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Abstract

A minor errorin the necessargonditionsfor the algebraicform of the Lamé equationto
have afinite projectve monodromygroup,andhenceor it to have only algebraicsolutions,
is pointedout.[SeeF. Baldassarri;On algebraicsolutionsof Lamé’s differentialequation”,
J. Differential Equations41 (1) (1981),44-58.]It is shavn thatif thegroupis theoctahedral
group Sy, thenthe degreeparameteof the equationmay differ by +1/6 from aninteger;
this possibility wasmissed.The omissionaffectsa recentresulton the monodromyof the
Weierstras$orm of theLamé equation[SeeR. C. Churchill, “Two-generatosubgroup®f
SL(2, C) andthe hypegeometricRiemannandLamé equations”J. SymbolicComputa-
tion 28 (4-5) (1999),521-545.]The Weierstrasgorm, which is a differentialequationon
anelliptic curve, may have, afterall, anoctahedraprojectve monodromygroup.
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1 Intr oduction

TheLamé equations asecond-ordeFuchsiardifferentialequationlt maybewrit-
tenL, pu = 0, whereL, g is the Lamé operatowith complex parameterg and B.
Thefirst, the so-calleddegree parameteris often denotedn, but the notation/ is
usedhere,to hint at connectionsvith Lie grouprepresentatiotheory B is anac-
cessoryparameterwhichin mary applicationglaystherole of aneigervalue.

TheLamé equatiorarosan aclassicaketting:thesolutionof Laplacesequationin
ellipsoidalcoordinatesy separatiorof variables.In that context, its solutionsin-
cludetheellipsoidalharmonicsin classicakreatments/ is accordinglyaninteger,
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or perhapshalf-odd-intger[1, Chap XXIll]. Thelattercasearisesn amorecom-
plicatedseparatiorof variablesproblem(see[2, Chap.IX, Ex. 4], [3, Sec.15.1.3]).
In modernapplications/ mayvary continuously For example,the Lamé equation
with ¢ € [0, 2] hasbeenusedto computeheHubbledistance—redshifelationin in-

homogeneouspatiallyflat cosmologie$4]. In thatapplication/(¢+1)/6 € [0, 1]

is thefractionof inhomogeneoumatterin theuniversethatis ‘dark’, i.e., excluded
from obsenation.

Actually, several distinct equationsare referredto in the literature as the Lamé
equationWeinitially considethealgebraidorm, ratherthantheWeierstrassr the
Jacobiform. Thealgebraidorm is definedonthecomplex projectiveline P*(C) =
C U {oo}, with

13, 1 (¢+1)x+ B
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(1.1)

whereD & d/dx. Herel, B, ey, ey, €5 € C, thee; aredistinct,andby corvention,

e; + es + e3 = 0. TheequationL, pu = 0 hasfour regular singularpoints,three
of which (ey, ey, e3) have characteristieexponents0, 1/2, and one of which (c0)

hasexponents—¢/2, (¢ + 1)/2. Sothe algebraic-formLamé equationis a special
caseof the Heunequation,which is the generalsecond-ordeFuchsianequation
onP*!(C) with four singularpoints.

Via the map (z,y) — =z, theline P*(C) is doubly coveredby the elliptic curve

y? = 423 — g,z — g3, Wherethe invariantsg,, g3 € C, at leastone of which is

nonzeroaredefinedoy 423 — g,z — g3 = 41>, (x —e;). Thiscurvewill bedenoted
E,, 4. Li, g canbepulledbackto adifferentialoperatorl, p 4, 4, thatactson £, ...

The pullbackhasonly onesingularpoint, namely(z, y) = (oo, 00), which from a
geometricpoint of view is why the Lamé caseof the Heunequationis important.
Thepulled-backequationL, g 4, ;v = 0 ON Ey, 4. istheWeierstras$orm, whichis

discussedn Section5. Indirectreferenceso theelliptic curve interpretatioroccur
elsavhere,sincewhenstudyingL, 5, we classify varioussituationsby supplying
the correspondingvalue of J, Klein’s modularfunction (also known asKlein’'s

absoluténvariant).RecallthatJ & ¢3/A € C, whereA ¥ g3 — 2742 + 0 is the
modulardiscriminantIff two elliptic curvesspecifiedoy gs, g3 havethesamevalue
of J, they arebirationallyequivalent,e.g.,nomeomorphiascomple« manifolds[5,

Sec.5.3].

The determinatiorof all quadrupled, B, g., g5 for which L, 5 hasonly algebraic
functionsin its kernelis anunsolhedproblem.Thenonclassicatase2? ¢ Z of this
problemis perhapgshe mosttractable.Singer[6] and Morales-Ruizand Simo [7,
Lemmal] mentionan unpublishedesultof Dwork thatfor ary fixed £ for which
20 ¢ Z,if ey isfixed,thenthereareonly afinite numberof pairses, B for whichall
solutionsof L, pu = 0 arealgebraicln essencdpr each? ¢ (1/2)Z thereareonly



afinite numberof ‘algebraic’ pairs J, B; thoughfor this statemento make sense,
B would needto be redefinedin a scale-ivariantway, constanton eachelliptic
curve isomorphisnclass.

Thedifficulty of findingall 4, B, g,, g3 for which theLamé equationL, su = 0 has

only algebraicsolutionscontrastswith the classicalsolutionof the corresponding
problemfor the hypegeometricequationL, , ,v = 0, the canonicalsecond-order
Fuchsiarequationon P! (C) with threesingularpoints.Here

def d2+1—)\2 1— p? N+ p?—1-12

= — 1.2
dz? 422 * 4(z —1)? * 4z(z — 1) (1.2

Lz\,u,v

is the (normal-form)hypegeometricoperatorwith exponentdifferences\, i, v €
C, andthe singularpointson P!(C) (coordinatizedby z) arez = 0,1,00. It isa
classicafresultof Schwarzthatif A, 4, v ¢ Z, thenL, ,,v = 0 will haveonly alge-
braicsolutionsff asuitablynormalizedversionof A, i, v (regardedasanunordered
triple) appear®n acertainlist. Thisis thefamousSchwarzlist’, which hasl15en-
tries, numbered—XV. (See[2, Sec.30], [3, Sec.2.7.2],[8].) The casewhenone
of A, u, v is anintegeris degenerateandcanbe handledby othermeang(it hasits
own list). To eachlist entrytherecorrespondafinite group,to whichtheprojectve
monodromygroupG(L, ,,), whichwill beafinite subgroupof the Modbiusgroup
PGL(2, C), is necessarilysomorphic.The possiblegroupsarecyclic (C,, n > 1),
dihedral(D,,, n > 2), tetrahedra(A,), octahedra(S,), andicosahedra{As).

Klein’s theoryof pullbacksof Fuchsianoperatorggren out of Schwarz’s classifi-
cationtheory Associatedo ary second-ordeFuchsiaroperatorF’ onanalgebraic
curveover C is aprojectve monodromygroupG(F') < PGL(2, C). Klein shaved
that G(F") will be finite, which is almostenoughto ensurethat F'u = 0 hasonly
algebraicsolutions,iff F is a (weak)pullbackfrom P*(C) of someL, , ., where
A, i, v belonggto asmallsublist,calledthe ‘basic Schwarzlist’. (Otherlist entries
canbe omittedsincethey areredundantthey themselescorrespondo pullbacks.)
NecessarilyG(F) < G(L,,,); andin fact, thereis atleastone A, i, v on the ba-
sic Schwarzlist, with correspondingullback,suchthatG(F) = G(L, ). If the
pullbackis known explicitly, G(F') mayreadilybe computedandthe solutionsof
Fu = 0 maybecomputedoo. All solutionswill be algebraicprovidedthe Wron-
skianof F' is algebraic.The proofsof Klein weremodernizedoy Baldassarrand
Dworkin [9,10].

In aremarkablepaper Baldassarr{11] appliedKlein’s theoryto the Lamé equa-
tion. By determiningnecessarygonditionsfor the existenceof a pullbackof L, s
from eachpossibleL, , ., Baldassarrdervedanecessargonditionfor L, pu = 0
to have only algebraicsolutions,and also necessaryconditionsfor G(Lg ) to
be eachpossiblefinite subgroupof the Modbiusgroup. It is a classicalresultthat
G(Ly,p) is nevercyclic, andcanbedihedralonly if 2¢ € Z. Moreover, in thenon-
classicalcase2/ ¢ Z, it cannotbe dihedral.Baldassarrshovedthatif 2¢ ¢ Z, all



solutionsof L, pu = 0 canbealgebraiconly if oneof ¢ +£1/10,¢ £ 1/6, ¢+ 1/4,
or ¢+ 3/10 is aninteger Moreover, G(L,,g) cannotbetetrahedralsoif it is finite,
it mustbe octahedrabr icosahedral.

Unfortunately[11] errsin its treatmenbf the octahedrataseln Theorem3.1,we

restatehe conditionsof [11] with thefollowing correction:For G(L,,z) to beocta-
hedral,it is necessarthatoneof /+1/6 or {+1/4 beaninteger, but notthatoneof

¢ £+ 1/4 beaninteger We discoveredthe needfor this correctionwhile examining
theimplicationsfor Lamé monodromyof [12], which in effect classifiesall strong
pullbacksof the hypegeometricto the Heun equation.Pulling back ‘algebraic’
L, .. viathe quadraticandcubic cyclic mapstreatedin [12] yields usefulexam-
plesof Lamé operatorswith only algebraicfunctionsin their kernels,includinga
countergampleto thenecessargonditionof [11]. The counter@ampleappearsn

Proposition3.4, and explicit formuleefor the solutionsof a numberof interesting
Lamé equationswith projectively finite monodromyaregivenin Section4.

The correctednecessarygonditionfor G(L, 5) to be octahedrabverlapswith the
necessargonditionthatit beicosahedralwhichis thatoneof ¢ + 1/10, ¢ + 1/6,

or £ + 3/10 be aninteger For example,/ = 1/6 is both an octahedraland an
icosahedradlternatve. It followsfrom Propositions3.4and3.5thatthereareLamé

operatorswith £ = 1/6 of boththe octahedrabndicosahedratypes.This implies
thatin thenonclassicall ¢ Z casefinite projectve monodromyis notdetermined
uniquelyby £.

Churchill [13] studiedthe monodromyof the Weierstrass-formLamé equation
Ly B g,,4su = 0 Ontheelliptic curve E,, .., andemployedtheresultsof [11] to de-

rive similar resultson the projectve monodromygroupG(Ly,p,g,,¢;)- In particulay

hededucedhatit cannotbe octahedralUnfortunatelythis deductions invalidated
by theerrorin [11] andtheconsequemonuniqueness$n Section5, we providede-

tails, including Theorem5.1, a correctectheoremon G(Ly, g 4, 4,) andits relation

to G(Le, ). We alsogive anexampleof anequationL,, g 4, 4,u = 0 With octahedral
projectve monodromy

2 Preliminaries

Thefollowing definitionsandresultsarefairly standard9,10], but areincludedto
malke this paperself-containedSuppose” is anonsingulamalgebraiccurve over C
with functionfield K/C, andthat D is anontrivial derivationof K/C. (For exam-
ple,C = P!(C), with K = C(z), thefield of rationalfunctions,and D the usual
derivationd/dzx.) Considerthe monic second-ordeoperator

L=D*+A-D+B (2.1)



whereA, B € K. Let{P,,..., P,} beits setof singularpoints,which comprises
the polesof A and B, and possiblythe point at infinity; andlet P be an ordi-

nary point. A GL(2, C) monodromyrepresentatiorf the fundamentalgroup of

the punctureccurve, 7, (C' \ { P, ..., P.}; P), is obtainedby analyticallycontinu-

ing ary two linearly independentunctionelements:,, u, aroundclosedpathsthat

issuefrom P. Itsimagein GL(2, C) isthemonodromygroupof L (itsisomorphism
classis independenbf the choiceof u,, u, and P). Theimageof the monodromy
groupin PGL(2, C), obtainedy quotientingoutits intersectiorwith C\ {0}, isthe

projectve monodromygroupG(L), thegroupof monodromie®f theratio us /u;.

Iff G(L) is finite, ary ratio of independensolutionsof Lu = 0 will bealgebraic

over K, with GaloisgroupG(L). Let r besucharatio. By calculation,if A = 0,

thenu, def 1/v/ Dt and us def 7/v/ Dt will satisfy Lu; = 0. Moreover, these

u1, uy areindependentSoif A = 0, all solutionsof Lu = 0 arealgebraicover K
iff G(L) is finite. A = 0 canbe wealenedto the conditionthat the Wronskian
w = w(L), definedlocally on C by Dw + A - w = 0, bealgebraicover K. Thisis
because

IA/:1/\/EOLO\/E (2.2)
=D*-DA/2 - A*/4+ B

equalsD? + A - D + B with A = 0, i.e., is of ‘normal form’. The groupsG(L)

andG(L) areisomorphic,and Lu = 0 iff L(u//w) = 0. Thatis, the solution
spaceof Lu = 0 is spannedy /w/v/ D7 and\/wt/v/ D7, where7 is ary ratio
of solutionsof L# = 0; 7 is algebraiciff G(L) is finite. Soif w(L) is algebraic,
Lu = 0 hasafull setof algebraicsolutionsiff G(L) is finite.

Let¢ : C — (' bearationalmapof algebraiccurves,whereC’ is anothemon-
singularalgebraiccurve over C, with its own function field K’/C and nontrivial
derivationD'. If Lisasin (2.1),andL’ = (D')*+ A'- D'+ B',with A", B' € K, is
asimilar monicsecond-ordeoperatoron C’, thenL is saidto bea strongpullback
of L' if thereareindependensolutionsu;, u, andu, u!, of L, L' respectrely, such
thatu; = u} o &. For example,if z is the coordinateon C' andC’ = P*(C) is
coordinatizedy z, sothatz = £(z) is arationalfunctiononC, and’ = D? + B/,
thenthe strongpullbackof L' is

(de/dx)* [d/dg” + B'(€)] = (2.3)

2 d26)da? d
- dgdi 4 (de da)?B (§(2)),

wherethe prefactor(d¢/dz)? ensuresnonicity.

If L, M are monic second-ordepperatorson C' (resp.C"), L is saidto be pro-
jectively equivalentto M (written L ~ M) iff ary ratio of independensolutions



of Mu = 0 is aratio of solutionsof Lu = 0, i.e.,iff M = h=! o L o h for some
h € K (resp.K'). Notethatif M is normal-formthenh  \/w(L) asin (2.2),and
M is uniquelydeterminedy L.

If L, L' aremonicsecond-ordeoperatoronC, C’, L is saidto beaweakpullback
of L' (hereaftera pullback)if therearer € K, ' € K’, ratiosof independent
solutionsof Lu = 0, L'/ = 0, with 7 = 7/ o £&. Thatis, L ~ M andL' ~ M’,
with M astrongpullbackof M’. Pullbacksarenotunique thoughthereis aunigue
normal-formpullback.

Lemma2.1 L =D*+ A- D+ BonC isapullbakby¢ : C — P(C) of the
normal-formopertor L' = D? + B’ onP*(C) iff

~DA/2 - A?JA+ B = (2.4)

L (ddgjz) ! (ddifﬁ) + (de /B (E(2)).

4

If thisis the case the solutionspaceof Lu = 0 is spannedy

w(l) w(L)(r 08) 05

D(r'0€) /D o€)

whee 7' is anyratio of independensolutionsof L'u' = 0.

PROOF. The strongpullbackof L' is given by (2.3), and accordingto the for-
mula (2.2), the uniquenormal-formweak pullbackof L’ will be D? + B, where
B is definedastheright-handsideof (2.4).But ascomputedn (2.2),anoperatorof
theform D? + B is projectively equivalentto L iff 3= —DA/2 — A2/4 + B. The
final statementollows from the above remarksaboutthe solutionspaceof Lu = 0
in relationto thatof (D? 4+ B)i = 0. O

We now specializeto operatorsF = D? + A - D + B on C thatare Fuchsian,
i.e., have two characteristieexponentsa; 1, ;2 € C (which may be the same)
at eachsingularpoint B;. If a;; # «;g, this meansFy = 0 hassolutionsy; ;,

j =1, 2, at P, thatareof theform ¢*-i timesaninvertiblefunctionof ¢, wheret is a
local uniformizingparamete(if o, ; = «; 2, onesolutionmaybelogarithmic).The
exponentdifferencesp(F, P;) = o1 — ;2 aredefinedup to sign;whenp € R,

thecorventionp > 0 will beadheredo. At eachordinarypoint, the exponentsare
0, 1, sotheexponentdifferences unity.

Theoren2.2is Klein’s pullbacktheoremtakenfrom [10, Thm. 1.8]. Theauxiliary
Tablel is thebasicSchwarzlist of exponentdifferences\, i, v. Thehypegeomet-



Tablel
ThebasicSchwarzlist.

Case| A\ u,v Group Solutionratioinversez = z(w)
— | 1/n,1,1/n Cp, | w"
(wn + 1)2

| | 1/2,1/2,1/n | D,

4 n
12y/ =3 w?(w* — 1)?
(wt + 2¢/=3w? + 1)3

| 1/2,1/3,1/3 | Aq

—(w!'? — 33uw® — 33w* + 1)2
vV | 1/2,1/3,1/4 | S
/2,1/3,1/ 4 108w4w4—15)
[w30 + 522(w — 10005(w* + w'%) + 1)?

VI | 1/2,1/3,1/5 | As

1728 w5(w10 + 11wd — 1)

ric operatorL, , , correspondindgo eachrow hasa full setof algebraicsolutions,
andthereis aratio 7’ of solutionswhich, asanalgebraicfunctionfrom z € P*(C)
to 7' € P(C), is the inverseof a single-walued,i.e., rational, ‘polyhedral func-
tion’ z = z(7'). Thesearetakulatedin thefinal column,whichis adaptedrom [2,
Sec.31] and[14, Sec.14.3]. Eachis automorphicunderthe correspondindinite
subgroupof the Mobiusgroup.

Theorem 2.2 LetF = D?+A-D+B beaFuchsianopemtoronC, with A, B € K,

andsupposehat G(F) is finite. There is a unique), u, v onthebasicShwarzlist

sud that G(F) is isomorphicto G(L, ,,) and F' is a pullback of L, ,, by some
rational map¢ : C — P!(C), whee ¢ is unramifiedover P*(C) \ {0, 1, 00}.

Moreover, if for any A, 4, v on thelist, F' is a pullback of L, ,,, thenG(F) is

isomorphicto a subgoupof G(L) ;.. ).

If G(F) is finite andthe Wronskianw (F') is algebraic,F'u = 0 will have afull set
of algebraicsolutions;andif ), i1, » andthe pullbackmapé : C — P!(C), which
areguaranteedo exist by Theorem2.2, areknown, a basisfor the solutionspace
of F'u = 0 maybe computedrom (2.5),in which 7' = 7'(z) is theinverseof the
polyhedralfunctionin thefinal columnof thetable.

It is worth notingthatasalgebraidunctions,the possibler’ arequite special Each
is ramifiedover z = 0,1, oo, at most,and the ramificationorder of eachof the
pointsin (7)~1(0), (7')~1(1), (')~} (o0) is1/XA = 1,1/u — 1, 1/v — 1, respec-
tively. Thatis, if m denoteshemappingdegreeof z = z(7'),i.e.,m = |G(Lx 4..)!,

the projectve monodromyof L, ,,v = 0 aroundeachof the singularpointsz =

0,1, cc is alwaysarestrictedsortof permutatiorof them branche®of 7/, thecycle

decompositiorof which comprisesrespectiely, Am cyclesof length1/\, um cy-

clesof length1/u, andvm cyclesof lengthl /v.

Lemma 2.3 Supposehe Fuchsianopemtor F' = D? + A - D + B is a pullback
of L, ., viag : C — P!(C). Theexponendifferencep(F, P) atany P € C equals
h timesthe exponentdifferencep(Ly .., £(P)), if h is the multiplicity with which
P is mappedo £(P), i.e., 1 plustheramificationorder of € at P.



PROOF. Considetheseriesxpansion®f solutionratiosr, 7' of F'y =0, Ly ,,y =
0 at P, £(P), respectiely. Eachis of the form ¢” timesaninvertible function of ¢,
wheret is auniformizingparameterandlocally, £(t) ~ th. O

Lemmaz2.3 constrainghe FuchsiamoperatorsF' to which Theorem2.2 canbe ap-
plied,i.e., F’ for which G(F) is finite. For example theremustbearow of Table1

suchthateachof thesingularpointexponentdifferenced p(F, P;) }i_, is aninteger
multiple of oneof the corresponding\, i, v. It alsoconstrainghe monodromyat

eachP;. Suppos&VLOG thaté(P;) = 0. Theprojectvemonodromyof L, ,, ,v = 0

aroundz = 0 permuteghem branchesf 7', andthe cycle decompositiorof the
permutationcomprises\m cyclesof length1/\. Sothe projectve monodromyof

Fu = 0 aroundP; mustbeisomorphicto anintegerpower of sucha permutation.
Togethemwith the factthat G(F'), the groupof permutationsf the branchesof =

which is generatedy thesemonodromiesmustbe identicalto the Galoisgroup
of 7 over K (ratherthanbeinga propersubsebf it), thisimposessubstantiaton-
straints.

Thefollowing lemmawill beusedin the next section.

Lemma 2.4 If L, g is analgebraic-formLame operator with finite projectivemon-
odromygroup,sothatit is a pullback of someL, ,, onthebasicSdhwarzlist by a
rationalmap¢ : P*(C) — P!(C) of thesortguaranteedo existby Theoem2.2,
thenprovided? + 1/2 ¢ Z, £ mustmapthe setof singular points{e;, es, e3, 00}
into {0, 1, co}.

PROOF. The only ramificationpointsof £ areabove z = 0,1, c0. Soif £(P) ¢
{0,1,00}, p(Le,s, P) = p(Lauy,€(P)) = 1 by Lemma2.3.Sincep(L, g, €;) =
1/2 andp(L,p,00) = £(£ + 1/2), theclaimfollows. O

3 KeyResults

Theorem 3.1 TheequationZ, gu = 0 on P*(C) hasa full setof algebraic solu-
tions, i.e., solutionsalgebraic over C(z), iff G(L, p) is finite. In the nonclassical
case2! ¢ Z, G(L,,p) is finiteiff it is octahedal (i.e., isomorphicto S,), in which

casel mustequaln £+ 1/6 or n + 1/4, with n aninteger; or icosahedal (i.e., iso-

morphicto A4;), in which case/ mustequaln £+ 1/10, n £ 1/6, or n & 3/10, with

n aninteger.

PROOF. The Wronskianw(L, z) equals]T;_, (z — e;)~'/2, which is algebraic;
so L, gu = 0 having a full setof algebraicsolutionsis equialentto finiteness



of G(Lg, ). Thenecessargonditionson ¢ comefrom conditiondmposedy Lemma
2.3 on pullbacksof L, 5 from L, ,, onthe basicSchwarzlist, sincesucha pull-
backis guaranteedo exist by Theorem2.2. As the final sentencef thattheorem
acknavledges,a FuchsianoperatorF’ canbe a pullbackof L, ,, with G(F') iso-
morphicto a propersubgroupof G(L, , ), ratherto G(L, ,,). To compensate,
onemustconsidetthevariousL, , , ‘in order’. Therows of Table1 areorderedso
thatif G5 appearsn alaterrow thanG,, thenGs is notisomorphicto a subgroup
of G.

The analysisbegins with the tetrahedrakow, sinceit is a classicalresultthat if
20 ¢ Z, G(L,,) cannotbe cyclic or dihedral.If G(L, p) is tetrahedral L, 5 must
be a pullbackof L;/51/31/3. Since L,z hasexponentdifferencesl /2, 1/2, 1/2,
+(¢ + 1/2) atz = ey, eq,e3,00, respectiely, it follows from Lemma2.4 and
Lemmaz2.3that{ mustmapes, ey, e3 to 0, andoo to 1, resp.oo. Hence¢ 1 (oc),
resp.£~1(1), mustcompriseonly ordinarypointswith exponentdifferencesqual
to unity. By Lemma2.3,eachpointin £~ (c0), resp.£ (1), mustbemappedriply
to co. S03 | degé&. This canbe combinedwith the predictionof the ‘degreefor-
mula’ of BaldassarrandDwork [9, Lemmal.5], whichis derivedfrom theHurwitz
genudormula.lf F', asecond-ordeFuchsiaroperatoronanalgebraicurve C' with
genusg, hasexponentdifferences{p;} andis a pullbackby a rationalfunction &
from F', aFuchsiaroperatoron P! (C) with exponentdifferences g}, then

22+ (o D] = (dege)[2+ 0 ok (3.1)

The degreeformula (3.1) yields (¢ + 1/2) — 1/2 = (deg&)/6 whenappliedto
F = Lyp, F' = Lyij3,/3,1/3. In conjunctionwith 3 | deg &, this contradict2/ ¢ Z.
[This ruling out of thetetrahedrablternatve is takenfrom [11, Prop.3.1].]

If G(L,,5) is octahedral L, s mustbea pullbackof L; s 1/31/4. Thepointz = oo

cannotbe mappedo 0, sinceby Lemma2.3 thatwould imply thatZ + 1/2 is an
integer multiple of 1/2, whichis a contradiction However, it canbe mappedo 1,

in which casel + 1/2 mustbe aninteger multiple of 1/3, or to oo, in which case
£+1/2 mustbeanintegermultiple of 1/4. Thatis, ¢ mustequaln+1/6 orn+1/4,

with » aninteger. [The possibilitythaté(co) = 1 waserroneouslyuledoutin [11,

Sec.3], by anagumentbasedon theincorrectassumptiorthaté (e;) mustequal0

for all 7.]

If G(L,,p) is icosahedralL, p mustbe a pullbackof L, 5/31/5. As in the octa-
hedralcase;z = oo cannotbe mappedo 0. It canbe mappedo 1, in which case
¢ + 1/2 mustbe aninteger multiple of 1/3, or to oo, in which casel + 1/2 must
beanintegermultiple of 1/5. Thatis, ¢ mustequaln + 1/6, with n aninteger, or
n £+ 1/10 orn £ 3/10, with n aninteger O



Accordingto Propositions3.4 and 3.5 belaw, the five alternatveslisted in Theo-
rem3.1caneachberealized.

Definition 3.2 The harmoniccaseis the casewhenJ = 1, i.e.,, whengs; = 0, so
thattheunorderedset{e;, es, €3} compriseghreeequallyspacedcollinear points
in C, i.e, is of theform a{—1, 0, 1}. Theequianharmonicaseis the casewhen
J =0, i.e,wheng, = 0, sothat {ey, es, €5} is the vertex setof an equilatesal
trianglein C, i.e., is of the form {1, w, w?} with w?® = 1. In bothcasesn # 0 is
arbitrary.

Lemma 3.3 In the harmoniccase L, is a pullbadk of L5 2¢41)/4,1/4, @andin
the equianharmoniccase Ly is a pullbadk of Ly 1/3,2041)6- Here £ € C is
arbitrary. Thesepullbads are via mapsé which up to compositionwith Mobius
transformationsre of thecyclicform £(z) = z*, whee k = 2, 3 respectively

PROOF. Themapé&(z) € 22 takesz = 0, 0o to 0, oo, eachwith multiplicity 2,
andz = +1 to 1 with multiplicity 1. By thetheoryof Fuchsiandifferentialopera-
tors,ary pullbackof L, ,, , via & will beaFuchsiaroperatowith —1, 0, 1, co asits
only possiblesingularpoints.By Lemmaz2.3, the respectre exponentdifferences
will be u, 2, p, 2v. If A, v = 1/4,1/2,(2¢ + 1) /4, the singularpoint locations
andexponentdifferenceswill beidenticalto thoseof L, 5 (harmoniccase).Simi-
larly, ary pullbackof Ly ,,, via&s(z) & 23 will have singularpointso, 1, w, w?, oo,
with exponentifferenceS\, u, i, p, 3v. If A\, u,v =1/3,1/2, (2¢+1) /6, thepoint
x = 0 will becomeanordinarypoint,andthesingularpointlocationsandexponent
differenceswill beidenticalto thoseof L, 5 (equianharmonicase).

Thevaluefor the accessoryparametei3 of the pullbackcanbe shovn to be zero
in both cases.This follows from LemmaZ2.1, sincein both casesa computation
(omitted here)yields equalvaluesfor the left-handandright-handsidesof (2.4),
irrespectve of /, iff B is setequalto zero.It alsofollows from atheoremof [12],
which determineghe valuesof the accessonparameteandexponentparameters
for which Heunoperatorsarestrongpullbacksof Ly , .

Thepermutatiorof 1/4,1/2, (2¢+1)/4into1/2, (2¢+1)/4,1/4, asrequiredby the
statemenof thelemma,is accomplishedby choosingt = M o &, whereM (z) =
(z — 1)/z is theMo6biustransformatiorthatmapso, 1, oo to oo, 0, 1. Soin the har
moniccasef(x) = (2 —1)/z2. Similarly, thepermutatiorof 1/3,1/2, (2 + 1) /6
into1/2,1/3, (2¢+ 1)/6 isaccomplishedby composing; with themapz — 1—z.
Soin theequianharmonicasef(z) =1 —z3. O

It shouldbe notedthat cyclic pullbacksof hypegeometricoperatorshave been
studiedor appliedby severalotherauthorsiIn the harmoniccase Jvanor [15] dis-
coveredthat the Jacobiform of the Lamé equationcanbe reducedto the hyper
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geometricequation,via a quadratictransformationanalogousto £(z) = z?. In
the equianharmonicase ClarksonandOlver [16] discoveredthatthe Weierstrass
form of the Lamé equationcan be similarly reducedyvia a cubic transformation
analogouso &(x) = z3. Our efforts to understandheir resultsled to [12], andulti-
matelyto this paperRecentlythe Clarkson—Olertransformatiorhasbeenapplied
by Kantavski andThomad4, Eq.12].

Proposition 3.4 Letn denotean integer.

(1) In theharmoniccase(J = 1), G(Ln11/6,0) iS Octahedal if n = 0 (mod 2),
resp.n = 1 (mod 2).
(2) In theequianharmonicase(J = 0),
(@) G(Ln+1/40) isoctahedal if n = 0 (mod 3), resp.n = 2 (mod 3).
(b) G(Ln+1/10,0) isicosahedal if n = 0 (mod 3), resp.n = 2 (mod 3).
(€) G(Ln+3/100) isicosahedal if n = 1 (mod 3).

PROOF. Thisfollowsfrom Lemma3.3,togethemwith Schwarz’s classicakcharac-
terizationof the A, i, v for which G(L, ,,,) is finite. If theunorderedriple A, u, v
appearonthefull Schwarzlist, thenG(Ly ,,) will befinite, andthe samewill be
trueif anormalizedversionof A, ., v appearshere.Normalizationis performedoy
replacing, i, v by a + A\, b + u, ¢ + v, wherea, b, c areary integerswhosesumis
even.(Seeg[2, Sec.28], [3, Sec.2.7.2].)Preseration of algebraicitycanbe verified
from the Gausscontiguity relations,which solutionsof hypegeometricequations
mustsatisfy

The full list includesCased, Il, IV, VI of Table 1, andalso,amongothers,the
icosahedralCaseXIV, for which \, u,v = 1/2,2/5,1/3. (See[2, Sec.30], [3,
Sec.2.7.2].)By choosingappropriatentegersa, b, ¢ (andinterchanginghe p, v of
CaseXIV), it is readily verifiedthatG(L, , ) is isomorphicto

(1) Syif A\, p,v=1/2,k,1/4with k € Z + 1/3 [CaselV].

(2) @) Siif A\, pu,v=1/2,1/3,kwith k € Z + 1/4 [CaselV].
(b) Asif A\, u,v =1/2,1/3, kwith k € Z + 1/5 [CaseVI].
(c) Asif N\, u,v=1/2,1/3,k with k € Z + 2/5 [CaseXIV].

By Lemma3.3, eachof theseL, ,, canbe pulled backto a Lamé operatorof the
form L,,, with ¢ determinedoy (2¢ 4+ 1)/4 = k (Casel),orby (2¢+ 1)/6 = k
(Cases2(a)—2(c)).The operatorsL,, of the propositionare a propersubset:the
onesfor which 2¢ ¢ Z. Thereasorfor imposingthis additionalrestrictionis that
if 2¢ ¢ Z, G(Lyp) is guaranteedo be isomorphicto G(Ly, ), ratherthanto a
propersubgroupThatis becauseby Theorem3.1,theonly possiblegroupsare S,
andAs, andneitheris asubgroupof theother O
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Casel of Proposition3.4 provides a countergampleto the necessaryondition
of [11]. It shouldbe mentionedhatCase2(b)is actuallyageneralizatiorof another
resultof [11], whichis thatin the equianharmonicase,L, 1o, canbe pulledback
from L,,51/3,1/4 Via adegrees cyclic map.In fact, Baldassarrivasthefirst to see
therelevanceof degree3 cyclic mapsin this context.

The following propositionshows that the remainingalternatve of Theorem3.1,
which Proposition3.4 did not cover, canalsobe realized.Unlike Proposition3.4,
it is specificto a singlevalue of ¢, andalsoto a nonzerovalue of the accessory
parameteis.

Proposition 3.5 Suppos¢hat J = —80, i.e., go = 80a?/3 and g3 = —80a3/3 for
somen # 0; equivalentlythate, ey, e; are therootsof 323 — 20z + 20, multiplied
by somea: # 0. ThenG (L1 /6,—a/9) is icosahedal.

PROOF. This ¢ = 1/6 examplewas constructedby a techniquesuggestedy
the methodemployed to prove Lemma3.3, which we sketch. The first stepis to
find arationalé(x), unramifiedover P'(C) \ {0, 1, oo}, suchthatthe pullbackof
L1/2,1/3,1/5 hasthe sameexponentdifferencesasary L5 5. The threesingular
pointsof the pullbackthat have exponentdifferencel /2 aretakento bee, e, e3.
Thesecondstepis to usetheformula(2.4) of Lemma2.1to computetheuniqueB
for which L, 6 g with this choiceof ey, e, e is, in fact,the pullback.

It wasnotedin the proof of Theorem3.1thatin the/ € Z + 1/6 icosahedratase,
& mustmapthesingularpointz = oo to z = 1. Sincex = oo hasexponentdiffer-
encet({ + 1/2) = £2/3, themappingmusthave multiplicity 2. In the sameway,
it follows that¢é mustmapeache; to z = 0 with multiplicity 1. The function¢ is
characterizethy thepointsin £~ ({0, 1, oo }) andthemuiltiplicities with which they
aremappedSuppose¢haté—!(0) includesn, ordinarypoints,besides;, e,, e3; that
¢71(1) includesn; ordinarypoints,besides; andthat{~!(c0) includesn,, or-
dinary points.By Lemma2.3, ¢ mustmapeachof the ng, ny, n,, ordinarypoints
with multiplicity 2, 3, 5, respectrely. Theintegersng, n1, ne > 0 mustsatisfy

3+ 2n) =2+ 3n; = dny = degé, (3.2)
(3+1n0) + (14 n1) + noe = 2+ degé. (3.3)

Here(3.2)is the degreecondition.Equation(3.3) is a consequencef the Hurwitz
formula, accordingto which ary rationalmap¢ : ¢ — P!(C) from a nonsin-
gular algebraiccurve C of genusg to P!(C) thatis unramifiedabore P*(C) \
{Py,..., P} satisfie§¢ 1 ({Py, ..., P.})| =2 — 29+ (r — 2) deg .

The only solution of (3.2)—(3.3)is ng = n; = ne = 1, with degé = 5. So
ary function{ by which an operatorof the form L, 5 5 canbe pulled backfrom
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L1/2,1/3,1/5 mustbe of theform

(x = C))(z — Cy)(x — C3)(x — Cy)? o Ce(x — Cy)3
(- C5)° (z - Cs)°

(z) = (3.4)

for certainC,...,C; € C, where(C,, C,, C3 areto beidentifiedwith ey, es, e3.
Solutionsof (3.4)maybeconstructedby eliminationtheory Imposingthecondition
e1 + es + e3 = 0 yieldsanessentiallyuniquesolution,namely

(3z% — 20z 4 20)(2z — 5)* (5x — 8)3
12(x — 1)° T 12 —1)Y

£(z) = (3.5)

whichrequiresg, = 80/3 andgs = —80/3. Ontheright-handsideof (3.5),z may
bereplaceddy z/a for ary o € C\ {0}. It follows by substituting(3.5)into (2.4),
andsomealgebraiananipulationthatZ, ;s 5 will beapullbackiff B = —a/9. The
a-dependences dueto B notbeingscale-ivariant. O

Corollary 3.6 In thenonclassicatase2/ ¢ Z, finite projectivemonodomyof the
Lanmeé equationis notuniquelydeterminedy /.

PROOF. By Propositions3.4 and 3.5, G(L46,5) is octahedralvhenJ = 1 and
icosahedrahenJ = —80, if in eachcase,B is appropriatelychosen. O

4 Explicit Formulas

In practicalapplicationsof the Lamé equation,suchasthe astrophysicabpplica-
tion of [4], it is usefulto have explicit formulasfor the algebraicsolutions,if any.
Thefive casesf thefollowing proposition,which correspondo the four casesof
Proposition3.4 andto Proposition3.5, shouldsene asexamples.

Proposition4.1 Letr = 7(z), analgebraic comple-valuedfunctionof a comple
argumentpe definedasfollows.

(1) Intheharmoniccase{e;, ey, e3} = {—1,0,1},if £=1/6andB = 0, let be
definedoy

—(71? =338 = 337" +1)> 2*—1
108 74(74 — 1)* ox2

(2) In theequianharmonicase{es, ey, e3} = {1, w, w?},
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(@) if ¢=1/4andB = 0, let r bedefinedby

—(r'? = 337% — 337" +1)°
108 74(7* — 1)*

=1- 7z

(b) if £=1/10and B = 0, let r bedefinedby

[730 + 522(725 — 75) — 10005(7%° + 719) 4 1)?
1728 75(710 4+ 1175 — 1)°

=1-2°

(c) if ¢=7/10and B = 0, let 7 be definedoby

[730 + 522(725 — 75) — 10005(7% + 719) 4 1]?
1728 75(710 + 1175 — 1)°
_ 5(157464 s3 — 352107 s% + 708750 s — 546875)?
B (189 s — 125)3

b

wheke s signifiesl — z3.
(3) In the casewheney, ey, e3 are the rootsof 3z* — 20z + 20, if £ = 1/6 and
B = -1/9, letT bedefinedby

(730 1 522(7% — 75) — 10005(7%0 + 710) + 1]2
1728 75(710 + 1175 — 1)°
(32® — 20z + 20)(2z — 5)?
12(x — 1)° '

In ead of thesefive casesthe Lameé equationL, su = 0 hasa full setof algebraic
solutions Its solutionspaces spannedy

L_ﬁl(z - ei)]IM { v ;/dx | \/d:/dm} | (4.1)

wheee 7 is case-specificln casesl and 2(a), the projective monodomy group
G(Lye,), i.€., the Galois group of 7 over C(z), is octahedal, andin cases2(b),
2(c),and3, it is icosahedal.

PROOF. Thesolutionspace(4.1)is of theform specifiedby Lemmaz2.1in (2.5).
In eachcaser is definedsothatr = 7'o&, where is therationalfunctionby which
L, g is pulledbackfrom someL, ,,, and7’ is aratio of solutionsof L, , ,v = 0.
In all casesexcept2(c), the right-handside of the definingequationis z = &(z),
assuppliedin the proof of Lemma3.3 or the proof of Proposition3.5, andthe left-
handsideis the appropriatgolyhedralfunction,assuppliedin thefinal columnof
Tablel, appliedto .
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Case2(c) is special As wassketchedn the proof of Proposition3.4, L7/, is the
pullbackvia &(z) = 1 — 2® of Ly/s,1/3,2/5, Whichis Schwarz’s CaseXIV (modulo
theinterchangeof i, ). CaseXIV is notonthe basicSchwarzlist, andin fact, it
is notthe casethataratio 7’ = 7'(z) of independensolutionsof L, /5 1/32/5v = 0
is theinverseof arationalfunction.However, CaseXIV is itself a pullbackof the
basicicosahedraCaseVI. Soonecanchooser’ = 7" o £, where¢' is therational
functionby which L5 1/3,9/5 is pulled backfrom L; 5 1/31/5, andr" is aratio of
solutionsof L1 5,1/3,1/5v = 0, theinverseof whichis listedin Tablel. Theformula
in Case2(c)definesr sothatr =7/ o0& = 7" 0 & 0 &.

A rationalmapé equialentto ¢’ wasworked out by Klein in 1877,in a paperin
which he completedhereductionof the Schwarzlist to the basicSchwarzlist [17,
Sec.10]. His formulawas

L (645+189)(645? + 133 5 + 49)?
Sl =1- 2T (s + 1) (4.2)

whichmapss = 0, —189/64, —1 respectiely to £(s) = 0, 1, co. For our purposes,
this morphismmustbe composedvith a MobiustransformationComposingwith
M (s) = 189s/(125 — 189s), whichtakess = 0, 1,00 to M(s) = 0, —189/64, —1,
yields

_ s (157464 s® — 352107 s2 + 708750 s — 546875)2
(Eo M)(s) = 2L i )
(1895 — 125)

(4.3)

astherationalmap¢’ = ¢'(s) by which Ly 5 1/3,9/5 is pulledbackfrom Ly 5 1 /3.1 /5.
This mapappear®ntheright-handsidein Case2(c). O

5 The WeierstrassForm

In classicaltreatmentq1], the Weierstrass-fornbamé equationis regardedasan
equationon C, of theform

d’u

o [+ 1)p(t) + Blu=0. (5.1)
Herep : C — P!(C) is the Weierstrasso-function correspondingo somepe-
riod lattice £ = w1 Z + w,Z C C, with wy, w, independenover R; i.e., (p')? =
4% — gogp — g3 for somegs,, g3 € C for which A = g3 — 2792 # 0. Equation(5.1)
is a Schivdingerequationwith an elliptic potential,extendedto the complex do-
main. The algebraicLamé equationL, su = 0 canbe obtainedfrom (5.1) by the
substitutionz = p(t). Thatis, (5.1)is thestrongpullbackto C of L, pu = 0 by p.
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Anotherinterpretationis possible Themapp : C — P!(C) is the composition
of twomaps,¢ : C — E,, 4, andr : E,, ,, — P'(C). Here E,, ,, is theelliptic
curve specifiedby 3?2 = 423 — g,o — g3, andthe maps¢ and = are definedby
o(t) = (p(t), ' (t) andn(z,y) = z. E, 4, is homeomorphido atorus,andthe
projectionr is a doublecover of P'(C) by E,, ,,. From an algebraic-geometric
point of view, it is morereasonabléo pull the algebraic-form_amé equationback
to E,, 4, Via 7, thanto C via 7 o ¢. We call the resultingequationon E, ., the
Weierstrass-fornhamé equationandwrite it L, g 4, 5,¢ = 0. By examinationthe
operatorL, g 4, 4, hasonly onesingularpoint, namelythe point O, i.e., (z,y) =
(00, 0), Whereits characteristiexponentsare—/¢, £+1. We shallinformally regard
E,, 4, asasubsebf P'(C) x P!(C), coordinatizedy (z,y), althoughin a more
careful treatmentE,, ,, would be definedas the projectve curve y?z = 42° —
gox2? — g32% in P?(C), equippedvith homogeneousoordinategz, y, z).

Thepullbacktheoryof Section2 applieswhenthealgebraiaccurve C equalsky, .,

justasit appliedwhenC = P'(C) andK = C(x). Thefunctionfield K on E,, ,,

is C(z,y) D C(z), adegree-2extension,andthederivation D = d/dx extendsin

theobviouswayto K, via Dy ¢ (1222 — g,)/2y. With thesechoices Ly i g, 4, IS

of theform D>+ A- D+ B, for A, B € K C K. Sincethe Wronskianis algebraic,
the projective monodromygroupG(Ly, g4, 4,) is finite iff aratio of solutions7 of

Ly,B,g,,5s0 = 00N Ey, .. is algebraicover C(z, y). This is equivalentto G(L,,p)

beingfinite, which occursiff aratio of solutionsr of L, su = 0 onP*(C) is alge-
braicover C(z). Theequialences dueto the (local) pullbackproperty? = 7 o,

which impliesthatthetwo sortsof algebraicityareequialent.But thetwo groups
maynotbeisomorphic.Thisis because¢ mayhave lowerdegreeover C(z, y) than
7 hasover C(z).

In a thought-praoking paper Churchill [13] examinedthe implicationsof finite

group theory for the monodromyof L, g 4, ., aswell asfor the monodromyof

the hypegeometricoperatorL, , ,. The (projectve) monodromygroupof L, ,,

is doubly generatedit is generatedy the imagesof loopsaroundary two of the
singularpointsz = 0,1, co. Similarly, since E,, ,, is homeomorphido a torus,
the (projectve) monodromygroupof L, 4, 4, IS generatedy theimagesof only

two loops.But theconjugay classe®f thetwo monodromy(resp.projectve mon-
odromy)generatorsn GL(2, C) (resp.PGL(2, C)) aredetermineduy the charac-
teristicexponentof thesingularpoint(s).This constraingvhat,upto isomorphism,
the monodromygroup (resp. projectve monodromygroup) may be, in the case
whenit is finite.

In thisway, Churchillwasableto obtainsignificantresultson the projectve mon-
odromyof Ly g 4, 4, Withoutusingpullbacks Like G(L, ), G(Le,p,g,,4,) CANNEVET
be cyclic, andcanbedihedralonly if 2¢ € Z. Moreover, in the nonclassicatase
2¢ ¢ Z, it cannotbedihedral.He shavedthatin thenonclassicatase G(Ly, s 4, 4)

canbetetrahedrabnly if ¢ € Z + 1/4, andcanbeoctahedrabricosahedrabnly if

(€eZ+1/10,£€Z+1/6,0r € Z + 3/10.
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NecessarilyG (Le,p,g,,0,) < G(Le,p) [13], soconditionson G(Ly,g,4,,4,) Yield con-
ditions on G(L,,5), andvice versa.By combininghis resultswith thoseof [11],

Churchillwasableto deducehatG(Ly, g, 4,4, ) cannotbeoctahedralUnfortunately
this is incorrect:the proofs of Theorem5.3 and Corollary 5.4 of [13], which in-

cludethis assertionrely crucially on the incorrectresultof [11] that G (L, z) can
beoctahedrabnlyif £ € Z +1/4.

Theorem5.1 is a characterizatiorof G(Lg,p,g,.4,) aswell asG(L, g), which is
obtainedfrom pullbacktheoryalone.This theorembuilds on andsubsumedheo-
rem3.1.

Theorem 5.1 TheequationL, p g, 4,u = 0 0N E,, ,. hasafull setof algebraic so-
lutionsiff G(Lye,g,4,,¢,) is finite, which is equivalento L, su = 0 onP!(C) having
a full setof algebraic solutions,andto G(L,,z) beingfinite. In the nonclassical
case2/ ¢ Z, thefollowing are the only waysthis canoccur

(1) G(Ly,B,g,.45) is tetrahedral and G(L ) is octahedal; in which casel must
equaln £ 1/4, with n aninteger.

(2) G(Ly,B,g,.,45) is octahedal and G(L, ) is octahedal; in which case/ must
equaln + 1/6, with n aninteger.

(3) G(Ly,B,g,.45) isicosahedal andG(L,,g) is icosahedal; in which case/ must
equaln £1/10, n +1/6, or n £ 3/10, with » aninteger.

All five of the precedingalternativescanberealized.

PROOF. Thefirst sentencéasalreadybeenproved. The proof of the necessary
conditionson £ for G(Lg, 4, .¢,) t0 be eachpossiblefinite groupis similar to the
proof of Theorem3.1: it runsdown the rows of the basicSchwarz list, beginning
with the tetrahedralBefore beginningthe proof, notethatthe pullbackfunction &
guaranteedo exist by Theorem2.2will mapthelonesingularpointO of L; g g, 4
tooneof {0, 1, oo}, sincetheexponentdifferenceat O is +-(2/+1), andananalogue
of LemmaZ2.4 holds. Also, note thatthe degreeformula (3.1) of Baldassarrand
Dworkyields+/ = (deg§)/3 whenappliedto F' = Ly g, g, aNdF" = L1/51/3.1/3,
and+/ = (deg&)/6 whenappliedto F' = Ly p g, 4, @NdF" = Ly/1/31/4, SINCE
E,, 4,, beingelliptic, hasgenusg = 1.

If G(Le,B,g,,q,) iStetrahedrally z g, 4, mustbeapullbackof Ly /2 1/3,1/3. By Lemma
2.3,if £(0) = 0 then2¢ + 1 is anintegermultiple of 1/2, i.e.,¢ € Z + 1/4. The
possibilitiesé (O) = 1,00 canbe ruled out, sincethey would imply respectiely
that£~!(c0), £71(1) consistsof ordinary points,eachmappedwith multiplicity 3.
Eitherwouldimply 3 | deg &, whichwith +£¢ = (deg &) /3 would contradic2? ¢ Z.

If G(Le,B,g,,g,) IS OCtahedrally s 4, 4, mustbeapullbackof Ly /51 /3,1/4. By Lemma

2.3,if £(0) = 1 then2¢ + 1 is anintegermultiple of 1/3, i.e.,¢ € Z +1/6. The
possibilitiesé(O) = 0,00 canbe ruled out. If £(0) = 0 then&~1(1), €71 (o)
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consistof ordinary points, eachmappedwith multiplicity 3,4, respectiely. This
wouldimply 3 | deg & and4 | deg &, hencel2 | deg &; whichwith +¢ = (deg&)/6
would contradict2/ ¢ Z. £(O) = oo is ruledoutsimilarly.

If G(Le,B,g,,g,) ISicOsahedrall p 4, ,, Mustbeapullbackof L, 5131 /5. By Lemma
2.3,if £(O) = 1then2¢ + 1 is anintegermultiple of 1/3, i.e.,¢ € Z + 1/6, and
if £(0O) = oo then2/ + 1 is aninteger multiple of 1/5, i.e., £ € Z £+ 1/10 or
¢ € Z £+ 3/10. Thepossibility£(O) = 0 canberuledout, sinceit would imply that
2¢+1isanintegermultipleof 1/2,i.e.,£ € Z+1/4. ThegroupG(L,,z) isfinite if
G'1,B,g2,95 1S finite, soif £(0) = 0, Theorem3.1limpliesthatG(L, ) is octahedral.
But G(Ly,g,g,,4,) Mustbeisomorphicto a subgroupof G(L,, p).

The classificationschemeof the theoremresultsfrom combiningthe just-derved
conditionson G(Ly,p,g,,4;) With the conditionsof Theorem3.1 on G(L,,p). That
G(Ly,B,g,,4,) OCtahedraimplies G(L, z) octahedrals dueto A5 not having ary
normal S, subgroup.The realizability of all five alternatveswas provedin Sec-
tion 3 (it follows from Propositions3.4and3.5). O

By Theoremb.1,G(L,,5) beingoctahedratioesnot uniquelydeterminethe group
G(Le,,g,,45): it may be either octahedralor tetrahedral.The latter occurswhen
the extensionC(z, y, 7)/C(z,y) haslower degreethan C(z,7)/C(z). The two
possibilitiesare exemplified by Casesl and2(a) of Proposition4.1, respectiely,
whichhave?, B, g,, g3 equalto 1/6,0, 4,0 and1/4,0,0, 4. A ratio7 of solutionsof
Ly B g,.4,u = 0 is specifiedoy

~ - . 2 _

_(7—12_33T8_33T4+1)2 — ? 1a 673592793: 1/67074701 52

108 74 (7% — 1)4 -], (5-2)
1_3:3’ 6,3,92,93:1/4,0,0,4,

since = 7 o . In the secondcase,y? = 4z3 — gox — g3 = 43 — 4, SO
1 — 2% = —y?/4, implying that the minimum polynomial of 7 over C(z) is re-
ducibleover C(z, y). In fact,7 canbe choserto satisfy

712 - 3378 — 3374 +1

(V108/2)72(74 —1)2 v

(5.3)

whereeithersignis acceptableEachsignyieldsa12-branche@lgebraidunctiont
ontheequianharmonielliptic curve E, 4 (with J = 0) thatprojectsto 7, ratherthan
yielding a 24-branchedunctionon Ey 4. And C(z, y, 7) is obtainedrom C(z) via
the tower C(z) C C(z,y) C C(z,y,7), wherethe extensionsare algebraicof
degrees2 and12, respectiely. The groupG (L 4,0,0,4), Which is the Galoisgroup
of 7 over C(z, y), hasorder12 andmustbetetrahedrali.e.,isomorphicto A,.
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In generalthis reductionmay not occur In the first caseof (5.2),in which y? =
423 — 4z, theanalogousubstitutionrdoesnot leadto areductionof thedegree.The
function7 ontheharmonicelliptic curve E4 o (with J = 1) is 24-branchedijke 7,
thefunctionto whichit projects.Sothe groupG (L s 0,4,0) hasorder24 andmust
beoctahedrali.e.,isomorphicto S;.
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