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Abstract. Considera two-dimensionalcontinuous-timedynamicalsystem,with an attractingfixed point � .
If the deterministicdynamicsareperturbedby white noise(randomperturbations)of strength� , the systemstate
will eventually leave the domainof attraction � of � . We analysethe casewhen,as ����� , the exit locationon
theboundary	
� is increasinglyconcentratedneara saddlepoint � of thedeterministicdynamics.We show using
formal methodsthat the asymptoticform of the exit locationdistribution on 	�� is genericallynon-Gaussianand
asymmetric,andclassify the possiblelimiting distributions. A key role is playedby a parameter
 , equalto the
ratio � �
��������� ���
������� of the stableandunstableeigenvaluesof the linearizeddeterministicflow at � . If 
�� �
thentheexit locationdistribution is genericallyasymptoticas �!�"� to a Weibull distribution with shapeparame-
ter #$�%
 , on the &'�(�*)�+-,.� lengthscalenear � . If 
0/1� it is genericallyasymptoticto a distribution on the &'�(�-23+�,��
lengthscale,whosemomentswecompute.Our treatmentemploys bothmatchedasymptoticexpansionsandstochas-
tic analysis.As a byproductof our treatment,we clarify the limitations of the traditionalEyring formula for the
weak-noiseexit timeasymptotics.
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1. Intr oduction. We considertheproblemof noise-activatedescapefrom a planardo-
main 4 with smoothboundary, in the limit of weak noise. If 57698;:.<3= , >?69@�A%B is a
smoothvector field on a neighborhoodof the closure C4 , we define the randomprocessDFE 8HG�=�6I8KJ <E 8KG�=�= , >L6I@�A�B by theItô stochasticdifferentialequationM J < E 8HG�=F6N: < 8 D E 8KG�=�= M GPORQ$S-T-ULV�W"X < W 8 D E 8KG�=�= MZY W 8KG�=(1.1)

andanappropriateinitial condition.Here
Y W 8KG�= , [?6\@�A�B , areindependentWienerprocesses

and X16I83X < W = is a B -by-B noisematrix, like 5 a functionof position D 678HJ < = , >]6^@ZA%B . The
associateddiffusiontensor_`6I8Ka <cb = is definedby

a <cb 6 VdW X < W X b W A(1.2)

i.e., _e6fXgXgh . Weassumestrictellipticity, i.e., that _ is nonsingularon 4 andits boundary,
and that its D -dependenceis smoothon a neighborhoodof C4 . Qjilk is a noisestrength
parameter. Thesubscriptson J < E and D E emphasizethe Q -dependenceof therandomprocess,
whichmaybeviewedasadynamicalsystemstochasticallyperturbedby noise.

Of interestin applicationsis thecasewhen 4 containsonly a singlestablefixedpoint m
of thedrift field 5 , and m servesasanattractorfor thewholeof 4 . If 4 is theentiredomainof
attractionof m , theboundaryng4 will notbeattractedto m : it will beaseparatrixbetweendo-
mainsof attraction.This ‘characteristicboundarycase’is particularlyimportantanddifficult
to study. We shallrestrictourselvesto this case,assumingthat ng4 is a smoothcharacteristic
curve of 5 containingfixedpoints(alternatingsaddlepointsandunstablefixedpoints,asin�
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FIG. 1.1. Thestructure of thedrift field o on p , when p is bounded.Theboundaryq
p , beinga separatrix, is
not attractedto thestablefixedpoint r , thoughall pointsin p are attractedto r . Saddlepoints( s ) andunstable
fixedpoints( t ) alternatearoundtheboundary.

Fig. 1.1).Weallow u to beunbounded.If theinitial conditionis v]wdxKyZzF{N| and }�w is thefirst
passagetime from | to theboundary(i.e., thefirst exit time),we shallstudythebehavior of

theexit locationdistribution ~�w.xKvFz���v def{ Pr ��v!wdxH}�w%z���v�����v�� on ��u in the �0��y limit,
andthesmall-� asymptoticsof themeanfirst passagetime(MFPT) ��}�w .

Exit problemsof this sort, in morethanonedimension,have a long history [42]. They
aroseoriginally in chemicalphysics[2, 4, 8, 24], but occurin otherfieldsof physics[41, 51]
aswell asin systemsengineering[31, 52] andtheoreticalecology[29, 36, 37]. In recentyears
two differentapproacheshave beenused: rigorouslarge deviations theory [9, 10, 19, 20]
andformal but systematicasymptoticexpansions[29, 39, 42, 50]. The rigorousapproach
yields comparatively weakbut still very useful results. In particularmuch light is thrown
on exit problemsby the Wentzell-Freidlinquasipotential[20], or classicalaction function,� ���u����L� .

� xKv]z is bestthoughtof asa measureof how difficult it is for the pro-
cessv w xH��z to reachthe point v ; as ���ey the frequency of excursionsto the vicinity of v
will besuppressedexponentially, with rateconstant

� x3vFz . � x3vFz canbecomputedfrom the
‘classical’ trajectoryextendingfrom | to v , i.e., themostprobable(as ����y ) fluctuational
pathfrom | to v [29, 34].

Normally oneexpectsthat
�

will attaina minimumon �gu at oneof thesaddlepoints.
Thiscanbeshown to imply thatas ���ey , theexit locationon �gu convergesin probabilityto
thesaddlepoint. Actually thebehavior of

�
on �gu , andits consequences,arenot yet fully

understood.(For somepartialresultson thesmoothnessof
�

, seeDay andDarden[14] and
Day[13].) Recenttreatments[11, 32] indicatethatas ���`y it is possiblefor theexit location
to convergeto anunstablefixedpoint on �gu , dueto local constancy of

�
on theboundary.

In this paperwe consideronly modelsdisplayingthe conventionalbehavior: as ����y the
exit locationshouldconvergeto somedistinguishedsaddlepoint � on �gu , dueto

�
on �gu

having a uniqueglobalminimumat � .
Muchpreviouswork, in particularonphysicalapplications,hasdealtwith aspecialcase:

whenthemeandrift �.  equals¡'¢£ c¤�� ¤
¥ , for somesmoothpotentialfunction ¥ . (Here � ¤ def{�§¦¨�ª©�¤ ; summationover repeatedRomanindicesis assumedhenceforth.) In this casethe
point � will simplybeasaddlepointof ¥ . Thisgradient(or ‘conservative’) casefindsmany
applicationsin physics,but from a mathematicalpoint of view is highly nongeneric.

�
can

besolvedfor exactly(it equals« ¥ ), andonecanshow formally thatin thelimit of weaknoise
thedistribution of theexit locationon �gu is asymptoticto a Gaussiancenteredon � , with¬ xK�$­�®%¯�z standarddeviation.

It hasbeenknown for sometimethattheexit locationdistributionin nongradientmodels



LIMITING EXIT LOCATION DISTRIBUTIONS 3

tendstobeskewed. Whatismeantby thisis thatas°�±`² , theexit locationconvergesto ³ but
its distribution ´�µ$¶3·F¸�¹Z· on ºg» fails,dueto a lack of symmetry, to beasymptoticto a Gaus-
siancenteredon ³ . Skewing wasdiscoveredby Bobrovsky andSchuss[6]; for recentwork,
seeBobrovsky andZeitouni[7], Day[12], andRyterandBobrovsky [45]. Also, skewedlim-
iting exit locationdistributionshave beencomputedexplicitly by theauthors[33]. We show
in this paper, usingformal methods,thatskewing is a genericphenomenon.Our resultson
genericitysupplementtherigorousresultsof Bobrovsky andZeitouni,andof Day. We also
derive a generalresult,analogousto thecentrallimit theorem,which characterizesskewing:
As °0±¼² , in anygenericstochasticexit model(with characteristicboundary)of theabove
sort, theexit locationdistribution, on an appropriate ° -dependentlengthscalenear ³ , will
beasymptoticto a non-Gaussiandistribution thatbelongsto oneof twowell-definedclasses.
Whichlimiting distributionoccursis largelydeterminedby thebehavior of themodelnear³
(i.e., theratio ½ def¾À¿ ÁªÂ ¶K³Ã¸ ¿ Ä
ÁÆÅ ¶3³Ç¸ of thestableandunstableeigenvaluesof thelinearization
of È at ³ , whichweassumeto benonsingular).Oneof thetwo classesis theclassof Weibull
distributions,whicharefamiliarfrom statistics[3]. Theasymptoticexit locationdistributions
in thesecondclassaremorecomplicated,andwedonotderiveexplicit expressionsfor them
in thispaper. We dohoweverprovideanalgorithmfor computingtheirmoments,in termsof
thecorrelationfunctionsof a conditionedthree-dimensionalBesselprocess.

Thatgenericdrift fieldsgive rise to non-Gaussianasymptoticexit locationdistributions
is slightly surprisingfrom thepointof view of largedeviationstheory. Onemightexpectthat
on ºg» , É in generalattainsa quadraticminimum at ³ . If º�Ê�É Ä ºgË�ÊZ¶3Ë ¾ ²�¸ equalsÌLÍªÊ
( Ë beingthearc lengthalong ºg» , measuredfrom ³ ), theabovementionedexponentialsup-
pressionas °�±e² wouldpresumablygiveriseto a factor Î$Ï�Ð§¶�ÑÒË Ê Ä
Ó Ì Ê °.¸ in theexit location
densitý µ ¶;ËÔ¸ . This is preciselya Gaussiancenteredon ³ , on the Õ�¶K°$Ö-×-Ê�¸ lengthscale.The
genericcasewould thereforeseemto resemblethegradientcase.

It is temptingto ascribethe discrepancy betweenthis predictionandthe phenomenon
of skewing to whattheoreticalphysicistswould call a ‘prefactoreffect’, i.e., thepresenceof
subdominant(as °�±`² ) termsin theexit locationdensitythatarenot includedin thecompar-
atively coarseasymptoticssuppliedby largedeviationstheory. However, this is not thecase.
Thepredictionassumedthat if É hasa minimumat ³ , it hasa quadraticminimumthere.
It turnsout that generically, É is not even twice differentiableat ³ ; in fact, º�ÊÔÉ Ä ºgËÔÊ is
genericallydiscontinuousat Ë ¾ ² . Thisdiscontinuitycausestheexit locationdensitý µ ¶3Ë�¸ ,
evenif (in thesmall-° limit) it is localizedon the Õ£¶3°.Ö-×%ÊÔ¸ lengthscalenear ³ , to havediffer-
entGaussianfalloff ratesas Ë Ä ° Ö-×%Ê ±ÙØ�Ú and Ë Ä ° Ö�×%Ê ±�Ñ�Ú . This givesriseto skewing.
The abovementionedlimiting Weibull distributions,which areone-sided,arisewheneitherº�Ê�É Ä ºgËÔÊ�¶3²�ØÛ¸ or º�ÊÔÉ Ä ºgËÔÊ�¶K²ÜÑÒ¸ equalszero(a genericoccurrence,when ½IÝßÞ ); on ac-
countof thecorrespondingzeroGaussianfalloff rate,they arelocalizedon a larger length-
scalethan Õ£¶3°$Ö�×%Ê�¸ . That skewing is genericin modelswith ½7ÝàÞ wasshown rigorously
by Bobrovsky andZeitouni [7] andDay [12], but the appropriatelengthscalewasunclear.
Ouranalysisrevealsthat Õ�¶K°�á
×%Ê�¸ is thelengthscaleonwhich theexit locationdistribution is
supported.

In Section4, which is thelinchpinof thispaper, wegivea simplegeometricexplanation
of thegenericdiscontinuityin º�Ê�É Ä º�ËÔÊ at Ë ¾ ² . Thediscontinuityoccursbothwhen ½âÝãÞ
andwhen ½ÃäåÞ . Thereadermaywish to glanceaheadat Fig. 4.2,which shows thegeneric
behavior of theclassicaltrajectoriesgiving rise to É"¶3·F¸ , for · in thevicinity of ³ . There
is a wedge-shaped‘classicallyforbidden’ region emanatingfrom ³ , which is reachedonly
by piecewisesmooth(ratherthansmooth)classicaltrajectories.This region includesall the
boundarypointsto onesideof ³ , but not theother. Thisasymmetryis theultimatesourceof
theskewing phenomenon.
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A byproductof our analysisof skewing is anincreasedunderstandingof thelimitations
of theclassical(‘Eyring’) formulafor theweak-noiseMFPTasymptotics[27, 42, 46, 50]. Al-
thoughthisformulahasbeenwidely used,weshallshow thatit is valid,withoutqualification,
only whentheclassicallyforbiddenwedgeis absent.

2. Matched asymptotic expansions.We now begin our analysis.TherandomprocessæFç$èKé�ê , é�ë ì hasgenerator í çFîIïðèKñ$ò�ó�êõô�öø÷dù ö ù ÷ ï?ú$öKù ö�û(2.1)

Theformaladjoint

í�üç of

í ç is definedbyí üçdý î\ïðèKñ$ò�ó�êõù ö ù ÷Zþ ô£öc÷ ý�ÿ�� ù ö%þ ú$ö ýZÿ û(2.2)

The density ý èKæ��-é�ê of the probability distribution ý è3æ��-é�ê���æ defî Pr � æ]ç$èHé�ê	� æ � ��æ�
 will
satisfy �ý î`ï íjüç$ý , the forward Kolmogorov (or Fokker-Planck)equation. So the spectral
theory of the operators

í ç and

í�üç is relevant to the stochasticexit problem. If they are
equippedwith Dirichlet (absorbing)boundaryconditionson ù�
 and 
 is bounded,it follows
by standardmethods[23] that they have purepoint spectrum,with smootheigenfunctions,
andthat theprincipaleigenvaluesof

í ç and

í�üç (theoneswith minimumrealpart)arereal.
Also, thecorrespondingprincipaleigenfunctionsmaybetakento berealandpositive on 
 .
If 
 is unboundedweassumethesepropertiescontinuetohold; they will holdif thestochastic
modelis sufficiently stableat infinity.

It is well known thattheweak-noise( ñ�� ì ) asymptoticsof thestochasticexit problem
aredeterminedby thequasistationarydensity, i.e., theprincipaleigenfunction���ç of

íjüç . That
is becauseit is the slowestdecayingeigenmode.Its eigenvalue ��� ���ç , which is guaranteed
to be real,maybe viewedasthe rateat which themodeis absorbedon ù�
 . This ratewill
decreaseto zeroexponentiallyas ñ�� ì . Since(up to exponentiallysmall relative errors)��� ç���� ��� ���ç! #"%$ , ñ��`ì , theMFPTwill grow exponentiallyin theweak-noiselimit.

The ñ&� ì asymptoticsof the density ' ç of the exit locationmeasureon ù(
 may be
written ' çdèKæFê�)+* ö è3æFêõù ÷Zþ ô öø÷ � �ç ÿ èKæFê,� ñ��`ì��(2.3)

where* ö èKæFê is theoutwardnormalto ù�
 at æ . Theconstantof proportionalityhereis fixed
by thenormalizationcondition - .0/21 ' ç$è3æFê��Zæ î!3 û(2.4)

Equation(2.3) simply saysthat ' ç is asymptoticto the absorptionlocationdensityof the
eigenmode�4�ç on ù�
 , as ñ��eì .

If 5 ö� is theprobabilitycurrentarisingfrom � ç� , i.e.,5 ö� î\ïðè3ñ.ò�ó�ê�ù ÷ þ ô öc÷ � �ç ÿ�� ú ö � �ç(2.5)

thenonaccountof theinterpretationof �%� �6�ç asanabsorptionrate,� � �6�ç î - .0/�781 5 ö� è3æFê9* ö èKæFê���æ��(2.6)
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provided that :�;< is normalizedto total unit mass. If this normalizationconditiondoesnot
hold,(2.6)mustbereplacedby=%> ;�?<A@CBEDGF�H8IKJ%L;�MON�P9Q L MRN�P�S4NBTDGF2I : ;< MRN�P�S�N U(2.7)

In any event, the weak-noiseasymptoticsof the MFPT aredeterminedby the asymptotics
of : ;< .

We shall employ a now standardmethodof matchedasymptoticexpansions[32, 33,
34, 42] to approximate:�;< as VXWZY , anduse(2.3) and (2.7) to computethe asymptotics
of [ < and

= > ;�?< . Our treatmentis facilitatedby the fact that

= > ;�?< W = > ;�?; @ Y exponentially
rapidly;upto exponentiallysmallrelativeerrors,it sufficeswhenapproximating:4;< in various
regionsof \ to view it asasolutionof ]	^< : ;< @ Y , ratherthanof ]�^< : ;< @ = > ;6?< : ;< .

We shall approximatein the following threeasymptoticregions. Recall that we are
consideringthe casewhen _ attainsa global minimum on `�\ at a saddlepoint a , anda is thelimiting exit location.

1. Thebodyof \ : a region includingall of \ exceptthe local region near b , andthe
boundarylayerof width c M Vedgf�h P nearthecharacteristicboundarỳ�\ . This region contains
thefluctuationalpathsfrom thevicinity of thestablepoint b to thevicinity of a .

2. A local (stable)regionof size c M Vedgf�h P centeredon thestablepoint b .
3. A boundaryregion, of sizeasyet unspecifiedbut centeredon a , andlying within

theboundarylayerof width c M V,dgf�h P .
In Section3 weshallconstructan‘outer’ approximationto :4;< , valid in thebodyof \ . After
discussingits geometricaspects,in Section4 we shall analysegeometricallythe small-V
behavior of : ;< in theothertwo regions.

3. The outer approximation and Lagrangian geometry. The appropriateouterap-
proximationto thequasistationarydensity:4;< is a WKB expansion;equivalently, a character-
istic (ray)expansion.We write: ;< MRN�P�ikjlMRNmPonEp�qrMts _ MRN�P�u V Pwv V�WxY v(3.1)

for certain functions _ y{z\|W } and j y~z\|W } normalizedso that _ M b P @ Y
andjlM b P @�� , whosesmoothnesspropertiesareasyetunspecified.Wecouldinsteadattempt
anapproximationof higherorder, with jlMRNmP in (3.1) replacedby j ; MRN�P�� V j d MON�P#���T�E� .
However, we shall seein Section8 that theremaybe difficultieswith matchingsuchouter
expansions(in integerpowersof V ) to theinnerapproximationin theboundaryregion.

Substitutingtheapproximation(3.1)into theapproximateforwardKolmogorov equation] ^< :�;< @ Y , andcollatingthecoefficientsof powersof V , yieldsequationsfor _ and j :a M�� L v ` L _ P @ Y(3.2a) � `wa`4[ L M�� L v ` L _ P�� ` L j @
(3.2b) s

� `(hTa` � L `4[ L M�� L v ` L _ P%� �� `(hT_` � L ` ��� MRN�P `(hEa`4[ L `4[ � MR� L v ` L _ P��	j U
Here a�y z\k��}�h�Wx} is theHamiltonian(or energy) functiona M�� L v [ L P @ ���� L � MON�P [ L [ � �{� L MON�P [ L v(3.3)
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and the eikonal equation(3.2a) is the correspondingzero-energy Hamilton-Jacobiequa-
tion. For consistency, we have alsousedthis Hamiltonianin the transportequation(3.2b).
Thepresenceof a Hamilton-Jacobiequationsuggestsa classical-mechanicalinterpretation.
In classicalmechanicstheHamiltonian(3.3)woulddeterminethemotionof a particleon � ;�������� wouldbeinterpretedasphasespace,and�������G �¡ , ¢#��£2¤6¥ , asthemomentumof the
particle. But this Hamiltonianis preciselytheWentzell-FreidlinHamiltoniangoverningthe
largefluctuationsof theprocess¦�§,�R¨©¡ away from ª [20]. Recallthatif« ��¬   ¤%­¬   ¡�� £¥%®  °¯ �R¦�¡�±�­¬  %²´³e  �O¦�¡©µ�±0­¬ ¯�²´³g¯ �R¦�¡gµ(3.4)

is the Lagrangiancanonicallyconjugateto ¶~�R¬   ¤R�w O¡ , with the covariant tensorfield ®  °¯
definedby ®  ·¯ ® ¯�¸ ��¹T  ¸ , thentheWentzell-Freidlinclassicalactionfunction º¼» ��!½¾�
is definedby º¿�O¦�¡�� ÀÂÁ�ÃÄ�ÅGÆÇ8È°É ÆTÊ Ä�Ë�Ì�ÍÎÇ2Ï Æ6Ð�Ñ�Ò4Ê Ç2Ï ÄGÐRÑ�Ó Ô ÄÆ « �OÕ�¤ ­Õw¡�Ö2¨e×(3.5)

Thatis, in Wentzell-Freidlintheory º¿�R¦�¡ is computedasaninfimum over trajectoriesfromª to ¦ , andis a classicalactionfunctionin thesenseof classicalmechanics.TheWentzell-
Freidlin º will necessarilysatisfytheHamilton-Jacobiequation(3.2a),sowemayidentify it
with thefunction º in theouterapproximation(3.1).

By thecalculusof variations,if theinfimumin (3.5)is achievedby atrajectoryextending
from ª to ¦ , all portionsof thetrajectorythatlie in � (ratherthan Ø(� ) mustconsistof least-
action(zero-energy) classicaltrajectories[14]. Classicaltrajectories¦	�tÙ·¡ arethetrajectories
in � determinedby ¶ (or

«
); they satisfytheEuler-LagrangeequationÖÖ�¨ÛÚ Ø «Ør­¬  TÜ ² Ø «Øw¬   �kÝ�×(3.6)

Equivalently, if a classicaltrajectoryis viewed asa pair of functions �R¦	�©Ù ¡,¤Þ���©Ù ¡g¡ , specify-
ing positionandmomentum(i.e., locationin ���ß� � ) asa functionof time, it mustsatisfy
Hamilton’sequations.Hamilton’sequationsareof theformÖÖ�¨�à ¬ ¸�(¸{á � àãâ ä² ä â á

åææç Ø(¶Øw¬ ¸Ø(¶Ø4� ¸
è�ééê ¤(3.7)

andexpressthefactthat ¨më½¾�O¦	��¨©¡,¤Þ�	�R¨©¡©¡ mustbeanintegralcurveof avectorfield on ����� �
determinedby ¶ . For theHamiltonian(3.3) they reduceto­¬ ¸ � Ø(¶Ø��(¸ � ® ¯�¸ �R¦�¡ì� ¯îí ³,¸ �O¦�¡(3.8a) ­� ¸ � ² Ø(¶ØG¬ ¸ �+Ø ¸ ®  °¯ �R¦�¡��   � ¯�í Ø ¸ ³,  �R¦�¡ï�   ×(3.8b)

Along thetrajectory, momentumandvelocityuniquelydetermineeachother;by (3.8a),�G �� ®  °¯��R¦�¡Eð,­¬ ¯�²�³g¯ �O¦�¡�ñ�×(3.9)

Suchaone-to-onecorrespondenceis familiar from classicalmechanics.
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If theleast-actiontrajectoryfrom ò to ó existsandis unique,it is interpretedin Wentzell-
Freidlin theoryasthemostprobable(in the ôöõø÷ limit) fluctuationalpathfrom ò to ó : the
onewhosecostis least.Sinceùwúüûþý4ú�ÿ atall pointsalongthetrajectory, ÿ��Ró�� (thecostof
thetrajectory)canbecomputedfromÿ��Oó���û ���� ù ú	��
 ú
�(3.10)

theline integralbeingtakenalongthetrajectory. Equivalently, ÿ satisfies�ÿ û~ùGú �
 ú û�ùGú
� � ú�� �Oó��ìù������ ú �Ró���� �(3.11)

anordinarydifferentialequationwhichmaybeintegratedalongthecorrespondingtrajectory
in phasespace. Note however that the infimum in (3.5) will not actually be achieved at
finite transittime. It is readilyverifiedfor theHamiltonian(3.3) thatzero-energy trajectories
emanatingfrom a fixed point of the drift field � , suchas ò , will have infinite transit time.
Theformally mostprobablefluctuationalpathsrequireaninfinite amountof time to emerge
from ò , and are more naturally parametrizedby ����� �"! �$# � . We discussthe physical
consequencesof this phenomenonelsewhere[34]. Theintegrationof (3.11),aswell asthat
of (3.8a)and(3.8b),mustbegin at ��û%�"! .

For eachsuchpath &('*),+.-0/21�ó3�4� � û ò , andby (3.9), &('*),+.-0/21�56�4� � û ÷ aswell. But
by examination �Oò � ÷7� is a fixed point (of hyperbolictype) of the deterministicflow on the
phasespace8:9�;=< definedby Hamilton’s equations. So in the languageof dynamical
systems,themostprobablefluctuationalpathsof Wentzell-Freidlintheoryform theunstable
manifoldof the point �Oò � ÷7�>�@?8A9B;=< . This manifold, which we shall denoteC@DE �GF HJI , is
2-dimensional;it is coordinatized(at leastin a neighborhoodof �Oò � ÷7� ) by (i) the choice
of outgoingtrajectory, and(ii) the arc lengthalongthe trajectory. C D E �GF H
I is a Lagrangian
manifold: it is invariantunderthe Hamiltonianflow. Thestablemanifold CLKE �GF HJI of �Oò � ÷7�
in 8%9M; < is clearlythemanifold 5ONQP , which by (3.8a)and(3.8b)is alsoinvariantunder
theflow. It comprises‘cost-free’( RKÿ û�÷ ) trajectoriesthatsatisfy

�
 ú ûS� ú �Ró�� , andsimply
follow themeandrift toward ò .

The analogywith Hamiltoniandynamicscanbe pushedmuchfurther. The action ÿ
ascomputedby (3.10)isasingle-valuedfunctionof positionon C@DE �GF H
I , andùGú equalsýoúÞÿ��Ró��
at every point �Oó � 5T�U�OC@DE �GF HJI . But it doesnot follow that ÿ maybeviewedasa single-
valuedfunction on 8 . This is becausethe unstablemanifold may fold backon itself, and
the projection �Ró � 5T��Võ ó from C@DE �WF H
I to ?8 may not be one-to-one. Equivalently the
zero-energy classicaltrajectoriesemanatingfrom ò may crosseachother, creatingcaus-
tics [9, 17, 22, 33, 34, 35]; thesecausticsaretheprojectionsonto ?8 of thefolds of C@DE �GF HJI .
Weshallnotpursuethephenomenonof causticsatany length;unlessotherwisestatedweas-
sumethatthesolutionof theHamilton-Jacobiequationis single-valuedon ?8 . In thiscasethe
map óXVõ@56�Oó�� will besingle-valued.Theprojectionmapfrom C@DE �GF H
I to ?8 mayalsofail to

beonto. If this occurs,ÿ��RóT� , for at leastsomeóY�Q?8 , cannotbeviewedastheactionof a
classicaltrajectoryfrom ò to ó whichliesentirelyin 8 ; theaction-minimizingtrajectory, if it
exists,mustpassthroughýZ8 onits wayfrom ò to ó . Weshallsaymoreaboutthispossibility
in thenext section.

If wewishto computethevalueof ÿ atsomepoint in 8 otherthan ò , wemayintegrate
Hamilton’s equationsfrom �Oò � ÷7� , continuallyupdatingó and 5 , until thespecifiedpoint is
reached.Theordinarydifferentialequation(3.11),which canbe integratedsimultaneously,
will yield the value of ÿ at the endpoint. But the numericalcomputationof [ , which
hasno elementaryclassical-mechanicalinterpretation,is moresubtle.Since

�
 ú û ý2\^]ïý4ùGú ,
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equals ih , the time derivative of

h
along the trajectoryemerging from j .

Sothetransportequation(3.2b)becomesihlkSmon `2pqa`sr d `7csd�tvuw `2pyx`sr d `er�z `2pqa`Gced.`Gc zW{ hM|
(3.12)

This equationcannotbe integratednumericallyunlesstheHessianmatrix
` d ` z x is known

at all pointsalongthe trajectory. Fortunatelỳ
d ` z x itself satisfiesan ordinarydifferential

equation,obtainedasfollows. Differentiatingthe Hamilton-Jacobiequation
a}k�~

twice
with respectto positionon �@����G� �
� yields� ``er d t `Gcs�`ersd ``Gc �s� � ``sr z t `Gce�`sr z ``Gc ��� a@k�~�|
(3.13)

By rearrangingterms,andusingHamilton’sequationsand
` d c z k�` d ` z x , weobtainix � d z k%m `spya`Gcs��`Gce� x � d � x � z � m `2pqa`sr�zy`Gc2� x � d � m `2pqa`sr d `Gcs� x � z � m `2pqa`sr d `sr�z |

(3.14)

(Fornotationalconvenience
x � d z signifies̀

d ` z x henceforth;wealsowrite � d � z for
` z � d , etc.)

This inhomogeneousRiccatiequationfor theHessian
x � d z is dueto thepresentauthors[33],

thoughLudwig apparentlyusedanequivalentequationin the1970’s[29]. In any event,equa-
tion (3.14)maybeintegratedto yield

x � d z at all pointsalonganoutgoingWentzell-Freidlin
trajectory. In numericalwork thesystem(3.8a),(3.8b),(3.11),(3.12),(3.14)of coupledordi-
narydifferentialequationswouldbeintegratedsimultaneouslyto produce

x
and

h
.

At any ����� ,
x � d z _ � f�k�` z c d _ � f

specifiesa2-dimensionalsubspaceof ��� , thetangent
space� ����� ���(�G�4� �@����G� �
� to theunstablemanifold �@��*�W� �
���v ��¡^� p

at
_ �6¢¤£ _ � f f

. TheRiccati
equation(3.14)determinesatrajectorythroughthe(compact)Graßmannmanifoldof such2-
dimensionalsubspaces.Thissortof interpretationis standardin thetheoryof matrix Riccati
equations[47], andfacilitatesthe integrationof (3.14)throughpointswhere

x � d z diverges.
Suchdivergencesoccurhoweveronly whentheclassicaltrajectoryencountersa caustic[17,
35]. This is because

x � d z divergesonly atpoints � wherethetangentspace� ���¥� �����W�4� � � �*�W� �
�
‘turnsvertical’ [15]. We shallnotpursuetheconsequencesof causticsfurtherhere.

Muchmorecouldbesaidaboutthegeometricinterpretationof theabovesystemof equa-
tions,which is ultimatelymadepossibleby thesymplecticstructureof classicalmechanics
on ��¡¦� p

. We confineourselvesto pointingout thedifferential-geometric(coordinate-free)
interpretationof the Wentzell-Freidlinfluctuationalpathson � . The contravariant tensor
field § d z

is naturallyviewed asa Riemannianmetric on � , andmay be usedto raiseand
lower indices.If connectioncoefficients(Christoffel symbols)̈

d z � aredefinedby¨ d z � k uw § d � _ § � z � � t § �*� � z m § � z � � f(3.15)

asusual,thecovariantderivative © d¤ª z of a vectorfield © d
on � will begivenby© d ª z k © d � z t ¨ d z � © � |

(3.16)

It is easyto checkthat if the meandrift « k¬~
, the Euler-Lagrangeequations(3.6) for the

velocity field ir d _®­�f of the fluctuationalpathson � reduceto the singlecovariantequationir d¯ª z ir z kl~
. This is a statementof covariant constancyof the velocity of eachsuchpath

alongitself: themostprobablefluctuationalpathsin thiscasearesimplythegeodesicsof § d z
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which emanatefrom the point ° . If ±O²³v´ the situationis morecomplicated;computation
yields µW¶·s¸Z¹Xº�¸¤»
¼ ½ ¶· ½¿¾ µ�¶· ½ ¹Xº ½ » º$½ ¼ ¸ ³�´�À(3.17)

In a similar way, if ± ³Á´ theRiccatiequation(3.14),if viewedasapplyingto a function Â
definedon Ã ratherthan Ä@ÅÆ*ÇGÈ ÉJÊ , simplifiesto yield a covariantequationrelatedto theequa-
tionsof geodesicdeviation on Ã . Taking ±�²³A´ yieldsa generalization.A fuller discussion
of thedifferential-geometricinterpretationmayappearelsewhere.

4. Behavior near the fixed points. Theouterapproximationto theprincipaleigenfunc-
tion Ë ÉÌ of theKolmogorov operatorÍ6ÎÌ mustbesupplementedby aninnerapproximationin
a boundaryregioncenteredon thesaddlepoint Ï , andanapproximationin thestableregion
of size Ð µ.ÑÓÒ$Ô
Õ » near ° . In this sectionwe explain how our geometricpicturefacilitatesthe
constructionof theseapproximations.In particular, weshallexplainwhy thephenomenonof

skewing near Ï dependsstronglyon theparameterÖ def³Ø× ÙsÚ µ Ï » × Û�× Ù Å µ Ï » × , theratio of the
stableandunstableeigenvaluesof thelinearizationof thedrift field at Ï .

To a degreeit is possibleto constructtheapproximationsnearÏ and ° in parallel.That
is because

µ Ï�Ü ´ » , aswell as

µ °=Ü ´ » , is a fixedpoint (of hyperbolictype)of thedeterministic
flow on the phasespace ÝÃvÞ�ß Õ

specifiedby Hamilton’s equations(3.8). In fact to any
fixed point of the drift field ± on Ã (or ÝÃ ) therecorrespondsa fixed point of the flow onÃÁÞ�ß Õ

(or ÝÃYÞMß Õ
), at zeromomentum.By examination,zero-energy classicaltrajectories

thatareincidentonsuchpointsin phasespace,aswell asthosethatemanatefrom them,will
have infinite transittime. A consequenceof this is that thezero-energy trajectoriesincident
on

µ Ï�Ü ´ » form thestablemanifoldof

µ Ï�Ü ´ » in ÝÃ�Þ¦ß Õ
, whichweshalldenoteÄ Ú Æ(à¿È É
Ê .

We are assumingthat the classicalaction Â , computedfrom the variationaldefini-
tion (3.5), attainsa minimum on áZÃ at Ï . We shall alsoassumethat the infimum in the
expression(3.5) for Â µ Ï » is achieved; in particular, that Â µ Ï » is the actionof a unique
zero-energy classicaltrajectoryâ2Îäã�ß�åæÃ which emanatesfrom ° at time ç ³ ¹"è andis
incidenton Ï at ç ³ è . Thistrajectoryâ2Î , whichis theformally mostprobablefluctuational
pathfrom ° to áZÃ as

Ñ å ´ , is calledthemostprobableexit path(MPEP).It maybeviewed
asthe projectionof a trajectory

µ âéÎêÜ�ë�Î » ã�ßìåíÃQÞBß in phasespace,which necessarily
lies in boththeunstablemanifold Ä@ÅÆ*ÇWÈ É
Ê andthestablemanifold Ä Ú Æ(à¿È É
Ê . TheintersectionÄ@ÅÆ*ÇGÈ ÉJÊïîMÄ Ú Æ*à¿È É
Ê of thesetwo 2-dimensionalmanifoldswill consistof zero-energy trajec-
toriesfrom

µ °TÜ ´ » to

µ Ï�Ü ´ » . Examplesareknown in which theintersectionconsistsof more
thana single trajectory[33], but genericallywe expect that thereis a uniquezero-energy
trajectoryfrom ° to Ï with minimumaction.

At all pointson Ä@ÅÆ*ÇGÈ ÉJÊ themomentumð ¸ equalsáZÂ Û á · ¸ . SincetheMPEPapproachesµ.ñ Ü�ë » ³ µ °=Ü ´ » as çTå ¹"è and

µ ÏMÜ ´ » as çTå è , weexpectthat ° and Ï arecritical points
of Â on ÝÃ . To leadingorder, a quadraticapproximationto Â would seeminglybeappro-
priatenearboth ° and Ï . We shall shortlyseethatgenerically, thebehavior of Â near Ï
(thoughnot near ° ) is morecomplicated.But exploring the possiblequadraticapproxima-
tionsto Â is usefulnonetheless.

The assumptionof quadraticbehavior near the fixed points hasthe following conse-
quences.Along theMPEP, as çòå ¹"è or çòå è the left-handsideof thematrix Riccati
equation(3.14)will tendto zero,yielding thealgebraic Riccatiequationá Õ ÏáGðsó�áGð¥ô Â È ¸ ó Â È ½ ô ¾ á Õ Ïá · ½ áGðsó Â È ¸ ó ¾ á Õ Ïá · ¸ áGðsó Â È ½ ó ¾ á Õ Ïá · ¸ á · ½ ³�´(4.1)

for theHessianmatrix Â È ¸ ½ ³ Â È ¸ ½ µöõ » of secondderivativesof Â at thefixedpoint

õ
,

õ ³° , Ï . Herethepartialderivativesof theHamiltonianmustbeevaluatedat

µgñ Ü¤ë » ³ µöõ Ü ´ » .
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Substitutingthe explicit form (3.3) of the Wentzell-FreidlinHamiltonian ÷�ø ù(úyù û into (4.1)
yieldsthematrixequationü�ý þ�ÿ�� ÿ � ü�ý ����� ü�ý þ ÿ � ÿ ��� � ÿ þgü�ý ÿ �
	��(4.2)

for

ü ý þ�ÿ ø�
Wû . Herewe have written � 	 ø � þ ÿ û for the linearizeddrift field �
þ ý ÿ ø�
�û at 
 , and

� þ ÿ
signifiesthediffusivity tensor

� þ ÿ ø�
Wû . In matrix form, equation(4.2)reads����� � � � � ��� � 	��(4.3)

where
� 	 � ø�
�û 	 ø ü�ý þ�ÿ ø�
Wû$û 	 ø���� þ � � � ÿ ûÓø�
�û is the ! -by-! Hessianmatrix of

ü
at 
 .� ø�
�û specifiesa 2-dimensionalsubspaceof "$# , thetangentspace%
&(' ý )+*-,/.&10 ý )�* of theunsta-

blemanifold ,/.&10 ý )�* at ø�
eú � û .
The ! -by-! Hessianmatrix

� ø32�û (andalsothe ! -by-! Hessianmatrix
� øg÷ û , if aquadratic

approximationto

ü
is valid near÷ ) maybecomputedby solvingthealgebraicRiccatiequa-

tion (4.3). Thesolutionspaceof suchequationsas(4.3) is well understood[26]. Suffice it
to saythat if tr �54	6� , therewill be exactly four solutions:oneof full rank, two of rank
unity, andthe trivial solution

� 	7� . At 
 	 2 thesolutionsto (4.3) of lessthanfull rank
canberuledout on physicalgrounds;2 mustbea local minimumof

ü
, andthecost

ü ø38�û
of fluctuationsfrom 2 to 8 mustincreasequadraticallyas 8:9�2 increases.Sincetheouter
approximationto ; )< ø38�û is of the form =�ø38�û?>A@CBäøD9 ü ø�8Tû �FE û , the matchinginner approx-
imation to ; )< near 2 mustbe a Gaussianapproximation,andits inversecovariancematrix� ø32�û mustbeof full rank[29].

We now focuson thequadratic(or putatively quadratic)behavior of

ü
nearthesaddle

point ÷ . A Hessianmatrix
� ø.÷ û 	 ø3� ü � � �

þ
� �

ÿ ûÓøg÷ û , i.e., ø���� þ � � � ÿ ûÓø.÷ û , would be a
matrix of partial slopes: It would specify the tangentspace%$&(G ý )�*H, . &10 ý )�* of the unstable
manifold ,/.&10 ý )�* at thepoint øg÷�ú � û in phasespace.SincetheLagrangianmanifold ,/.&10 ý )+*
is formedfrom classicaltrajectories,the tangentspace%$&(G ý )�*H,/.&10 ý )�* , andhencethe value
of

� ø.÷ û , are tightly constrainedby the linearizationof Hamilton’s equations(3.8) at the
fixedpoint øg÷�ú � û . LinearizingthereyieldsIIKJ LNM 8MAOQP 	SR ø.÷ û LNM 8MAOQP ú(4.4)

where ø M 86ú MAO û 	 ø�86ú O ûT9Oø.÷�ú � û . Herethe4-by-4matrixR ø.÷ û def	 L �Xøg÷ û � øg÷ û� 9U�Xøg÷ û � P(4.5)

is thelinearizationof theHamiltonianflow at øg÷�ú � û . At øg÷�ú � û , themanifold ,/.&10 ý )+* mustbe
tangentto a two-dimensionalspectral subspaceof R ø.÷ û . This subspacemustbethe linear
span(over " ) of two of thefour eigenvectorsof R øg÷ û .

We digressbriefly to discusstheeigenvaluesandeigenvectorsof R ø.÷ û , which have an
obviousinterpretationin termsof theflow of zero-energy classicaltrajectoriesin thevicinity
of ÷ . We introducesomenotation: let the eigenvectorsof the linearizeddrift �Xø.÷ û with
eigenvalues V Wêøg÷ ûYX � and V . øg÷ ûYZ � be denoted[�W and [ . . By the definition (4.5),
the eigenvectorsof R ø.÷ û with eigenvalues V Wêø.÷ û and V . øg÷ û will be ø3[�W ú � û and ø3[ . ú � û .
Theeigenvectorsof R ø.÷ û with eigenvalues9UV Wêø.÷ û and 9UV . ø.÷ û will bedenotedø+\[ . ú]\^ . û
and ø+\[�W úF\^ W û ; theinterchangeof subscriptsis justifiedbecause9UV Wêø.÷ û_Z � and 9UV . ø.÷ û_X� , indicatinginstabilityandstability respectively. Since ø3[�W ú � û and ø \[�W�ú \^ W û are‘contracting’
eigenvectors,thetangentspace%$&(G ý )�*H, W &(G ý )+* of thestablemanifold , W &(G ý )�* at ø.÷�ú � û will be
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their linearspan(over ` ); similarly a$b(ced f�gHh/ib(ced f�g will bethelinearspanof the‘expanding’
eigenvectorsj�k i�l�m�n and j+ok i�l op i n .

We cannow explain how to determine,in any genericmodel,which two eigenvectors
of qrj�s n will spanthetangentspaceof theLagrangianmanifold h/ib1t�d f�g at j3s lvu�n . Sincethe
MPEP j�wyx l{z x n}| `�~�h/ib�t�d f+g������ ` is incidenton j�s lvuKn as ��~�� , andis a classical
trajectory, wehavetheasymptoticapproximationj3w x j�� nAl{z x j�� nvn�� j3s lvu�n����?���K�T� ��� b(ceg � � j�k ��l�m�n
� o�C���K����� b(ceg � j ok �]l op � n(4.6)

as ��~5� . Only the two stableeigenvectorsenter; the coefficients � � and o� � aremodel-
dependent,andgenericallyarebothnonzero.Thetangentspacea$b(ced f+gHh/ib�t�d f+g is formedby
zero-energy classicaltrajectoriesemanatingfrom j{� lvu�n thatareperturbationsof theMPEP.
To leadingorder, eachsuchperturbedtrajectorymustbeof theform

j�w x j�� n�l-z x j�� nDn
��� ��¡ � � �$� ��� b(ceg � � j3k � l+m�n�� o¡ � � ����� b(c¢g � j ok � l op � n�£¡�i�� � � b(ceg � j�k i�l�m�n�� o¡�i�� � � � � b(ceg � j ok i�l op i n-¤Cl(4.7)

where � is a parameterthat indexesthe trajectories.Thecoefficients ¡¥� , o¡A� , ¡�i , o¡�i arealso
model-dependentandgenericallynonzero.

Generically, the MPEP wyx will approachj�s l+uKn as �£~ � along the less contrac-
tive direction in phasespace;the stochasticmodelwould have to be carefully ‘tuned’ for
the incomingMPEPto approachalongthe more contractive direction in (4.6). If ¦7§©¨ ,ªU« i j�s n § « � j�s n § u and « � j3s n is lesscontractive; in thiscasetheMPEPwill generically
approachs as ¬A­C®�j ªN¯ « � j�s n ¯ � n . Similarly if ¦�°±¨ , « � j�s n § ªU« i j3s n § u andtheMPEP
will genericallyapproachs as ¬A­C®�j ªU« i j�s n � n . Since²?³ ¡ ³ j3s n¢´ « � j�s n$� « i j�s n , this im-
pliesthatin phasespacetheMPEPwill genericallyapproachthefixedpoint j�s l+uKn alongthe
tangentvector j3k � l+m�n if ²?³ ¡ ³ j�s n ° u , andalong j ok � l op � n if ²�³ ¡ ³ j�s n § u .

A similaranalysis,appliedto (4.7),showsthatthetangentspaceto themanifold h/ib1t�d f�g
at j�s l+uKn mustinclude,besidesthecontractingeigenvector j�k � l�m�n or j ok � l op � n , themore ex-
pansive of the two expandingeigenvectors. When ¦±§/¨ , the moreexpansive eigenvector
is j�k i�l+m n ; when ¦µ°¶¨ , it is j ok i l op i n . We concludethat the tangentspacea$b(ced f�gHh/ib1t�d f�g
is genericallyequalto the subspacesp·?j�k � l�m�nAl j�k i l�m�n�¸ when ¦±§/¨ , andto the subspace
sp·�j ok � l op � n�l j ok i l op i n�¸ when ¦¹°�¨ . It is easyto seethat the formeralternative corresponds
to theHessianmatrix º»j3s n equallingm , andthelatteralternativeto theHessianmatrixbeing
of full rank.

We cannow resolve thequestionof theextent to which thebehavior of ¼ near s can
be genuinelyquadratic. Much light is thrown on this questionby a sketchof the pattern
of zero-energy classicaltrajectoriesemanatingfrom � , whenprolongedto thevicinity of s .
Thesetrajectories,whichincludetheMPEP j3w�x l{z x n , lie in themanifold h/ib�t�d f+g . If projected
‘down’ from h i b1t?d f+g to � by themap j�½ l{z¾nÀ¿~Á½ , it followsfrom theprecedinganalysisthat
they will genericallytraceout in the immediatevicinity of s thehyperbolicpatternsshown
in Figs.4.1(a)and4.1(b). Theprincipalaxesof thehyperbolæare k � and k i if ¦Â§µ¨ , andok � and ok i if ¦Ã°Ä¨ . By convention,weassumethatthe k � ray is vertical,that � is to theright
of the k � ray, andthattheMPEPapproachess from thefirst quadrant.

Figure2(a) revealsanunusualphenomenon:Sincethe stableeigenvector k � of Å:j�s n
lies in ² � , theMPEP wyx will genericallybetangentto theboundary² � in stochasticmodels
with ¦Ã§�¨ . This ‘grazingMPEP’effecthasbeenseenin numericalstudies[53]. Also, since
the ¦±§6¨ solutionfor º»j3s n is the Æ -by- Æ zeromatrix, when ¦±§/¨ we necessarilyhave
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FIG. 4.1. Thegeneric appearanceof the flow near Ç of the zero-energy classicaltrajectoriesemanating
from È ; equivalently, theHamiltonianflow on themanifold É�Ê ËÍÌ]Î ÏÑÐ projected‘down’ to configuration spaceby the

map Ò1ÓÕÔ�Ö�×¾ØÙÚÓ . Part (a) of the figure illustratesthe case ÛÝÜßÞ , i.e., à¥á3â á Ò�Ç}×eã:ä ; part (b), the caseÛNã�Þ ,
i.e., à¥á3â á Ò�Ç}×�Üåä . In bothcasestheMPEP[mostprobableexit path] is thesolidcurveincidenton Ç . Thewedge-
shapedshadedregionsare classicallyforbidden; also, the dashedtrajectories(which extendbeyond the æ�ç ray,
which lies in àFè ) areunphysical.

that é�ê ëÍì�í�îÀï�ðòñ as îóðòô alongthe MPEP. This ‘flat’ behavior of é near ô hasan
appealingphysicalexplanation:As õ�ð÷ö the mostprobableexit paths(perturbationsof
thegrazingMPEP)comecloseto following thedrift field ø (they “f all in”). Thusvery little
additionalaction(cost)is built upas ô is approached,in modelswith ùûúÄü . Thiseffect too
hasbeenseenin numericalstudies[6, 53].

Wehavenotcommentedyeton themostvisible featureof Figs.4.1(a)and4.1(b),which
is highly disconcerting:for both ù�úýü and ù�þýü thereis a wedge-shapedregion near ô ,
beyondtheboundaryray ÿ�� andtheboundaryray

�ÿ�� respectively, which is not reachedby
any of the mostprobablefluctuationalpaths. This wedge,the genericpresenceof which
hasbeenconfirmednumerically, is ‘classically forbidden’ in that it cannotbe reachedby
any zero-energy classicaltrajectoryemanatingfrom

�
. Unlesstheboundaryray lies in ��� ,

thewedgehasnonemptyinterior. Thepresenceof anunreachableregion hasa very simple
interpretation:Generically, the projectionmap í3î	��
¾ï
�ðòî from the Lagrangianmanifold� � ��� ê ��� to �� is notonto: its rangedoesnotincludeall of � . Thepossibilitythattheprojection
map might fail to be onto on accountof folds in the manifold

� � ��� ê ��� was mentionedin
Section3, but thatthis failureis genericis a new result.

We expect that é7í�îÀï , for any î in the wedge,is the actionof an action-minimizing
trajectorywhich passesthrough ��� on its way from

�
to î . (Cf. Day andDarden[14].)

Only theportionsof thetrajectorythatlie in � (ratherthan ��� ) will beclassical,i.e., will be
solutionsof theEuler-Lagrangeequation.The trajectorywill bepiecewiseclassical: it will
have at leastone‘corner,’ or bend. The fact that generically, suchfluctuationalpathsneed
to beconsideredfor at leastsomeendpointsî in any neighborhoodof ô hasnot beenfully
realized.

By a carefuloptimizationoverpiecewiseclassicaltrajectoriesit is possibleto work out,
for î in thewedge,the leadingdependenceof é7í3îÀï on �]î�� î���ô in thevicinity of ô .
But we mayeconomizeon effort by applyingour previousresults.Supposefor thesake of
argumentthat to leadingorder é7í�îÀï in thewedgebehavesquadraticallyas î�ð ô . Then
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thequadraticdependencewill bespecifiedby alimiting Hessianmatrix
���� �"!$#%� &')( *,+-� �"!.!

,
which mustsatisfy the algebraicRiccati equation(4.3). Moreover,

'/�10$!
at any point in

the wedgemustbe the classicalactionof a zero-energy trajectoryextendingfrom
�

to
0

.
Near

�
eachsuchphase-spacetrajectory, whenparametrizedby 243/576 , shouldbeof the

form

2$89 �1�;:=<>!@?BADCFEHGJI>KMLDNPOQ�1R�C�:�ST!@?VUADCFE-W GHX=K�LYNZW OQ� UR�C[: U\ C !Q:
(4.8)

for
A C

,
UA C

two constantsthatdeterminethetrajectory. This is because
�1R C :=S[!

and
� UR C : U\ C !

are the two expandingeigenvectorsof the linearization ] �1�"!
. At

�1�;:=<>!
, the Lagrangian

manifoldformedby theseoutgoingtrajectorieswill betangentto thesubspacesp ^ � R�CT:=S[!_:J� UR�CT: U\ C !�`
,

andthecorrespondinga -by-a Hessianmatrix
���1�"!

will have rank1. In generaleachsuch
trajectorywill be tangent(as 279b576 , or asthe trajectoriesemergefrom

�
) to whichever

is the lessexpansiveof thetwo eigenvectorsof ] � �"!
. If cBdfe this is

� URTC�: U\ C !
; if cB3fe it

is
�1R�CT:�S�!

.
Figure4.2is anextendedversionof Fig. 4.1,which includestherays UR�C

and
R�C

, andthe
additionaltrajectories(emanatingfrom

�
, andtangentto them)predictedby theassumption

of quadraticbehavior of
'

in thewedge.The cBd%e casehastwo subcases,shown in Figs.
4.2(a)and4.2(b). We shall refer to themasSubcaseA andSubcaseB; they differ in only
oneessentialway: in the relativeplacementof the rays UR C

and
R C

. We shall show in the
next sectionthatwhen cg3/e , the

R C
ray necessarilylies betweenthe URTh

and UR C
rays. This

situationis shown in Fig. 4.2(c);when ci3je , therearenosubcases.
SubcaseA of the caseckdle is the moststraightforward. It is clearfrom a glanceat

Fig. 4.2(a)that in this subcase,theaction-minimizingtrajectoryfrom m to any point in the
wedgeis a prolongationof theMPEP:it extendsfrom m to

�
, experiencesa discontinuous

changein direction,andthenentersthe wedge. Interestingly, pointson npo that areon the
‘wedgeside’of

�
arereachedonly viâ trajectoriesthatmakeasecondpassagethrougho .

We stressthat these‘bent’ trajectorieshave a physical interpretation. By Wentzell-
Freidlin theory, any point

0
in the interior of thewedgeis (as q49 <

) preferentiallyreached
duringlargefluctuationsaway from m by a benttrajectory. That is, when crd%e thefluctua-
tion will in SubcaseA preferentiallydrive therandomprocess

0$s_� 2 ! to thevicinity of
�

via
theMPEP tpu , beforethewedgeis traversedandthevicinity of

0
is finally reached.Although

Fig. 4.2(a)displaysonly the portion of the wedgein the vicinity of
�

(i.e., the wedgeas
computedin thelinearapproximation),studiesof particularmodelsshow that it mayextend
a considerabledistancefrom

�
. Thenumericalcomputationof

'/�10$!
, for

0
in thewedge,

requiresanintegrationalongtheappropriatebenttrajectoryterminatingat
0

.
Thereis aproblemextendingtheseconclusionsto SubcaseB, andto thecaseci3je . It is

clearfrom Figs.4.2(b)and(c) thatclassicaltrajectoriesemanatingfrom
�

which areof the
form

2$89 �v?wADCFExGJIyK�LYNPOZR�C4?zUAYC-EFW GHX�KMLDNZW O UR�CT:
(4.9)

and which are tangentto the UR C
ray (resp.the

R C
ray), are necessarilyunphysical. They

arethe dashedtrajectoriesthat penetrateinto the complementof {o beforereturningto n�o
andpassingthroughthe wedge. This is quite different from SubcaseA, wherethe trajec-
toriesemanatingfrom

�
penetrateimmediatelyinto thewedge.Sincetheputative Hessian

matrix
����1�"!

correspondsto anunphysical(impossible)velocityfield |0}�Z~�!
for themostprob-

ablefluctuationalpaths,in SubcaseB andwhenc�d�e theactionin thewedgewill notbehave
quadraticallynear

�
. In SubcaseB andwhen cid�e , theflow field of theaction-minimizing

trajectorieswithin the wedgewill differ from the predictionsof the quadraticapproxima-
tion, asdisplayedin Figs.4.2(b)and4.2(c). Nonetheless,in thesetwo casesthetrueaction-



14 R. S.MAIER AND D. L. STEIN

e

es

e
u

u
~

H

es

eu

e~u

H

e

e

~

e ~

e

H

s s

u

u

FIG. 4.2. Thegenericappearanceof theflownear � of themostprobablefluctuationalpaths(i.e., theaction-
minimizingtrajectories)emanatingfrom � . The �H� ray lies in �y� . Parts(a) and(b) of thefigure illustrateSubcases
A and B of the case ����� ; they differ in the relativeplacementof the ��H� and �H� rays. Part (c) illustratesthe
case ����� . In all threeparts the MPEP [most probableexit path] is the solid curveincidenton � . Theother
trajectoriesincludezero-energy classicaltrajectoriesof the sort shownin Fig. 4.1, and ‘bent’ trajectorieswhich
areprolongations(piecewiseclassicalratherthanclassical)of theMPEP.Theclassicallyforbiddenwedge-shaped
shadedregionsare reached(as ����� ) only via benttrajectories.Thehyperbolicshapeof thebenttrajectoriesis
strictly correctonly if theclassicalaction � behavesquadratically in thewedge-shapedregions.

minimizing trajectoryfrom � to any point � in the wedgeshouldextendalong �p� before
reenteringthewedge.

We summarizeour geometricinterpretationin Table4.1. The behavior of � near � ,
both insideandoutsidethewedgeandfor both ���k� and �w f� , is quadraticandfully un-
derstoodwith theexceptionof thebehavior insidethewedgein SubcaseB, andwhen �i �� .
Even thesedifficult caseslend themselvesto a partialanalysis.Theprecisebehavior of �
insidethe wedgein SubcaseB andwhen �j ¡� , even in the linearapproximationnear � ,
canonly be obtainedby solving a difficult variationalproblem. But it is clearon physical
groundsthat �/¢1�$£ approaches�/¢1�"£ quadraticallyas � approaches� along ��� from the
wedgesideof � . That is becauseon thewedgesideof � , thecostfunction �/¢1�$£ on ���
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TABLE 4.1
Thegenericlimiting behavior(as ¤�¥§¦ ) of theHessianmatrix ¨ª©�¤T«T¬"©P­¯® ° ±H©²¤T«1« , andof thecorrespond-

ing tangent space³�´�µ ® ¶ ´�µ¸·²·P¹�º´¼» ® ½ ·Y¾À¿ÂÁ . ¨ª©�¤T«Ã¥Ä¨ª©²¦4« if ¤�¥Ä¦ from outsidethewedge, i.e., along the

manifold ¹ º ´¼» ® ½ · . Similarly ³�´�µ ® ¶ ´�µF·²·Å¹ º ´,» ® ½ · ¥vÆÀ©P¦7« . In SubcaseA of the case Ç"ÈgÉ , ¨ª©�¤[«Ê¥ÌË¨ª©P¦7«
as ¤Í¥k¦ fromwithin thewedge; similarly ³�´�µ ® ¶ ´�µF·²·Å¹gº´¼» ® ½ · ¥ ËÆ;©P¦7« . Each of ÆÀ©�Îª« and ËÆÀ©²¦4« , if defined,

is thelinear spanof a pair of eigenvectors of thelinearizedHamiltonianflow ÏÐ©P¦7« . In SubcaseB andwhenÇÒÑ;É ,
thebehaviorof theactionin thewedge is notquadratic near ¦ , andno limiting Hessianmatrixexists.

Case[Subcase] ¨Ð©P¦7« Ë¨Ð©²¦4« ÆÀ©P¦7« ËÆÀ©P¦7«Ç�È�É , i.e., ÓÔ° Õ ° ©²¦4«�Ñ×Ö [A] Ø rank-1 spÙÔ©�ÚHÛÝÜ ÖQ«ÞÜß©�Ú º Ü�ÖQ«�à spÙÔ©²Ú º Ü ÖQ«ÞÜß©ÞáÚ º Ü�áâ º « àÇ�È;É , i.e., ÓÝ°ÅÕ ° ©P¦7«�ÑãÖ [B] Ø — spÙÔ©�ÚHÛÝÜ ÖQ«ÞÜß©�Ú º Ü�ÖQ«�à —ÇÒÑ;É , i.e., ÓÝ°ÅÕ ° ©P¦7«�ÈãÖ rank-2 — spÙÔ©ÞáÚ Û Ü�áâ Û «ÞÜß©ÞáÚ º Ü�áâ º « à —

satisfies(in SubcaseB, andwhen ä�å�æ )
ç/è é$êÃë�ç/è ì"ê$í�î µïkð[ñóò>ô ñßõ(4.10)

the line integral beingtakenalong ö�÷ from
ì

to
é

. Herethemomentumø í ø è1é$ê
, at any

point
éfù ö�÷ , takesa valuedeterminedby (i) the zero-energy constraint,and(ii) thecon-

straintthatthecorrespondingvelocity úé lie in ö�÷ .
In SubcaseA, in generalû è1ì"ê;üíþýû è1ì"ê

. In SubcaseB andwhen ä�åÄæ thereis no
reasonwhy the quadraticgrowth of

ç
along ö�÷ , on the wedgesideof

ì
, shouldequal

the quadraticgrowth on the otherside(which arisesfrom û è1ì�ê
, ratherthanfrom (4.10)).

So generically,
ç

will fail to be twice continuouslydifferentiableat
ì

. This conclusion
justifiesthestatementsabouttheone-sidedderivatives öpÿ ç�� ö��Ýÿ è � í���� ê

madein the In-
troduction. Genericallythesetwo quantitieswill be different; in fact if ä	�læ , the second
derivative on the wedgeside, asdisplayedin Table4.1, will equalzero. We seethat the
differencebetweenthe two sidesof thesaddlepoint is theunderlyingcauseof theskewing
phenomenon.We alsoseethatskewing in modelswith ä
� æ and ä�å æ will be radically
different.

It bearsnotingthattheclassicalaction
ç

will genericallyfail to beatwicecontinuously
differentiablefunctionof

é
notmerelyat

é)ígì
, but alongtheentireboundaryof thewedge.

This is reminiscentof theStokesphenomenon,which occursin theasymptoticexpansionof
thesolution(in thecomplex plane)of anordinarydifferentialequationwith a smallparam-
etermultiplying thetermwith highestderivative. Theexponentof thedominantexponential
factorin theexpansionis non-smoothalongcertaincurves(anti-Stokeslines)emanatingfrom
turningpoints.It is probablybestto view thephenomenonof thewedgeasatwo-dimensional
versionof theStokesphenomenon.For theforwardKolmogorov equationon ÷���
 ÿ , which
is apartial differentialequation,theanti-Stokesline appearsasacurvein ÷ (theboundaryof
thewedge)ratherthanin thecomplex plane.To seeit, noanalyticcontinuationis required.

5. Generic and non-generic inner approximations. In the following threesections
our treatmentbecomesmore quantitative. We shall approximatethe principal eigenfunc-
tion ���� andtheprocess

é � è��.ê in theboundaryregion near
ì

, andstudytheimplicationsfor
the small-� asymptoticsof the exit locationdensity. In this section,we focuson the Gaus-
sianfar-field behavior of theinnerapproximation,andtheGaussiantails of theexit location
distribution. We rederive theclassical(‘Eyring’) formulafor thesmall-� MFPTasymptotics,
anddeterminefor thefirst time thelimits of its validity.

If aninnerapproximationto ���� , valid in theboundaryregion near
ì

, is to matchto the
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outerapproximation������������ !�#"%$&���'�)(+*,� , it mustin thefarfield have leadingasymptotics-�./ ������0 const 12���3 24�"!��576�"98:6;�#$�< 6>= ��8?����53=@"98A=B�)(DC+*)EGF(5.1)

But this statementmustbe interpretedwith care. By convention $�< 6H= ��8?� signifiesthe lim-
iting Hessianmatrix obtainedby taking �JIK8 alongthemostprobableexit path(MPEP),
or in generalfrom within thecomplementof theclassicallyforbidden‘wedge.’ Sothestate-
ment (5.1) holdswhen �L��"�8M�)(N*PO)QSR?IUT within the complementof the wedge. If the
behavior of $ in the wedgeis quadraticnear 8 , the limiting Hessianmatrix obtainedby
taking �VIW8 from within the wedgeis denotedX$ < 6>= �L8?� . We saw in the last section
that in SubcaseA of the caseY 6[Z 6 ��8?�A\^] (i.e., when _a`Vb ), the behavior of $ in the
wedgeis indeedquadraticnear 8 , so the counterpartto (5.1) (involving X$�< 6>= �L8?� ) should
hold as ���J"�8?�S(N*PO)Q)RcIWT within the wedge. In otherwords the far-field asymptotics
of the inner approximationto - ./ mustin this casebepiecewisebivariateGaussian: differ-
ent decay(or growth) rateswill be found in the wedgeandits complement.In SubcaseB
or when Y 6LZ 6 ��8M�d`e] (i.e., _f\gb ), the behavior of $ in the wedgewill not be quadratic
near 8 . But evenso,theinnerapproximationto - ./ muststill have Gaussianasymptoticsas���h"i8?�S(N*PO#QSR@IjT alongtheboundaryY�k , with differentdecayratesonthetwo sidesof 8 .

The inner approximationto - ./ can be constructed,at least in principle, by solving a
linearizedversionof the(approximate)forwardKolmogorov equationlnm/�ohp ] in thebound-
ary region near 8 . In the linear approximationwe take Z 6 �����Aqsr 6 = �L8?�P��5 = "�8 = � andt 6H= ������q t 6H= ��8?� , sotheKolmogorov equationreducesto�L*P(+CD� t 6H=+�L8?�uY 6 Y = o "9Y 6Sv rw6 = ��8?����53=@"98A=B� oyxzp ]{F(5.2)

Assumefor the momentthat the appropriatelengthscaleon which the inner approximation
shouldbedefinedis the |}��*PO#QSR~� lengthscale.If so,we canemploy the ‘stretched’variable� 6 p ��5 6 "f8 6 �S(N* O#QSR , in termsof which(5.2)becomesbC t 6H= ��8?� YzR oY � 6 Y � = "fr 6 = �L8?� YY � 6 v � = oyxzp ]{F(5.3)

We canchangevariablesto reducethis covariantequationto a noncovariant,but moreun-
derstandableform. Undera linearchangeof variables� �?� � 6 p�� 6 = � = , i.e., � � p�� � , the
matrices�c��8?� and ���L8?� transformto � ����8?� ��� O and � ���L8?� � respectively. Choosing�Vp �J��8M� � O)QSR transforms�J��8M� to the identity matrix. But since 8 is a saddlepoint,
irrespective of coordinatetransformationsthe linearizeddrift ����8?� will have onepositive
eigenvalue( ���N��8M� ) andonenegative eigenvalue( �7����8?� ). By a furtherchangeof variables
(a rotation)wecanset rhO R ��8M� p ] . Sowecanchoose�9�L8?� ps� � � ��8M� ]� � � �L8?�}���(5.4)

for somereal constant� . The constant� is not determinedby ���z��8M� and ���N��8M� . Since�J�L8?� p�� is preservedunderrotations,with respectto thenew systemof coordinatesequa-
tion (5.3)becomesbC YzR oY�� � O � R�� bC YzR oY�� � R � R
(5.5) "c���z�L8?� YY � O v � O oDx "c���N��8?� YY � R v � R oyx " � YY � R v � O oyxzp ]{F
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In termsof thetransformedcoordinates���f�N�#�?��� we maytake theregion � to betheright-
half plane�f� ��¡ , andits boundary¢�� to bethe �M� -axis.Thiswastheconventionof Figs.
4.1and4.2.

Thissystemof coordinatesis computationallyeasyto work with. Supposefor simplicity
that £7¤z��¥?�§¦s¨ ; this is an innocuousnormalizationconditionthat canbe absorbedinto a
redefinitionof time © (andnoisestrengthª ). Then« ��¥M�¬¦®­ ¨ ¡¯W°²±	³ �(5.6)

where± def¦µ´ £�¶N��¥M��´ ·+£ ¤ �L¥?� , asusual.TheKolmogorov equation(5.5)reducesto¨¸ ¢���¹¢���� � � ��º ¨¸ ¢z�P¹¢���� � � � ° ¢¢�� �z» � � ¹D¼ º ± ¢¢�� �½» � � ¹y¼ °c¯ ¢¢�� �½» � � ¹y¼z¦
¡{¾(5.7)

Also, a bit of matrixcomputation,usingtheform (5.6) for
« �L¥?� and ¿���¥?��¦
À , yields��Á ¶ �)¡y�'¦Â��¡���¨D�S¡{�S¡y�(5.8a) �LÁ{¤��)¡y�'¦Â� ± º ¨D� ¯ �)¡{�S¡y�(5.8b) �SÃÁ ¶ �+ÃÄ ¶ ��¦Â� ±Å° ¨D� ¯ � ° ¸ ± º ¸ �)¡��(5.8c) �SÃÁ{¤��DÃÄ ¤ ��¦Â� ° ¸ ±½¯ � ± � ° ¨ °f¯ � � ° ¸ ±½¯ � ±A° ¨B�,� ¸ ± � ± � ° ¨~�#�(5.8d)

for thefoureigenvectorsof thelinearizedHamiltonianflow Æ2��¥M� atthepoint �L¥Ç�)¡�� in phase
space,asgiven by (4.5). (Normalizationis irrelevant here; the negativesof thesevectors
couldequallywell have beenchosen.)That Á{¶È¦e��¡���¨~� agreeswith theconventionof Figs.
4.1and4.2.

We note in passingthat the formulæ(5.8) explain the positioningof the rays Á{¤ , ÃÁ ¶ ,
and ÃÁ{¤ in Figs.4.2(a),4.2(b),and4.2(c).Recallthatin thosefigurestheMPEPwastakento
approachfrom thefirst quadrant;if ±
É ¨ , it is genericallytangentto Á ¶ , andhenceto the
positive �M� -axis. By examinationof (5.8), if ±�É ¨ and ¯�É ¡ then Á{¤ will lie betweenthe
positive �?� -axisand ÃÁ{¤ , while if ¯ �Ê¡ then ÃÁ{¤ (takento point into theright half-plane)will
lie betweenthepositive �?� -axisand Á3¤ . SotheSubcasesA andB of Figs.4.2(a)and4.2(b)
aresimply thesubcases̄2É ¡ and ¯ �Â¡ . This correspondenceassumesof coursethat the
MPEPis tangentto thepositive �M� -axis; if it approached¥ from the fourth quadrant,and
weretangentto thenegative �?� -axisinstead,thentheinterpretationin termsof sgn̄ would
bereversed.

Formulæ(5.8) justify the positioningof the rays in Fig. 4.2(c),aswell. If ± �Ë¨ , we
know by theargumentsof thelastsectionthattheapproachingMPEPis genericallytangent
to ÃÁ ¶ . By (5.8c), ÃÁ ¶nÌ � ±�° ¨D� ¯ � , andourconventionthattheMPEPapproachesfrom thefirst
quadrantmandatesthat ¯iÍ ¡ . It is easyto verify, by examining(5.8), that in theright-half
plane,when ± �Â¨ and ¯ �Ë¡ the Á{¤ ray necessarilylies betweenthethe ÃÁ ¶ ray andthetheÃÁ{¤ ray. Thiswasthepositioningof Fig. 4.2(c).

In our new coordinatesystem,it is easyto studyquantitatively the quadraticbehavior
of theaction Î nearthesaddlepoint. Substituting(5.6) into theRiccatiequation(4.3),and
solving,gives Ï ��¥?�Ð¦ ¸ � ±Å° ¨~�� ±Å° ¨B� � º ¯ � ­ ¯ � º ¨ °M± °@¯,±°@¯P± ± � °f± ³(5.9)

asthe formulafor the rank-̧ Hessianmatrix

Ï ��¥?�È¦ » Î�Ñ ÒHÓy��¥?�Ô¼¬¦ » ¢�Õ7Ò;·N¢�Ö Ó ��¥M�;¼ . Recall
thatgenericallythis limiting Hessianmatrix arises(when ×�ØÙ¥ in thecomplementof the
wedge)only when ± �g¨ . If ±MÉ ¨ , Ï �L×��¬ØÛÚ as ×9Ø®¥ alongtheMPEP.
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The quadraticbehavior of Ü in the wedge(to the extent that it is quadratic)can be
computedsimilarly. In SubcaseA of ÝVÞàß , the limiting Hessianmatrix áâAãLä?å in the
wedgeexists,andequalsby Table4.1 therank-1matrix correspondingto the tangentspace
sp æ ã�ç{è�éSêyå,éBãSëç{è7éNëì è åîí . TheformulaáâAã�äMå¬ï ð ÝñPòôó ã Ý ó ß å ò9õ ñ ò ö ñ ã Ý ó ß åö ñ ã Ý ó ß å ã Ý ó ß å òK÷(5.10)

follows from (5.8) by someelementarymanipulations.In SubcaseB, andwhen ÝJøùß , the
behavior of Ü ãLú�å in thewedgeas

ú�ûÙä
will not bequadratic.However, it follows from

theformula(4.10)that its behavior as
ú�ûüä

along ýzþ (from thewedgeside)is quadratic,
with limiting secondderivative áÿ����¬ã�ä?å¬ï ð Ý��(5.11)

This limiting secondderivativehasa simpleinterpretation:on thewedgesideof
ä

, thecost
(action)of the mostprobabletrajectoryleadingto any point on ýzþ arisesfrom the drift

�
on ý�þ itself. (By (5.6),thedrift along ýzþ is proportionalto Ý .)

The formulæ(5.9)–(5.11)make quite precisethe far-field
ã�� û
	�å

Gaussian(or in-
vertedGaussian)asymptoticsthatmustbe imposedon thesolution � ã���
Bé�� ò å of the trans-
formedKolmogorov equation(5.7).First, to leadingorderwemusthave� ã�� 
 é�� ò å���������� ö ���)âAãLä?å���� ð � é � û!	

outsidethewedge.(5.12)

Also, in SubcaseA of ÝfÞgß wemusthave� ã"� 
 é#� ò å��$�%���'& ö � � áâAãLä?å��(� ð*) é �Ùû+	
insidethewedge.(5.13)

In SubcaseB of ÝMÞËß , or when ÝMøgß , wemusthave� ã"� 
 é#� ò å�������� & ö áÿ��,��ãLä?å�ã�� ò å ò � ð ) é �Ùû+	
along ýzþ , on thewedgeside,

(5.14)
sincethe boundaryý�þ is the

� ò -axis. The Dirichlet boundarycondition � ã�ê{é�- å!ïµê must
alsobeimposed,sincethequasistationarydensityis absorbedontheboundary.

In generalit is not easyto solve thepartialdifferentialequation(5.7) on thehalf-plane� 
/. ê
, subjectto theseboundaryconditions. Our treatmentsof the generic ÝÂÞsß and

generic Ýeøüß cases,in Sections6 and7 respectively, will be craftedto circumvent this
problem. For thecaseÝJÞ�ß we shallexpandon a larger lengthscalethan 0 ã�1 
�2 ò å ; for the
caseÝcø�ß , on which we have lessinformation,we shallusestochasticanalysis.In advance
of ourdetailedtreatments,weobservethatthefar-fieldbehavior of theexit locationdensity354
(on the 0 ã61�
#2 ò å lengthscalenear

ä
) follows from (5.12)–(5.14).By (2.3) theexit location

densityis simply proportionalto thenormalderivative of the innerapproximation7984 . If we
substitutetheaboveexpressionsfor

âAã�ä?å
, áâAã�äMå and áÿ��,�¬ãLä?å into (5.12)–(5.14),weobtain

far-field asymptotics

354 ã6:~å��<;= > �%���@?>êA-�ã6: ò �*1,åCB�é :D�D1 
�2 ò û ó 	 ;�%��� õ ö Ý ã Ý ó ß å òñ ò ó ã Ý ó ß å ò ã6: ò �D1,å ÷ éE:D�D1 
�2 ò û ö 	(5.15a)

if Ý9Þ
ß (SubcaseA), and

354 ã6:~å��GF �����@?HêA-yãH: ò �D1,åIB éJ:D�D1 
�2 ò û ó 	 ;����� ? ö Ý ã6: ò �D1,å B éE:D�D1 
�2 ò û ö 	(5.15b)
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if K�L(M (SubcaseB), and

NPO%Q6RTS�U<VW XZY%[]\_^C` K Q K ` M S�ab aZc Q K ` M S a Q6R,aDdDefSCgihERDdDe�j#klanm cpo ;Y%[]\@qr` K QHR�aTdDefSCsth RDdDe�j#klanm ` o(5.15c)

if Kvu(M . Thezerocoefficientsin theexponentsof (5.15a)and(5.15b)indicatethatthecorre-
spondingasymptoticsaresub-Gaussian.We have written R for wyx a (thedistancealong z|{ ,
measuredfrom } ), for consistency with theIntroduction,andhavetakenthewedgesideof }
to bethesideon which R L�~ . Noticethatas K���M (resp.K/��M ) theasymptoticsof (5.15b)
and(5.15c)comeinto agreement.SubcaseA, however, hasno Kvu(M counterpart.

Actually, thereis onenongenericcasein which the partial differentialequation(5.7),
subjectto the boundaryconditions(5.12)–(5.14),canbe solved explicitly. This is the case
when b'� ~ , i.e., whenthe linearizeddrift � Q } S at the saddlepoint hasthe propertythat
its eigenvalues��� and ��� areorthogonalwith respectto the inner productspecifiedby the
localdiffusivity tensor� Q } S . If b�� ~ and K�u(M , theclassicallyforbiddenwedgevanishes:
therays ��� and ���� , which form theboundaryof thewedge,becomeidentical.In picturesque
language,as b�m ~ (when K�u(M ) thewedgedisappearsinto theboundaryz|{ , andtheaction
becomestwicecontinuouslydifferentiableonaneighborhoodof thesaddlepoint. In thiscase
it followsfrom (5.15c),by settingb�� ~ , thatthetwo Gaussiandecayratesof theasymptotic
exit locationdensityareequal. This suggeststhat NPO is asymptoticto a Gaussian.We now
explainwhy this is thecase.

If thereis no wedge,the far-field asymptoticsbecomeGaussianratherthanpiecewise
Gaussian;they reduceto � Q"��j,h��/a�S'U Y%[]\���`��$�#� Q } S � d*�9� , sinceonly (5.12) applies.
But if b�� ~ theexpression(5.9)for thematrix � Q } S , which is valid when K�u�M , simplifies
to � Q } S�� ^ ` � ~~ � K gA�(5.16)

Sothefar-field asymptoticswhichmustbeimposedon thesolutionof (5.7)simplify greatly;
we have � Q"�_jTh#�va%S�U Y%[�\�� Q���j�S#a ` K Q"�va�S�a�� . Moreover if b�� ~ the final term in (5.7)
vanishes,allowing asolutionon ��j�� ~ with theseasymptoticsto befoundby separationof
variables.It is � Q"� j h#� a S�� Y�[�\@q"` K Q�� a S a si��Q�� j S�h(5.17)

in which theboundarylayerfunction ��Q� ¡S is definedby��Q�¢]S���£T¤¦¥ erf Q6¢§S�� �¨ © £T¤l¥�ª ¤�I«|¬ £9­ � ¥|®§R �(5.18)

Thereforewhen b�� ~ , and Kvu(M , wehave theinnerapproximation¯ ¬O Q x j h x a S�U°,± Q } S Y�[�\ Q `n² Q } S�d*efSl³ Y�[�\@q"` K Q x a ` } a S a dDe�sA�µ´9Q x j ` } j S�dDe j�kla%¶ �(5.19)

Thefactor
± Q } S Y%[]\ Q `n² Q } SldDefS is includedto facilitatematchingwith theouterapproxi-

mation.
Notethatin (5.19)wemustinterpretx j ` } j , x a ` } a aslinearlytransformed(‘primed’)

versionsof theoriginalcoordinatesx j ` } j , x a ` } a . � �·Q"�_jTh#�va%S in (5.17)reallymeans
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, for

½
asuitablychosen(orthogonal)rotationmatrix;similarly, ÇAÈ À

in (5.19)mustbe interpretedas
½'¾$¿6À/Á¦ÂÄÃ#ÅlÆ§¿ ÇÉÈ ÀvÁ

. Using(5.16),we canrewrite (5.19)
in a partiallycovariantform. We obtainÊ9ËÌ ¿"Í ÃDÎ Í Æ ÁZÏ(5.20) Ð,Ñ ¿6À/Á]Ò%Ó]Ôp¿ ÈnÕ ¿�À/ÁlÖD×fÁ¦ØÄÒ%Ó]Ô@Ù È ¿�Í¼Ú È À�ÚHÁ ÕÜÛ Ú¡Ý ¿6À/Á�¿�Í�Ý È À�Ý�Á�Ö Þ*×�ßà erf á ¿�Í Ã È À Ã ÁlÖD× Ã�Å�Æ�â Î
with thesameprovisoontheinterpretationof thefactor

Í5Ã È ÀvÃ
in theargumentof theerror

function. This way of writing the inner approximationto Ê ËÌ makesit clearthat its leading
asymptoticsas Ç ÖD×�Ã�ÅlÆnã+ä

areindeedthoseof (5.1).Thefinal factorin (5.20)is attributable
to theabsorbingboundaryconditionat å Ãp»·æ

. This boundarylayer factormaybewritten
in fully covariantform as

erf ç,è¼é ¿6À/Á Ã�ÅlÆ%ê Ú6ë Ú¡Ý ¿6À/Á�¿�Í Ý È À Ý Á�Ö*× Ã�ÅlÆ%ì
(5.21)

where
ê Ú

is acontravariantunit normalvectorto í|î at
À

, satisfying
ê Ú ë Ú¡Ý ¿6À/ÁIï Ý »ºæ

for any
vector

ï Ú
tangentto í5î at

À
, andnormalizedsothat

ê Ú ë ÚðÝ ¿�ÀvÁ ê Ý »·ñ
. We have includedin

theargumentof theerrorfunctiona factor è é ¿�À/ÁlÃ#ÅlÆ
, which will bepresentif è é ¿6À/Á

is not
takento equalunity.

We stressthat we can constructsucha simple inner approximationas (5.20) in the
case òEó ñ

only when ô »õæ
, i.e., only when the eigenvectorsof ö ¿�À/Á

are orthogo-
nal with respectto the inner productspecifiedby

ë ÚðÝ ¿�À/Á
. A covariant way of express-

ing this conditionmay be derived as follows. ÷�ø Ú ë Ú¡Ý ÷ é Ý »ùæ
, i.e., ÷�úø ¾$¿�À/ÁfÂ|Ã ÷ é »+æ

,
meansthat

¾º¿6À/Á¦ÂÄÃ#ÅlÆ ÷¼ø and
¾�¿�À/ÁfÂ|Ã�Å�Æ ÷ é areorthogonalin theconventionalsense.Equiv-

alently,
¾$¿�À/ÁfÂ|Ã�Å�Æ ö ¿6À/Á#¾º¿6À/Á�Ã�ÅlÆ

hasorthogonaleigenvectorsandis a symmetricmatrix.
But

¾º¿6À/Á¦ÂÄÃ#ÅlÆ ö ¿�À/Á�¾º¿�À/ÁlÃ#ÅlÆ
is symmetricif andonly if ö ¿�ÀvÁ#¾º¿6À/Á

is symmetric,i.e.,
if the tensor û Ú Û Ý ë Ýlü

is symmetricunderthe interchangeof ý and þ at Ç »ÿÀ
. This is the

covariantform of thecondition.It is easilycheckedthatif û Ú » È ë ÚðÝ í Ý�� for somepotential
field � thathasasaddlepointat

À
, thentheconditionis necessarilysatisfied.The ô »�æ

con-
dition for thevalidity of the innerapproximation(5.20),when ò�ó ñ

, is really a condition
thatthedrift � be locally gradientat

À
.

Stochasticexit modelsin which this local gradientcondition holds are unfortunately
nongeneric.But if òÜó ñ

, andtheconditionholds,it is aneasymatterto determineboththe
asymptoticsof theexit locationdensityon í|î , andtheMFPT asymptotics.Equation(2.3)
yields � Ì ¿ Ç Á���Ò�Ó�Ô�Ù È ¿"Í¼Ú È À�ÚCÁ ÕÜÛ ÚðÝ ¿�À/Á%¿"Í�Ý È À�Ý,ÁlÖ*Þ*×�ß Î Ç���í|î(5.22)

for the densityof the exit locationdistribution in the
×'ã æ

limit, on the � ¿�×�Ã#ÅlÆTÁ
length-

scalenear
À

. Sothedensityon í|î is indeedasymptoticallyGaussian,with thesamefalloff
rateas

¿ Ç/È À/ÁlÖD×�Ã#ÅlÆnã+ä
to eithersideof the saddlepoint. We stressthat this Gaussian

behavior canonly occurin theabsenceof a classicallyforbiddenwedge.

Equation(2.7),whichexpressesè 	 Ë�
Ì in termsof theflux of probabilityinto í5î near
À

,
whenappliedto theinnerapproximation(5.20)will yield

¿
��� Ì Á Â|Ã Ï è 	 Ë�
Ì Ï ñ� � � Ò�����¿���Á�� è¼é ¿6À/Á� èPø ¿�À/Á � Ñ ¿�À/Á�Ò�Ó�Ôp¿ ÈnÕ ¿�ÀvÁ�ÖD×fÁ Î × ã æ Î
(5.23)
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astheweak-noiseMFPTasymptotics.Herethefactor � ���� �!#"�$�% arisesfrom thedenomina-
tor of (2.7). Theasymptoticsof (5.23)arevalid only if thecoordinates&(' near ) have been
linearly transformedin sucha way that *+"
),%.-0/ ; this wasassumedwhenwe derivedthe
innerapproximation(5.20).

"
1�2435%�687:9<;8=?>�@3 9 ;BAB"�)C%D E ���F G!#"�$H%I ���� G!#"�)C% I�J "�)C%K�FLKM�"ON.PQ"
)C%SRUTV%(W TYX[Z(5.24)

is thegeneralizationto arbitrarycoordinatesystems.
We know from Wentzell-Freidlintheorythattheleadingordergrowth of theMFPT 1�2 3

in the T\X[Z limit is exponential,with rateconstantPQ"�)C% . Theasymptoticexpression(5.24)
includesthisexponentialgrowth,andalsoaconstantpre-exponentialfactor. Thepre-exponential
factor, like PQ"
),% , is nonlocal:it is notuniquelydeterminedby thebehavior of thestochastic
modelin thevicinity of $ and ) . Thatis becausethe‘frequency factor’ J "
)C% , which mul-
tiplies thefrequency of excursionsto thevicinity of ) , canonly becomputedby integrating
thesystemof ordinarydifferentialequations(3.8a),(3.8b),(3.11),(3.12),(3.14)from $ to )
alongtheMPEP.Theonly exceptionto this is when ]V'�-^N:_`'ba�c a�d for somedifferentiable
function d , i.e., when e is globallyaswell aslocally gradient.In thiscaseit is easilychecked
that Pf-hg d and Jji0k , sothepre-exponentialfactorin (5.24)is locally determined.

The TlXmZ asymptoticswhich we have just derivedfor theexit locationdensitynG3 and
the MFPT 1l2�3 are quite familiar from the literature[27, 42, 46, 50]. In fact the MFPT
formula (5.24)can,in the context of chemicalphysics,be tracedbackto Eyring [21]. But
our new derivationof theEyring formulamakesit clearthat it is valid without qualification
only when the classicallyforbiddenwedgeis absent. In generalthis will occuronly in a
singlenongenericcase: when the drift field near ) satisfiesthe local gradientcondition,
andmoreover theeigenvalueratio oqp k (i.e., c ' ]V'O"
)C%lr0Z ). This hasnot previously been
realized.

6. Skewingand MFPT asymptoticswhen c ' ] ' "
)C%\p+Z . Wenow turnto genericmod-
elswith ]V'ts ' "
)C%upvZ , i.e., modelsin which theeigenvalueratio ow- I ;Bxy"
)C% I Rz;{AG"
),%lr k .
By building on theanalysisof Sections4 and5, we shallshow thatgenerically, the limiting
exit locationdistribution nearthe saddlepoint ) is a Weibull distribution on the |}"
T�~y�S�4%
lengthscale,asmentionedin theIntroduction.It is non-Gaussianandasymmetric.

In thissectionweshallfor simplicity take thelinearizeddrift �u' a "
)C%H-�]V'ts a "�)C% to be� "
),%�-�� ;BAG"
)C% Z� ;(xU"�)C%�� -�� k Z� N�o0� W(6.1)

asin Section5, andtake *q"
)C%:-v/ . The lower triangularform for
� "
)C% canbearranged

by anappropriatelinearchangeof coordinatesnear ) , ascan *q"�)C%:-v/ . ; A "
)C%:- k can
bearrangedby a rescalingof timeandnoisestrength.With thischoiceof

� "
)C% , thebound-
ary c�� will (near ) ) beparallelto the &(� -axis. Themostprobableexit path(MPEP)from$ to ) will genericallybe tangentto c�� , andwithout lossof generalitywe assumethat it
approaches) from thefirst quadrant,asin Fig. 4.1(a).

Thebasicpropertiesof o�r k modelswereworkedout in Sections4 and5. Generically
thereis aclassicallyforbiddenwedgeemanatingfrom ) , on theboundaryof which theHes-
sianmatrix P�s '�a is discontinuous.If � r+Z (‘SubcaseA’) thenwithin thewedgeP�s 'ba "
��% has
rank-1limit �P�s '�a "�)C% as ��X[) , thoughif � p+Z (‘SubcaseB’) PQ"���% in thewedgewill not
beaquadraticfunctionof � near) . If ��X�) fromoutsidethewedge,e.g., alongtheMPEP,
then P�s 'ba "
��%HX[Z . Outsidethewedgetheaction P is ‘flat’ near) . Sincetheouterapprox-
imationto thequasistationarydensity� >3 "
��% containsanexponentialfactor ��L�Ml"�N.PQ"���%ORUTV% ,
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this is a sign that on the classicallyallowedsideof � , the quasistationarydensityfalls off
only slowly (moreslowly thanquadratically).As a consequencetheappropriatelengthscale
for an inner approximationnear � shouldbe larger than �}�
���5�S��� . On the �}�
���O�S�4� length-
scalethe asymptoticsof ���� andthe exit locationdensity  � aregivenby (5.12)–(5.14)and
(5.15a)–(5.15b),but anapproximationon thatlengthscaleis notparticularlyuseful.

We showedin Section4 thatwhen ¡+¢Q£ , the tangentspace¤¦¥¨§\© �Sªt«j¬¥®­�© �Sª to theman-

ifold «j¬¥¯­�© ��ª±°³²´Qµ·¶ � at ���±¸O¹�� genericallyequalsthe linear spanof two eigenvectors
of the linearizedHamiltonianflow: the stableeigenvector ��º{»4¸O¹�� and the unstableeigen-
vector ��º ¬ ¸O¹�� . Sincethe MPEP ¼�½ , regardedas a trajectoryin the phasespace ²´Qµ�¶ � ,terminatesat ���±¸O¹�� , it mustapproach�
�¾¸O¹¿� alongthe tangentvector ��º{»�¸S¹¿� ; since º{» lies
in À ´ , thatis why theMPEPis tangentto À ´ . Thistangency conditionis of courseanasymp-
totic statement,valid only as Á:ÂmÃ , i.e., as ���±¸O¹�� is approached.A morerefinedanalysis
wouldtakeinto accountthefactthatthelinearizationof theHamiltonianflow hasboth ��º{»4¸O¹��
and �SÄº{»U¸UÄÅ » � asstableeigenvectors.They haveeigenvaluesÆB»y�
�C��Ç0È�¡ and È.Æ ¬ �
�C��Ç0È�£respectively, soaprecisedescriptionof the Á�ÂÉÃ asymptoticsof theMPEPwouldbe¼ ½ �ÊÁ5�HË��ÍÌ·ÎÏ»VÐ¿Ñ(Ò�Ótº{»�Ì ÄÎÏ»VÐ¿ÑBÓ�Äº{»�¸ Á�ÂÔÃ<Õ(6.2)

Since ¡·¢v£ , thefirst termis dominantas Á:ÂÖÃ , andgivesriseto theapproachalong À ´ .
But the coefficient ÄÎ » of the subdominantterm, like Î » , is genericallynonzero. The two
coefficientscanonly befoundby computingtheMPEPexplicitly: by integratingHamilton’s
equations(3.8) from �
×Ï¸ÙØ��ÚÇÛ��Ü�¸O¹¿� at ÁÚÇÝÈÞÃ to �
�±¸S¹¿� at ÁÚÇßÃ . The fact that ÄÎ » is
genericallynonzerowas taken into accountwhenplotting Figs. 4.1(a),4.2(a),and4.2(b);
in thosethreefigures,theslight deviation of the approachingMPEPfrom À ´ is dueto theÄº{» term.

Explicit formulæfor theeigenvectorsº » and Äº » appearin (5.8);wemaytake º » Ç0��¹à¸F£��
and Äº » Çv�Ê¡áÈ�£¿¸OâF� . So(6.2)maybewritten,if ãä× signifies×,Èå� , as

�æãuç � ¸SãÚç � �HËéè ÄÎ » �
¡#Èw£4�5Ð ÑBÓ ¸SÎ » Ð Ñ(Ò�Ó Ì ÄÎ » â�Ð Ñ(ÓÙê Õ(6.3)

We musthave ÄÎÏ»Ú¢ë¹ and ÎÏ»Úìë¹ , sinceit is our conventionthat theMPEPapproaches�
from the first quadrant. As ÁáÂíÃ and � is approached,the MPEPwill genericallybe

asymptoticto thecurve ãÚç(�îÇðïu�æãÚçG�4� Ò , where ï defÇñÎ »Uò ÄÎ » �Ê¡CÈq£��Ùó Ñ(Ò . This asymptotic
behavior occursirrespectiveof thevalueof â .

SincetheboundarylayernearthecharacteristicboundaryÀ ´ hasthickness�}�
� �O�S� � , the
innerapproximationnear � shouldbevalid when ãÚçG�ôÇõ�`�����5�S��� . But if theinnerapprox-
imation is to be valid on a region containinga nontrivial (as �îÂö¹ ) portionof the MPEP,
it shouldalsobevalid when ãÚç � Ç÷�`��� Ò �O� � . So ç � È·� � and ç � È�� � shouldbe treated
asymmetrically: When ¡q¢Q£ , theappropriateboundaryregion for the innerapproximation
is a strip near À ´ on which ãÚç���øùãuç(� . This thin strip shouldextendfrom � along À ´
in thedirectionof theapproachingMPEP;equivalently, it shouldnot extendin thedirection
of the forbiddenwedge. As previously discussed,the appropriatelengthscalefor an inner
approximationon thewedgesideof � is �}�
���O�O�4� , not �}�
� Ò �S�4� .

Let uswrite �Êçú¸OûK� for üÙãÚç � ¸��æãuç � � �5� Òàý ; thechangeto noncovariantnotationwill em-
phasizethe asymmetry. In the �Êçþ¸Sû�� -planethe boundaryregion will be the region whereç , û¾ÇÍ�`�����5�S��� . TheMPEPwill approach�ÿÇß��¹à¸S¹¿� as Á�Â³Ã alonganasymptotically
linear trajectory ûCËÍïô�5� Ò ç . It is an easyexerciseto show, usingthe matrix Riccati equa-
tion (3.14)in thelinearapproximationnear� , thatirrespectiveof theasymptoticslopeï �O� Ò ,
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thematrixof secondderivatives��������
	�� def
 ��� ������ � � ������ � � 	������ 	 � � ������ 	 �
����(6.4)

will have a finite (nonzero)limit as ����� , i.e., astheMPEPapproaches� . In thecomple-
mentof theforbiddenwedge,theaction

�
near� is quadraticin

�
and

	
.

Thisquadraticleading-orderbehavior will mandatefar-field [
�����
	��
 "!$#
% � �&� ] asymp-

toticsfor theinnerapproximationto ')(* thatareGaussianin termsof
�

and
	
. Theinnerap-

proximationis bestwritten in termsof thestretchedvariables+ 
 �, -!.#/% � and 0 
 	1 -!.#
% � .
It maybeconstructedbysolvingalinearizedversionof theapproximateforwardKolmogorov
equation243*65 
87 , asfollows. In thelinearapproximationwetake 9$: �<;���=?> :A@ � � �.�B� @1C � @ �
and DE: @ �B;���= DE: @ � � � , andtheKolmogorov equationreducesto�<!$ GFG� D : @ � � � � : � @ 5 C � :IH > : @ � � �.�B� @ C � @ � 5KJ 
L7NM(6.5)

Substitutingboth(6.1)and O � � � 
LP , andchangingvariablesfrom
�B��#"�/� � �

to + 
 ����# C� #.�I -!.#
% � and Q 
 �B� � C � � �
 "!IR"% � , yieldsSF ��� 5� + �UT !.#$VWRF ��� 5� Q � C �� + H + 5KJ TYX �� Q H Q 5GJ C[Z !6\ #]V�R-^B% � �� Q H + 5GJ 
L7NM(6.6)

In the
! � 7

limit thisbecomesSF ��� 5� + � C �� + H + 5GJ TYX �� Q H Q 5KJ 
?7 �(6.7)

andsubstitutingQ 
 0 R yieldsSF ��� 5� + � C + � 5� + T 0 � 5� 0 C � S C X � 5 
L7NM(6.8)

ThisPDEfor 5 
 5 � + � 0 � mustbesolvedin theboundaryregion.
In termsof thestretchedvariables

� + � 0 � wemayview theboundaryregionastheright-
half plane +`_ 7 , andthe boundary

�,a
asthe 0 -axis. The locationof theclassicallyfor-

biddenwedge,in termsof + and 0 , is easilydetermined.As shown in Section4 thewedge
is boundedby the ray consistingof all multiplesof b1c ; since bNc 
 � XdT S � Z � by (5.8b),
its boundaryhasequatione � � 
 H Z  1� XfT S � J e �,# , or 0 
 H Z  1� XgT S � J #
%IR1! \ #]V�R-^B% � R + #
%IR .
In the

! � 7 limit the boundaryof the wedgebecomesthe + -axis: of the first andfourth
quadrantsin the

� + � 0 � -planeoneis classicallyallowed,andtheotheris forbidden.We are
takingtheMPEPto approach

� + � 0 � 
 � 7 � 7 � from thefirst quadrant,soit is thefourth that
is forbidden.So(6.8)shouldbesolvedonly in thefirst quadrant.Theextremesuppressionof
thequasistationarydensityin theforbiddenwedge(on the h �B!]R"% � � lengthscale)allowsusto
set 5 
87 when 0ji 7 , for bothSubcaseA andSubcaseB.

A family of solutionsof equation(6.8),eachwith far-field asymptoticsthatareGaussian
in + and 0 , canbefoundby inspection.Eachsolutionis of theform5 � + � 0 ��kml 0 #]V�Ron6p1qr�<FG> +[0 C > � 0 � �$� if 0js 7 ;7 � if 0ji 7 ,(6.9)

for someconstant
>

. Actuallyweshalluseantisymmetrized(odd)versionsof thesesolutions,
since5 mustsatisfytheDirichlet boundarycondition 5 � 7 ��t � 
?7 onaccountof absorptionof
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probabilityon u,v . Antisymmetrizingunderwyxz|{4w yields}�~ w��$�����m� ���]�����
���N� ~<�G� w[�����6��� ~ { ��� � � �$� if ����� ;��� if ����� .(6.10)

Rewriting (6.10)in termsof ���W �¡?�¢ ,{¤£�  gives¥)¦§ ~B¨ ��© �«ª ~ �¬� � �]­®�
¯I�-°±�,�²�/���N�f³ �"�´~ �¬����� ~ ��� � �I�/¯I��µ"¶/·��.�1�f³A{ ���K~ �¬� � � � ¯I��µ-¶
·¸�¹�¬� � �º� ;��� �¬� � �º�
(6.11)
asthedesiredinnerapproximationfor thecase»[¼¾½ , with ª to befoundby matchingto the
outerapproximation.From(6.11)wecanreadoff thebehavior of ¿ and À as ¨ zÁ£ when�¬� � �º� (i.e., in thecomplementof theforbiddenwedge).Necessarily¿ ~B¨ ��©Â{ �"�´~ �¬� � � ~ �¬� � � �/¯I�UÃ � � ~ ��� � � � ¯I�(6.12a) À ~B¨ ��© ª ~ �¬� � � ­A�/¯I�-°±�²�-Ä(6.12b)

It is a usefulexerciseto verify that the leading-orderapproximations(6.12),irrespective of
thevalueof � , areconsistentwith thesystemof ordinarydifferentialequations(3.8a),(3.8b),
(3.11),(3.12),(3.14)in thelinearapproximationnear£ .

Noticethat À&z|� as ¨ zÅ£ from outsidethewedge:in particular, alongtheMPEP.
In otherwords,our analysispredictsthat thenominalfrequency factor À ~ £d� is generically
zero when »[¼¾½ . This phenomenonhasin factbeenseenin numericalstudiesof particular
models(see,e.g., Ref. [6]). We have verified that this behavior is genericby numerically
integrating the transportequation(3.12), in a wide variety of modelswith »Æ¼Å½ , from~B¨ �±ÇÈ�É¡ ~<Ê �I�K� to ~ £g�
�)� . Thefactthat À ~ £Ë�Ì¡j� is yet anotherreasonwhy thetraditional
formula(5.24)for theMFPTasymptoticscannotbegenericallyapplicable.

It turnsout thatthemodel-dependentconstant� in theinnerapproximationis uniquely
determinedby the approachpath taken by the MPEP. Since Í   ¡Åu   ¿ , differentiation
of (6.12a)yieldsÇ ~ £ Ã � ¨ �o©Î { �G�Ï~ ��� � � �/¯I� �6{ �G� » �²� ~ �¬� � � ~ �¬� � � ­®�
¯I�-°±�,� Ã �G� � » �²� ~ ��� � � ­ � ¯
�-°Ð�,�6Ñ(6.13)

on the �¬� � ¡LÒjÓ ~ �¬�����Ô�NÕ lengthscalenear £ . But by (6.1),Ö ~ £ Ã � ¨ ��× ~ ��� � ��{4»U��� � ÃÙØ ��� � �(6.14)

near £ . Substituting(6.13)–(6.14)into Hamilton’s equation(3.8a)for Ú¨ yields, to leading
order, ÛÛGÜ ~ �¬� � �I�¬� � ��© Î { �G�Ï~ ��� � � �/¯I�ÝÃ �¬� � �6{4»U�¬� � Ñ Ä(6.15)

It is trivial to verify that this asymptoticequationof motion near £ is compatiblewith the
MPEPapproachpath �¬� � ©¹Þ ~ ���,�6�/� if andonly if � ¡ßÞÝ�²�/¯I� . Since Þ is the limit
of the ratio �¬� � µ ~ �¬� � � � alongtheMPEPasit approaches£ , the constant� in the inner
approximationmaybecomputednumerically, if desired.

Now thatwe have constructedaninnerapproximationto thequasistationarydensity ¥ ¦§
thatis asymptoticallyaccurateas ¶4z&� , wecancomputetheasymptoticexit locationdistri-
butionandMFPTasymptotics.Sinceà ~ £Ë��¡Lá , equation(2.3)saysthatasymptotically, the
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densityof theexit locationmeasureon â,ã is proportionalto thenormalderivativeof ä)åæ . This
is simply therateat which probability is absorbedon â,ã , asa functionof position. By dif-
ferentiatingtheinnerapproximation(6.11)with respectto ç¬è,é andsetting ç¬è�é to zerowe
obtain(sinceêìëLíÝî²é/ïIð )ñ æ$ò<óõôoöø÷ù ú´û üý í�þ ïIð1ÿ�� ó�� þ ï
ð��Ðî,é��	��

��� ò ó�� í ô þ ïIð � ÿ���� ó���� ;� � ó���� .(6.16)

Herewe have written ó for ç¬è þ (thedistancealong â,ã , measuredfrom � ) for consistency
with the Introductionand Section5. The overall normalizationof (6.16) is fixed by the
conditionthat ñ æ haveunit totalmass.

The asymptoticexit location density(6.16), which is localizedon the ó ë�� ò ÿ ð"ï þ ô
lengthscale,is of anunusualform. It is thedensityof a Weibull distribution [3], with shape
parameterü � ý andscaleparameter� � í ÿ ð"ï þ . Weibull-distributedrandomvariablesaresimply
powersof exponentialrandomvariables,and ñ æ maybeviewedasthedensityof an ‘offset’
randomvariable � æ equalto í! �ð"ï þ , where  is an exponentialvariateof mean ÿ . The
Weibull distributionis decidedly‘skewed’; in factit is supportedentirelyonthe ó"�#� sideof
thesaddlepoint. That ó"�#� , ratherthan ó�$�� , appearshereis solelyamatterof convention.
By convention the ó%�&� side of � is the side from which the MPEP approaches,as in
Fig. 4.1(a).For laterusewenotethat' � æ ë)(+*å ó ñ æ ò<óõô-,�ó�ö í/. ò �10 ý � ü ô ÿ ð"ï þ �øÿ32 �(6.17)

is theexpectedoffsetfrom � along â�ã , in modelswith ý $ � , at thetimeof exit.
Thequalitative featuresof theasymptoticdensity(6.16)canbeexplainedby reference

to Fig. 4.1(a). The quantity ó þ ïIð in the exponentis roughly proportionalto the squareof
thedistancebetweenthepoint ò4� � óõô on â,ã andtheclosestpoint on theapproachingMPEP.
This is consistentwith a picturedevelopedelsewhere[34], accordingto which theMPEPis
surroundedby a ‘tube’ of probabilitycurrent,thetubehaving a Gaussiantransverseprofile.
Wehavealreadydiscussedwhy thelimiting ñ æ.ò<óõô , onthe � ò ÿ ð"ï þ ô lengthscale,is zerofor ó"$� . Thepointson â�ã with ó5$6� areclassicallyforbidden,and ñ æ6ò<óõô in theforbiddenregion
falls to zeroon the ó ë7� ò ÿ é
ï þ ô lengthscale,assummarizedin (5.15a)–(5.15b).Subcases
A andB differ significantlyonthe � ò ÿ é
ï þ ô lengthscale,but onthelarger � ò ÿ ð"ï þ ô lengthscale
theirbehavior is identical.

It is clearhow the ÿ!2 � MFPT asymptoticsmaybecomputedfrom theinnerapproxi-
mation(6.11). Asymptotically 8 � å9�æ , i.e., ò '�: æ ô î,é , is simply theflux of probability into â,ã .
As suchit is proportionalto theconstantprefactor ; in (6.11). If theinnerapproximationis
to matchto theouterapproximation,by (6.12b)wemusthave;�ë=<>�?�-
 ò �/@ ò � ô�� ÿ ô �(6.18)

where < is the limit of thequantity A ò4BÈô��1ò ç¬è þ ôC� é
ïIð��±î,é as B 2 � alongtheMPEP. This
formulafor ; hasnovel consequences.Thefactor �?�-
 ò �/@ ò � ô9� ÿ ô givesriseto thefamiliar
Wentzell-Freidlingrowth factor in

'": æ . But the pre-exponentialfactor in the asymptotics
of ò '": æ ô$î,é is not proportionalto the (genericallyzero) nominal frequency factor A ò � ô ,
asin theEyring formula(5.24),but ratherto < , therateat which A ò4B¸ô approacheszeroas
theMPEPapproaches� . In factsubstitutingthe innerapproximationinto (2.7), andusingêìë?í î,é
ïIð , yieldsò '�: æ ô]î,é4ö 8 � å9�æ ö ý í�é
ï
ð-<D�E F G �?HJI òLK�ô �?�-
 ò �/@ ò � ô9� ÿ ô � ÿM2 �(6.19)
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asthereplacementfor theEyring formula(5.24)when NPO)Q . The R S-T	UJVXW4Y[Z factorarises
from the denominatorof (2.7), as in (5.24). We remind the readerthat we areassuming\^] W4_`Z[abQ and c�W4_`Zda%e here.

Thegenericapplicability(when N�OfQ ) of this formulafor theMFPT asymptotics,and
thegenericinapplicabilityof thetraditionalformula(5.24),have not previouslybeenrecog-
nized. It is remarkablethatdespitethenominalfrequency factor g+Wh_`Z equallingzero,the
pre-exponentialfactorin (6.19)fails to be i -dependent.Naively onewould have expectedit
to containa positive power of i . A positive power of i is known to occurin theweak-noise
reciprocalMFPT asymptoticsof stochasticmodelswherethe frequency factorequalszero
onaccountof theexit locationon jlk convergingto anunstablefixedpoint [32].

7. Skewingwhen j�m4n m Wh_PZMO%o . We now turn to genericmodelswith n mqp mqW4_`ZMO%o , i.e.,
modelsin whichtheeigenvalueratio Nrats \^u Wh_`Zvs w \ ] Wh_PZ3x)Q . Theasymptoticexit location
distribution nearthesaddlepoint _ is localizedon the yzWhi?{q|9}�Z lengthscale,andwe showed
in Section5 thatit is genericallynon-Gaussian:It hasdifferentGaussianfalloff ratesto either
sideof _ . In this sectionwe shall work out an algorithmfor computingits momentsof
any desiredorder, thoughwe shall not computean explicit expressionfor its density. Our
algorithmwill bebasedon a stochasticanalysis,ratherthanon theconstructionof an inner
approximationto thequasistationaryprobabilitydensity.

As in Sections5 and6, without lossof generalitytake c~Wh_`Z�ate . Also take
\^] a�Q ,

andtake thelinearizeddrift ��Wh_`Z[at� n m p � W4_`Z�� to beof theform��W4_`Zda&� \�] Wh_`Z o� \ u W4_`Zz� a�� Q o� � N����(7.1)

With thischoiceof ��Wh_PZ theboundaryjlk near_ will beparallelto the � } -axis,asin Figs.
4.1 and4.2. Also, translatecoordinatesso that _�a�W4o���o�Z . With thesenormalizationsthe
stochasticdifferentialequation(1.1)becomes,in thelinearapproximationnear_ ,� � {� W��qZ1a%� {� W��qZ � ����i {�|9} ��� { Wh�qZ(7.2a) � � } � W��qZ1a � Nl� }� � ��� � � {� W��qZ � ����i {�|9} ��� } W��qZ �(7.2b)

If the‘stretched’process�����W� �Wh�qZ¡��¢£W��qZ�Z in the W� r�9¢¤Z -planeisdefinedtoequal ¥h� {� Wh�qZ¡�q� } � Wh�qZq¦§w�i {�|�} ,
theseequationsbecome �  �Wh�qZ[a%  � ��� ��� { W��qZ(7.3a) � ¢zWh�qZ[a � N�¢ � ��� �   � �l� ��� } W��qZ �(7.3b)

So �1��¨ �W��qZ is aninverted(repelling)Ornstein-Uhlenbeckprocess.On the yzWhi {�|9} Z length-
scalenear _ the region ©k becomesthe right-half plane  «ª�o , and the fact that equa-
tion (7.3a)doesnot involve ¢ indicatesthat with thesenormalizations,the exit problemis
essentiallyone-dimensional.

Ourinterestis in thefinal approachto theboundary, whichas i3�¬o will takeplacealong
theMPEP(mostprobableexit path)determinedin Sections4 and5. GenericallytheMPEP,
asshown in Fig. 4.1(b),is tangentto thestableray ­® u emanatingfrom _ . But ascomputed
in (5.8c), ­® u equalsWhN � Q�� � Z , whenthelinearizeddrift ¯ m � W4_`Z is of theform (7.1). Soasi/�¨o , thefinal approachto jlk , in thelinearapproximationnear _ , shouldbeincreasingly
concentratednearthe line �^}�w��J{#a � w-WhN � Q°Z . To be sure,on the y±W4i¡{�|9}°Z lengthscale
the approachpathwill not have a deterministiclimit as i±�²o . However, the straight-line
deterministicasymptoticsshouldappearin the far field of the yzWhi {�|�} Z lengthscale:going
backwardin time from theboundaryhitting time, theapproachpathshouldbeasymptoticto
theline ¢Mw� ³a � w-W�N � Q°Z .
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Therandomvariablé¶µ def·b¸?¹�º�»v¼z½h¾ µq¿ , thedisplacementfrom À alongtheboundaryÁlÂ
at thehitting time

¾ µ , is thequantitywhosedistributionwewish to compute.Wecandefinea

time-reversedprocessÃ�ÄÅ ½�Æ ¿¡ÇJÄ¼±½�Æ ¿ÉÈ toequal
½ Å ½�¾ µËÊ Æ ¿?Ç ¼£½�¾ µËÊ Æ ¿�¿ , ÆÍÌ�Î ; ¾ µ is of course

a randomvariable,which dependson the samplepath. With this definition, ÄÅ ½hÎ ¿ ·ÏÎ
and Ä¼±½4Î ¿ · ´Ðµ9Ñ ¸?¹�º�» . We now explainhow thesmall-̧ asymptoticsof thedistributionof ´Ðµ
maybecomputed.

A straightforwardintegrationof (7.3b)from
Æ�·ÒÎ

to
Æ�·ÒÓ

, i.e., from Ô ·Ò¾ µ to Ô ·¾ µ Ê Ó , yieldsthatfor any
Ó6Õ#Î

,Ä¼±½4Î ¿ · Ä¼z½�Ó ¿ÉÖ�×�Ø�ÙzÚ#Û ÙÜ Ö�×JØ�ÝJÞ ß�ÄÅ ½hÆ ¿�à Æ Êáà�â » ½�Æ ¿�ã�ä(7.4)

Weshallshow shortlythatas
¸1å¬Î

, theexpectedtransittimeof thefinal approachpathtends
to infinity. This justifiesthetakingof the

Ó=å¨æ
limit whencomputinģ

MåçÎ
asymptotics.

Takingthe
Ó=åçæ

limit yieldsÄ¼±½hÎ ¿[è)Û+éÜ Ö�×�Ø�ÝJÞ ß�ÄÅ ½�Æ ¿-à Æ Êêà�â » ½hÆ ¿ëãLÇ(7.5)

which is to be interpretedas a statementthat the left and right-handsidesaredistributed
identically in the

¸XåìÎ
limit. But í éÜ Ö ×�Ø�Ý à�â » ½�Æ ¿-à Æ is a Gaussianrandomvariableof

meanzeroandvarianceî�Ñðïðñ . It follows thatas
¸òåçÎ

, we have theasymptoticallyaccurate
representation ´ µ Ñ ¸ ¹�º9» è%ßJó ½ ñ�¿�Ú�ôËÑ-õ ï�ñ§Ç(7.6)

whereô is standardnormalandtheintegraló ½ ñ�¿ def· Û+éÜ Ö ×JØ�Ý ÄÅ ½hÆ ¿�à Æ(7.7)

is a weightedareaunderthegraphof thetime-reversedprocess ÄÅ ½�Æ ¿ , Æ`Ì#Î . Thetwo terms
in the representation(7.6) are independent,and the asymptoticexit locationdensity öJµ ½4÷ ¿
equals

½ à�Ñðà ÷ ¿ Pr
½ ´¶µ3ø ÷ ¿ , theprobabilitydensityof ´¶µ .

Whentheoff-diagonaldrift coefficient ß equalszero,weseefrom theaboverepresenta-
tion that thereis no skewing: theexit locationdistribution is asymptoticallyGaussian,with
variancȩ Ñ ½ ïðñ�¿ . Moreover, theskewing of theexit locationdistribution when ñ Õ î is at-
tributable to the asymmetryof the densityof the randomvariable ó ½ ñ�¿ . This conclusion
meshesnicely with the resultsof Section5. We deducedtherethatwhen ñ Õ î , ö µ ½4÷ ¿ has
differentGaussiandecayratesas

÷ Ñ ¸?¹�º�»/å¨ù�æ
; from (5.15c),

ö�µ ½L÷ ¿dèûúü ý1þ?ÿ�� � Ê ñ ½ ñ£Ê#î°¿ »ß » Ú ½ ñ Ê+î�¿ » ½4÷°» Ñ ¸ ¿��!Ç ÷ Ñ ¸¡¹�º9»/å Ú æ ;þ?ÿ���� Ê ñ ½4÷°» Ñ ¸ ¿��§Ç ÷ Ñ ¸¡¹�º9»/å Ê æ .
(7.8)

In deriving (7.8) the conventionwasadoptedthat the MPEPshouldapproachÀ from the÷6Ì Î
side; this amountsto assumingthat ß Ì¨Î

. The Gaussianfalloff of the density
of the ôËÑ
	 ïðñ term in (7.6) may be viewed asthe causeof the comparatively rapid Gaus-
sian decayof öJµ ½L÷ ¿ as

÷ Ñ ¸¡¹�º9»~å Ê æ , sincethe randomvariable ó ½ ñ�¿ is non-negative.
In factby independence,thedensityö�µ ½�� ¿ will betheconvolutionof thedensitiesof

¸?¹qº9» ó ½ ñ�¿
and

¸?¹qº9» ôËÑ 	 ï�ñ . Equivalently, the genericasymptoticexit locationdensityon the 
 ½4¸¡¹�º9» ¿
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lengthscalewill be the convolution of the densityof ��������� with a Gaussian(the density
of ����� ��� ).

To determinethe distribution of the randomvariable ������� , or at leastits moments,we
needto analysetheprocess��� !" �#�$� . Recallthatthis is a time-reversed,scaledversionof
theone-dimensionalprocess%&� ('$)* ��%+� , conditionedon its exit at time , * . To facilitatethe
analysis,weshall imposea secondconditioning.By the‘final approachpath’weshallmean
thatsegmentof thetrajectory%-� /. * �#%+� which leavessomespecifiedneighborhoodof 0 and
terminateson 1$2 attime , * . Let 35476 bespecified,andsupposethatalongthefinal approach
path, ' )* �#%+� first reachesthepoint ' )98 3;: )+<>= at time % 8 , *�?A@ ; equivalently, that

" ��%+� first
reachesthepoint

" 8 3 at time % 8 , *-?B@ . Thentheprocess
" �#%+� , , *-?B@AC % C , * , will

beaninvertedOrnstein-Uhlenbeckprocessconditionedto satisfy
" �#, * � 8 6 and

" �#%+�D4E6
for all %GFB�#, * ?H@JI , * � . And thetime-reversedprocess !" �#�$� , 6 C � CK@ , will beanOrnstein-
Uhlenbeckprocessconditionedto satisfy !" �L6
� 8 6 and !" �����M476 for all ��FA�L6 I�@ � .

ConditionedOrnstein-Uhlenbeckprocessesare well understood,so the only obstacle
to a full understandingof the !" processis the needto determinethe distribution of @ , the
‘additionaltime to exit’ randomvariable.It is notdifficult to computetheasymptoticsof the
distributionof @ in thelarge-3 limit. ThetransitiondensityNO� "QP I % P
R+" ) I % ) � of anOrnstein-
Uhlenbeckprocessis of theformN�� "SP I % P�RT" ) I % ) � 8VU �XWZY =[L\^]J[#_^` ] )+<>=$acb�d�e ? � " ) ?Af [L\^]g[#_ "SP � = ����Y =[L\>]g[#_ih(7.9)

whereY$=j def8 � f = j ?lk �T��� is thevarianceatelapsedtime m . If theprocess
" �#%+� is conditioned

to begin at 3�4n6 at somespecifiedtime % P , theprobabilityof its having reached
" 8 6 by

time % PMo !� will by themethodof imagesequal[11]�Dp kq?Kr;s \>t P NO�L3 I % P
RT" ) I % PMo !�$��u " );vxw(7.10)

This absorptionprobabilityequalsPr � @xC !�J� , theprobabilitythat theadditionaltime to ab-
sorptionis no greaterthan !� . Substituting(7.9) into (7.10),plussomeelementarymanipula-
tions,yields

Pr � @xC !�J�zy aib�d|{ ?9f ] =i}�~� ]J���+���i��� I 3S �� w(7.11)

It follows thatwemaywrite @ y����
�z3 o�� I 3� �� I(7.12)

wheretherandomvariable
�

satisfies

Pr � � C !�J� 8 aib�d5� ?9f ] =�~��� w(7.13)

Formula(7.12) is an asymptoticequality in distribution, andthe distribution of
�

is a so-
calledGumbel(or doubleexponential)distribution of the sort that arisesin extremevalue
theory[44].

It shouldbepointedout that formula(7.12)hasa directphysicalinterpretation.If 3 is
takento equal �&: ] )T<>= for some��4�6 , sothat @ is theamountof time thatelapsesbetween
the momentthe final approachpath reaches' )B8 � and the momentof final absorption
at ' )�8 6 , formula(7.12)impliesthatto leadingorderas :q /6 ,� @ y7����� { �&: ] )T<>= � yV� k �����;�������L: ] ) �(7.14)
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irrespectiveof � . In otherwords,thetimeneededfor theprocessto makeits final approachto
thecharacteristicboundarygrows logarithmicallyin � . This logarithmicgrowth is to becon-
trastedwith theexponentialgrowth of theMFPT � �¢¡ as � £(¤ . Theexponentialtimescale
is the timescaleon which a successfulexit is expectedto occur; whenit occurs,however,
it takesplaceon a muchfaster(logarithmic)timescale.This is the timescaleof the ‘Great
LeapForward’ of Ludwig [30]; seealsoRefs.[32, 34]. Actually, formula (7.12)permitsa
refinementof Ludwig’s picture. ¥�¦X§�¨�©�ª�«
¬g¥��¢­Z®i© is essentiallythetime neededfor thedeter-
ministicMPEPtoapproachwithin an ¯x¥��i®T°T±²© distanceof thecharacteristicboundary. Onthat
lengthscale(the width of the boundarylayer) the MPEPceasesto be well-defined;equiva-
lently, the limiting approachpathprocessceasesto be deterministic.The Gumbelrandom
variable ³ of (7.12)is theextra, random,amountof timeneededfor theprocessto reachthe
boundary.

We now considerthethe implicationsof therepresentation(7.12)for the time-reversed
process ´µ ¥�¶�© , ¶l·n¤ , andtheweightedintegral ¸O¥#¹�© . ´µ is anOrnstein-Uhlenbeckprocess
satisfying º ´µ ¥#¶$©-»V¼½´µ ¥#¶$© º ¶S¾ º
¿ ¥#¶$©�À(7.15)

conditionedto satisfy ´µ ¥�¤�©G»E¤ and ´µ ¥�¶�©9Á�¤ for all ¶AÁ�¤ . Moreover, it is conditionedto
satisfy ´µ ¥#Â�©-»ÄÃ . In thelarge-Ã limit wemaywrite thisconditionas ´µ ¥#ª�«�¬MÃ�¾B³&©z»�Ã , and
conditioningon theevent ³½» ´¶ will imposeanextracondition´µ ¥�ª�«
¬GÃ&¾ ´¶$©-»�Ã(7.16)

on the process ´µ . In the languageof randomprocesses,oncea value ´¶ for the Gumbel
randomvariable ³ is specified,theprocess ´µ ¥#¶$© , ¶K·n¤ , becomesa conditionedOrnstein-
Uhlenbeck meanderprocess. ‘Meander’ refersto thefact that ´µ ¥#¶$©&Án¤ for all ¶lÁÅ¤ , i.e.,
thefactthatreturnto zero(i.e., to Æ�Ç ) is notallowed[16].

We shall shortlyseethat imposingthecondition(7.16)on anOrnstein-Uhlenbeckme-
anderprocess,andtaking the ÃÈ£ÊÉ limit, yields a well-definedprocesswhich we may
denote ´µ�ËÌ ¥#¶$© , ¶Í·7¤ . Thisbeingthecase,define¸ ËÌ ¥#¹�©z»EÎKÏÐÊÑ ­JÒ Ì ´µ�ËÌ ¥�¶�© º ¶(7.17)

to be the conditionedversionof ¸�¥�¹�© . By (7.6) the momentsof Ó ¡ §��i®+°>± , the normalized
displacementalong Æ�Ç at thetimeof hitting, satisfy�5¥�ÓQ¡T§X� ®T°>± ©+Ô Õ ÔÖ ×ÙØ ÐSÚgÛ Ü�ÝßÞ

× ¥à¨X¹�© ­�á Ô ­ ×Ùâ °>± �7¸�¥�¹�© × ��ãOÔ ­ ×
» ÔÖ ×ÙØ Ð ÚgÛ Ü�Ý Þ

× ¥à¨X¹�© ­�á Ô ­ ×Ùâ °>±�ä ¥ Û ¼ Ü ©�å�å æz��¸�¥�¹�©
×

» ÔÖ ×ÙØ Ð ÚgÛ Ü�Ý Þ
× ¥à¨X¹�© ­�á Ô ­ ×Ùâ °>± ä ¥ Û ¼ Ü ©�å�å æ ÎlÏËÌ Ø Ð � ¸ ËÌ ¥#¹�©

× º ä çiè�é ¥+¼ Ñ ­J± ËÌ ©�æ(7.18)

wherethe integral arisesfrom removing the conditioning ³ê» ´¶ . This formula is the key
result of this section: It expressesthe momentsof the asymptoticexit location distribu-
tion ëJ¡�¥àì�© º ì , when ¹íÁE¦ , in termsof thoseof therandomvariableş

ËÌ ¥#¹�© . We now explain
how to computethemomentsof the ¸ ËÌ ¥�¹�© .
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For any specified îï , îðòñóJô ï$õ , ï÷öùø , is a Markov processwhosetransitionprobabilities
may be computedby taking the above únû ü limit. However, it turns out to be time-
inhomogeneous.To simplify the momentcomputations,it is preferableto expressý ñó ô#þ õ
in termsof a relatedtime-homogeneousprocess,which is basedon Brownian ratherthan
Ornstein-Uhlenbeckmotion. This process,which we shall call ÿ�� ñó ô�� õ , � öVø , is introduced
asfollows. RecallthatastandardOrnstein-Uhlenbeckprocess� ô ï$õ , ïÍö�ø satisfies� ô ï$õ����
	 ó ÿ � ô �
� ó���� õ������(7.19)

in thesenseof equalityin distribution; here ÿ ô�� õ , � öEø , is a standardWienerprocess.For-
mally, imposingthecondition � ô ï$õ���ø for all ï���ø is equivalentto imposingtheconditionÿ ô�� õ��Äø for all � �Äø . SoOrnstein-Uhlenbeckmeander� � andBrownianmeanderÿ � are
alsorelatedby � � ô ï�õ�����	 ó ÿ � � ô ��� ó�� � õ!�����#"(7.20)

Accordingly, imposingthe condition � � ô ï$õ$� ú on Ornstein-Uhlenbeckmeander� � at
time ï%�'&)(
* ú�+Vîï is equivalentto imposingtheconditionú ��� 	 ó ÿ � � ô � � ó ��� õ!�
� �(7.21)

at time ï,�-&)(
* ú.+ùîï on theassociatedBrownianmeanderÿ � , i.e., imposingtheconditionÿ � ��/ ú � � � ñó ���10 �����2� ú � � ñó . By defining 3 � ú � � � ñó �
� , we seethat for any fixed îï , in the
large-ú (i.e., large-3 ) limit thisconditionis to leadingordera requirementthatÿ � ô 3 õ����
� 	 ñó 3 "(7.22)

In otherwords,imposingthe condition � � ô ï�õ�� ú on Ornstein-Uhlenbeckmeander, whenï��4&)(
* ú�+ùîï , in the large-ú limit forcestheassociatedBrownianmeanderto drift outward
atameanspeed��� 	 ñó .

We now define ÿ�� ñó ô�� õ , � öVø , to be theweaklimit as 3 û ü (i.e., as úòû ü ) of the
standardBrownianmeanderprocessÿ � ô�� õ , � ö7ø , whenconstrainedby thecondition(7.22).
We necessarilyhave,asanequalityin distribution,îð ñó ô ï�õ���� 	 ó ÿ � ñó � ô � � ó ��� õ���� �#5(7.23)

sothat ý ñóJô#þ õ6�87 9: � 	<; ó îð�ñóJô ï$õ>=
ï� 7 9: �
	@?A; �@BDC ó ÿ � ñó � ô ��� ó2� � õ!������=�ï� 7 9: ô � + � � õ 	E?A; �GF�C�H � ÿI� ñó ô�� õ>= � "(7.24)

The last equality follows by a changeof variables� � ô � � ó �J� õ!��� . The formula (7.24)
permitsthecomputationof themomentsof ý ñó ô#þ õ , asrequiredby (7.18),from thecorrelation
functions(i.e., finite-dimensionaldistributions)of theprocessÿI� ñó . We shallshortlyseethatÿ � ñó is time-homogeneous,makingthis representationparticularlyuseful.

The K -point correlationfunctionsof ÿI� ñó maybecomputedby takingthe 3 û(ü limit
of the K -point correlationfunctionsof Brownian meanderÿ � , conditionedby (7.22). The
evaluationof this limit is facilitatedby the following fact. Recall that a three-dimensional
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BesselprocessLNM�ODP , ORQTS , is the radial coordinatein U#V of a diffusing particle,conven-
tionally takento satisfy LNMWS�PYXJS . That is, LRM�ODP equalsZ [I\]^M�ODP#_ [I\\ M�ODP@_ [I\V M�ODPa` ]!b \ , where
the [Yc�M�ODP areindependentstandardWienerprocesses.It is ausefulresult[25] thattheBessel
processL , whenconditionedto satisfy LNM�OedfPgXihjd for any specifiedOed�klS and hjd2klS ,
andBrownianmeander[Im , whenconditionedto satisfy [ImnM�O d P�Xoh d , becomeidenticalin
distribution on the time interval SqpJO.p4Oed . This allows usto substitutetheBesselprocess
for Brownianmeander, andto computeinsteadthe rtsvu limit of the w -point correlation
functionsof L , conditionedon LRM�r�P�X-x
y
z�{| r . Thesubstitutionof L for [ m simplifiesthe
computation,for theBesselprocessis (unlikeBrownianmeander)time-homogeneous.

Denoteby }>M�[ ]�~ O ]�� [ \ ~ O \ P thetransitiondensityof thestandardWienerprocess,i.e.,}>M�[ ] ~ O ] � [ \ ~ O \ P defX�Z x���M�O \Y� O ] Pa` z ]Db \G���>�R� � M�[ \Y� [ ] P \�� x�M�O \�� O ] P����(7.25)

If instantsS���O ] ����������Oe� arespecified,the w -point correlationfunctionof the Bessel
processL , whichweshalldenote�G� ��� MD� ~ O ]�� ����� � � ~ Oe��P , is definedby

� � �
� M�[ ]�~ O ]�� ����� � [Y� ~ Oe��P defX Pr M�LNM�Oec�P��%[Yc�_��
[Yc ~6� p� �p wEP¢¡ �£c)¤ ] ��[Yc��(7.26)

It satisfies

� � ��� M�[ ]�~ O ]�� ����� � [�� ~ Oe��P�X$� � ] � M�[ ]�~ O ] P � z ]£c)¤ ] O1M�[Yc ~ Oec � [Yc m ]�~ Oec m ] P(7.27)

where

� � ] � M�[ ]�~ O ] P�X¦¥ x�§O V ] [ \] ���¨�g© � [ \] � x�O ]�ª(7.28)

and O1M�[ ]�~ O ]�� [ \ ~ O \ P�XJM�[ \ � [ ] P§Z }>M�[ ]�~ O ]�� [ \ ~ O \ P � }>M � [ ]�~ O ]�� [ \ ~ O \ P�`(7.29)

aretheprobabilitydensityandtransitiondensityfor theBesselprocess.Conditioningon the
event LRM�r�P�X8x�y�z�{| r , wherer8k�O � , yieldsaprocesswith w -pointcorrelationfunction

� � ���{|�« ¬ M�[ ]�~ O ]�� ����� � [Y� ~ Oe��P defX � � � m ] � M�[ ] ~ O ] � ����� � [ � ~ O � � x
y�z�{| r ~ r�P� � ] � MWx
y z�{| r ~ r�P �(7.30)

In particular, theconditioneddensity� � ] �{|
« ¬ M�[ ]�~ O ] P satisfies

� � ] �{|^« ¬ M�[ ] ~ O ] P�X$� � ] � M�[ ] ~ O ] P�­ O1M�[ ]�~ O ]�� x�y�z�{| r ~ r�P� � ] � M�x�y z�{| r ~ r�P¯® ~(7.31)

andtheconditionedtransitiondensityO {|�« ¬ M�[ ]�~ O ]�� [ \ ~ O \ P satisfiesO {|^« ¬ M�[ ]�~ O ]�� [ \ ~ O \ P�X� � \ �{|�« ¬ M�[ ]�~ O ]�� [ \ ~ O \ P� � ] �{|
« ¬ M�[ ]�~ O ] P X�O1M�[ ] ~ O ] � [ \ ~ O \ P�­ O1M�[ \ ~ O \ � x�y�z�{| r ~ r�PO1M�[ ]�~ O ]�� x�y z�{| r ~ r�P ® �(7.32)



32 R. S.MAIER AND D. L. STEIN

Let °±E²f³e´µ¶¸·�¹ ³�º!»!³1¼ and °» µ¶ ·�¹ ³�º!»!³�½ ¹�¾ ºD» ¾ ¼ bethe ¿'ÀÂÁ limits of ±E²f³e´µ¶
Ã Ä6·�¹ ³�ºD»!³1¼ and» µ¶�Ã Ä ·�¹ ³�º!»!³�½ ¹Y¾ ºD» ¾ ¼
respectively. It followsby takingthe ¿�ÀÂÁ limit of thetwo factorsin bracketsthat

°±G²Å³e´µ¶�·�¹ ³�ºD»!³�¼�Æ ± ²f³D´ ·�¹ ³�º!»!³1¼DÇ
È<ÉËÊeÌWÍ!Î ¾�Ï�Ð!ÑAÒ�ÓYÔ ¹ ³Ô ¹ ³ ÕÆ Ö× Ø�Ù »eÚ ³ ·�¹ ³
Û Ô ¼YÜfÇ È ²AÝ Í�È�ÉÞÌWÍ ´ Ê�Î ¾ ÌWÍ6ß Ç È ²AÝ ÍaàGÉÞÌWÍ ´ Ê!Î ¾ ÌWÍ�á(7.33)

and °» µ¶ ·�¹ ³�º!»!³�½ ¹�¾ ºD» ¾ ¼�ÆÇ È�ÉËÊ ² Ì Ê È�Ì Í ´ Î ¾ Ï�ÐDÑ)Ò�ÓYÔ ¹ ¾ÐDÑ)Ò�ÓYÔ ¹ ³�Õ$â ã ·�¹ ³ º!» ³ ½ ¹ ¾ ºD» ¾ ¼ ß ã · ß ¹ ³ º!» ³ ½ ¹ ¾ ºD» ¾ ¼�ä�å(7.34)

Here Ô defÆ Ø Ç È µ¶ is thequantityreferredto aboveasa meanoutwarddrift speed. °±G²f³D´µ¶ ·�¹ ³�ºD»!³�¼
and °» µ¶ ·�¹ ³�º!»!³�½ ¹Y¾ ºD» ¾ ¼ are the densityandtransitiondensityof the limiting process¹ à µ¶ · »D¼ ,»�æ�ç .

The transitiondensity °» µ¶ ·�¹ ³ º!» ³ ½ ¹ ¾ ºD» ¾ ¼ is invariantundertime translation,so the lim-
iting processis a time-homogeneousMarkov processaspromised. It is well known [40],
andalso follows from the form of the transitiondensity(7.29), that the three-dimensional
Besselprocesshasgeneratorß · Ö Û Ø ¼Dè ¾ Û è ¹ ¾ ß · Ö Û ¹ ¼eè Û è ¹ . Similarly, it follows from the
formula (7.34) for the transitiondensity °» µ¶ ·�¹ ³ ºD» ³ ½ ¹ ¾ ºD» ¾ ¼ that the process¹ à µ¶�· »D¼ , »,æéç ,
hasgeneratorß · Ö Û Ø ¼eè ¾ Û è ¹ ¾ ß · Ô�ê1ë
ì!ÓYÔ ¹ ¼eè Û è ¹ . Thecoefficient Ô�ê1ë�ì�ÓYÔ ¹ is asymptotic
to Ö Û ¹ as ¹ À ç , andto Ô as ¹ ÀíÁ . This confirmsthat Ô Æ Ø Ç È µ¶ canbeviewedasthe
speedof asuperimposedoutwarddrift.

Now thattheprobabilitydensityandtransitiondensityof theprocess¹ à µ¶ areknown, itsî -pointcorrelationfunctions± ²Aï
´µ¶ ·�¹ ³�º!»!³�½�å�å�å�½ ¹ ï<ºD»eï�¼ follow from

°±G²)ï�´µ¶é·�¹ ³�ºD»!³�½�å�å�å1½ ¹ ï§º!»eï�¼�Æ °±E²f³e´µ¶¸·�¹ ³�º!»!³1¼ ï È ³ðñ)ò ³ °» µ¶ ·�¹ ñ ºD» ñ ½ ¹ ñ à ³�º!» ñ à ³�¼Ëå(7.35)

And since ó µ¶ ·�ô ¼ is by (7.24)a weightedareaundertheprocess¹ à µ¶ , its momentscanbeex-
pressedin termsof theseî -pointcorrelationfunctionsby repeatedintegration.It is notclear,
however, whetheraclosed-formexpressionfor thedistributionof ó µ¶ ·�ô ¼ exists. If it doesit is
likely to be quite intricate,asis suggestedby the resultsof otherauthors.The problemof
computingthedistribution of the(unweighted)areaundera Brownianbridge(i.e., a pinned
Wienerprocess)wassolvedby Shepp[48] andothers,andthecorrespondingproblemfor a
Brownianexcursionby Louchard[28]. More recently, Takács[49] hascomputedthedistri-
bution of theintegral of theabsolutevalueof a Wienerprocess.All thesedistributionshave
closed-formexpressionsthataresurprisinglycomplicated;they involve,for example,double
Laplacetransformsof thelogarithmicderivativeof anAiry function.

It is unfortunatethatonecannotgo directly from (7.33)and(7.34),or from theexplicit
expressionfor thegeneratorof theprocess¹ à µ¶ , to a closed-formexpressionfor thedistribu-
tion of ó µ¶ ·�ô ¼ . If suchanexpressionwereknown, it would bepossibleto remove (by inte-
gration)theconditioningon õ Æ °ö , andobtaina closed-formexpressionfor thedistribution
of ó ·�ô ¼ . This in turn would yield a closed-formexpressionfor thelimiting exit locationdis-
tributiononthe ÷ ·�ø ³ Î ¾ ¼ lengthscale.But in theabsenceof suchanexpressiononecanat least
computethemomentsof thelimiting distributionto any desiredorder, by using(7.18),(7.24),
(7.33),and(7.34).
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The caseof the first moment(the expectedoffset from the saddlepoint ù along the
boundaryú<û , at thetime ú§û is reached)is particularlystraightforward.By (7.18),ügý�þ ÿ �������	��

��� ü��Eý�� 

(7.36)

where ü��@ý�� 

����������� ü � �� ý�� 
"!$# %�&"' ý)(+*-, � �� 
/./0(7.37)

Moreover, by (7.24) ü�� �� ý�� 

�1� �� ý3254�687 
 ,:9<;�=?>	@ �	� ü�A = �� ý�7 
B! 7DC(7.38)

in which ü�A = �� ý�7 

� � �� AFE 9 � @�� ý�AGC37 
"! AHC(7.39)

with thedensity
E 9 � @�� ý�AHC37 
 givenby (7.33).Evaluatingtheintegral (7.39)yieldsüHA = �� ý�7 
I� ý�J , � 4KJL7 
 erf M-N J � 7 � 68OP4RQ 687S * ,UTDV)W �	� C(7.40)

which is a result of independentinterest; this quantity is the expecteddistancefrom ú§û
(on the X ý � ���	� 
 lengthscale)at

7
time units beforeexit, if one conditionson the Gumbel

randomvariable Y equalling Z[ . Substitutionof (7.40) into (7.38) and (7.37) yields, after
variousmanipulations, üH�Eý�� 

� Q 6S 2� � (\2 4^] ý32 � 6BC3� � 6 
_a` S ý��b(�2 
(7.41)

where] ý3c<Cdc 
 is theEulerbetafunction.Weconclude,by (7.36),thattheexpectedoffsetfrom
thesaddlepointat thetimeof exit, i.e.,

ü þ ÿ �Re ��gf E ÿ ý f 
"! f , is when
�ih12

asymptotically
equalto

��� �����
timesthis functionof theeigenvalueratio

�
.

This resultonthefirst momentprovidesadditionalinformationon thedegreeof skewing
presentin generic

�Rhj2
models,over andabove thediffering f �8� �3�	�Fkml�n asymptotics

of
E�ÿ�ý f 
 givenin (7.8). It is in factpossibleto speculate,on thebasisof theGaussianfalloff

ratesandthe first moment,on the functional form of the genericasymptoticexit location
distributionwhen

�ohR2
. But weshallresistthetemptation.

We notebriefly, in conclusion,that theprobabilisticanalysisof this sectionmaybeex-
tendedto modelswith

�qp^2
aswell. If

�\pr2
, we showedin Section4 thatgenericallythe

MPEPis tangentto ú§û . If thelinearizeddrift s ý ù 
 is normalizedasin (6.1),and t ý ù 

�u
, the MPEPapproachesthe saddlepoint ù � ý�vBC	v 
 alonga curve w � �jx ý w � 
 ; , wherex
canonly becomputedby integratingHamilton’s equationsfrom y to ù . In this casethe

conditioningon w � �^za� �3�	� at time
7 �|{ ÿI(o}

mustbesupplementedby a conditioningonw � �~x ý za� �3�	� 
 ; . It follows from the stochasticdifferentialequation(7.2b) that asymptot-
ically, w � ÿ ý { ÿ 
�� w � ÿ ý { ÿ�(q} 
a%�&a' ý)(��U} 
 , irrespective of the valuetakenby the coefficient

�
.

Since
} ���<�-�
z 4 Y , this impliesthatwhen

�ip�2
,þ ÿ ��x ý za��������
 ; %�&"'�# (���ý �����5z 4 Y 
/. C��x�� ; �	�?%�&"' ý3(�� Y 
D0(7.42)
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By examination,this offset randomvariable ��� hasthe Weibull distribution (6.16) previ-
ouslycomputedby themethodof matchedasymptoticexpansions!Thisalternativederivation
makesit clearhow theWeibull distribution on the �F�����8����� lengthscale,when ���1� , arises
from theunderlyingstochastics;in particular, from theGumbeldistributionof the‘extratime
to absorption’randomvariable � .

8. Two-dimensionalAckerberg-O’Malley resonance.Now that we have to a large
extentdeterminedthegenericasymptoticexit locationdistributions,in thissectionwedigress
to discusstheinterplaybetweenour resultsanda well known singularlyperturbedboundary
valueproblem.Recallthatif � �I�|�H���D�� ��3¡F¢¤£�¥ ¢ ¥ £ �K¦D¢�¥ ¢(8.1)

is the generatorof the process§I����¨3� , ¨�©«ª , then the solution ¬�� of the boundaryvalue
problem � � ¬ � ��­B¬ � in ® , ¬ � �R¯ on ¥�®(8.2)

will in thespecialcase­°��ª satisfy¬ � ��±²�I��³�´$¯µ��§ � ��¶ � ���(8.3)

wherethe subscripton ³ signifiesthe startingpoint § � ��ªL� for the process.As �¸·¹ª the
function ¬ � is expectedto ‘level,’ or tendto a constant,exponentiallyrapidly; this hasbeen
verified rigorously for the caseof a non-characteristicboundaryby Eizenberg [18]. The
levelling mesheswith the probabilisticpicture that for any ±~º»® , as �¼·½ª it becomes
overwhelmingly(exponentially)likely thatasamplepathfor theprocess§ � ��¨3� will first flow
towardthestablepoint ¾ , andapproach¾ to within an �F����¿3�	��� distance,beforeexperiencing
furtherfluctuations.As a consequencetheexpectation³�´ in (8.3) mayup to exponentially
smallrelativeerrorsbereplacedby ³�À , and ¬ � ��±²� maybeapproximatedby a ± -independent
constant.If we assumetheexit locationon ¥U® convergesin probabilityto a saddlepoint Á
as ��·«ª , andthat ¯ is continuousat Á , then ¬��D��±²�I·«¯µ��Ái� for all ±Kº¼® .

Eventhough¬�� will level exponentiallyrapidlyandmaybeapproximatedby aconstant,
the constantitself may convergecomparatively slowly to ¯µ��ÁÂ� as ��·Ãª . It is possibleto
apply our resultsto determineits asymptotics,and the speedof its convergenceto ¯µ��ÁÂ� ,
as �H·Äª . Thebasicideais dueto Matkowsky, Schuss,andTier [39]. Theresultswe need
are (6.17) and (7.41), which give the expectedoffset from Á along ¥�® , at the time the
process§ � ��¨3� exits ® . In the standardizationof the last two sections(the unstableeigen-
value ­ÆÅ$��ÁÂ� takento equalunity, and Ç���ÁÂ� takento equal È ), we foundthat theexpected
offset ³�� � ��É²ÊËgÌÎÍ � � Ì �BÏ Ì hasasymptotics³����²Ð^Ñ ÒÔÓ
�3�5Õq�:�� ��×Öd� �8����Ø ��·Ùª(8.4)

if �o�R� , i.e., ¥ ¢ ¦ ¢ ��ÁÂ��Ú ª , and³����IÐ�ÛPÜ	Ý  Þ �� � ��� Õrß �)���8  Ø �:�8 -�à"á Þ ���b�\����â � ¿���� Ø �5·«ª(8.5)

if � Ú»� , i.e., ¥ ¢ ¦ ¢ ��ÁÂ�ã�äª . Here ���jå ­$æ���Ái��å �8­ÆÅ$��ÁÂ� asalways, Ò is a quantitythatmay
becomputedfrom theway in which thegenericallyuniqueWentzell-Freidlintrajectoryfrom¾ to Á (theMPEP)approachesÁ , and Û is theoff-diagonalelementof thelinearizationof ç
at Á (see(6.1)and(7.1)). ß �3è Ø è � is theEulerbetafunction.
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It followsfrom (8.3),(8.4),and(8.5) thatif é on êUë is continuouslydifferentiableat ì ,
thenfor all íKîbë , ïUð�ñ�í²ò hasleadingóõôÙö asymptotics

ï ð ñ�íµòI÷møùú ùû
éµñ�ìiò?ü�ý þ�ÿ5ñ���ü������-ò	� é�
 ñ�ìÂò3ó
������� if ����� ;éµñ�ìiò?ü�� �
� �� �� ��� � ü�� ñ������ ��������ò!#" � ñ$� � � ò�% é�
�ñ�ìiò)ó'&��(�)� if ��*�� ,(8.6)

whichareindependentof í . If �+*,� and ��-�ö (a local gradientconditionat ì , asdiscussed
in Section5) then the .¸ñ�ó'&�����ò correctionto éµñ�ìÂò will have zero coefficient. The same
will occur, irrespective of � , if /102- ��3 054�687 4 , i.e., if the drift field 9 is globally gradient.
In thesenongenericcasestheasymptoticexit locationdistributionwill beaGaussiancentered
on ì , on the .¸ñ�ó'&���� ò lengthscale,andtheleadingcorrectionto éµñ�ìiò in ï ð will necessarily
be .Fñ�ó1&��(� ò .

Theasymptoticsof (8.6)arestriking,especiallyin thecase�:�;� . Since � neednot be
rational,thepresenceof a leadingcorrectiontermproportionalto ó(���(� implies that ïUð on ë
cannotin general be expandedin an asymptoticseriesin integral powers of ó , or even in
fractional powers. To placethis result in context, we remind the readerthat the analogue
for one-dimensionalproblemsof the phenomenonwe are investigating(the existenceof a
nontrivial ó ô ö limit on ë for the solution ï ð of the singularlyperturbedboundaryvalue
problem(8.2),for certainvaluesof < ) is known asAckerberg-O’Malley resonance[1]. In the
one-dimensionalcasethe partial differentialequation= ð ï ð -><Îï ð reducesto an ordinary
differentialequation.Onemaysolvefor ï ð in closedform [43]. It is notdifficult to show that
when <�-rö , ï ð bothlevelsandconvergesexponentiallyrapidly. Theexponentiallevelling,
andtheconstantlimit, have thesameinterpretationin termsof thestochasticexit problemas
they do in two-dimensionalmodels.

Thepresenceof irrationalpowersof ó in theouterexpansionfor ï ð , in two-dimensional
resonance,suggeststhat they may alsobe presentin the outerexpansionfor the principal
eigenfunction?)@ð of =BAð (the quasistationarydensity). That is the reasonwhy, unlike many
authors,we have refrainedin this paperfrom approximatingthe quasistationarydensityin
thebodyof ë by a formal asymptoticseries,sinceit is unclearwhatpowersof ó shouldbe
present. Instead,we have worked only to leadingorder. As we notedat the beginning of
Section3, for an outerexpansionto be useful it mustmatchto an inner expansion. And
theexpansionbeyond leadingorderof thequasistationarydensity ?)@ð in theboundarylayer
remainsanunsolvedproblem.

9. Conclusions. The genericfeaturesof the two-dimensionalstochasticexit problem
with characteristicboundary, whenexit from theregion ë occursover a saddleì , arenow
clear. As the noisestrengthó ômö , the distribution of exit pointson the separatrixwill be
concentratedonthe .Fñ�ó
������ò lengthscalenearì (if theeigenvalueratio ����� ) or the .Fñ�ó1&��(� ò
lengthscale(if �+*�� ). In the �,�C� casetheexit locationdistribution is asymptoticto the
Weibull distribution(6.16),which includesascalefactorthatcanonly becomputedfrom the
approachpathtaken by the MPEP(the optimal,or mostprobabletrajectory)from D to ì .
In the �E*F� casethe limiting exit locationdistribution, whosemomentsarecomputable
(see,e.g., (7.41)),containsno freeparameters:it is determinedby thestochasticdynamicsin
thevicinity of ì .

In bothcasesthe limiting distribution will be ‘skewed’: non-Gaussianandasymmetric.
Normally, it is Gaussianonly whenthedeterministicdrift 9 satisfies/ 0 - ��3 054 ê 4 6 for some
potentialfunction 6 , or when �G*H� anda local versionof this equality(the �I-�ö condition
of Section5) holdsnear ì . Thesecases,which arecharacterizedby theabsenceof a classi-
cally forbidden‘wedge’ emanatingfrom ì , arenongeneric.Althoughour two-dimensional
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stochasticmodeldiffersfrom thebarriercrossingmodelsemployedin chemicalphysics,we
believe thatthegenericityof theskewing phenomenonis relatedto thephenomenonof ‘sad-
dle point avoidance’[2, 4]. A numberof authorshave in fact alreadynotedthe presence
(in particularmodels)of a classicallyforbiddenregion. In the literaturetheboundaryof the
forbiddenregion is sometimescalledthe‘stochasticseparatrix’[2, 4, 17, 24, 42].

It is clearfrom our treatmentthatthegenericfeaturesof modelswith J:K�L areparticu-
larly interesting.In suchmodelsthefrequency factor MONQPSR (thevalueof theWKB prefactor
at T:UVP , whichwouldnormallybeinterpretedasa factorby which thefrequency of excur-
sionsto thevicinity of P is multiplied)equalszero. This feature,like theanomalouslylarge
lengthscaleoverwhich theexit locationdistribution is spread[ WXNQY
Z�[(\]R ratherthan WXNQY'^�[�\�R ]
canbe tracedto theunusualapproachpathtakenby theMPEP. When JVKEL theMPEPis
genericallytangentto theseparatrix_a` at P , asin Fig. 4.1(a).Thisgrazingbehavior causes
theexit locationdistributionto beanomalouslywide. It alsocausestheWKB prefactor MbNcTdR
to tendto zeroas TGefP alongtheMPEP, ascanbeshown by integratingthesystemof ordi-
narydifferentialequations(3.8a),(3.8b),(3.11),(3.12),(3.14)from g to P . Anotherunusual
featureof genericmodelswith J�KhL is thatthetraditional(‘Eyring’) formula(5.24)for the
meanexit time asymptoticsmustbereplacedby (6.19).Theformula(6.19)is unaffectedbyMbNcPSR equallingzero,andby the fact that generically, the Hessianmatrix of the Wentzell-
Freidlinaction i doesnotexist at P .

In this paperwe have only begun the explorationof the geometricaspectsof the exit
problem. We commentedbriefly on the interpretationof thematrix Riccati equation(3.14)
for _kjc_�l]i in termsof symplecticgeometry. The transportequation(3.12) for MON�mnR also
hasa geometricinterpretation[15, 38]. The naturalsetting for the outer approximationMbNcToR#p'qsrtN�u8ivNQToR�w�Y
R is thetheoryof semiclassicalexpansionsfor partialdifferentialequa-
tions,whichhasdeepgeometricunderpinnings.

It shouldbepossibleto extendouranalysisin severaldirections.It hasrecentlybecome
clearthatcaustics(folds in theLagrangianmanifold xzy{}|k~ �(� in phasespacecomprisingthe
mostprobablefluctuationaltrajectories,asin Section3) occurveryfrequently[17, 33]. Their
effect on exit phenomenais now underinvestigation[35]. A secondextension,of particular
valuein applications,would beto thecaseof degeneratediffusion. Theresultsof this paper
apply to what is known in physicsastheoverdampedlimit of barriercrossingmodels.The
analysisof exit locationdistributionsin modelswith underdampeddynamicswill requirean
extensionto thecasewhenthediffusiontensoris allowedto becomesingular[42].

Perhapsthemostinterestingextensionwould beto placeour approachin thecontext of
the singularperturbationtheoryof generalpartial differentialequations.The phenomenon
of skewing neara saddlepoint, asdisplayedin theasymptoticsolutionof the forwardKol-
mogorov equation,maysimplybea specialcaseof amoregeneralphenomenon.
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