LIMITING EXIT LOCATION DISTRIBUTIONS IN THE STOCHASTIC EXIT
PROBLEM
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Abstract. Considera two-dimensionakontinuous-timedynamicalsystem,with an attractingfixed point S.
If the deterministicdynamicsare perturbedby white noise (randomperturbationspf strengthe, the systemstate
will eventually leave the domainof attractionQ2 of S. We analysethe casewhen,ase — 0, the exit locationon
theboundaryd( is increasinglyconcentratedieara saddlepoint H of thedeterministiadynamics.We shav using
formal methodsthat the asymptoticform of the exit locationdistribution on 952 is genericallynon-Gaussiaand
asymmetric and classify the possiblelimiting distributions. A key role is playedby a parametep, equalto the
ratio |As (H)|/Aw(H) of the stableandunstableeigevaluesof the linearizeddeterministicflow at H. If p < 1
thenthe exit locationdistribution is genericallyasymptoticase — 0 to a Weikull distribution with shapeparame-
ter2/u, onthe O(e#/?) lengthscaleearH. If u > 1 it is genericallyasymptoticto a distritution onthe O(e/2)
lengthscalewhosemomentsve compute Our treatmenemplag/s bothmatchedasymptoticexpansionsandstochas-
tic analysis. As a byproductof our treatmentwe clarify the limitations of the traditional Eyring formula for the
weak-noisexit time asymptotics.

Keywords. Stochastiexit problem Jargefluctuations)arge deviations,Wentzell-Freidlintheory exit location,
saddlepoint avoidance first passagéime, matchedasymptotioexpansionssingularperturbatiortheory stochastic
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1. Intr oduction. We considerthe problemof noise-actratedescapdrom a planardo-
main  with smoothboundary in the limit of weaknoise. If b = (b%), i = 1,2 is a
smoothvector field on a neighborhoodof the closureQ, we define the randomprocess
z(t) = (zi(t)), i = 1,2 by theltd stochastidifferentialequation

(1.1) dzi(t) = b (@e(t)) dt + €77 D 0 o(c(t)) dwa (t)

andanappropriatenitial condition.Herew,(t), @ = 1, 2, areindependenienerprocesses
ando = (o',) is a2-by-2 noisematrix, like b afunctionof positionz = (z?),i = 1,2. The
associatediffusiontensorD = (D%¥) is definedby

(1.2) D¥ =% "0'07a,

i.e.,, D = oo™, We assumestrictellipticity, i.e., that D is nonsingulaion € andits boundary
andthat its z-dependencés smoothon a neighborhoodf Q. € > 0 is a noisestrength
parameterThe subscripton zi andz, emphasizehe e-dependencef therandomprocess,
which maybeviewedasa dynamicalsystenstochasticallyperturbedy noise.

Of interestin applicationds the casewhen(2 containsonly a singlestablefixedpoint S
of thedrift field b, andS senesasanattractorfor thewholeof 2. If Q is theentiredomainof
attractionof .S, theboundaryd2 will notbeattractedo S: it will beaseparatribetweerdo-
mainsof attraction.This ‘characteristiddoundarycase’is particularlyimportantanddifficult
to study We shallrestrictourselesto this case assuminghatdf2 is a smoothcharacteristic
curve of b containingfixed points(alternatingsaddlepointsand unstabléfixed points,asin
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FiG. 1.1. Thestructue of thedrift field b on 2, when$2 is bounded Theboundaryds2, beinga sepaatrix, is
not attractedto the stablefixedpoint S, thoughall pointsin € are attractedto S. Saddlepoints(H) andunstable
fixedpoints(U) alternatearoundthe boundary

Fig.1.1). We allow Q to beunboundedIf theinitial conditionis z.(0) = S andr. is thefirst
passagé¢ime from S to the boundary(i.e., thefirst exit time), we shall studythe behaior of

the exit locationdistribution p, (z) dz &' Pr{z.(r.) € z + dz} on dQ in thee — 0 limit,
andthesmall< asymptoticof the meanfirst passagéime (MFPT) E..

Exit problemsof this sort,in morethanonedimensionhave along history[42]. They
aroseoriginally in chemicalphysicg[2, 4, 8, 24], but occurin otherfieldsof physicsg[41, 51]
aswell asin systemsngineering31, 52] andtheoreticakbcology[29, 36, 37]. In recentyears
two differentapproachefiave beenused: rigorouslarge deviationstheory[9, 10, 19, 20]
andformal but systematicasymptoticexpansiong29, 39, 42, 50. The rigorousapproach
yields comparatiely weak but still very usefulresults. In particularmuchlight is thrown
on exit problemsby the Wentzell-Freidlinquasipotentia[20], or classicalactionfunction,
W : Q — RF. W(x) is bestthoughtof asa measureof how difficult it is for the pro-
cessz.(t) to reachthe point z; ase — 0 the frequeng of excursionsto the vicinity of x
will besuppresseédxponentially with rateconstan®¥ (). W (x) canbe computedrom the
‘classical’trajectoryextendingfrom S to x, i.e., themostprobable(ase — 0) fluctuational
pathfrom S to x [29, 34].

Normally oneexpectsthat W will attaina minimumon 92 at oneof the saddlepoints.
Thiscanbeshavn to imply thatase — 0, theexit locationon 92 corvergesin probabilityto
the saddlepoint. Actually the behaior of W on 012, andits consequencesyenot yet fully
understood(For somepartialresultson the smoothnessf W, seeDay andDarden[14] and
Day[13].) Recentreatment$11, 32] indicatethatase — 0 it is possiblefor theexit location
to convergeto anunstablefixed point on 912, dueto local constang of W on the boundary
In this paperwe consideronly modelsdisplayingthe corventionalbehaior: ase — 0 the
exit locationshouldcornvergeto somedistinguishedsaddlepoint H on 912, dueto W on 92
having a uniqueglobalminimumat H .

Much previouswork, in particularon physicalapplicationshasdealtwith aspeciakase:

whenthe meandrift b equals—D% 9, ®, for somesmoothpotentialfunction®. (Hered; gerf

0/0x7; summationover repeatecdRomanindicesis assumechenceforth.) In this casethe
point H will simplybeasaddlepointof ®. This gradient(or ‘consenative’) casefinds mary
applicationsn physics,but from a mathematicapoint of view is highly nongenericiW can
besolvedfor exactly (it equal2®), andonecanshow formally thatin thelimit of weaknoise
the distribution of the exit locationon 992 is asymptoticto a Gaussiarcenterecon H, with
O(€!/?) standardieviation.

It hasbeenknown for sometime thattheexit locationdistributionin nongradientmodels
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tendsio beskewed Whatis meanty thisis thatase — 0, theexit locationcorvergesto H but
its distribution p. (x) dx on 912 fails, dueto alack of symmetryto be asymptotico a Gaus-
siancenteredn H. Skewing wasdiscoveredby Bobrovsky andSchusg6]; for recentwork,
seeBobrovsky andZeitouni[7], Day[12], andRyterandBobrovsky [45]. Also, skewedlim-
iting exit locationdistributionshave beencomputedexplicitly by theauthorqg33]. We shov
in this paper usingformal methodsthat skewing is a genericpohenomenonQur resultson
genericitysupplementhe rigorousresultsof Bobrovsky andZeitouni,andof Day. We also
derive agenerakesult,analogougo the centrallimit theoremwhich characterizeskewing:
Ase — 0, in any genericstodasticexit model(with characteristicboundary)of the above
sort, the exit location distribution, on an appropriate e-dependentengthscalenear H, will
beasymptotido a non-Gaussiamlistribution thatbelongso oneof two well-definec:lasses
Whichlimiting distribution occursis largely determinedy thebehaior of themodelnearH

(i.e., theratiou &f [As(H)|/ Ao (H) of thestableandunstablesigervaluesof thelinearization
of b at H, whichwe assumeo be nonsingular) Oneof thetwo classess the classof Weihull
distributions,which arefamiliarfrom statistic§ 3]. Theasymptoticexit locationdistributions
in theseconcclassaremorecomplicatedandwe do not derive explicit expressiongor them
in this paper We do however provide analgorithmfor computingtheir momentsjn termsof
thecorrelationfunctionsof a conditionedhree-dimensiondesseprocess.

Thatgenericdrift fields give rise to non-Gaussiaasymptoticexit locationdistributions
is slightly surprisingfrom the point of view of largedeviationstheory Onemight expectthat
on 99, W in generalattainsa quadraticminimumat H. If 82°W/ds?(s = 0) equalso—2
(s beingthe arclengthalong9f?, measuredrom H), the aborementionedxponentialsup-
pressiorase — 0 would presumablygive riseto afactorexp(—s? /20%¢) in theexit location
densityp.(s). Thisis preciselya Gaussiarcenterecbn H, on the O(e'/?) lengthscale The
genericcasewould thereforeseemto resembleghegradientcase.

It is temptingto ascribethe discrepang betweenthis predictionandthe phenomenon
of skewing to whattheoreticalphysicistswould call a ‘prefactoreffect’, i.e., the presencef
subdominanfase — 0) termsin theexit locationdensitythatarenotincludedin thecompar
atively coarseasymptoticsuppliedby large deviationstheory However, thisis notthe case.
The predictionassumedhatif W hasa minimumat H, it hasa quadraticminimumthere.
It turnsout that generically W is not even twice differentiableat H; in fact, 9?W/ds? is
genericallydiscontinuoust s = 0. This discontinuitycauseshe exit locationdensityp, (s),
evenif (in thesmall< limit) it is localizedonthe O(e'/?) lengthscaleearH, to have differ-
entGaussiarfalloff ratesass/e'/? — +oo ands/e'/? — —oo. This givesriseto skewing.
The aborementionedimiting Weibull distributions, which are one-sidedarisewheneither
0°W/0s?(0+) or 8?W/ds*(0—) equalszero(a genericoccurrencewheny < 1); on ac-
countof the correspondingeroGaussiarfalloff rate,they arelocalizedon a larger length-
scalethan O(e'/?). That skewing is genericin modelswith ;1 < 1 wasshown rigorously
by Bobrovsky and Zeitouni[7] and Day [12], but the appropriatdengthscalevasunclear
Our analysisrevealsthat O (e/?) is thelengthscalen which theexit locationdistributionis
supported.

In Sectiond, whichis thelinchpin of this paperwe give a simplegeometricexplanation
of thegeneriadiscontinuityin 82W/8s? ats = 0. Thediscontinuityoccursbothwhenyu < 1
andwheny > 1. Thereademaywish to glanceaheadat Fig. 4.2, which shovs the generic
behaior of the classicalrajectoriesgiving riseto W{x), for « in the vicinity of H. There
is a wedge-shapettlassicallyforbidden’ region emanatingrom H, which is reachednly
by piecavise smooth(ratherthansmooth)classicaltrajectories.This regionincludesall the
boundarypointsto onesideof H, but nottheother This asymmetryis the ultimatesourceof
theskewing phenomenon.
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A byproductof our analysisof skewing is anincreasedinderstandingf the limitations
of theclassical'Eyring’) formulafor theweak-noiseMFPT asymptotic$27, 42, 46, 50]. Al-
thoughthis formulahasbeenwidely usedwe shallshaow thatit is valid, withoutqualification,
only whentheclassicallyforbiddenwedgeis absent.

2. Matched asymptotic expansions. We now begin our analysis.Therandomprocess
xz(t), t > 0 hasgenerator

(2.1) L. = —(e/2)D%9;0; — b'0;.
TheformaladjointL? of L. is definedby
(2.2) Lip = —(€/2)0;0;[D" p] + Bi[b*p]-
The densityp(z, t) of the probability distribution p(z, t) de = Pr{z.(t) € = + dz} will
satisfyp = —Lp, the forward Kolmogoros (or Fokker-Planck)equation. So the spectral
theory of the operatorsC, and £* is relevant to the stochasticexit problem. If they are
equippedwith Dirichlet (absorbingboundaryconditionson 992 and{? is boundedit follows
by standardnethodg23] thatthey have pure point spectrumwith smootheigenfunctions,
andthatthe principal eigervaluesof £, and £} (the oneswith minimumreal part) arereal.
Also, the correspondingprincipal eigenfunctionsnay be takento be realandpositive on (2.
If 2 isunboundedve assumehesepropertiecontinueto hold; they will holdif thestochastic
modelis sufiiciently stableatinfinity.

It is well known thatthe weak-nois€e — 0) asymptoticof the stochastiexit problem
aredeterminedy thequasistationarylensityi.e., theprincipaleigenfunction,? of £*. That
is becausat is the slowestdecayingeigenmode.lts eigervalue )\EO), which is guaranteed

to bereal, may be viewed asthe rateat which the modeis absorbedn 02. This ratewill
decreaséo zeroexponentiallyase — 0. Since(up to exponentiallysmall relative errors)

-1
Ere ~ ()\EO)) , € = 0, the MFPT will grow exponentiallyin theweak-noisdimit.

Thee — 0 asymptoticsof the densityp. of the exit location measureon 92 may be
written

(2.3) pe(x) < ni(2)9;[DY0)(x),  €—0,

wheren;(x) is the outward normalto 92 atz. The constanbf proportionalityhereis fixed
by the normalizationcondition

(2.4) / pe(x) dx = 1.
2€Q
Equation(2.3) simply saysthat p. is asymptoticto the absorptionlocation density of the

eigenmode? on 9, ase — 0.
If J¢ is the probability currentarisingfrom v§, i.e.,

(2.5) Jo = —(€/2)8;[D¥v¢] + biv?

thenonaccounbf theinterpretatiorof AEO) asanabsorptiorrate,

(2.6) A= [ @iz de.
€N
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providedthat+? is normalizedto total unit mass. If this normalizationcondition doesnot
hold, (2.6) mustbereplacedyy

fweBQ J(x)ni(zx) dee
waQ UE (:I}) dz

In ary event, the weak-noiseasymptoticsof the MFPT are determinedby the asymptotics
of 22.

We shall employ a now standardmethodof matchedasymptoticexpansiong32, 33,
34, 42] to approximater? ase — 0, anduse(2.3) and (2.7) to computethe asymptotics
of p. and)\go). Our treatments facilitatedby thefactthat)\go) — )\(()0) = 0 exponentially
rapidly; upto exponentiallysmallrelative errors,it suficeswhenapproximating,? in various
regionsof €2 to view it asasolutionof £v? = 0, ratherthanof £2v° = A\{”?.

We shall approximatein the following three asymptoticregions. Recall that we are
consideringthe casewhen W attainsa global minimum on 99 at a saddlepoint H, and
H is thelimiting exit location.

1. Thebodyof Q: aregionincludingall of  exceptthelocal region nearS, andthe
boundarylayer of width O(e'/?) nearthe characteristiboundarydf. This region contains
thefluctuationalpathsfrom thevicinity of thestablepoint S to thevicinity of H.

2. A local (stable)region of sizeO(e!/?) centeren thestablepoint S.

3. A boundaryregion, of sizeasyet unspecifiecbut centerecbn H, andlying within
theboundarylayerof width O(e'/2).

In Section3 we shallconstructan‘outer’ approximatiorto 2, valid in thebody of . After
discussingits geometricaspectsjn Section4 we shall analysegeometricallythe small€
behavior of v in the othertwo regions.

(2.7) A0 =

3. The outer approximation and Lagrangian geometry The appropriateouter ap-
proximationto the quasistationargensity? is aWKB expansiongquivalently, acharacter
istic (ray) expansion We write
(3.1) v2(z) ~ K(x)exp (=W (x)/e), € — 0,

€

for certainfunctionsW : Q@ — R and K : Q — R normalizedso that W(S) = 0
andK (S) = 1, whosesmoothnespropertiesareasyetunspecifiedWe couldinsteadattempt
anapproximationof higherorder with K (z) in (3.1) replacedby Ko (x) + eK;(x) + - - -
However, we shall seein Section8 thattheremay be difficulties with matchingsuchouter
expansiongin integerpowersof €) to theinnerapproximatiorin the boundaryregion.

Substitutingheapproximatior(3.1)into theapproximatdorwardKolmogoros equation
L:v? = 0, andcollatingthe coeficientsof powersof ¢, yieldsequationdor W and K:

(3.2a) H(z',0,W) =0

(3.2b) op
' _[PH i gy LOW (o OH
T 2 Ozt QxI iIJ 8p,~8pj

6.Z'i6pi (:L' ,8ZW) K.

HereH : Q x R? — R is theHamiltonian(or enegy) function

. 1. .
(3-3) H(z",p;) = §D” (x)pip; + " (x)ps,
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and the eikonal equation(3.2a) is the correspondingzero-enegy Hamilton-Jacobiequa-
tion. For consisteng, we have alsousedthis Hamiltonianin the transportequation(3.2b).
The presencef a Hamilton-Jacobequationsuggesta classical-mechanicahterpretation.
In classicamechanicghe Hamiltonian(3.3) would determineghe motionof a particleon Q;
Q) x R? wouldbeinterpretecasphasespaceandp = (p;), i = 1,2, asthemomentunof the
particle. But this Hamiltonianis preciselythe Wentzell-FreidlinHamiltoniangoverningthe
largefluctuationsof the processe. (t) away from S [20]. Recallthatif

(3.4) Lzt é') = %Dij(m) (& — bi(2)) (& — V()

is the Lagrangiancanonicallyconjugateto H (¢, p;), with the covarianttensorfield D;;

definedby D,-jDJ"“ = §;F, thenthe Wentzell-FreidlinclassicalactionfunctionW : § — R
is definedby

T
(3.5) W(x) = %r;fo ) /0 L(q,q) dt.
q:[0,T]—Q
q(0)=5, q(T)==

Thatis, in Wentzell-FreidlintheoryW (x) is computedasaninfimum overtrajectoriesrom
S to x, andis a classicalactionfunctionin the senseof classicaimechanicsThe Wentzell-
Freidlin W will necessarilgatisfytheHamilton-Jacobéquation(3.2a),sowe mayidentify it
with thefunctionW in theouterapproximation(3.1).

By thecalculusof variationsjf theinfimumin (3.5)is achievedby atrajectoryextending
from S to z, all portionsof thetrajectorythatlie in 2 (ratherthand2) mustconsistof least-
action(zero-enegy) classicatrajectoried14]. Classicalrajectoriese(-) arethetrajectories
in Q2 determinedy H (or L); they satisfythe EulerLagrangesquation

d (0L oL
(3.6) p7 (a7> ~ 5z

Equivalently, if a classicaltrajectoryis viewed asa pair of functions(z(-), p(-)), specify-
ing positionandmomentum(i.e., locationin £ x R?) asa function of time, it mustsatisfy
Hamilton's equationsHamilton’s equationsareof theform

oH
dlzF] [ 0 I dxk

&7 iilnl=l o] o |
Opk

andexpresghefactthatt — (z(t), p(t)) mustbeanintegral curve of avectorfield on Q x R?
determinedy H. For the Hamiltonian(3.3)they reduceto

H 4
(3.8a) it = g—pk = Dk (z)p; + b*(z)
. oH ’ .
(3.8b) Pe=—%% = 0D (z)pip; + Okb' () pi-

Along thetrajectory momentumandvelocity uniquelydeterminesachother; by (3.8a),
(3.9) p; = Dij(z)[27 — b (x)).

Suchaone-to-onecorrespondencis familiar from classicaimechanics.
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If theleast-actiornrajectoryfrom S to  existsandis unique,it is interpretedn Wentzell-
Freidlintheoryasthe mostprobable(in thee — 0 limit) fluctuationalpathfrom S to «: the
onewhosecostis least.Sincep; = 9;W atall pointsalongthetrajectory W (x) (the costof
thetrajectory)canbecomputedrom

(3.10) W(z) = / p; dzt,

s
theline integral beingtakenalongthetrajectory Equivalently, W satisfies
(3.11) W = pig’ = p[D¥ (x)p; + b' ()],

anordinarydifferentialequationwhich maybeintegratedalongthe correspondingrajectory
in phasespace. Note however that the infimum in (3.5) will not actually be achiesed at
finite transittime. It is readily verifiedfor the Hamiltonian(3.3) thatzero-enegy trajectories
emanatingrom a fixed point of the drift field b, suchas .S, will have infinite transittime

Theformally mostprobablefluctuationalpathsrequireaninfinite amountof time to emege
from S, and are more naturally parametrizedy ¢t € (—oo,T]. We discussthe physical
consequencesf this phenomenomlsevhere[34]. Theintegrationof (3.11),aswell asthat
of (3.8a)and(3.8b),mustbegin att = —

For eachsuchpathlim;_, ., x(t) = S, andby (3.9),lim;_,_, p(t) = 0 aswell. But
by examination(S, 0) is a fixed point (of hyperbolictype) of the deterministicflow on the
phasespace) x R? definedby Hamilton's equations. So in the languageof dynamical
systemsthe mostprobablefluctuationalpathsof Wentzell-Freidlintheoryform the unstable
manifold of the point (S,0) € Q x R2. This manifold, which we shalldenote M ;. is
2-dimensional;it is coordinatized(at leastin a neighborhoodf (S, 0)) by (i) the choice
of outgoingtrajectory and(ii) the arclengthalongthe trajectory M?s,o) is a Lagrangian
manifold it is invariantunderthe Hamiltonianflow. The stablemanifold M, of (S,0)

in Q x R? is clearlythe manifoldp = 0, which by (3.8a)and(3.8b)is alsoinvariantunder
theflow. It comprisescost-free’ (AW = 0) trajectorieghatsatisfyz? = bé(x), andsimply
follow the meandrift toward S.

The analogywith Hamiltoniandynamicscanbe pushedmuchfurther The action W
ascomputedy (3.10)is asingle-valuedfunctionof posmononM(S 0y’ , andp; equalsd; W (x)
atevery point (z,p) € M?&O) But it doesnot follow that W may beviewed asasingle-
valuedfunctionon Q. This is becauseahe unstablemanifold may fold backon itself, and
the projection(x,p) — x from M“S o) [0 Q) may not be one-to-one. Equivalently the
zero-enegy classu:altrajectorlesemanatlngfrom S may crosseachother, creatingcaus-
tics[9, 17, 22, 33, 34, 35]; thesecausticsarethe projectionsonto Q) of the folds of M(S 0)-
We shallnot pursuethephenomenonf causticsatary length;unlessotherwisestatedve as-
sumethatthesolutionof the Hamilton-Jacobequatioris single-aluedon Q. In thiscasethe
mapx +— p(x) will besingle-valued.The projectionmapfrom M(S o) [0 Q) mayalsofail to

beonto. If this occurs,W (x), for atleastsomez € (, cannotbewewed astheactionof a
classicatrajectoryfrom S to & whichliesentirelyin ; theaction-minimizingtrajectory if it
exists,mustpasghroughdf2 onits wayfrom S to . We shallsaymoreaboutthis possibility
in thenext section.

If wewishto computethevalueof W atsomepointin 2 otherthanS, we mayintegrate
Hamilton’s equationdrom (S, 0), continuallyupdatinge andp, until the specifiedpointis
reached.The ordinarydifferentialequation(3.11), which canbe integratedsimultaneously
will yield the value of W at the endpoint. But the numericalcomputationof K, which
hasno elementaryclassical-mechanicatterpretationjs moresubtle. Sincez? = H/dp;,
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(0H/9p;)9; K equalsK, the time derivative of K alongthe trajectoryemeging from S.
Sothetransporequation(3.2b)becomes

2 2 2
(3.12) K:_[BH 1 W 6H]K

Oxtdp; + 2 Ozt 0z OpiOp;

This equationcannotbe integratednumericallyunlessthe Hessianmatrix 9;0; W is known
at all pointsalongthe trajectory Fortunatelyo;0;W itself satisfiesan ordinarydifferential
equation,obtainedasfollows. Differentiatingthe Hamilton-JacobequationH = 0 twice
with respecto positionon M(S 0) yields

0 Opr, 0 0 Opr O
" : a_ a _— H = U.
(3.13) ( 5 T oz, 6pk> ( 527+ 3 ap,) 0

By rearrangingerms,andusingHamilton’s equationsindd;p; = 0;0;W, we obtain

. 0’H 0’H 0’H 0’H
(3.14) W, = _mw,ik 3~ gaiopeV* T Briaps )t T Bxiomi
(Fornotationaktorveniencé¥ ;; signifiesd;0; W henceforthyealsowrite b’ ; for 9;b%, etc)
ThisinhomogeneouRiccatiequatiorfor the HessiarlV ;; is dueto the presentwthorg33],
thoughLudwig apparenthusedanequialentequationn the19705[29]. In ary event,equa-
tion (3.14)may be integratedto yield W ;; atall pointsalongan outgoingWentzell-Freidlin
trajectory In numericalwork the system(3.8a),(3.8b),(3.11),(3.12),(3.14)of coupledordi-
narydifferentialequationsvould beintegratedsimultaneouslyo producelV andK .
Atary z € Q, W,;(x) = 9;pi(x) specifiesa2-dimensionasubspacef R?, thetangent
SPACET (s, p(x)) M5 ) to theunstablemanifold M ;) C Q x R2 at(z, p(z)). TheRiccati
equation(3. 14)determ|ne$1trajectorythroughtheEcompact)GraBmanmnanlfoId of such2-
dimensionakubspacesThis sortof interpretatioris standardn thetheoryof matrix Riccati
equationg47], andfacilitatesthe integrationof (3.14)throughpointswhereW ;; diverges.
Suchdivergenceoccurhowever only whenthe classicatrajectoryencounters caustic[17,
39]. Thisis becauséV ;; divergesonly atpointsz wherethetangenspacel|, p(w))M(S 0)
‘turnsvertical’ [15]. We shallnot pursuethe consequences caustlcs‘urtherhere
Muchmorecouldbesaidaboutthegeometridnterpretatiorof theabove systenof equa-
tions, which is ultimately madepossibleby the symplecticstructureof classicalmechanics
onQ x R?. We confineoursehesto pointingout the differential-geometri¢coordinate-free)
interpretationof the Wentzell-Freidlinfluctuationalpathson Q2. The contravarianttensor
field D% is naturally viewed as a Riemanniarmetric on 2, and may be usedto raiseand
lowerindices.If connectiorcoeficients(Christofel symbols)[ ;. aredefinedby

. 1 .
(3.15) I = §DZZ(Dlj,k + Dij — Drju)

asusual the covariantderivative u?,; of avectorfield u* on Q will begivenby
(3.16) uly =ulj + T,

It is easyto checkthatif the meandrift b = 0, the EulerLagrangeequationg3.6) for the
velocity field #¢(-) of the fluctuationalpathson Q2 reduceto the single covariantequation
it;#9 = 0. Thisis a statemendf covariant constancyof the velocity of eachsuchpath
alongitself: themostprobabléluctuationalpathsin this casearesimply thegeodesicsf D%
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which emanatdrom the point S. If b # 0 the situationis more complicated;,computation
yields

(3.17) (&' — b)), ;37 + (&7 — b))b;" = 0.

In asimilarway, if b = 0 the Riccatiequation(3.14),if viewedasapplyingto a function W
definedon rather’than/\/lus’0 , simplifiesto yield a covariantequatiorrelatedto theequa-
tionsof geodesideviation on 2. Takingb # 0 yieldsa generalizationA fuller discussion
of thedifferential-geometriinterpretatiormay appeaselsavhere.

4. Behavior near the fixed points. Theouterapproximatiorio theprincipaleigenfunc-
tion v? of the Kolmogoror operator* mustbe supplementetly aninnerapproximatiorin
aboundaryregion centeren the saddlepoint H, andanapproximatiorin the stableregion
of sizeO(¢'/?) nearS. In this sectionwe explain how our geometricpicturefacilitatesthe
constructiorof theseapproximationsln particular we shallexplain why thephenomenowf

skewing nearH dependsstronglyon the parametey ger |As(H)|/|Au(H)|, theratio of the
stableandunstablesigervaluesof thelinearizationof the drift field at H .

To adgyreeit is possibleto constructheapproximationsearH andsS in parallel. That
is becaus€ H, 0), aswell as(.S, 0), is afixed point (of hyperbolictype) of the deterministic
flow on the phasespaceQ) x R? specifiedby Hamilton’s equations(3.8). In factto ary
fixed point of the drift field b on Q (or Q) therecorresponds fixed point of the flow on
0 x R? (or Q x R?), atzeromomentum By examination zero-enegy classicalrajectories
thatareincidenton suchpointsin phasespaceaswell asthosethatemanatdrom them,will
have infinite transittime. A consequencef thisis thatthe zero-enegy trajectoriesncident
on (H,0) form thestablemanifoldof (H,0) in Q x R?, which we shalldenoteM{y ..

We are assumingthat the classicalaction W, computedfrom the variationa &efini-
tion (3.5), attainsa minimum on 92 at H. We shall alsoassumehat the infimum in the
expression(3.5) for W (H) is achieved; in particular that W (H) is the actionof a unique
zero-enggy classicakrajectoryg* : R — Q whichemanaterom S attimet = —oo andis
incidenton H att = co. Thistrajectoryg*, whichis theformally mostprobabléfluctuational
pathfrom S to 9Q ase — 0, is calledthe mostprobableexit path(MPEP).It maybeviewed
asthe projectionof atrajectory(g*,p*) : R — Q x R in phasespacewhich necessarily
liesin boththe unstablemanifold M ;) andthe stablemanifold M¢y, . Theintersection
M?S’O) N M?Hm of thesetwo 2-dimensionamanifoldswill consistof zero-enegy trajec-
toriesfrom (.S, 0) to (H, 0). Examplesareknown in which theintersectiorconsistsof more
thana single trajectory[33], but genericallywe expectthat thereis a unique zero-enegy
trajectoryfrom S to H with minimumaction.

At all pointson M?s,o) themomentuny; equalsdOW/dzt. Sincethe MPEPapproaches
(z,p) = (S,0) ast - —oo and(H, 0) ast — oo, we expectthatS andH arecritical points
of W on Q. To leadingorder, a quadraticapproximatiorto W would seeminglybe appro-
priatenearboth S and H. We shall shortly seethatgenerically the behaior of W nearH
(thoughnot nearS) is morecomplicated.But exploring the possiblequadraticapproxima-
tionsto W is usefulnonetheless.

The assumptiorof quadraticbehaior nearthe fixed points hasthe following conse-
guences.Along the MPER ast — —oo ort — oo theleft-handside of the matrix Riccati
equation(3.14)will tendto zero,yieldingthealgebraic Riccatiequation

0’H 0’H 0’H 0’H
dprop + dziop, " + dridp, + OxtOxI

for the Hessiammatrix W ;; = W ;;(p) of secondderivativesof W atthefixedpointp, p =
S, H. Herethe partial derivativesof the Hamiltonianmustbe evaluatedat (z, p) = (p,0).

(4.1)




10 R.S.MAIER AND D. L. STEIN

Substitutingthe explicit form (3.3) of the Wentzell-FreidlinHamiltonian H (-, -) into (4.1)
yieldsthe matrix equation

(4.2) Wi D*W 4y + W ;BI + BY,W j; = 0

for W ;(p). Herewe have written B = (B?;) for thelinearizeddrift field b* ;(p) atp, and
D signifiesthediffusivity tensorD% (p). In matrix form, equation(4.2) reads

(4.3) ZDZ+ZB+ B'Z =0

whereZ = Z(p) = (W,;(p)) = (0p;i/027)(p) is the 2-by-2 Hessianmatrix of W at p.
Z (p) specifiesa 2-dimensionasubspacef R*, thetangen'spacél’(p,o)ME‘S’O) of theunsta-
ble manifold M ) at (p,0).

The2-by-2 HeSS|armatrixZ(S) (andalsothe2-by-2 Hessiammatrix Z (H), if aquadratic
approximatiorio W is valid nearH) maybecomputedy solvingthealgebraiRiccatiequa-
tion (4.3). The solutionspaceof suchequationsas(4.3) is well understood26]. Sufice it
to saythatif tr B # 0, therewill be exactly four solutions: one of full rank, two of rank
unity, andthetrivial solutionZ = 0. At p = S thesolutionsto (4.3) of lessthanfull rank
canberuledout on physicalgrounds;S mustbe alocal minimumof W, andthe costW (x)
of fluctuationsfrom S to & mustincreasequadraticallyasx — S increasesSincethe outer
approximationto v2(z) is of the form K (z) exp (—W (z)/¢), the matchinginner approx-
imationto +? nearS mustbe a Gaussiarapproximationandits inversecovariancematrix
Z(S) mustbeof full rank[29].

We now focuson the quadratic(or putatively quadratic)behaior of W nearthe saddle
point H. A Hessianmatrix Z(H) = (0W/0z'0z)(H), i.e., (Op;/dx?)(H), would be a
matrix of partial slopes It would specify the tangentspaceT s, o)M?S 0) of the unstable
manlfoldM“S 0) atthepoint (H,0) in phasespace.Sincethe Lagrangiammanifold M. 5.0
is formed from classicaltrajectories the tangentspacel O)M( ‘5,00 and hencethe value
of Z(H), aretightly constraineddy the linearizationof Hamilton’s equations(3.8) at the
fixedpoint(H, 0). Linearizingthereyields

]-mm ]

where(dzx, dp) = (x,p) — (H,0). Herethe4-by-4matrix

(4.5) T(H)déf[B(H) D(H) ]

0 -—B(H)

is thelinearizationof theHamiltonianflow at (H, 0). At (H,0), themanifold M5 ;) mustbe
tangentto a two-dimensionabpectal subspacef T (H). This subspacenustbethelinear
span(overR) of two of thefour eigervectorsof T'(H).

We digressbriefly to discusghe eigervaluesandeigervectorsof T'(H), which have an
obviousinterpretatiorin termsof theflow of zero-enegy classicaltrajectoriesn thevicinity
of H. We introducesomenotation: let the eigervectorsof the linearizeddrift B(H) with
eigervalues)i;(H) < 0 and)\,(H) > 0 bedenotede; ande,. By the definition (4.5),
the eigervectorsof T'(H) with eigervaluesA;(H) and )\, (H) will be (es,0) and (e, 0).
Theeigervectorsof T'(H) with eigervalues—\,;(H) and—\, (H) will bedenotedé,, g,,)
and(és, g,); theinterchangef subscriptss justifiedbecause-\;(H) > 0 and—\,(H) <
0, indicatinginstability andstability respectiely. Since(e,, 0) and(és, g,) are‘contracting’
eigervectorsthetangenspacel| H,O)MfH,O) of thestablemanifoldM?Hio) at(H,0) will be
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theirlinearspan(over R); similarly T(H,O)M?H’O) will bethelinearspanof the ‘expanding’
eigervectors(e,, 0) and(é,, g,,)-

We cannow explain how to determine,jn ary genericmodel,which two eigervectors
of T(H) will spanthetangentspaceof theLagranglarmanlfoldM(S 0) at(H,0). Sincethe
MPEP(g*,p*) : R — M) C AR is incidenton (H,0) ast — oo, andis aclassical
trajectory We have theasymptoticapproximation

(4.6) (@*(8), " (1)) ~ (H,0) + a,e” Dl (e,, 0) + e (e, g,)

ast — oo. Only thetwo stableeigervectorsenter;the coeficientsas andas are model-
dependentandgenericallyareboth nonzero.ThetangenlspacéZ“(H,o)M?S’O) is formedby
zero-enegy classicatrajectoriesemanatingrom (.5, 0) thatare perturbation®f the MPER
To leadingorder, eachsuchperturbedrajectorymustbe of theform

(a*(1),p* (1) + abye Dt (e,,0) + be M (g, g,

4.7) + bueA" (H)t (eua 0) + Euel)\s‘(H)t(éu; gu)] )

whereq is a parametethatindexesthe trajectories.The coeficientsb,, bs, by, by, arealso
model-dependerandgenericallynonzero.

Generically the MPEP ¢* will approach(H,0) ast — oo along the less contrac-
tive directionin phasespace;the stochastionodelwould have to be carefully ‘tuned’ for
the incoming MPEP to approachalong the more contractve directionin (4.6). If p < 1,
-\ (H) < A\(H) < 0andX;(H) is lesscontractve; in this casethe MPEPwill generically
approachH asexp(—|A\;(H)|t). Similarlyif u > 1, A\;(H) < —A(H) < 0 andthe MPEP
will genericallyapproachd asexp(—\,(H)t). Sinced;b*(H) = A\;(H) + A\, (H), thisim-
pliesthatin phasespacehe MPEPwill genericallyapproactthefixedpoint(H,0) alongthe
tangentvector(e,, 0) if 9;b*(H) > 0, andalong(é,, g,) if 9;b'(H) < 0.

A similaranalysisappliedto (4.7),shavs thatthetangentspaceo the manifold M?S,o)
at (H,0) mustinclude,besideghe contractingeigervector(es, 0) or (é,§,), the more ex-
pansve of the two expandingeigervectors. Whenyu < 1, the more expansye eigervector
is (e4,0); whenp > 1,itis (éy,9,). We concludethat the tangentspaceT | m,0) M o)
is genericallyequalto the subspacep{(es, 0), (e, 0)} wheny < 1, andto the subspace
sp{(és,4,), (és,8,)} Wwhenu > 1. It is easyto seethatthe formeralternatve corresponds
to theHessiarmatrix Z (H) equalling0, andthelatteralternatve to the Hessiarmatrix being
of full rank.

We cannow resole the questionof the extentto which the behaior of W nearH can
be genuinelyquadratic. Much light is thrown on this questionby a sketch of the pattern
of zero-enegy classicakrajectoriesemanatingrom S, whenprolongedo thevicinity of H.
ThesdrajectorieswhichincludetheMPEP(g*, p*), lie in themanifoldM“s 0)° If projected
‘down’ from M?SO to Q bythemap(z,p) — x, it foIIowsfromtheprecedlnginalysﬂhat
they will genencalfytraceoutm theimmediatevicinity of H the hyperbolicpatternsshavn
in Figs.4.1(a)and4.1(b). The principal axesof the hyperbolaaree; ande,, if u < 1, and
és ande,, if 4 > 1. By corvention,we assumehatthee, rayis vertical,that(2 is to theright
of thee, ray, andthatthe MPEPapproachegl from thefirst quadrant.

Figure 2(a) revealsan unusualphenomenonSincethe stableeigervectore, of B(H)
liesin 092, theMPEPg* will genericallybetangento theboundaryd? in stochastienodels
with x4 < 1. This‘grazingMPEP’ effect hasbeenseenn numericalstudieg53]. Also, since
the u < 1 solutionfor Z(H) is the 2-by-2 zeromatrix, whenyu < 1 we necessariljhave
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FiG. 4.1. Thegenericappeaance of the flow near H of the zeo-enegy classicaltrajectoriesemanating

from S; equivalentlythe Hamiltonianflow onthe manifoIdM(“S 0 projected'down’ to configuation spaceby the

map(x,p) — . Part (a) of the figure illustratesthe casep < 1, i.e,, 8;b°(H) > 0; part (b), the caseu > 1,
i.e, 8;b*(H) < 0. In bothcaseshe MPEP [mostprobableexit path] is the solid curveincidenton H. Thewedge-
shapedshadedregions are classicallyforbidden; also, the dashedtrajectories(which extendbeyondthe e, ray,
which liesin 92) are unphysical.

thatW;;(x) — 0 asz — H alongthe MPEP. This ‘flat’ behaior of W nearH hasan
appealingphysicalexplanation: As ¢ — oo the mostprobableexit paths(perturbationsf
the grazingMPEP)comecloseto following the drift field b (they “fall in”). Thusvery little
additionalaction(cost)is built upasH is approachedn modelswith p < 1. This effecttoo
hasbeenseenn numericalstudied6, 53].

We have notcommentedet onthe mostvisible featureof Figs.4.1(a)and4.1(b),which
is highly disconcertingfor bothy < 1 andy > 1 thereis a wedge-shapetegion nearH,
beyondthe boundaryray e,, andthe boundaryray é,, respectrely, which is not reachedoy
ary of the mostprobablefluctuationalpaths. This wedge,the genericpresencenf which
hasbeenconfirmednumerically is ‘classically forbidden’ in that it cannotbe reachedby
ary zero-enagy classicalrajectoryemanatingrom S. Unlessthe boundaryray liesin 012,
thewedgehasnonemptyinterior. The presencef an unreachableegion hasa very simple
interpretation:Generically the projectionmap (x, p) — x fromthe Lagrangian manifold
M“S’O to Q is notonto: its range doesnotincludeall of Q. Thepossibilitythattheprojection
map might fail to be onto on accountof folds in the manifold M{ ;, was mentionedin
Section3, but thatthis failureis genericis a new result.

We expectthat W (z), for ary x in the wedge,is the action of an action-minimizing
trajectorywhich passeghroughdf on its way from S to . (Cf. Day and Darden[14].)
Only theportionsof thetrajectorythatlie in Q (ratherthand$2) will beclassicalj.e., will be
solutionsof the EulerLagrangesquation.Thetrajectorywill be piecaviseclassical it will
have at leastone‘corner; or bend. The factthat generically suchfluctuationalpathsneed
to be consideredor atleastsomeendpointse in ary neighborhooaf H hasnot beenfully
realized.

By a carefuloptimizationover piecavise classicakrajectoriest is possibleto work out,
for z in thewedge theleadingdependencef W (x) ondx = x — H in thevicinity of H.
But we may economizeon effort by applyingour previousresults. Supposedor the sale of
argumentthatto leadingorderW (z) in the wedgebehaesquadraticallyasz — H. Then
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thequadratiadependencwill bespecifiedby alimiting Hessiannatrix?(H) = (/W,z-j(H)),
which must satisfy the algebraicRiccati equation(4.3). Moreover, W (x) at ary pointin
the wedgemustbe the classicalactionof a zero-enegy trajectoryextendingfrom H to x.
Near H eachsuchphase-spactajectory whenparametrizedby ¢ > —oo, shouldbe of the
form

(4.8) t > (H,0) 4+ CuerDt(e,, 0) + Celr@lte, g,

for C,, C\, two constantghatdeterminethetrajectory Thisis becausde,,, 0) and(&é,, g,,)
arethe two expandingeigervectorsof the linearizationT (H). At (H,0), the Lagrangian
manifoldformedby theseoutgoingtrajectoriewill betangentothesubspacsp{(e,,0), (é,,d,,)}.
andthe correspondin@-by-2 Hessiammatrix Z (H) will have rank 1. In generaleachsuch
trajectorywill betangent(ast — —oo, or asthetrajectoriesemepge from H) to whichever
is the lessexpansve of thetwo eigervectorsof T'(H). If p < 1 thisis (é4,8,,); if 0 > 11it
is (ey, 0).

Figure4.2is anextendedversionof Fig. 4.1,whichincludestherayseé,, ande,,, andthe
additionaltrajectoriegemanatingrom H, andtangento them)predictedoy the assumption
of quadratichehaior of W in thewedge.Theu < 1 casehastwo subcaseshavn in Figs.
4.2(a)and4.2(b). We shallreferto themas SubcaseA and SubcaseB; they differ in only
oneessentialay: in the relative placemenof theraysé, ande,. We shall shav in the
next sectionthatwheny > 1, thee,, ray necessarilyies betweertheé, andé,, rays. This
situationis shovnin Fig. 4.2(c);wheny > 1, thereareno subcases.

SubcaseA of the caseu < 1 is the moststraightforvard. It is clearfrom a glanceat
Fig. 4.2(a)thatin this subcasethe action-minimizingtrajectoryfrom S to ary pointin the
wedgeis a prolongationof the MPEP:it extendsfrom S to H, experiences discontinuous
changein direction,andthenentersthe wedge. Interestingly pointson 92 thatareon the
‘wedgeside’ of H arereachednly via trajectoriegshatmake a secondpassage¢hroughsQ.

We stressthat these'bent’ trajectorieshave a physicalinterpretation. By Wentzell-
Freidlintheory ary pointz in theinterior of thewedgeis (ase — 0) preferentiallyreached
duringlargefluctuationsaway from S by a benttrajectory Thatis, wheny < 1 thefluctua-
tion will in Subcase\ preferentiallydrive therandomprocesse. (t) to thevicinity of H via
theMPEPg*, beforethewedgeis traversedandthevicinity of z is finally reachedAlthough
Fig. 4.2(a)displaysonly the portion of the wedgein the vicinity of H (i.e., the wedgeas
computedn the linearapproximation)studiesof particularmodelsshaw thatit may extend
a considerablelistancefrom H. The numericalcomputatiorof W (x), for z in thewedge,
requiresanintegrationalongthe appropriatédenttrajectoryterminatingat x.

Thereis aproblemextendingtheseconclusiongo Subcas®, andto thecaseu > 1. It is
clearfrom Figs.4.2(b)and(c) thatclassicalrajectoriesemanatingrom H which areof the
form

(4.9) ts H 4 Cuerig, 4 Celre ity

andwhich aretangentto the é,, ray (resp.the e,, ray), are necessarilyunphysical They
arethe dashedrajectoriesthat penetraténto the complemenbf Q) beforereturningto 99
and passingthroughthe wedge. This is quite differentfrom Subcase?, wherethe trajec-
toriesemanatingrom H penetratémmediatelyinto the wedge. Sincethe putatve Hessian
matrix Z (H) correspondto anunphysicalimpossible)elocityfield z(-) for themostprob-
ablefluctuationalbpathsjn Subcas® andwheny < 1 theactionin thewedgewill notbehae
guadraticallynearH. In Subcas#® andwheny < 1, theflow field of theaction-minimizing
trajectorieswithin the wedgewill differ from the predictionsof the quadraticapproxima-
tion, asdisplayedn Figs.4.2(b)and4.2(c). Nonethelessn thesetwo caseghetrue action-
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FiG. 4.2. Thegenericappeaanceof theflownear H of themostprobablefluctuationalpaths(i.e., theaction-
minimizingtrajectories)emanatingrom S. Thee, ray liesin 992. Parts (a) and(b) of thefigureillustrate Subcases
A andB of thecaseu < 1; they differ in the relative placemenbf the &, and e,, rays. Part (c) illustratesthe
casey > 1. In all three parts the MPEP [most probableexit path] is the solid curveincidenton H. Theother
trajectoriesinclude zen-enegy classicaltrajectoriesof the sort shownin Fig. 4.1, and ‘bent’ trajectorieswhich
are prolongationgpiecavise classicalratherthanclassical)of the MPEP. Theclassicallyforbiddenwedg-shaped
shadedegionsare reached(ase — 0) only via benttrajectories. Thehyperbolicshapeof the benttrajectoriesis
strictly correctonly if theclassicalactionWW behavesgjuadiatically in thewedg-shapedegions.

minimizing trajectoryfrom H to ary point 2 in the wedgeshouldextendalongdf2 before
reenteringhewedge.

We summarizeour geometricinterpretationin Table4.1. The behaior of W nearH,
bothinsideandoutsidethewedgeandfor bothy < 1 andu > 1, is quadraticandfully un-
derstoodwith the exceptionof the behaior insidethewedgein Subcas#, andwheny > 1.
Eventhesedifficult casedend themselesto a partialanalysis. The precisebehaior of W
insidethe wedgein Subcasé8 andwheny > 1, evenin thelinear approximatiomearH,
canonly be obtainedby solving a difficult variationalproblem. But it is clearon physical
groundsthatW (x) approache$V (H) quadraticallyasx approachegf alongo< from the
wedgesideof H. Thatis becausen the wedgesideof H, the costfunction W (z) on 82
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TABLE4.1
Thegenericlimiting behavior(asz — H) of theHessiarmatrix Z(z) = (W ;;(«)), andof thecorrespond-
ing tangpntspacefl“(w,p(m))M}‘S 0 C RY. Z(x) — Z(H) if @ — H fromoutsidethe wedg, i.e., alongthe

manifoldME‘S 0" SimilarIyT(m,p(m))M*(‘S 0 N(H). In SubcaseA of thecasep < 1, Z(z) — Z(H)
asz — H fromuwithin thewedg; similarly T( p(a)) M{s o) — N'(H). Each of N'(H) and NV (H), if defined,

is thelinear spanof a pair of eigervectos of thelinearizedHamiltonianflowT'(H). In Subcas® andwhenu > 1,
the behaviorof theactionin thewedg is notquadiatic near H, andno limiting Hessianrmatrix exists.

Case[Subcase] | zH) | Z(#) ] N(H) | N (H) |
u<lie,d;b*(H) >0 [A] 0 rank-1 sp{(es,0), (e4,0)} sp{(ew,0), (év,g,)}
p<1,ie,8:;b°(H) >0 [B] 0 — sp{(es,0), (€w,0)} —

n> 1,i.e, albz(H) <0 rank-2 _ Sp{(és,{]s), (éu,gu)} _

satisfieqin Subcas®, andwheny > 1)

(4.10) W(z) — W(H) = / " pida
H

theline integral beingtakenalongdf2 from H to . Herethe momentunp = p(x), atary
pointz € 012, takesa valuedetermineddy (i) the zero-enegy constraintand (ii) the con-
straintthatthe correspondingelocity & lie in 992.

In Subcasé\, in generalZ(H) # 2(H). In Subcase8 andwheny > 1 thereis no
reasonwhy the quadraticgrowth of W along 912, on the wedgeside of H, shouldequal
the quadraticgrowth on the otherside (which arisesfrom Z(H), ratherthanfrom (4.10)).
So generically W will fail to be twice continuouslydifferentiableat H. This conclusion
justifiesthe statementgboutthe one-sideddervatives5?W/ds?(s = 0+) madein the In-
troduction. Genericallythesetwo quantitieswill be different;in factif x4 < 1, the second
derivative on the wedgeside, asdisplayedin Table 4.1, will equalzero. We seethat the
differencebetweenthe two sidesof the saddlepoint is the underlyingcauseof the skewing
phenomenonWe alsoseethat skewing in modelswith 4 < 1 andy > 1 will beradically
different.

It bearsnotingthattheclassicabhctionW will genericallyfail to beatwice continuously
differentiabldunctionof  notmerelyatx = H, but alongtheentireboundaryof thewedge.
This is reminiscenbf the Stokesphenomenonyhich occursin the asymptoticexpansionof
the solution(in the complex plane)of an ordinarydifferentialequationwith a small param-
etermultiplying thetermwith highestderivative. The exponentof the dominantexponential
factorin theexpansioris non-smoottalongcertaincurves(anti-Stoleslines)emanatingrom
turningpoints.lt is probablybestto view thephenomenoof thewedgeasatwo-dimensional
versionof the Stokesphenomenonkor theforwardKolmogoros equatioron Q2 ¢ R?, which
is apartial differentialequationtheanti-Stolesline appearsasacurwein Q (theboundaryof
thewedge)ratherthanin thecomple plane.To seeit, no analyticcontinuationis required.

5. Generic and non-genericinner approximations. In the following threesections
our treatmentbecomeamore quantitatve. We shall approximatethe principal eigenfunc-
tion v? andthe processe. (t) in theboundaryregion nearH, andstudytheimplicationsfor
the small€ asymptoticsof the exit locationdensity In this section,we focuson the Gaus-
sianfarfield behaior of theinnerapproximationandthe Gaussianails of the exit location
distribution. We redervve the classical‘Eyring’) formulafor thesmall€ MFPT asymptotics,
anddetermindor thefirst time thelimits of its validity.

If aninnerapproximatiorto +?, valid in the boundaryregion nearH, is to matchto the
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outerapproximationk (x) exp (—W (x)/¢), it mustin thefarfield have leadingasymptotics

(5.1) v?(z) ~ constx exp [—(z° — H)YW ;;(H)(z? — H)/2¢].
But this statementnustbe interpretedwith care. By corventionW ;; (H) signifiesthe lim-
iting Hessiarmatrix obtainedby takingz — H alongthe mostprobableexit path(MPEP),
or in generaffrom within the complemenbf the classicallyforbidden‘wedge’ Sothe state-
ment(5.1) holdswhen (z — H)/€'/? — oo within the complemenbf the wedge. If the
behaior of W in the wedgeis quadraticnear H, the limiting Hessianmatrix obtainedby
takingxz — H from within the wedgeis denoted/W,,-j(H). We saw in the last section
thatin SubcaseA of the cased;b'(H) > 0 (i.e, wheny < 1), the behaior of W in the
wedgeis indeedquadraticnear H, so the counterparto (5.1) (involving W,ij(H)) should
hold as (x — H)/e'/? — oo within the wedge. In otherwords the farfield asymptotics
of theinner approximatiorto 2 mustin this casebe piecevise bivariate Gaussian differ-
entdecay(or growth) rateswill be foundin the wedgeandits complement.In SubcaseB
or whend;b*(H) < 0 (i.e., p > 1), the behaior of W in the wedgewill not be quadratic
nearH. But evenso,theinnerapproximatiorto v¢ muststill have Gaussiarasymptoticsas
(x— H)/e'/? - oo alongtheboundaryd, with differentdecayratesonthetwo sidesof H.

The inner approximationto +? canbe constructedat leastin principle, by solving a
linearizedversionof the (approximatejorwardKolmogoror equationC; p = 0 in thebound-
ary region nearH. In the linear approximationwe take b‘(z) ~ B';(H)(z’ — H’) and
D (z) ~ DY (H), sothe Kolmogoros equatiorreduceso

(52) (¢/2)DY(H)3:0;p — &i[Bj(H)(a? — H)p] = 0.

Assumefor the momentthat the appropriatdengthscaleon which the inner approximation
shouldbe definedis the O(e!/2) lengthscale lf so,we canemploy the ‘stretched’variable
X = (z* — H')/€e'/?, in termsof which (5.2) becomes

0%p

9 9
0X10X

(5.3) %D”&D o

— BYj(H) 52 [X7p] = 0.

We canchangevariablesto reducethis covariantequationto a noncorariant,but more un-
derstandablérm. Underalinearchangeof variables(X') = L¢;X7,i.e.,, X' = LX, the
matricesB(H) and D (H) transformto LB(H)L ™" and L D(H)L respectiely. Choosing
L = D(H)~'/? transformsD(H) to the identity matrix. But since H is a saddlepoint,
irrespectve of coordinatetransformationghe linearizeddrift B(H) will have one positive
eigervalue(\; (H)) andonenegative eigervalue (A, (H)). By afurtherchangeof variables

(arotation)we cansetB!,(H) = 0. Sowe canchoose
(5.4) B(H) =

for somereal constante. The constantc is not determinedby A, (H) and \;(H). Since
D(H) = I is preseredunderrotations with respecto the new systemof coordinategqua-
tion (5.3)becomes

1 0% +1 0%p
29(X1)2 T 29(X2)?

M) 5o X ] = A (H) 5o X% — ¢

(5.5)

0
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In termsof thetransformecdtoordinateg X *, X ?) we maytake theregion Q to betheright-
half planeX! > 0, andits boundarydf? to bethe X 2-axis. This wasthe corventionof Figs.
4.1and4.2.

This systenof coordinatess computationallyeasyto work with. Supposdor simplicity
that \,(H) = 1; thisis aninnocuousnormalizationconditionthat canbe absorbednto a
redefinitionof time ¢ (andnoisestrengthe). Then

(5.6) san-|, O,

wherep gef [As(H)|/Aw(H), asusual. The Kolmogoror equation(5.5) reducego

2 2
5.7 %afxfy " %a((?xgy B a;acl X+ “328(2 Xl - 68}8(2 Xl =o.
Also, a bit of matrix computationusingtheform (5.6)for B(H) andD(H) = I, yields
(5.8a) (es,0) = (0,1,0,0)
(5.8b) (€4,0) = (u+1,¢,0,0)
(5.8¢) (€s,8,) = (m—1,¢,—2p+2,0)
(5.8d) (€us9u) = (—2pe, > =1 — ¢, —2pc(p — 1), 2u(p* — 1))

for thefour eigervectorsof thelinearizedHamiltonianflow T'(H) atthepoint(H, 0) in phase
space,asgiven by (4.5). (Normalizationis irrelevant here;the negatives of thesevectors
couldequallywell have beenchosen.)Thate;, = (0, 1) agreeswith the corventionof Figs.
4.1and4.2.

We notein passingthat the formulae (5.8) explain the positioningof the rayse,, és,
andé,, in Figs.4.2(a),4.2(b),and4.2(c). Recallthatin thosefiguresthe MPEPwastakento
approachrom thefirst quadrantiif x4 < 1, it is genericallytangentto es, andhenceto the
positive X 2-axis. By examinationof (5.8),if u < 1 andc < 0 thene,, will lie betweerthe
positive X 2-axisande,,, while if ¢ > 0 thene,, (takento pointinto theright half-plane)will
lie betweerthe positive X 2-axisande,,. Sothe Subcase# andB of Figs.4.2(a)and4.2(b)
aresimply thesubcaseg < 0 andc > 0. This correspondencassume®f coursethatthe
MPEPis tangentto the positive X 2-axis; if it approachedd from the fourth quadrantand
weretangento the negative X 2-axisinsteadthenthe interpretatiorin termsof sgnc would
bereversed.

Formulae(5.8) justify the positioningof theraysin Fig. 4.2(c),aswell. If 4 > 1, we
know by the agumentof the lastsectionthatthe approachindPEPis genericallytangent
toé;. By (5.8¢c),és « (u— 1, ¢), andourcorventionthatthe MPEPapproachefom thefirst
guadrantmandateshatc > 0. It is easyto verify, by examining(5.8), thatin theright-half
plane,wheny > 1 ande > 0 thee,, ray necessariljies betweerthethe é; ray andthethe
é, ray. Thiswasthe positioningof Fig. 4.2(c).

In our new coordinatesystemiit is easyto study quantitatvely the quadraticbehaior
of theactionW nearthe saddlepoint. Substituting(5.6) into the Riccatiequation(4.3),and
solving,gives

2(u—1) E+1—p —cp
(n—1)2 + ¢ —cp = p
astheformulafor the rank2 Hessiarmatrix Z(H) = [W;;(H)] = [0pi/0z?(H)]. Recall

thatgenericallythis limiting Hessiarmatrix arises\whenxz — H in the complemenbf the
wedge)onlywheny > 1. If 4 < 1, Z(x) — 0 asz — H alongthe MPEP.

(5.9) Z(H) =
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The quadraticbehaior of W in the wedge(to the extentthatit is quadratic)can be
computedsimilarly. In SubcaseA of p < 1, the limiting Hessianmatrix Z(H) in the
wedgeexists, andequalsby Table4.1 therank-1matrix correspondindo the tangentspace
sp{(ew,0), (é4,d,)}. Theformula

24 ¢ —c(pt1)
A+ (p+1)2 | —cp+1) (p+1)?

follows from (5.8) by someelementarymanipulations.In Subcase3, andwheny > 1, the
behaior of W () in thewedgeasxz — H will notbe quadratic.However, it follows from
theformula(4.10)thatits behaior asez — H alongof? (from thewedgeside)is quadratic,
with limiting secondderivative

(5.10) Z(H) =

(5.11) Zoo(H) = 24.

Thislimiting secondderivative hasa simpleinterpretation:on thewedgesideof H, the cost
(action) of the mostprobabletrajectoryleadingto ary point on 9Q arisesfrom the drift b
on 91 itself. (By (5.6), thedrift alongo? is proportionafto x.)

The formulae(5.9)—(5.11)make quite precisethe far-field (X — oo) Gaussiar(or in-
vertedGaussianpsymptoticthat mustbe imposedon the solutionp(X !, X2) of thetrans-
formedKolmogoror equation(5.7). First, to leadingorderwe musthave

(5.12) p(X', X% ~exp(—X'Z(H)X/2), X — oo outsidethewedge.

Also, in Subcasé\ of u < 1 we musthave

(5.13) p(X1,X?%) ~exp (—XtZ(H)X/2) , X — oo insidethewedge.
In Subcas® of 4 < 1, orwhenyu > 1, we musthave

p(X1, X?) ~ exp (—239(H) (X2)2/2) , X — oo alongd!?, onthewedgeside,
(5.14)

sincethe boundaryd(2 is the X 2-axis. The Dirichlet boundaryconditionp(0,-) = 0 must
alsobeimposedsincethe quasistationargensityis absorbedan the boundary

In generalit is not easyto solve the partial differentialequation(5.7) on the half-plane
X! > 0, subjectto theseboundaryconditions. Our treatmentf the genericy < 1 and
genericy > 1 casesjn Sections6 and 7 respectiely, will be craftedto circumwent this
problem. For the caseu < 1 we shallexpandon a larger lengthscalghan O (e'/?); for the
caseu > 1, onwhichwe have lessinformation,we shallusestochasti@nalysis.In advance
of ourdetailedreatmentswe obserethatthefar-field behaior of theexit locationdensityp,
(on the O(e!/?) lengthscaleear H) follows from (5.12)—(5.14).By (2.3) the exit location
densityis simply proportionalto the normalderivative of theinnerapproximatiorv?. If we
substitutethe above expressionsor Z (H), Z(H) andZsq (H) into (5.12)—(5.14)we obtain
farfield asymptotics

exp [0- (s?/e)], s/et/? - +o0;
(5.15a) pe(8) ~ {exp [_ cQﬂ_{(_ﬂ(:_'l—)ly (82/6) , 8/61/2 - —c0

if 4 <1 (Subcasé\), and

X - (s2/€ el/? .
N pels) ~ {EX§ Eu((;//e))]] ,; z§61/2 j tz
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if p < 1 (Subcasa), and

pp—172 s _
(5.15c¢) pe(s) ~ {exp [_m(s /6):| , 8/e/? = +o0;
exp [—u(s?/e)], s/el/? &5 —oo

if u > 1. Thezerocoeficientsin theexponentof (5.15a)and(5.15b)indicatethatthecorre-
spondingasymptoticsaaresub-GaussiariWe have written s for Az? (the distancealongds?,
measuredrom H), for consisteng with thelntroduction andhave takenthewedgesideof H
to bethesideonwhich s < 0. Noticethatasy 1 1 (resp.u | 1) theasymptoticof (5.15b)
and(5.15c)comeinto agreementSubcasé\, however, hasno y > 1 counterpart.

Actually, thereis one nongenericcasein which the partial differential equation(5.7),
subjectto the boundaryconditions(5.12)—(5.14) canbe solved explicitly. This is the case
whene = 0, i.e,, whenthe linearizeddrift B(H) at the saddlepoint hasthe propertythat
its eigervaluese; ande,, areorthogonalwith respecto the inner productspecifiedby the
localdiffusivity tensorD(H). If ¢ = 0 andu > 1, theclassicallyforbiddenwedgevanishes
therayse, andé,,, which form theboundaryof thewedge becomddentical.In picturesque
languageasc — 0 (wheny > 1) thewedgedisappearto theboundarydf?, andtheaction
becomeswice continuoushdifferentiableonaneighborhooaf the saddlepoint. In thiscase
it followsfrom (5.15c),by settinge = 0, thatthetwo Gaussiarlecayratesof theasymptotic
exit locationdensityareequal. This suggestshat p, is asymptoticto a Gaussian.We now
explainwhy thisis thecase.

If thereis no wedge,the far-field asymptoticsoecomeGaussiarratherthan piecavise
Gaussianthey reduceto p(X*', X?) ~ exp (—X'Z(H)X /2), sinceonly (5.12) applies.
Butif ¢ = 0 theexpression(5.9)for thematrix Z (H), whichis valid wheny > 1, simplifies
to

-2 0
(5.16) Z(H) = [ 0 2 ] .
Sothefarfield asymptoticsvhich mustbeimposedon the solutionof (5.7) simplify greatly;
we have p(X1, X?2) ~ exp[(X1)? — u(X?)?]. Moreoverif ¢ = 0 thefinal termin (5.7)
vanishesallowing asolutionon X! > 0 with theseasymptoticgo befoundby separatiorof
variableslt is

(5.17) p(X1, X?%) = exp [-p(X?)?] G(XY),

in whichtheboundarylayerfunctionG(-) is definedby

2 2 2 z 2
(5.18) G(z) =¢€” erf(z) = —¢€* / e % ds.

Thereforewhenc = 0, andy > 1, we have theinnerapproximation

U?(xla x2) ~

(5.19) {K(H)exp (—W (H)/e)}exp [—u(z> — H?)?/e] G ((ml —HY /61/2) .

Thefactor K (H) exp (—W (H)/e) is includedto facilitatematchingwith the outerapproxi-
mation.

Notethatin (5.19)we mustinterpretz! — H', 22 — H? aslinearlytransformed‘primed’)
versionof theoriginal coordinatesr! — H!, 2> — H?. X = (X!, X?)in (5.17)reallymeans
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X' = OD(H)~'/?2X, for O asuitablychoser(orthogonalyotationmatrix; similarly,  — F
in (5.19)mustbe interpretecasO D (H)~'/2(x — H). Using (5.16),we canrewrite (5.19)
in a partially covariantform. We obtain

(5.20) (2!, 2?) ~

€

{K(H)exp (W (H)/e)}exp [~ (z" — HYW i (H)(z? — H7)/2€]
x erf [ (! — H') /2],

with thesameproviso ontheinterpretatiorof thefactorz! — H! in theargumentof theerror
function. This way of writing the inner approximatiorto v+ makesit clearthatits leading
asymptoticasz /e'/? — oo areindeedthoseof (5.1). Thefinal factorin (5.20)is attributable
to the absorbingooundaryconditionat X! = 0. This boundarylayerfactormay be written
in fully covariantform as

(5.21) erf (/\U(H)I/ZniD,-j (H)(«7 — HY) /61/2)

wheren! is acontrazariantunit normalvectorto 0Q at H, satisfyingn?D;; (H)t! = 0 for ary
vectort! tangento 9 at H, andnormalizedsothatniD;;(H)n/ = 1. We have includedin
the argumentof the errorfunctionafactor\, (H)'/2, which will be presenif \,(H) is not
takento equalunity.

We stressthat we can constructsucha simple inner approximationas (5.20) in the
caseu > 1 only whenc = 0, i.e.,, only whenthe eigervectorsof B(H) are orthogo-
nal with respectto the inner productspecifiedby D;;(H). A covariantway of express-
ing this condition may be derived asfollows. e,;'D;;e,/ = 0, i.e, e,D(H) ‘e, = 0,
meanghatD(H) '/?e, andD(H)'/?e, areorthogonain thecorventionalsense Equiv-
alently D(H)~'/2B(H)D(H)'/? hasorthogonaligervectorsandis a symmetricmatrix.
But D(H)~'/?B(H)D(H)'/? is symmetricif andonly if B(H)D(H) is symmetric,i.e.,
if the tensorb? ;D7* is symmetricunderthe interchangeof i andk atz = H. Thisis the
covariantform of thecondition. It is easilychecledthatif b* = —D% 9;® for somepotential
field ® thathasasaddlepointat H, thenthe conditionis necessarilgatisfied.Thec = 0 con-
dition for the validity of the innerapproximation(5.20),wheny > 1, is really a condition
thatthedrift b belocally gradientat H.

Stochasticexit modelsin which this local gradientcondition holds are unfortunately
nongenericButif u > 1, andtheconditionholds,it is aneasymatterto determineboththe
asymptoticf the exit locationdensityon 052, andthe MFPT asymptotics.Equation(2.3)
yields

(5.22) pe(z) x exp [—(z' — HYW;;(H) (27 — H)/2¢], = €0Q

for the densityof the exit locationdistribution in thee — 0 limit, on the O(¢'/?) length-
scalenearH . Sothedensityon 912 is indeedasymptoticallyGaussianwith the samefalloff

rateas (z — H)/e'/? = oo to eithersideof the saddlepoint. We stressthat this Gaussian
behaior canonly occurin theabsenc®f a classicallyforbiddenwedge.

Equation(2.7),which expresses\ﬁo) in termsof theflux of probabilityinto 92 nearH,
whenappliedto theinnerapproximation(5.20)will yield

(5.23) (Ee) " ~ A0 ~ %\/det Z(9) G;‘g;lK(H) exp (=W (H)/e), €—0,
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astheweak-noiseMFPT asymptoticsHerethefactor,/det Z(.S) arisefrom thedenomina-
tor of (2.7). Theasymptoticsof (5.23)arevalid only if the coordinates:! nearH have been
linearly transformedn suchaway that D(H) = I; thiswasassumedvhenwe derivedthe
innerapproximatior(5.20).

Mo(H) [ det Z(S)
7\ Tdet Z(H))|

(5.24) (Er.)”" ~ A0 ~ K(H)exp(-W(H)/e), €—0
is thegeneralizationo arbitrarycoordinatesystems.

We know from Wentzell-Freidlintheorythatthe leadingordergrowth of the MFPT E7,
in thee — 0 limit is exponentialwith rateconstan? (H). Theasymptoticexpression(5.24)
includeshisexponentiagrownth, andalsoaconstanpre-eponentiafactor Thepre-exponential
factor like W (H), is nonlocal:it is notuniquelydeterminedy thebehaior of thestochastic
modelin thevicinity of S andH. Thatis becaus¢he ‘frequeng factor’ K (H), which mul-
tiplies the frequeng of excursiongo thevicinity of H, canonly be computedby integrating
thesystenof ordinarydifferentialequation$3.8a),(3.8b),(3.11),(3.12),(3.14)from S to H
alongthe MPEP. The only exceptionto thisis whend! = —D%¥9;® for somedifferentiable
function®, i.e., whenb is globally aswell aslocally gradient.In this caseit is easilychecled
thatWW = 2® and K = 1, sothe pre-exponentiafactorin (5.24)is locally determined.

Thee — 0 asymptoticsvhich we have just derivedfor the exit locationdensityp, and
the MFPT Et. are quite familiar from the literature[27, 42, 46, 50]. In factthe MFPT
formula (5.24) can,in the contet of chemicalphysics,be tracedbackto Eyring [21]. But
our new derivation of the Eyring formulamalesit clearthatit is valid without qualification
only whenthe classicallyforbiddenwedgeis absent. In generalthis will occuronly in a
single nongenericcase: whenthe drift field near H satisfiesthe local gradientcondition,
andmorewver the eigervalueratio u > 1 (i.e., 8;b*(H) < 0). This hasnot previously been
realized.

6. Skewingand MFPT asymptoticswhen8;b!(H) > 0. We now turnto genericmod-
elswith b ;(H) > 0, i.e., modelsin which the eigervalueratio u = |\s(H)|/Au(H) < 1.
By building on the analysisof Sections4 and5, we shallshown thatgenerically the limiting
exit locationdistribution nearthe saddlepoint H is a Weibull distribution on the O(e*/2)
lengthscaleasmentionedn theIntroduction.It is non-Gaussiaandasymmetric.

In this sectionwe shallfor simplicity take the linearizeddrift B;(H) = b ;(H) to be

(6.1) B = | AS?H)]:[}: —Ou]’

asin Section5, andtake D(H) = I. Thelower triangularform for B(H) canbearranged
by anappropriatdinearchangeof coordinatesiearH, ascanD(H) = I. A,(H) = 1 can
bearrangedy arescalingof time andnoisestrength With this choiceof B(H), thebound-
ary 8Q will (nearH) be parallelto the 22-axis. The mostprobableexit path(MPEP)from

S to H will genericallybe tangentto 052, andwithout lossof generalitywe assumehatit

approached#l from thefirst quadrantasin Fig. 4.1(a).

Thebasicpropertieof u < 1 modelswereworkedoutin Sectionst and5. Generically
thereis a classicallyforbiddenwedgeemanatingrom H, onthe boundaryof whichthe Hes-
sianmatrix W ;; is discontinuouslf ¢ < 0 (‘Subcase’) thenwithin thewedgeW ;;(x) has
rank-1limit W,ij(H) asx — H, thoughif ¢ > 0 (‘SubcaseB’) W (x) in thewedgewill not
beaquadratidunctionof  nearH. If x — H from outsidethewedge .g., alongtheMPER
thenW ;; () — 0. OutsidethewedgetheactionW is ‘flat’ nearH. Sincethe outerapprox-
imationto the quasistationargensity»? (z) containsanexponentiaffactorexp (—W (z)/e),
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this is a signthat on the classicallyallowed side of H, the quasistationarglensityfalls off
only slowly (moreslowly thanquadratically).As a consequencthe appropriatdengthscale
for aninner approximatiomear H shouldbe largerthan©(e!/2). Onthe O(¢'/?) length-
scalethe asymptoticsof v0 andthe exit locationdensityp. aregivenby (5.12)—(5.14)and
(5.15a)—(5.15b)ut anapproximatioron thatlengthscalés not particularlyuseful.

We shavedin Section4 thatwheny < 1, thetangenlspacéZ“(H,O)M}LS’O) to the man-
ifold M‘(‘S,O) c Q x R? at (H,0) genericallyequalsthe linear spanof two eigervectors
of the linearizedHamiltonianflow: the stableeigervector (e;,0) andthe unstableeigen-
vector (e,,,0). Sincethe MPEP ¢*, regardedas a trajectoryin the phasespace() x R2,
terminatesat (H, 0), it mustapproach H, 0) alongthe tangentvector(es, 0); sincee;, lies
in 912, thatis why theMPEPIis tangento 0f2. Thistangeny conditionis of courseanasymp-
totic statementyalid only ast — oo, i.e., as(H, 0) is approachedA morerefinedanalysis
wouldtakeinto accounthefactthatthelinearizationof theHamiltonianflow hasboth (e, 0)
and(é,, g,) asstableeigervectors.They haveeigetrvaluesh; (H) = —pand—A,(H) = —1
respectrely, soa precisedescriptionof thet — oo asymptoticof the MPEPwould be

(6.2) q*(t) ~ H+ Cse "te, + Ciete,, t — o0.

Sinceu < 1, thefirst termis dominantast — oo, andgivesriseto the approactalongo.
But the coeficient C, of the subdominanterm, like C,, is genericallynonzero. The two
coeficientscanonly befoundby computingthe MPEPexplicitly: by integratingHamilton’s
equationg3.8) from (z,p) = (S,0) att = —oo to (H,0) att = oo. ThefactthatC, is
genericallynonzerowas taken into accountwhen plotting Figs. 4.1(a),4.2(a),and 4.2(b);
in thosethreefigures,the slight deviation of the approachingMPEPfrom 952 is dueto the
e term.

Explicit formulaefor theeigervectorse, andé; appeain (5.8);wemaytakee, = (0,1)
andé; = (u — 1,¢). So(6.2) maybewritten, if Az signifiesz — H, as

(6.3) (Az', Az?) ~ (C‘S(u —1)e™ Cye ™™ + C'sce_t) .

We musthave C; < 0 andC, > 0, sinceit is our conventionthatthe MPEPapproache$l
from the first quadrant. As t — oo and H is approachedthe MPEP will genericallybe

asymptoticto the curve Az? = A(Az!)*, where A ol [Cs(n — 1)]*. This asymptotic
behaior occursirrespectie of thevalueof c.

Sincetheboundanjayernearthecharacteristiboundaryd$) hasthickness?(e'/?), the
innerapproximatiomearH shouldbevalid whenAz! = O(e'/?). Butif theinnerapprox-
imationis to be valid on a region containinga nontrivial (ase — 0) portion of the MPER
it shouldalsobevalid whenAz? = O(e#/?). Sox' — H' andz? — H? shouldbe treated
asymmetrically Wheny < 1, the appropriateboundaryregion for the innerapproximation
is a strip neardQ onwhich Az!' <« Agz?2. This thin strip shouldextendfrom H alongdQ
in the directionof the approachindPEP;equialently, it shouldnot extendin the direction
of the forbiddenwedge. As previously discussedthe appropriatdengthscaldor an inner
approximatioron thewedgesideof H is O(e'/?), not O(e*/?).

Let uswrite (z, z) for (Az?, (Az?)!/#); the changeto noncovariantnotationwill em-
phasizethe asymmetry In the (z, z)-planethe boundaryregion will be the region where
z, z = O(¢'/?). The MPEPwill approachH = (0,0) ast — oo alonganasymptotically
lineartrajectoryz ~ Al/kz. It is an easyexerciseto shaw, usingthe matrix Riccati equa-
tion (3.14)in thelinearapproximatiomearH, thatirrespectve of theasymptoticslopeA!/#,
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the matrix of secondderivatives

2w 92w

> def o0x?2 0Ox0

(6.4) Z(z,2) = a’fév agwf
0z20x 0z

will have afinite (nonzero)imit ast — oo, i.e., astheMPEPapproacheg!. In thecomple-
mentof theforbiddenwedge theactionW nearH is quadratidn z andz.

This quadratideading-ordebehavior will mandatefar-field [(z, z) /e!/2 — oc] asymp-
toticsfor theinnerapproximatiorto v thatare Gaussiarn termsof z andz. Theinnerap-
proximationis bestwrittenin termsof the stretchedvariablesX = z/e'/2 andZ = z/e'/2.
It maybeconstructedby solvingalinearizedversionof theapproximatdéorwardKolmogoros
equation?p = 0, asfollows. In thelinearapproximatiorwetake b*(x) ~ B*;(H)(z? —HY)
andD¥(x) ~ D% (H), andthe Kolmogoros equationreduceso

(6.5) (¢/2)D"(H)8:0;p — 0:[B';(H)(a’ — H')p] = 0.

Substitutingboth (6.1)and D(H) = I, andchangingvariablesrom (z!,22) to X = (2! —
HY /2 andY = (22 — H?)/e*/2, yields
1 32p Gl_u 62p 6 8 (1—p)/2 8 .
2ax2 T 9 a7 —a—X[XP]+N8—Y[YP]—C€ 6_Y[Xp]_0'
In thee — 0 limit thisbecomes
1 9% o}

0
(6.7) 29X2 9% Xp|+ Na—Y[YP] =0,

andsubstitutingl” = Z* yields

(6.6)

L% op

(6.8) +Z—=—-(1-pp=0.

20X? 0X 0Z
ThisPDEfor p = p(X, Z) mustbesolvedin the boundaryregion.

In termsof the stretchedrariables( X, Z) we mayview theboundaryregionastheright-
half planeX > 0, andthe boundaryoQ) asthe Z-axis. The locationof the classicallyfor-
biddenwedge,in termsof X andZ, is easilydetermined As shavn in Section4 thewedge
is boundedby the ray consistingof all multiplesof e,; sincee, = (¢ + 1,¢) by (5.8b),
its boundaryhasequationAz? = [¢/(u + 1)]Azt, or Z = [c/(p + 1)]/Hel=m/20 X1/ K,
In thee — 0 limit the boundaryof the wedgebecomeghe X -axis: of the first andfourth
quadrantsn the (X, Z)-planeoneis classicallyallowed,andthe otheris forbidden.We are
takingthe MPEPto approach( X, Z) = (0, 0) from thefirst quadrantsoit is thefourth that
is forbidden.So(6.8) shouldbe solvedonly in thefirst quadrant.The extremesuppressioonf
the quasistationargensityin theforbiddenwedge(on the O(e#/?) lengthscalejllows usto
setp = 0 whenZ < 0, for bothSubcasé\ andSubcasé.

A family of solutionsof equation(6.8),eachwith far-field asymptoticghatareGaussian
in X andZ, canbefoundby inspection Eachsolutionis of theform

Z\-texp(2BX Z — B2Z?), if Z > 0;

(6.9) p(X, Z) o {0 if Z<0,

for someconstantB. Actually weshalluseantisymmetrizedodd)versionsof thesesolutions,
sincep mustsatisfythe Dirichlet boundaryconditionp(0, -) = 0 on accouniof absorptiorof
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probabilityon Q2. AntisymmetrizingunderX — —X vyields

Z'~#sinh(2BX Z) exp(—B%Z?), if Z >0,
(6.10) p(X,2) x {0’ it 7 <0,
Rewriting (6.10)in termsof Az? = z* — H? gives
(@) ~ C(Az?)M/W~tginh [2B(Azt)(Az?)/# /] exp [-B*(Az?)*# [e], Ax? > 0;
¢ 0, Az? <0
(6.11)
asthedesirednnerapproximatiorfor the caseu < 1, with C to befoundby matchingto the
outerapproximationFrom(6.11)we canreadoff thebehaior of W andK asxz — H when
Az? > 0 (i.e., in thecomplemenof theforbiddenwedge) Necessarily

(6.12a) W(z) ~ —2B(Az")(Az?)'/* + B2(Az?)/H
(6.12b) K(z) ~ C(Az?)/m-1,

It is a usefulexerciseto verify thatthe leading-ordemapproximationg6.12),irrespectve of
thevalueof B, areconsistenwith thesystenmof ordinarydifferentialequationg3.8a),(3.8b),
(3.11),(3.12),(3.14)in thelinearapproximatiomearH .

Noticethat K — 0 asxz — H from outsidethewedge:in particular alongthe MPEP.
In otherwords,our analysispredictsthatthe nominalfrequeng factor K (H) is generically
zeo wheny < 1. This phenomenoiasin factbeenseenin numericalstudiesof particular
models(see,e.q., Ref. [6]). We have verified that this behaior is genericby numerically
integrating the transportequation(3.12), in a wide variety of modelswith p < 1, from
(z,p) = (S,0) to (H,0). Thefactthat K (H) = 0 is yetanothereasorwhy thetraditional
formula(5.24)for the MFPT asymptoticsannotbe genericallyapplicable.

It turnsout thatthe model-dependeronstantB in theinnerapproximationis uniquely
determinedby the approachpath taken by the MPEP. Sincep; = 9;W, differentiation
of (6.12a)yields

p(H + Az) ~
(6.13) (—2B(Aa:2)1/“, —2Bu~L(Agt)(Ag?)W/m-1 4 232u’1(Aa:2)(2/")*1)

ontheAz? = O ((Az!)*) lengthscaleearH. But by (6.1),
(6.14) b(H + Azx) ~ (Az', —p Az® + c Azt)

nearH. Substituting(6.13)—(6.14)nto Hamilton's equation(3.8a)for & yields, to leading
order,

(6.15) %(Ml, As?) ~ (~2B(A2*)¥ + Az’ —pAa?)
It is trivial to verify thatthis asymptoticequationof motion nearH is compatiblewith the
MPEP approachpath Az? ~ A(Az')* if andonly if B = A~'/#. SinceA is the limit
of theratio Az? /(Az!)* alongthe MPEP asit approache#, the constantB in theinner
approximatiormaybe computechumerically if desired.

Now thatwe have constructedaninner approximatiorto the quasistationargensityv?
thatis asymptoticallyaccuratease — 0, we cancomputethe asymptoticexit locationdistri-
butionandMFPT asymptoticsSinceD (H) = I, equation2.3)saysthatasymptoticallythe
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densityof theexit locationmeasuren o2 is proportionako thenormalderivative of v2. This
is simply the rateat which probabilityis absorbedn 912, asa function of position. By dif-
ferentiatingthe innerapproximation(6.11) with respecto Az! andsettingAz' to zerowe
obtain(sinceB = A~1/n)

(6.16) pe(8) ~ { (ﬁ) s/ exp[—(s/A)*/* €], s> 0;
s <0.

7

Herewe have written s for Az? (the distancealongd(2, measuredrom H) for consisteng
with the Introductionand Section5. The overall normalizationof (6.16) is fixed by the
conditionthatp. have unit total mass.

The asymptoticexit location density (6.16), which is localizedon the s = O(e#/?)
lengthscaleis of anunusuaform. It is the densityof a Weikull distribution [3], with shape
paramete2/y andscaleparametet /Ae*/2. Weibull-distributedrandonvariablesaresimply
powersof exponentialrandomvariablesandp. may be viewed asthe densityof an ‘offset’
randomvariable S, equalto AM*/?, where M is an exponentialvariateof meane. The
Weibull distributionis decidedly skewed’; in factit is supportecentirelyonthes > 0 sideof
thesaddlepoint. Thats > 0, ratherthans < 0, appear$ereis solelyamatterof corvention.
By corventionthe s > 0 sideof H is the side from which the MPEP approachesasin
Fig. 4.1(a).For laterusewe notethat

(6.17) EG, = / spe(s)ds ~ AT(1 + p/2)e"’?, € =0
0

is theexpectedoffsetfrom H alongof?, in modelswith p < 1, atthetime of exit.

The qualitative featuresof the asymptoticdensity(6.16) canbe explainedby reference
to Fig. 4.1(a). The quantity s>/# in the exponentis roughly proportionalto the squareof
the distancebetweerthe point (0, s) on 9 andthe closestpoint on theapproachindlPEP.
This is consistentvith a picturedevelopedelsavhere[34], accordingto which the MPEPis
surroundedy a ‘tube’ of probability current,the tube having a Gaussiarirans\erseprofile.
We have alreadydiscussedvhy thelimiting p.(s), ontheO(e*/?) lengthscaleis zerofor s <
0. Thepointson 992 with s < 0 areclassicallyforbidden,andp.(s) in theforbiddenregion
fallsto zeroonthe s = O(e'/?) lengthscaleas summarizedn (5.15a)—(5.15b).Subcases
A andB differ significantlyonthe O(¢'/?) lengthscalebut onthelarger O(e#/2) lengthscale
their behaior is identical.

It is clearhow thee — 0 MFPT asymptoticsmay be computedrom the innerapproxi-
mation(6.11). Asymptotically)\go), i.e, (ETE)_I, is simply the flux of probabilityinto of2.
As suchit is proportionalto the constanprefactorC in (6.11). If theinnerapproximationis
to matchto the outerapproximationpy (6.12b)we musthave

(6.18) C=Lexp(—-W(H)/e),

whereL is thelimit of the quantity K (x)/(Az?)(1/#~1 asz — H alongthe MPEP. This

formulafor C' hasnovel consequence3hefactorexp (—W (H)/¢) givesriseto thefamiliar

Wentzell-Freidlingrowth factorin E7.. But the pre-exponentialfactorin the asymptotics
of (Er.)~" is not proportionalto the (genericallyzero) nominal frequeny factor K (H),

asin the Eyring formula (5.24),but ratherto L, the rateat which K (x) approachegeroas
the MPEPapproachedi. In factsubstitutingthe innerapproximationinto (2.7), andusing
B = A~k yields

pA/HL

7

(6.19) (BEr) ' ~ 2O

det Z(S) exp (W (H)/e), e—0
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asthereplacementor the Eyring formula(5.24)whenu < 1. The /det Z(S) factorarises
from the denominatorof (2.7), asin (5.24). We remind the readerthat we are assuming
M (H) =1andD(H) = I here.

The genericapplicability (whenu < 1) of this formulafor the MFPT asymptoticsand
the genericinapplicability of the traditionalformula(5.24),have not previously beenrecog-
nized. It is remarkablethat despitethe nominalfrequeny factor K (H) equallingzero,the
pre-eponentiafactorin (6.19)fails to be e-dependentNaively onewould have expectedt
to containa positive power of e. A positive power of € is known to occurin theweak-noise
reciprocalMFPT asymptoticof stochastianodelswherethe frequeng factorequalszero
on accounbf theexit locationon 92 convergingto anunstabldixedpoint[32].

7. Skewingwhen 8;b(H) < 0. We now turnto genericmodelswith b’ ;(H) < 0, i.e,
modelsin whichtheeigervalueratioy = |\;(H)|/A.(H) > 1. Theasymptoticexit location
distribution nearthe saddlepoint H is localizedon the O(e!/?) lengthscaleandwe shoved
in Sectiorb thatit is genericallynon-Gaussiant hasdifferentGaussiarfalloff ratesto either
sideof H. In this sectionwe shallwork out an algorithm for computingits momentsof
ary desiredorder, thoughwe shall not computean explicit expressionfor its density Our
algorithmwill be basedon a stochasti@nalysis ratherthanon the constructiorof aninner
approximatiorto the quasistationarprobabilitydensity

As in Sectionss and6, without lossof generalitytake D(H) = I. Alsotake A, = 1,
andtake thelinearizeddrift B(H) = [b¢ ;(H)] to beof theform

(7.1) B =| ASE)H)]:“ —Ou]‘

With this choiceof B(H) theboundaryd) nearH will beparallelto the z?-axis,asin Figs.
4.1and4.2. Also, translatecoordinatesothat H = (0,0). With thesenormalizationghe
stochastidifferentialequation(1.1) becomesin thelinearapproximatiomearH,

(7.2a) dz!(t) = z}(t) dt + €'/ %dw, (t)
(7.2b) dz?(t) = —pax? dt + ezl (t) dt + €/ %dw, (t).

If the'stretchedprocess — (X (t),Y (t)) inthe(X,Y)-planeis definedo equal(z! (t), 22(t)) /€'/2,
theseequationsecome

(7.3a) dX(t) = X dt + dwy (t)
(7.3b) dY (t) = —pY dt + cX dt + dw.(t).

Sot — X (t) is aninverted(repelling)Ornstein-Uhlenbeckrocess On the O(e'/?) length-
scalenear H the region Q becomeshe right-half plane X > 0, andthe fact that equa-
tion (7.3a)doesnot involve Y indicatesthat with thesenormalizationsthe exit problemis
essentiallyone-dimensional.

Ourinterests in thefinal approactio theboundarywhichase — 0 will take placealong
the MPEP(mostprobableexit path)determinedn Sections4 and5. Genericallythe MPER
asshavn in Fig. 4.1(b),is tangento the stableray €, emanatingrom H. But ascomputed
in (5.8¢),&, equals(u — 1, ¢), whenthelinearizeddrift B?;(H) is of theform (7.1). Soas
e — 0, thefinal approacho 992, in thelinearapproximatiomearH, shouldbeincreasingly
concentratedearthe line z2/z' = ¢/(u — 1). To be sure, on the O(e!/?) lengthscale
the approactpathwill not have a deterministiclimit ase — 0. However, the straight-line
deterministicasymptoticsshouldappearin the far field of the O(¢'/?) lengthscale:going
backwardin time from the boundaryhitting time, the approactpathshouldbe asymptotico
thelineY/X =c¢/(n —1).
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TherandomvariableS, ger €'/2Y (1.), thedisplacementrom H alongtheboundarypQ
atthehitting time 7, is the quantitywhosedistribution we wish to compute We candefinea

time-re/erseq)rocess(X(u), f/(u)) toequal(X (re — u), Y (7. — u)),u > 0; 7 isof course

a randomvariable, which dependson the samplepath. With this definition, X(0) = 0
andY (0) = &, /€/2. We now explain how the small< asymptoticf thedistribution of &,
may be computed.

A straightforvardintegrationof (7.3b)fromwu = 0tou = T, i.e, fromt = 7. to t =
1. — T, yieldsthatfor ary T' > 0,

T
(7.4) Y(0) =Y (T)e T + / e M [eX (u) du — dws(u)).
0

We shallshaw shortlythatase — 0, theexpectedransittime of thefinal approactpathtends
toinfinity. Thisjustifiesthetakingof theT — oo limit whencomputinge — 0 asymptotics.
TakingtheT — oo limit yields

(7.5) 7(0) ~ /0 " e e () du — duws ()],

which is to be interpretedas a statementhat the left and right-handsidesare distributed
identicallyin thee — 0 limit. But f0°° e Mdwy(u) du is a Gaussiarrandomvariable of
meanzeroandvariancel /2. It followsthatase — 0, we have the asymptoticallyaccurate
representation

(7.6) Se/e'? ~c3(p) +3/\/2u,

where3 is standarchormalandtheintegral
(7.7) I(w) d=ef/ e "X (u) du
0

is aweightedareaunderthe graphof thetime-reversedorocessX (u), v > 0. Thetwo terms
in the representatiorf7.6) are independentand the asymptoticexit locationdensityp.(s)
equals(d/ds) Pr(&, < s), theprobabilitydensityof &..

Whenthe off-diagonaldrift coeficientc equalszero,we seefrom theabove representa-
tion thatthereis no skewing: the exit locationdistribution is asymptoticallyGaussianwith
variancee/(2u). Moreover, the skewing of the exit location distribution wheng > 1 is at-
tributable to the asymmetryof the densityof the randomvariable J(u). This conclusion
meshesnicely with the resultsof Section5. We deducedherethatwheny > 1, p.(s) has
differentGaussiardecayratesass/e!'/? — +oo; from (5.15c),

plp — 1) _
(7.8) De(8) ~ {exp [_m(32/5) , 8/€'? 5 +oo;
exp [—/J/(SQ/G)] , 8/61/2 o —00.

In deriving (7.8) the corventionwas adoptedthat the MPEP shouldapproachH from the
s > 0 side; this amountsto assumingthatc > 0. The Gaussiarfalloff of the density
of the 3/4/2u termin (7.6) may be viewed asthe causeof the comparatiely rapid Gaus-
sian decayof p.(s) ass/e'/? — —oo, sincethe randomvariableJ(x) is non-neyative.
In factby independencehedensityp, (-) will bethecorvolutionof thedensitiesof €'/23(u)
ande'/23/,/2p. Equivalently, the genericasymptoticexit locationdensityon the O(e/?)
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lengthscalewill be the corvolution of the density of ¢J(u) with a Gaussian(the density
of 3/v/2Zh).

To determinethe distribution of the randomvariableJ(u), or at leastits momentswe
needto analysethe process: — X (u). Recallthatthisis a time-reversed scaledversionof
the one-dimensionabrocess — ! (t), conditionedon its exit attime .. To facilitatethe
analysiswe shallimposea seconctonditioning.By the‘final approactpath’ we shallmean
thatsegmentof thetrajectoryt — x.(t) whichleavessomespecifiedneighborhooaf S and
terminate®n 9 attime .. Leta > 0 bespecifiedandsupposehatalongthefinal approach
path,z!(t) firstreacheshepointz! = ae'/? attimet = 7. — u; equivalently, that X (¢) first
reacheshepoint X = a attimet = 7. — u. ThentheprocessX (t), 7. —u < t < 7, will
be aninvertedOrnstein-Uhlenbeckrocessonditionedto satisfy X (7.) = 0 and X (¢) > 0
forall t € (1. —u,7.). And thetime-reversedprocessX (u), 0 < u < u, will beanOrnstein-
Uhlenbeckprocessonditionedo satisfy X (0) = 0 andX (u) > 0 for all u € (0, ).

ConditionedOrnstein-Uhlenbeclprocessesre well understoodso the only obstacle
to a full understandingf the X processs the needto determinethe distribution of u, the
‘additionaltime to exit’ randomvariable.lt is notdifficult to computethe asymptoticof the
distribution of u in thelargea limit. Thetransitiondensityp(Xo, to; X1, t1) of anOrnstein-
Uhlenbeclprocesss of theform

(7.9)  p(Xo,to; X1,t1) = [2m07_, [T /2 exp [— (X1 — e 7 Xo)? /207 4]

whereo? o (€2* — 1) /2 is thevarianceat elapsedime z. If the processX (t) is conditioned
to begin ata > 0 atsomespecifiedtime tq, the probability of its having reachedX = 0 by
timeto + 4 will by themethodof imagesequal[11]

(7.10) 2{1—/ p(a,to;Xl,tO-l-ﬁ)Xm}.
X130

This absorptiorprobability equalsPr(u < @), the probability thatthe additionaltime to ab-
sorptionis no greaterthand. Substituting(7.9)into (7.10),plussomeelementarymanipula-
tions,yields

(7.112) Pr(u < @) ~ exp (—6_2(11_109“)) ,  a— 00.
It follows thatwe maywrite

(7.12) u~loga+®, a— oo,
wheretherandomvariable® satisfies

(7.13) Pr(® < @) = exp (—e 2%).

Formula(7.12)is an asymptoticequalityin distribution, andthe distribution of & is a so-
called Gumbel(or doubleexponential)distribution of the sort that arisesin extremevalue
theory[44].

It shouldbe pointedout that formula (7.12) hasa direct physicalinterpretation.If a is
takento equalCe—'/2 for someC > 0, sothatu is theamountof time thatelapsedetween
the momentthe final approachpathreachesr! = C andthe momentof final absorption
atz! = 0, formula(7.12)impliesthatto leadingorderase — 0,

(7.14) Fu ~ log (06—1/2) ~ (1/2)log(e™1)
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irrespectveof C'. In otherwords,thetime neededor theprocesso makeits final approactio
the characteristiboundarygrows logarithmicallyin e. Thislogarithmicgrowth is to be con-
trastedwith the exponentialgrowth of the MFPT E7. ase — 0. The exponentiatimescale
is the timescaleon which a successfukxit is expectedto occur; whenit occurs,however,
it takesplaceon a muchfaster(logarithmic)timescale. This is the timescaleof the ‘Great
LeapForward’ of Ludwig [30]; seealsoRefs.[32, 34]. Actually, formula (7.12) permitsa
refinemenof Ludwig's picture. (1/2) log(e~!) is essentiallythetime neededor the deter
ministicMPEPto approactwithin anO(e!/?) distanceof thecharacteristiboundary Onthat
lengthscalgthe width of the boundarylayer) the MPEP ceasego be well-defined;equiva-
lently, the limiting approachpath processceasego be deterministic. The Gumbelrandom
variable® of (7.12)is theextra, randomamountof time neededor the procesgo reachthe
boundary

We now considerthetheimplicationsof the representatiof7.12)for the time-reversed
processX (u), u > 0, andtheweightedintegral J(i). X is an Ornstein-Uhlenbeckrocess
satisfying

(7.15) dX (u) = =X (u) du + dw(u),

conditionedto satisfy X (0) = 0 andX (u) > 0 for all u > 0. Moreover, it is conditionedo
satisfy X (u) = a. In thelargea limit we maywrite this conditionas X (log a + &) = a, and
conditioningontheevent® = @ will imposeanextra condition

(7.16) X(loga+1i)=a

on the processX. In the languageof randomprocessesoncea value @ for the Gumbel
randomvariable® is specifiedthe processX (u), u > 0, becomes conditionedOrnstein-
Uhlenbe& meandeiprocess ‘Meander’ refersto thefactthat X (u) > 0 for allu > 0, i.e,
thefactthatreturnto zero(i.e., to 09) is notallowed[16].

We shall shortly seethatimposingthe condition(7.16) on an Ornstein-Uhlenbeckne-
anderprocessandtakingthea — oo limit, yields a well-definedprocesswvhich we may
denoteX;(u), u > 0. Thisbeingthecasedefine

(7.17) Ja(p) = /00 e M X4 (u) du
0

to be the conditionedversionof J(u). By (7.6) the momentsof &, /€'/2, the normalized
displacemenalongof? atthetime of hitting, satisfy

l

=0

k
E(S/e?)F ~ (k> d(2p)* D2 E(p) B3+

Il
(]

k (k’) ¢ (@)~ DP2[(k — 1] B 3(u)

l0l

(7.18) = (

=0

|

k

l)c’(zu)—<k—l>/2[(k 0t [ B3 dexp(~e )]

=0
wherethe integral arisesfrom remaoving the conditioning® = 4. This formulais the key
result of this section: It expressegshe momentsof the asymptoticexit location distribu-
tion p(s) ds, wheng > 1, in termsof thoseof therandomvariablesi; (1). We now explain
how to computethe momentsof the J; ().
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For ary specifiedii, Xz (u), u > 0, is a Markov processvhosetransitionprobabilities
may be computedby taking the abore a — oo limit. However, it turnsout to be time-
inhomogeneous.To simplify the momentcomputationsijt is preferableto expressJz(u)
in termsof a relatedtime-homogeneouprocesswhich is basedon Brownian ratherthan
Ornstein-Uhlenbecknotion. This processwhich we shallcall w (t), ¢ > 0, is introduced
asfollows. Recallthata standardOrnstein-Uhlenbecgrocess(u), u > 0 satisfies

(7.19) o(u) = e "w ((e** —1)/2)

in the senseof equalityin distribution; herew(t), ¢ > 0, is a standardVienerprocess.For-
mally, imposingthe conditiono(u) > 0 for all u > 0 is equivalentto imposingthe condition
w(t) > 0 for all t > 0. SoOrnstein-Uhlenbeckieanden* andBrownianmeandemw™ are
alsorelatedby

(7.20) ot (u) = e "wt ((e** —1)/2).

Accordingly, imposingthe condition o™ (u) = a on Ornstein-Uhlenbeckneandero™ at
timewu = loga + 4 is equivalentto imposingthe condition

(7.21) a=e"wt ((e™-1)/2)

attimeu = log a + @ ontheassociated®rownianmeandenw™, i.e., imposingthe condition
wt ([a®e*® — 1]/2) = a®e®. By definingT = a®e??/2, we seethatfor ary fixed, in the
large (i.e., large-T") limit this conditionis to leadingorderarequirementhat

(7.22) wH(T) = 24T

In otherwords,imposingthe conditionot (u) = a on Ornstein-Uhlenbeckneanderwhen
u = log a + 4, in thelarge-a limit forcesthe associate®rownianmeandeto drift outward
atameanspeee %,

We now definew (¢), t > 0, to betheweaklimit asT — oo (i.e, asa — o) of the
standardBrownianmeandeprocessuv™ (t), ¢t > 0, whenconstrainedy thecondition(7.22).
We necessarihave, asanequalityin distribution,

(7.23) Xa(u) = e "wyi ((€** —1)/2),

sothat
Jalu) = [ e () du
0

= / e~ DUyt (€% —1)/2) du
0

(7.24) - / (14 26)~ 092t (1) dit.
0

The last equality follows by a changeof variablest = (e?* — 1)/2. The formula (7.24)
permitsthe computatiorof themomentof J; (1), asrequiredby (7.18),from thecorrelation
functions(i.e., finite-dimensionatiistributions)of the procesav . We shallshortly seethat
w is time-homogeneouspakingthis representatioparticularlyuseful.

The n-point correlationfunctionsof wj{ may be computedby takingthe T — oo limit
of the n-point correlationfunctionsof Brownian meandemw*, conditionedby (7.22). The
evaluationof this limit is facilitatedby the following fact. Recallthat a three-dimensional
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BesselprocessB(t), t > 0, is the radial coordinatein R® of a diffusing particle, corven-
tionally takento satisfy B(0) = 0. Thatis, B(t) equalsw? (t) + w3 (t) + w3 (t)]'/2, where
thew; (t) areindependenstandardVienerprocessedt is ausefulresult[25] thatthe Bessel
processB, whenconditionedto satisfy B(t') = z' for ary specifiedt’ > 0 andz’ > 0,
andBrownian meandenw™, whenconditionedto satisfyw™ (') = z', becomedenticalin
distribution onthetimeintenal 0 < ¢ < ¢'. This allows usto substitutehe Besselprocess
for Brownian meanderandto computeinsteadthe T — oo limit of the n-point correlation
functionsof B, conditionedon B(T') = 2e~%T'. Thesubstitutiorof B for w* simplifiesthe
computationfor the Besselprocesss (unlike Brownianmeander}ime-homogeneous.
Denoteby g(w1, t1; w2, t2) thetransitiondensityof the standardVienerprocessi.e.,

(725) q(wl,tl; wa, tg) dZEf [27T(t2 - tl)]_1/2 exXp [—(U)Q - w1)2/2(t2 - tl)] .

If instants0 < ¢ < ... < t, arespecifiedthe n-point correlationfunction of the Bessel
processB, whichwe shalldenotep™ (-, t1; .. .; -, t,,), is definedby

n
(7.:26) P (Wi, ti;. .. ;wn, t) EPI(B(t:) € wi+dwi, 1< i <) / [] dw:
i=1

It satisfies
n—1
(7.27) P (wi, b wn,tn) = pU (wi, ) T #ws, ti wira, tiga)
=1
where
(1) 2 5 2
(7.28) p'V(wy,ty) = —5WT exp (—wi/2t1)
1
and

(7.29) t(wi, t1; w2, ta) = (w2 /wr) [q(wi, t1; w2, ta) — g(—w1, t1; wa, t2)]

arethe probability densityandtransitiondensityfor the Bessebprocess Conditioningon the
eventB(T) = 2e~%T, whereT > t,, yieldsaprocesswith n-pointcorrelationfunction

(n+1) . . L 9o— 1
(n) . . d_efp (wlytla"'7wn7tﬂ726 T7T)
(7.30) Py, (Wi, t15 . W, tn) = p) (2e=2T, T)

In particular theconditionecﬁensitypg}f(w1, t1) satisfies

t(wy,t1;2e T, T
(7.31) pf;l,zp(wl,tl) Zp(l)(wl,tl) [ (w1, & )] )

pV) (2e~4T,T)
andtheconditionedransitiondensitytg (w1, t1; w2, t2) satisfies

ta,r(wi,t1;we, t2) =

P (wr, b wa, t)

(7.32)

t ta;2e 4T, T
=t(w1,t1;w2,tz) |: (w27 2; 4€ ) )] .

Pg)T(wlatl) t(wl,tl; 26_"1T, T)
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Letﬁg)(wl,tl) andt; (wy, t1; wa, t2) betheT — oo limits ofpfll’)T(wl,tl) andty, 7(wi, t1; wa, t2)
respectiely. It follows by takingtheT' — oo limit of thetwo factorsin bracletsthat

2 inh
( )(wlatl) p(l)(wl,tl)e_v t1/2 (M)
VW1
(733) — 1 (wl//()) [e_(wl—vtl)z/Qtl _ e_(w1+vt1)2/2t1

\/ 2mt3

and

ta(wi, t1;we, ta) =

sinh vw
(7.34) e~V (ta=t1)/2 (M) [q(wy,t1;w2,t2) — q(—w1, t1;we, t2)] .

Herev £ 2¢—2 is the quantityreferredto above asa meanoutwarddrift speed p( )(wl, t1)
andtg(wy, t1;we, t2) arethe densityandtransitiondensityof the limiting processw;:(t),
t>0.

The transitiondensity#; (wy, t1; ws, t2) is invariantundertime translation,so the lim-
iting processs a time-homogeneouMlarkov processas promised. It is well known [40],
and alsofollows from the form of the transitiondensity(7.29), that the three-dimensional
Besselprocesshasgenerator— (1/2)d2/dw — (1/w)d/dw. Similarly, it follows from the
formula (7.34) for the transitiondensityz (w1, t1; ws, t2) thatthe proces&u*(t) t >0,
hasgenerator—(1/2)d? /dw? — (v cothvw)d/dw. The coeficientv coth vw is asymptotic
to 1/w asw — 0, andto v asw — oo. This confirmsthatv = 2e~% canbe viewedasthe
speedf asuperimposedutwarddrift.

Now thatthe probability densityandtransitiondensityof the processv; areknown, its

n- pomtcorrelatlonfuncnonSp( )(wl,tl; .o Wn,t,) follow from
n—1

(735) ( )(wl,tl, v Wy, tn) = ﬁg)(wl,tl) H tﬁ('wi, tis Wiy, tz'+1).
i=1

And sinceJ; (u) is by (7.24)aweightedareaunderthe processw; , its momentscanbe ex-
pressedn termsof thesen-pointcorrelationfunctionsby repeatedntegration. It is notclear
however, whethera closed-formexpressiorfor thedistribution of J; (1) exists. If it doesit is
likely to be quite intricate, asis suggestedy the resultsof otherauthors. The problemof
computingthe distribution of the (unweighted)yareaundera Brownian bridge(i.e., a pinned
Wienerprocess)vassolved by Shepp[48] andothers,andthe correspondingproblemfor a
Brownian excursionby Louchard[28]. More recently Takacs[49] hascomputedhe distri-
bution of theintegral of the absolutevalueof a WienerprocessAll thesedistributionshave
closed-formexpressionshataresurprisinglycomplicatedthey involve, for example,double
Laplacetransformsof thelogarithmicderivative of anAiry function.

It is unfortunatethatonecannotgo directly from (7.33)and(7.34),or from the explicit
expressiorfor the generatonf the procesauv?, to a closed-formexpressiorfor the distribu-
tion of J5(w). If suchanexpressionrwereknown, it would be possibleto remove (by inte-
gration)the conditioningon & = @, andobtaina closed-formexpressiorfor thedistribution
of J(w). Thisin turnwouldyield a closed-formexpressiorfor thelimiting exit locationdis-
tributiononthe O (e'/?) lengthscaleButin theabsencef suchanexpressioronecanatleast
computehemomentsf thelimiting distributionto any desiredorder, by using(7.18),(7.24),
(7.33),and(7.34).
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The caseof the first moment(the expectedoffset from the saddlepoint H alongthe
boundaryo(?, atthetime 912 is reached)s particularlystraightforvard. By (7.18),

(7.36) E(&./e'/?) ~ cE3(n)
where
(7.37) B3 = [ B 3alu) diexp(—e 2.
=0
Moreover, by (7.24)
(7.38) EJa(p) = / 00(1 +2t)~ W32 Bt (1) dt,
0
in which
(7.39) Ew}(t) = /00 wpg) (w,t) dw,
0

with thedensitypg) (w, t) givenby (7.33).Evaluatingtheintegral (7.39)yields

2 2
(7.40) Ewl(t) = (v™! +0t) erf( v2t/2) + 1/%3—” 82

which is a resultof independentnterest; this quantity is the expecteddistancefrom 9Q
(on the O(e'/?) lengthscalekt ¢ time units beforeexit, if one conditionson the Gumbel
randomvariable® equallings. Substitutionof (7.40)into (7.38) and (7.37) yields, after
variousmanipulations,

(7.41) E3(u) = \/g uzl_ 1 f\(/ir‘/(i /i/f))

whereB(-, -) is theEulerbetafunction. We concludepy (7.36),thattheexpectedffsetfrom
thesaddlepointatthetime of exit, i.e., EG, = f0°° spe(s) ds,iswheny > 1 asymptotically
equalto ce'/? timesthis functionof the eigervalueratio .

Thisresultonthefirst momentprovidesadditionalinformationon thedegreeof skewing
presentn genericy > 1 models,over andabove the differing s/e'/? — +oc asymptotics
of p.(s) givenin (7.8). It is in factpossibleto speculatepn the basisof the Gaussiaralloff
ratesandthe first moment,on the functionalform of the genericasymptoticexit location
distributionwheng > 1. But we shallresistthetemptation.

We notebriefly, in conclusionthatthe probabilisticanalysisof this sectionmay be ex-
tendedto modelswith u < 1 aswell. If u < 1, we shavedin Section4 thatgenericallythe
MPEPis tangento 09. If thelinearizeddrift B(H) is normalizedasin (6.1),and D(H) =
I, the MPEP approacheshe saddlepoint H = (0,0) alonga curve z* ~ A(z')*, where
A canonly be computedby integratingHamilton’s equationsrom S to H. In this casethe
conditioningon z' = ae'/? attimet = 7. — u mustbe supplementeddy a conditioningon
z2 = A(ae'/?)*. It follows from the stochastidifferentialequation(7.2b) that asymptot-
ically, z%(7¢) ~ x?(7e — u) exp(—pu), irrespecwve of the valuetaken by the coeficient c.
Sinceu ~ loga + &, thisimpliesthatwhenu < 1,

& ~ A(ae'?)* exp[-p(log a + ®)],
(7.42) = Ae"!? exp(—pu®).
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By examination,this offset randomvariable &, hasthe Weibull distribution (6.16) previ-
ouslycomputedy the methodof matchedasymptotiexpansionsThis alternatve derivation
malkesit clearhow the Weibull distribution on the O(e#/?) lengthscalewheny < 1, arises
from theunderlyingstochasticsin particular from the Gumbeldistribution of the‘extratime
to absorptionrandomvariable®.

8. Two-dimensional Ackerberg-O’Malley resonance.Now that we have to a large
extentdeterminedhegenericasymptoticexit locationdistributions,in this sectionwe digress
to discusgheinterplaybetweerour resultsandawell known singularlyperturbedoundary
valueproblem.Recallthatif

(8.1) L. = —(e/2)D"9;0; — b'0;

is the generatorof the processe.(t), t > 0, thenthe solutionu, of the boundaryvalue
problem

(8.2) Lue = Aue in Q,u. = fonoQd
will in thespecialcase\ = 0 satisfy

(8.3) uc(y) = By f(zc(7e))

wherethe subscripton E signifiesthe startingpoint z.(0) for the process.As ¢ — 0 the
functionu, is expectedto ‘level, or tendto a constantexponentiallyrapidly; this hasbeen
verified rigorously for the caseof a non-characteristiboundaryby Eizenbeg [18]. The
levelling mesheswith the probabilisticpicturethat for ary y € Q, ase — 0 it becomes
overwhelmingly(exponentially)likely thata samplepathfor the processe. (t) will first flow
towardthestablepoint .S, andapproachs to within anO(e'/2) distancebeforeexperiencing
furtherfluctuations.As a consequencthe expectationE, in (8.3) may up to exponentially
smallrelative errorsbereplacedy Es, andu,(y) maybeapproximatedy ay-independent
constant.lf we assumehe exit locationon 92 corvergesin probabilityto a saddlepoint H
ase — 0, andthat f is continuousat H, thenu(y) — f(H) forally € Q.

Eventhoughu, will level exponentiallyrapidly andmaybeapproximatedby a constant,
the constantitself may corverge comparatiely slowly to f(H) ase — 0. It is possibleto
apply our resultsto determineits asymptoticsand the speedof its corvergenceto f(H),
ase — 0. Thebasicideais dueto Matkowsky, SchussandTier [39]. Theresultswe need
are (6.17) and (7.41), which give the expectedoffset from H along 0f?, at the time the
processe(t) exits Q. In the standardizatiorof the last two sections(the unstableeigen-
value )\, (H) takento equalunity, and D (H) takento equalI), we foundthatthe expected
offsetE6G, = f0°° s pe(s) ds hasasymptotics

(8.4) ES, ~ [AT(1 + pu/2)]€"/?, €0

if u<1,ie,8b(H)>0,and

2 1 B1/2,1/2)] 1
(8.5) E66~cl\/;u2_1+4ﬁ(u_l) R PN

if u > 1,i.e,9;b(H) < 0. Herep = |\;(H)|/\(H) asalways, A is a quantitythatmay
be computedrom theway in whichthe genericallyuniqueWentzell-Freidlintrajectoryfrom
S to H (theMPEP)approacheéf, andc is the off-diagonalelemenibof thelinearizationof b
at H (see(6.1)and(7.1)). B(-, -) is the Eulerbetafunction.
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It followsfrom (8.3),(8.4),and(8.5) thatif f ono< is continuoushdifferentiableat H,
thenfor all y € Q, u.(y) hasleadinge — 0 asymptotics
FUH) +[AT(1 + p/2)] f'(H)e?, if p<1;

(8.6) uc(y) ~ f(H)+c[\/gu21_1+f\(/¥(2/i/f))] FUH)E2, if p>1,

whichareindependentf y. If © > 1 andc = 0 (alocal gradientconditionat H, asdiscussed
in Section5) thenthe O(e!/?) correctionto f(H) will have zero coeficient. The same
will occur irrespectie of p, if b = —D® ;, i.e, if thedrift field b is globally gradient.
In thesenongenericasesheasymptoticexit locationdistributionwill beaGaussiarcentered
on H, onthe O(¢'/?) lengthscaleandthe leadingcorrectionto f(H) in u. will necessarily
beO(e'/?).

The asymptoticof (8.6) arestriking, especiallyin the caseu < 1. Sincep heednot be
rational,the presencef a leadingcorrectionterm proportionalto #/? impliesthatu, on Q
cannotin geneal be expandedin an asymptoticseriesin integral powes of €, or evenin
fractional powes. To placethis resultin contet, we remindthe readerthat the analogue
for one-dimensionaproblemsof the phenomenonwe are investigating(the existenceof a
nontrivial e — 0 limit on Q for the solutionu, of the singularly perturbedboundaryvalue
problem(8.2),for certainvaluesof X) is known asAdkerbeig-O’Malley resonancél]. In the
one-dimensionatasethe partial differentialequationL.u. = Au, reduceso an ordinary
differentialequation.Onemaysolvefor u. in closedform [43]. It is notdifficult to shaw that
whenA = 0, u. bothlevelsandcorvergesexponentiallyrapidly. The exponentiallevelling,
andthe constantimit, have thesameinterpretatiorin termsof the stochasti@xit problemas
they doin two-dimensionamodels.

Thepresencef irrational powersof € in the outerexpansiorfor u., in two-dimensional
resonancesuggestghat they may also be presentin the outer expansionfor the principal
eigenfunctionv? of £ (the quasistationarglensity). Thatis the reasorwhy, unlike mary
authors,we have refrainedin this paperfrom approximatingthe quasistationarglensityin
the body of €2 by aformal asymptoticseries sinceit is unclearwhatpowersof € shouldbe
present. Instead,we have worked only to leadingorder As we notedat the beginning of
Section3, for an outer expansionto be usefulit mustmatchto aninner expansion. And
the expansionbeyond leadingorderof the quasistationargensity+? in the boundarylayer
remainsanunsohedproblem.

9. Conclusions. The genericfeaturesof the two-dimensionaktochasticexit problem
with characteristiboundarywhenexit from the region 2 occursover a saddleH, arenow
clear As thenoisestrengthe — 0, the distribution of exit pointson the separatrixwill be
concentratednthe O(e#/?) lengthscal@earH (if theeigervalueratioy < 1) ortheO(e'/?)
lengthscaldif p > 1). In theu < 1 casethe exit locationdistribution is asymptoticto the
Weibull distribution (6.16),whichincludesa scalefactorthatcanonly be computedrom the
approachpathtaken by the MPEP (the optimal, or mostprobabletrajectory)from S to H.
In the x> 1 casethe limiting exit location distribution, whosemomentsare computable
(seege.g., (7.41)),containsno freeparametersit is determinedy the stochastialynamicsn
thevicinity of H.

In both caseghe limiting distribution will be ‘skewed’: non-Gaussiaandasymmetric.
Normally, it is Gaussiamnly whenthe deterministiadrift b satisfies? = — D 9;® for some
potentialfunction ®, or wheny > 1 andalocal versionof this equality(thec = 0 condition
of Sectionb) holdsnearH . Thesecaseswhich arecharacterizedy the absencef a classi-
cally forbidden‘wedge’ emanatingrom H, arenongeneric Although our two-dimensional
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stochastianodeldiffersfrom the barriercrossingmodelsemployedin chemicalphysicswe
believe thatthe genericityof the skewing phenomenois relatedto the phenomenoiwnf ‘sad-
dle point avoidance’[2, 4]. A numberof authorshave in fact alreadynotedthe presence
(in particularmodels)of a classicallyforbiddenregion. In theliteraturethe boundaryof the
forbiddenregionis sometimesalledthe ‘'stochasticseparatrix[2, 4, 17, 24, 42).

It is clearfrom our treatmenthatthe genericfeaturesof modelswith x4 < 1 areparticu-
larly interestingIn suchmodelsthefrequeng factorK (H) (thevalueof the WKB prefactor
atx = H, whichwould normallybeinterpretechasafactorby whichthefrequeny of excur-
sionsto thevicinity of H is multiplied) equalszeo. This feature Jike theanomalouslyarge
lengthscalever which the exit locationdistribution is spread O(e*/?) ratherthanO(e'/?)]
canbe tracedto the unusualapproactpathtaken by the MPEP. Wheny < 1 the MPEPIs
genericallytangento the separatrixd$) at H, asin Fig. 4.1(a). This grazingbehaior causes
theexit locationdistributionto beanomalouslyvide. It alsocauseshe WKB prefactorK (x)
to tendto zeroasxz — H alongthe MPER ascanbeshawn by integratingthe systenof ordi-
narydifferentialequationg3.8a),(3.8b),(3.11),(3.12),(3.14)from S to H. Anotherunusual
featureof genericmodelswith p < 1 is thatthetraditional(‘Eyring’) formula(5.24)for the
meanexit time asymptoticanustbereplacedby (6.19). Theformula(6.19)is unafectedby
K (H) equallingzero,andby the fact that generically the Hessianmatrix of the Wentzell-
FreidlinactionTV doesnotexistat H.

In this paperwe have only begun the exploration of the geometricaspectf the exit
problem. We commentedriefly on the interpretationof the matrix Riccati equation(3.14)
for 9;0;W in termsof symplecticgeometry The transportequation(3.12) for K(-) also
hasa geometricinterpretation[15, 38]. The naturalsettingfor the outer approximation
K (z) exp (—W (x)/e) is thetheoryof semiclassicaéxpansiondor partialdifferentialequa-
tions,which hasdeepgeometriaunderpinnings.

It shouldbe possibleto extendour analysisin severaldirections.It hasrecentlybecome
clearthat causticqfolds in the Lagrangiammanifold M?S,O) in phasespacecomprisingthe
mostprobableluctuationatrajectoriesasin Section3) occurveryfrequently[17, 33]. Their
effecton exit phenomenas now underinvestigation[35]. A secondextension,of particular
valuein applicationswould beto the caseof degenerataliffusion. The resultsof this paper
applyto whatis known in physicsasthe overdampedimit of barriercrossingmodels. The
analysisof exit locationdistributionsin modelswith underdampedynamicswill requirean
extensionto the casewhenthe diffusiontensoris allowedto becomesingular[42].

Perhapghe mostinterestingextensionwould be to placeour approactin the context of
the singularperturbationtheory of generalpartial differentialequations.The phenomenon
of skewing neara saddlepoint, asdisplayedin the asymptoticsolutionof the forward Kol-
mogoros equationmay simply be a specialcaseof amoregenerapbhenomenon.
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