) if %þ��8;< _ and &´�L! , let Ê bedefinedbyZ 4�Ê ) S Z ¸5¸JÊ � Z ¸5¸3Ê � 6F8]: S8;! P Ê � 4�Ê � Z 8]: � �»8 ZgY U Ä
(b) if %þ��8;</8;! and &��"! , let Ê bedefinedby+ Ê U�� 6_45050o4�Ê S ­ Z Ê ­ : Z 8
!5!5!`4o4�Ê S � 6,Ê )�� :�6F8�2 S8;�50 P Ê ­ 4�Ê )�� 6F858AÊ ­ Z 8]: ­ �»8 ZgY U Ä
(c) if %þ�"�
</8;! and &��"! , let Ê bedefinedby+ Ê U�� 6a45050�4�Ê S ­ Z Ê ­ : Z 8;!5!5!54o4�Ê S � 6bÊ )�� :�6F8A2 S8]�50 P Ê ­ 4�Ê )�� 6\858�Ê ­ Z 8]: ­�cb 4�8�45� _ > _ b U Z ¸5450/8;!º� b S 6¹�J! P �54
! b Z 4 _ > P �545: S4�8 P \ b Z 8;0545: ­ .

where b signifies8 Z9Y U .
(3) In the casewhen [ ) . [ S . [ U are the rootsof ¸ Y U Z 0
! Y 6"0
! , if %�� 8]<
> and&Á� Z 8]<2\ , let Ê bedefinedby+ Ê U�� 6_45050o4�Ê S ­ Z Ê ­ : Z 8
!5!5!`4o4�Ê S � 6,Ê )�� :�6F8�2 S8;�50 P Ê ­ 4�Ê )�� 6F858AÊ ­ Z 8]: ­� 4�¸ Y U Z 0
! Y 6¹0
!5:�4~0 YTZ 4
: S8]0�4 Y�Z 8]: ­ Ä

In each of thesefivecases,theLaméequation�#�$� �i���L! hasa full setof algebraic
solutions.Its solutionspaceis spannedbyd UeW X ) 4 YTZ,[ W :>f å )%$ �1gh i 8è cºÊ�<
c Y . Êè c5ÊÉ<Jc Ykj lm . (4.1)

where Ê is case-specific.In cases1 and 2(a), the projectivemonodromy group T4��#�$� ��: , i.e., the Galois group of Ê over C 4 Y : , is octahedral, and in cases2(b),
2(c),and3, it is icosahedral.

PROOF. Thesolutionspace(4.1) is of theform specifiedby Lemma2.1 in (2.5).
In eachcase,Ê is definedsothat ÊT�\Ê Ù Ð Ö , whereÖ is therationalfunctionby which�#�$� � is pulledbackfrom some���
� �]� � , and Ê Ù is a ratio of solutionsof ���
� �]� ��� �´! .
In all casesexcept2(c), the right-handsideof the definingequationis �æ�}ÖÉ4 Y : ,
assuppliedin theproofof Lemma3.3or theproofof Proposition3.5,andtheleft-
handsideis theappropriatepolyhedralfunction,assuppliedin thefinal columnof
Table1, appliedto Ê .
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Case2(c) is special.As wassketchedin theproof of Proposition3.4, � Z $m)�� � � is the
pullbackvia ÖÉ4 Y :k� 8 Z,Y U of � )%$ S � )%$�U � S $ ­ , which is Schwarz’s CaseXIV (modulo
the interchangeof � . � ). CaseXIV is not on thebasicSchwarz list, andin fact, it
is not thecasethata ratio Ê�ÙÓ�ªÊ�Ù�4��º: of independentsolutionsof � )%$ S � )%$�U � S $ ­ �T�´!
is theinverseof a rationalfunction.However, CaseXIV is itself a pullbackof the
basicicosahedralCaseVI. SoonecanchooseÊ/ÙÉ�"Ê�Ù Ù Ð Ö
Ù , whereÖJÙ is therational
functionby which � )%$ S � )%$�U � S $ ­ is pulledbackfrom � )%$ S � )%$�U � )%$ ­ , and Ê�Ù Ù is a ratio of
solutionsof � )%$ S � )%$�U � )%$ ­A�?�L! , theinverseof which is listedin Table1. Theformula
in Case2(c)definesÊ sothat ÊT�\Ê�Ù Ð Ö³�FÊ�Ù Ù Ð Ö
Ù Ð Ö .
A rationalmap nÖ equivalentto Ö
Ù wasworkedout by Klein in 1877,in a paperin
whichhecompletedthereductionof theSchwarzlist to thebasicSchwarzlist [17,
Sec.10]. His formulawasnÖÉ4 b :���8 Z 4�> _ b 6F8 P \5:�4�> _ b S 6\8;¸5¸ b 6 _ \º: U� Z ¿]05��¿e4 b 6F8;: S (4.2)

which mapsb �l!�. Z 8 P \º<J> _ . Z 8 respectively to nÖÉ4 b :¥�l!�.�85.1I . For our purposes,
this morphismmustbecomposedwith a Möbiustransformation.Composingwithâu4 b :��´8 P \ b <o4�8]0]4 Z 8 P \ b : , which takes b �"!�.
85.fI to âÁ4 b :¥�F!�. Z 8 P \º<J> _ . Z 8 ,yields4�nÖ Ð âl:�4 b :D� b 4�8�45� _ > _ b U Z ¸5450/8;!º� b S 6¹�J! P �54
! b Z 4 _ > P �545: S4�8 P \ b Z 8;0545: ­ (4.3)

astherationalmap Ö Ù ��Ö Ù 4 b : by which � )%$ S � )%$�U � S $ ­ is pulledbackfrom � )%$ S � )%$�U � )%$ ­ .
Thismapappearson theright-handsidein Case2(c). í
5 The WeierstrassForm

In classicaltreatments[1], the Weierstrass-formLamé equationis regardedasan
equationon C , of theformc S �c5ò S Z + %54�%D6\8]:�o�4�òm:�6�&³2
���L!�Ä (5.1)

Here o´×ÒC½r B ) 4�C?: is the Weierstrasso -function correspondingto somepe-
riod lattice pu�q6 ) �96r6 S �tsÕC , with 6 ) .76 S independentover ø ; i.e., 4#o Ù : S �_ o U Z�s S o Z9s U for somes S . s U *�C for which �j� s US Z 05� s SU ��L! . Equation(5.1)
is a Schr̈odingerequationwith an elliptic potential,extendedto the complex do-
main.ThealgebraicLamé equation�#�$� �i�b�R! canbeobtainedfrom (5.1) by the
substitutionY �uo�4�òm: . Thatis, (5.1) is thestrongpullbackto C of �#�$� �����"! by o .
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Another interpretationis possible.The map oL×¥C r B ) 4�C�: is the composition
of two maps,v�×�CÕr wyx z � x { and Æ�× wyx z � x { r B ) 4$C?: . Here

w|x z � x { is theelliptic
curve specifiedby n S � _ Y U Z\s S Y©ZLs U , and the maps v and Æ aredefinedbyv�4�òm:µ�Ø4^o�4�òm:1.�oÝÙ�4�òm:=: and ÆD4 Y .�no:�� Y . w|x�z � x�{ is homeomorphicto a torus,andthe
projection Æ is a doublecover of B ) 4$C?: by

w|x�z � x${ . From an algebraic-geometric
point of view, it is morereasonableto pull thealgebraic-formLamé equationback
to
wyx�z � x${ via Æ , thanto C via Æ Ð v . We call the resultingequationon

wyx$z � x${ the
Weierstrass-formLamé equation,andwrite it �#�$� �7� x�z � x${ ���»! . By examination,the
operator�#�$� �7� x�z � x${ hasonly onesingularpoint, namelythe point w , i.e., 4 Y .=no:?�4~I".1I�: , whereits characteristicexponentsare Z %J.m%
6T8 . Weshallinformally regardwyx$z � x${ asa subsetof B ) 4$C?:yxæB ) 4$C?: , coordinatizedby 4 Y .�n�: , althoughin a more
careful treatment

w|x�z � x${ would be definedas the projective curve n S �F� _ Y U Zs S Y � S Zgs U � U in B S 4$C?: , equippedwith homogeneouscoordinates4 Y .�nÓ.��º: .
Thepullbacktheoryof Section2 applieswhenthealgebraiccurve ¦ equals

wyx$z � x${ ,
just asit appliedwhen ¦»�\B ) 4$C?: and ¼ �»C 4 Y : . Thefunctionfield z¼ on

wyx$z � x${
is C 4 Y .=no:Q{»C 4 Y : , a degree-2extension,andthederivation Qd��ce<
c Y extendsin

theobviousway to z¼ , via Q�nqM=O�P�Ñ4�8;0 Y S Zgs S :=<
0Jn . With thesechoices,�#�$� �7� x z � x { is
of theform Q S 6 z¾�¿fQ¹6|zÀ , for z¾ .}zÀ\*æ¼~s z¼ . SincetheWronskianis algebraic,
theprojective monodromygroup  �4��#�$� �7� x z � x { : is finite if f a ratio of solutions zÊ of�#�$� �7� x�z � x${ �¹�Õ! on

w|x�z � x${ is algebraicover C 4 Y .=no: . This is equivalentto  �4��#�$� ��:
beingfinite, which occursif f a ratio of solutionsÊ of �#�$� �i�N�l! on B ) 4$C?: is alge-
braicover C 4 Y : . Theequivalenceis dueto the(local)pullbackproperty zÊT�FÊ Ð Æ ,
which impliesthat thetwo sortsof algebraicityareequivalent.But thetwo groups
maynotbeisomorphic.This is becausezÊ mayhavelowerdegreeover C 4 Y .�no: thanÊ hasover C 4 Y : .
In a thought-provoking paper, Churchill [13] examinedthe implicationsof finite
group theory for the monodromyof �#�$� �7� x�z � x�{ , aswell as for the monodromyof
the hypergeometricoperator���
� �3� � . The (projective) monodromygroupof ���;� �]� �
is doublygenerated:it is generatedby the imagesof loopsaroundany two of the
singularpoints �¹�Ñ!�.
8
.1I . Similarly, since

w|x�z � x${ is homeomorphicto a torus,
the(projective) monodromygroupof �#�$� �7� x�z � x${ is generatedby the imagesof only
two loops.But theconjugacy classesof thetwo monodromy(resp.projectivemon-
odromy)generatorsin

¢¥¤ 4~0e.AC?: (resp.
¡£¢¥¤ 4~0e.AC?: ) aredeterminedby thecharac-

teristicexponentsof thesingularpoint(s).Thisconstrainswhat,upto isomorphism,
the monodromygroup (resp.projective monodromygroup) may be, in the case
whenit is finite.

In this way, Churchill wasableto obtainsignificantresultson theprojectivemon-
odromyof �#�$� �7� x z � x { withoutusingpullbacks.Like  �4��#�$� ��: ,  �4��#�$� �7� x z � x { : cannever
be cyclic, andcanbedihedralonly if 0]%�*"� . Moreover, in the nonclassicalcase0]%T<*9� , it cannotbedihedral.Heshowedthatin thenonclassicalcase, �4��#�$� �7� x�z � x${ :
canbetetrahedralonly if %±*���¶¹8]< _ , andcanbeoctahedralor icosahedralonly if%±*��Ú¶"8]<e8;! , %±*H�Ú¶"8]<
> , or %±*��Ú¶Â¸º<e8;! .
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Necessarily �4��#�$� �7� x z � x { :��\ �4��#�$� ��: [13], soconditionson  �4��#�$� �7� x z � x { : yield con-
ditions on  �4��#�$� ��: , andvice versa.By combininghis resultswith thoseof [11],
Churchillwasableto deducethat  �4��#�$� �7� x�z � x${ : cannotbeoctahedral.Unfortunately
this is incorrect:the proofsof Theorem5.3 andCorollary 5.4 of [13], which in-
cludethis assertion,rely crucially on the incorrectresultof [11] that  �4��#�$� ��: can
beoctahedralonly if %�*��t¶"8]< _ .
Theorem5.1 is a characterizationof  �4��#�$� �7� x�z � x${ : as well as  T4������ �#: , which is
obtainedfrom pullbacktheoryalone.This theorembuilds on andsubsumesTheo-
rem3.1.

Theorem 5.1 Theequation�#�$� �7� x�z � x${ ���L! on
w|x�z � x${ hasa full setof algebraic so-

lutionsiff  T4������ �i� x$z � x${ : is finite, which is equivalentto �#�$� �����L! on B ) 4$C?: having
a full setof algebraic solutions,and to  �4��#�$� ��: beingfinite. In the nonclassical
case0;%T<*�� , thefollowing are theonly waysthis canoccur.

(1)  T4������ �i� x$z � x${ : is tetrahedral and  �4��#�$� ��: is octahedral; in which case% must
equal '�¶L8;< _ , with ' an integer.

(2)  T4������ �i� x z � x { : is octahedral and  �4��#�$� ��: is octahedral; in which case% must
equal '�¶L8;<
> , with ' an integer.

(3)  T4������ �i� x$z � x${ : is icosahedral and  T4��#�$� ��: is icosahedral; in which case% must
equal '�¶L8;</8;! , '�¶L8;<
> , or 'Ì¶Â¸5</8;! , with ' an integer.

All fiveof theprecedingalternativescanberealized.

PROOF. The first sentencehasalreadybeenproved.The proof of the necessary
conditionson % for  T4������ �i� x$z � x${ : to be eachpossiblefinite groupis similar to the
proof of Theorem3.1: it runsdown the rows of thebasicSchwarz list, beginning
with thetetrahedral.Beforebeginningtheproof, notethat thepullbackfunction Ö
guaranteedto exist by Theorem2.2will mapthelonesingularpoint w of �#�$� �7� x�z � x${
to oneof G3!�.�85.1ILK , sincetheexponentdifferenceat w is ¶�4�0]%36q8]: , andananalogue
of Lemma2.4 holds.Also, notethat the degreeformula (3.1) of Baldassarriand
Dwork yields ¶�%Ò�u4�'*)X+DÖº:=<
¸ whenappliedto ®ª�"�#�$� �7� x z � x { and ® Ù �L� )%$ S � )%$�U � )%$�U ,
and ¶�%��Ñ4�'*)X+DÖº:=<
> whenappliedto ® �d�#�$� �7� x�z � x${ and ® Ù �Õ� )%$ S � )%$�U � )%$ � , sincewyx$z � x${ , beingelliptic, hasgenuss �´8 .
If  T4��#�$� �7� x�z � x${ : is tetrahedral,�#�$� �7� x�z � x�{ mustbeapullbackof � )%$ S � )%$�U � )%$�U . By Lemma
2.3, if Ö�4%w?:Ò�j! then 0]%k6l8 is an integermultiple of 8]<
0 , i.e., %�*Â��¶�8]< _ . The
possibilities ÖÉ4�w?:��Þ85.fI canbe ruled out, sincethey would imply respectively
that Ö å ) 4~I�:1.=Ö å ) 4�8]: consistsof ordinarypoints,eachmappedwith multiplicity 3.
Eitherwouldimply ¸���'*)X+DÖ , whichwith ¶£%þ�Á40'*),+DÖ�:=<J¸ wouldcontradict0]%T<*�� .

If  T4��#�$� �7� x�z � x${ : is octahedral,�#�$� �7� x�z � x�{ mustbeapullbackof � )%$ S � )%$�U � )%$ � . By Lemma
2.3, if Ö�4%w?:Ò�²8 then 0]%k6l8 is an integermultiple of 8]<J¸ , i.e., %�*Â��¶�8]<J> . The
possibilities ÖÉ4�w?:æ� !�.fI can be ruled out. If ÖÉ4�w?:æ� ! then Ö å ) 4�8]:�.mÖ å ) 4�I�:
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consistof ordinarypoints,eachmappedwith multiplicity 3,4, respectively. This
would imply ¸1�]'/),+�Ö and

_ �2'*)X+DÖ , hence8]0��]'*)X+DÖ ; which with ¶�%��j40'*),+�Ö�:m<
>
wouldcontradict0]%T<*�� . ÖÉ4%w¯:·�lI is ruledout similarly.

If  T4��#�$� �7� x�z � x${ : is icosahedral,����� �i� x$z � x${ mustbeapullbackof � )%$ S � )%$�U � )%$ ­ . By Lemma
2.3, if ÖÉ4�w?:þ�d8 then 0;%|6ª8 is an integermultiple of 8]<
¸ , i.e., %T*���¶�8]<J> , and
if Ö�4%w?:�� I then 0]%�6j8 is an integer multiple of 8;<54 , i.e., %^*²�^¶}8]<e8;! or%±*���¶�¸º<e8;! . Thepossibility ÖÉ4�w?:·�"! canberuledout,sinceit would imply that0]%7698 is anintegermultipleof 8]<50 , i.e., %±*���¶g8]< _ . Thegroup  �4��#�$� ��: is finite if ���� �i� x$z � x${ is finite, soif ÖÉ4%w¯:��»! , Theorem3.1 impliesthat  T4������ �#: is octahedral.
But  �4��#�$� �7� x�z � x${ : mustbeisomorphicto asubgroupof  �4��#�$� ��: .
The classificationschemeof the theoremresultsfrom combiningthe just-derived
conditionson  �4��#�$� �7� x z � x { : with the conditionsof Theorem3.1 on  T4��#�$� ��: . That T4��#�$� �7� x�z � x${ : octahedralimplies  �4��#�$� ��: octahedralis due to «£­ not having any
normal ¬ � subgroup.The realizability of all five alternativeswasproved in Sec-
tion 3 (it follows from Propositions3.4and3.5). í
By Theorem5.1,  �4��#�$� ��: beingoctahedraldoesnot uniquelydeterminethegroup T4��#�$� �7� x�z � x${ : : it may be either octahedralor tetrahedral.The latter occurswhen
the extension C�4 Y .�nÝ. zÊÉ:m<�C 4 Y .�n�: haslower degreethan C 4 Y .=Ê�:=<�C 4 Y : . The two
possibilitiesareexemplifiedby Cases1 and2(a) of Proposition4.1, respectively,
whichhave %J.f&T. s S . s U equalto 8;<
>�.f!�. _ .f! and 8]< _ .�!�.f!�. _ . A ratio zÊ of solutionsof�#�$� �7� x�z � x${ ���"! is specifiedbyZ 4 zÊ ) S Z ¸5¸ zÊ � Z ¸5¸ zÊ � 6F8]: S8;! P zÊ � 4 zÊ � Z 8]: � � gh i Y S Z 8Y S .Ñ%J.f&T. s S . s U �´8]<J>�.f!�. _ .f! ;8 ZgY U . %J.f&T. s S . s U �´8]< _ .f!�.f!/. _ , (5.2)

since zÊd� Ê Ð Æ . In the secondcase, n S � _ Y U Z�s S Y,Z�s U � _ Y U Z _ , so8 ZgY U � Z n S < _ , implying that the minimum polynomialof Ê over C 4 Y : is re-
ducibleover C 4 Y .�no: . In fact, zÊ canbechosento satisfyzÊ ) S Z ¸5¸ zÊ � Z ¸
¸ zÊ � 6F84 Ë 8;! P <505: zÊ S 4 zÊ � Z 8;: S �l¶�nÓ. (5.3)

whereeithersignis acceptable.Eachsignyieldsa12-branchedalgebraicfunction zÊ
ontheequianharmonicelliptic curve

w � � � (with �t�L! ) thatprojectsto Ê , ratherthan
yieldinga24-branchedfunctionon

w � � � . And C 4 Y .=nÓ. zÊ�: is obtainedfrom C 4 Y : via
the tower C 4 Y :�s½C 4 Y .�n�:�sïC 4 Y .�nÓ. zÊÉ: , wherethe extensionsarealgebraicof
degrees2 and12, respectively. Thegroup  �4�� )%$ � � � � � � � : , which is theGaloisgroup
of zÊ over C 4 Y .�n�: , hasorder12 andmustbetetrahedral,i.e., isomorphicto « � .
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In general,this reductionmay not occur. In the first caseof (5.2), in which n S �_ Y U Z _ Y , theanalogoussubstitutiondoesnot leadto areductionof thedegree.The
function zÊ on theharmonicelliptic curve

w � � � (with �t�Á8 ) is 24-branched,like Ê ,
thefunctionto which it projects.Sothegroup  �4�� )%$>= � � � � � � : hasorder24 andmust
beoctahedral,i.e., isomorphicto ¬ � .
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