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Abstract. We studya phenomenon,analogousto a phasetransition,that takesplacein the
theoryof noise-activatedtransitionsbetweenattractors.Largefluctuationsaway from any at-
tractortendto beconcentratedalongcertainoptimaltrajectories,andtheflow field of optimal
trajectoriesmaycontainfocalpoints,or cusps.OptimaltrajectoriesmaybeviewedasHamil-
toniantrajectories,andacuspmaybeviewedasacuspcatastrophein theLagrangianmanifold
thattheoptimaltrajectoriestraceout. As theparametersof anoise-drivensystemarechanged,
a cuspmayemergefrom a saddlepoint of theunderlyingdeterministicdynamics.This cor-
respondsto a cuspcatastrophebeingformedat theboundaryof theLagrangianmanifold,and
moving inward. It is possibleto find a nonpolynomialnormalform that unfoldsthe corre-
sponding‘boundarycatastrophe’,in a spaceof higherdimensionality. Justasthequarticnor-
mal form for a cuspcatastopheresemblesthescalingform for a classical(Ginzburg–Landau)
phasetransition,sothenormalform for aboundarycatastropheresemblesthescalingform for
a nonclassicalphasetransition.Bothhavecontinuouslyvaryingexponents.

I INTRODUCTION

Overthelastfew years,theoptimaltrajectoryconcept[1–3] hasprovedits usefulness
in explainingthephenomenonof noise-driventransitionsin bistableandmultistablesys-
tems,andnoise-drivenfluctuationsgenerally. Dynamicalsystemsdrivenby weaknoise
wanderonly occasionallyfrom the immediatevicinity of their attractors. In the limit
of weaknoise,in which fluctuationsof any specifiedmagnitudebecomeexponentially
rare,afluctuationawayfrom anattractorto thevicinity of any specifiedpoint is increas-
ingly likely, in a relative sense,to occuralongan optimal trajectoryfrom the former
to the latter. In anappropriateenergetic sense,the optimal trajectoryis a pathof least
resistance.

In what follows, we reportpreliminaryresultsfrom a systematicinvestigationof the
singular featuresthat can appearin the flow field of optimal trajectories,in a two-
dimensionalnoise-drivenbistablesystemwithoutdetailedbalance.In asensethatcanbe�
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madeprecise,optimal trajectoriesareanalogousto the raysof geometricaloptics. Op-
tical raysin an inhomogeneousmediummayfocus,bounceoff caustics,andcrossone
another. Thesameturnsout to be true for optimal trajectories,if extendedsufficiently
far from anattractor[4–11].

Thecausticsandcuspsthatappearin geometricaloptics,andalsoin thesemiclassical
limit of quantummechanics[12], areexamplesof genericcatastrophes, of thesort that
havebeenstudiedin themathematicalfield of catastrophetheory[13]. As such,they are
fully understood,andhave beenclassified.Any genericcatastrophehasa polynomial
‘normal form’, andmay be unfoldedby an appropriatechangeof variables.However,
the singularfeaturesin a flow field of optimal trajectories,even in a stochasticmodel
with a two-dimensionalstatespace,maybemorecomplicated.In part, this is because
in a stochasticsystemwith more than a singleattractor, the flow field typically does
not extendover the entirestatespace,but hasa naturalboundary. As a parameterof
the stochasticmodel is varied,a genericcatastrophe(a cuspwith two causticsemerg-
ing from it) may emerge from the boundary, andmove inward. The phenomenonof
emergence,which we terma boundarycatastrophe, canbeanalysedin termsof a non-
polynomialnormalform.

We have pointedout elsewhere[8, 11] that singular featuressuchas focal points
(cusps)andcausticsin the optimal trajectoryflow field may have a significanteffect
ontherateof noise-driventransitions,especiallywhenthey coincidewith themostprob-
ablepathfrom onebasinof attractionto another. Theappearanceof a boundarycatas-
trophe,asa systemparameteris varied,may accordinglyaffect the transitionratein a
wayreminiscentof aphasetransitionin condensedmatterphysics.Theattendantcritical
phenomenaincludenon-smoothnessof the‘actionbarrier’ (i.e.,theeffectiveenergy bar-
rier) thatgovernstheexponentialdependenceof thetransitionrateonthenoisestrength,
asthe noisestrengthtendsto zero. They alsoincludea blowup of the pre-exponential
factor(‘prefactor’) in the transitionrate. Both phenomenaaredescribedby critical ex-
ponents. At a deeperlevel, the normalform for a boundarycatastropheresemblesthe
scalingform for a nonclassicalphasetransition. Both have non-integer, continuously
varyingexponents.

II PHENOMENOLOGY

Thestartingpoint for our analysisis a stochasticdifferentialequationthat modelsa
noise-perturbedsystemwith two statevariables,namely
���������������������! �"$#%�&��'(��) �+*,�-�.��)/�0"���1 (1)

Thesystemdynamicsin theabsenceof noisearespecifiedby a ‘drift field’ � � �2� � �-��� .
The parameter� specifiesthe strengthwith which the noise # � �3# � �-'(� couplesaddi-
tively to thestatevariables.We take thenoiseto bedelta-correlatedin time, i.e., to be
white. Thatis, 4 # � �-' � �5#768��' " �/9:�2; � 67�-���(<=��' �?> ' " � . Here ; � 6 is a diffusiontensor, which
in generalmaydependon � .



Fig. 1

FIGURE 1. A sketchshowing outgoingoptimaltrajectoriesbouncingoff acaustic(indicatedhereby the
dashedline).

This stochasticequationwill serve to modelthenoise-perturbeddynamicsof monos-
table,bistable,andmultistablesystems.Thesethreealternativesaredistinguishedfrom
oneanotherby thepatternof attractorsof thedrift field @ . Thesimplestcaseis whenthe
attractorsareisolatedpoints.If thereis morethanoneattractor, eachwill besurrounded
by abasinof attraction.Themostcommonlyconsideredsortof noise-inducedtransition
is amotionbetweenadjacentbasins,via a trajectorythatpassesthroughor nearasaddle
point on their commonboundary. Thecasewhenthecommonboundaryis anunstable
limit cyclehasalsobeenconsidered[6, 14].

As noted,optimal trajectoriesshow up in the weak-noiselimit, i.e., in the ACB D
limit of solutionsof the stochasticequation.Figure1 shows the typical way in which
singularfeaturesoccurin aflow field of optimaltrajectories.It showsa ‘f an’ or ‘pencil’
of trajectoriesemerging from a point attractor, andexhibiting singularbehavior: even
beforethey reachthe boundaryof the basinof attraction,the trajectoriesbounceoff a
singularcurve (a caustic).Theregion beyondthecausticis ‘shadowed’ in thesenseof
geometricaloptics. Normally, eachpoint in a shadowed region is the endpointof an
optimaltrajectorythattakesacircuitousroute.

Theboundarycatastrophephenomenonismosteasilyvisualizedin symmetricmodels,
i.e., modelsin which the drift field @ is symmetricthroughthe E.F and E0G axes. An
examplewouldbe[15]

H F�I E F�J E G�KMLON F E FMPRQTSUI E F/KVGXWYS[Z E F\I E G�KVG (2)H G]I E F�J E G�KML^S`_aN G _ E G (3)

This is a model, parametrisedby Z , in which therearepoint attractorsat I E F J E G KbLI�cdQeJ D K , whosebasinsof attractionaretheright andleft half-planes.The E G -axis is the
separatrixbetweenthebasins,andthereis asaddlepointat I D J D K . TheparameterN F:f D
measurestherepulsionof theseparatrix,andtheparameterN Ghg D measurestheextentto
whichfluctuationsaroundthe E F -axisaresuppressed.In theneighborhoodof thesaddle



0.0 0.5 1.0 1.5 2.0
-2

-1

0

1

2

(a)

 

x

x2

1

0.0 0.5 1.0 1.5 2.0
-2

-1

0

1

2

(b)

x

x2

1

FIGURE 2. Sketchesof the flow field of optimal trajectoriesemanatingfrom the point attractorin the

right half-plane. Part (a) correspondsto the pre-bifurcationcase( iCjlk�mnkpo ), and part (b) to the
post-bifurcationcase( kdqrkso ), whenthereis a cusponthepositive teu -axis.
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FIGURE 3. An exaggeratedsketchof two of the optimal trajectoriesin Fig. 2(b), showing how they
‘bounceoff ’ acaustic.Both thecausticandthecuspfrom which it extendsareindicated.

point, thedeterministicdynamicsof |.} and |0~ decouple: �|.}M�n� } |.} and �|0~������a� ~ � |0~ .
If �^��� then � is irrotational, i.e., is the negative gradientof a velocity potential.

It is easyto verify that if thenoiseis isotropicandindependentof state,e.g., �r���7�-���T�� �a� , thendetailedbalanceholds,andthe optimal trajectoriesaresimply time-reversed
integral curvesof � . Using now standardtechniques[11], it canalsobe verified that
if � is increasedfrom zero,up to a critical value ��� theflow field of outgoingoptimal
trajectoriesof eitherpoint attractor(thepoint �5�e���e� , say),resemblesFig. 2(a). Most of
theotherbasinof attractionis in shadow, sincethe optimal trajectoriesarerepelledby
thesaddlepoint, but thereareno obvioussingularfeaturesin theflow field. However,
if � is increasedabove ��� theflow field resemblesFig. 2(b). A cuspemergesfrom the
saddlepointat �
�p����� andmovesoutwardalongonthe |.} -axis.Two causticsextendfrom
thecusp.

Figure3 is anexaggerateddrawing of theflow field when �U�2��� , showing how the
causticsextendfrom thecusp,andhow theoptimaltrajectoriesbounceoff thecaustics.



Eachpoint in the sharp-tippedregion betweenthe caustics,including the saddlepoint
at �!�p���e� , is theendpointof threeoptimal trajectories.Usually, only oneof themis the
physicaloptimal trajectoryterminatingon thepoint: the othertwo have only a mathe-
maticalexistence.However, pointson the  .¡ -axisbeyondthecusp,includingthesaddle
point, arereachedvia two equallyvalid off-axis optimaltrajectories.In theweak-noise
limit, this meansthat exit from eitherhalf-planeis muchmore likely to go via either
of two symmetricallyplacedoff-axis noise-activatedtrajectories,thanto go via theon-
axis route. So at ¢¤£¥¢�¦ , a bifurcation occurs. An examinationof the ¢ -dependence
of §¨�� .¡��( 0©�� shows thatthis is energeticallyplausible.

Theweak-noisebehavior of theinter-half-planetransitionrate,preciselyat ¢ª£U¢�¦ , is
particularlyinteresting[11]. At any fixed ¢ otherthan ¢�¦ , themeanpassagetime to the
otherhalf plane, «
¬&­-®(¯ °V± , behavesin theweak-noise( ²´³ � ) limit as

«
¬&­-®/¯ °&±¶µO·¹¸�º=»��!¼¾½À¿�²�� (4)

This is a generalizationof theusualKramersformula [16]. Here ¼¾½ £Á�!¼¾½¤�\�
¢?� is
theheightof theeffective energy barrierbetweenthehalf-planes,and ·Â£Ã·r�!¢Ä� is an
appropriatepre-exponentialfactor.

Remarkably, asafunctionof ¢ , theeffectiveenergy barrierheight ¼¾½ is non-smooth
at ¢2£¥¢�¦ . In particular, �!Å�©Æ¿�ÅÇ¢È©��(¼¾½ at ¢2£¥¢ÊÉ¦ andat ¢^£Ë¢ÄÌ¦ areunequal.The
discontinuityin thesecondderivative arisesbecausein theabsenceof detailedbalance
(i.e., thepresenceof non-conservative forces), ¼¾½ mustbecomputedalongthephys-
ical optimal trajectoryextendingto the saddlepoint, andthat trajectoryexperiencesa
bifurcationat ¢U£Í¢�¦ . Thesingularbehavior of ¼¾½ inducessingularbehavior of the
prefactor: · passesthroughzero at ¢`£^¢�¦ , i.e., thetrueweak-noisebehavior of «
¬&­-®/¯ °&±
at ¢Î£O¢�¦ containsa positivepowerof ² . Thesingularbehavior of both ¼¾½ and · can
becapturedby critical exponents[11].

III ANALYSIS

A full understandingof the emergenceof the cusp,at ¢Ï£Ð¢�¦ , requiresa detailed
modelingof noise-activatedbehavior nearthesaddlepoint. Largenoise-activatedfluctu-
ationsaregovernedby a ‘quasipotential’[6] function ½Ñ��Ò�� thatspecifiesthesizeof the
effectiveenergy barrierbetweentheattractorandany point Ò . It turnsouttobeaclassical
actionfunctionfor anauxiliaryHamiltoniandynamicalsystem,with Hamiltonian

Ó ��Ò?�XÔ?�Ê£ÖÕ×%ØsÙ-Ú ÙaÛ ��Ò�� ØÇÛMÜ�Ý Ù ��Ò�� ØsÙ�Þ (5)

Thezero-energy trajectoriesof theHamiltoniansystemaretheoptimaltrajectoriesof the
originalsystem.They alsogenerate½Ñ�-Ò�� :

½Ñ�-Ò��Ê£lß�àá °â°âã á�ä °âå&ã Ô´�-Ò.æç�ÄèéÅeÒ.æ Þ (6)



In thesituationdepictedin Fig. 3, êÏë-ì�í is three-valuedin theregion betweenthecaus-
tics. Thatis becauseany point in this regioncanbereachedby threeoptimaltrajectories
emanatingfrom the point attractor;however, only the optimal trajectorywith the least
actionis physical.

Theanalogyto amean-fieldGinzburg–Landauphasetransitionnearthecuspcanbest
beobservedby Legendre-transformingê , replacingthevariableî0ï by thecorrespond-
ing momentumvariableð ï:ñlò êÀó ò î ï [10, 11]. ThisyieldsôêÑë-î.õ�ö�ð ï í ñ î ï ð ï¶÷ êÑë-î.õÆö/î ï íÊø ÷úùÆï ë�î.õ ÷ î.õû í-ð ïï óeü ÷ýù�þ ð þ ï ó7ÿ�� (7)

Here ùÆï and ù�þ aremodel-dependentconstants,and î õû denotesthepositionof thecusp
point on the î õ -axis. This changeof variablesis saidto unfold the singularity, i.e., to
remove themultiple-valuedness.Thetransformedaction

ôê , asa functionof î õ andð ï ,
is single-valued.

Geometrically, thethree-valuednessof theactionarisesfrom a fold in theLagrangian
manifoldin phasespace.By definition,thismanifoldis tracedoutby theoptimaltrajec-
toriesemanatingfromthepointattractor. Assuch,it isatwo-dimensionalsubmanifoldof
thefull four-dimensionalphasespaceparametrisedby ë�î õ ö/î0ï]ö!ð õ ö�ð ï í , lying completely
within the

� ñ �
energy surface. Fig. 3 shows this fold projecteddown into the two-

dimensionalë�î õ ö(î ï í subspace.Thecuspandits associatedcausticsaregenericcatastro-
phes[13], andEq. (7) is a normal form for the shapeof a Lagrangianmanifoldneara
cusp.

What happensat criticality, when � ñ � û ? The mannerin which the cuspis born
dependson the parameter��� �
	 ï �aó�	 õ . Herewe shall summariseour resultson the
‘locally contractive’ (or ‘locally dissipative’) case�
� � . We defer the case�
���
(aswell asa fuller treatmentof ����� ) to aseparatepaper.

When ����� û , themostprobableinter-half-planetransitionpathremainson the î õ -
axis,andthereis no cusppoint on thataxis. However, a carefulnumericalstudyshows
that a pair of cusps,positionedsymmetricallyaboutthe saddlepoint, is nonetheless
present.Thesecuspswerenot apparentin Fig. 2(b). They arelocatedon theboundary
of theLagrangianmanifold,on or closeto the î ï -axis. Figure4 shows thesecusps,and
theoptimaltrajectoriesthatbounceoff their associatedcaustics.As ��� ���û , thecusps
‘neck down’ andapproachthe saddlepoint. At � ñ � û they merge, forming a special
boundarycatastrophe. Once ����� û , this turnsinto thefamiliar cuspcatastropheon theî õ -axis,whichmovesout towardsthepointattractoras � increasesfurther.

It is easyto checknumericallythatat criticality, i.e., � ñ � û , thecubicunfolding(7)
is notappropriate.In Ref. [11] wepresenteda scalingtheoryto describethebehavior at
� û . A nongeneric,nonpolynomialnormalform wasrequired.

For a full understandingof theboundarycatastrophephenomenon,a joint unfolding,
describingthepassagethroughcriticality, is needed.Our work on thecritical casehas
recentlybeenexpandedto a unified treatmentthat can accountfor behavior both on
andoff criticality, andboth at andnearthe saddlepoint ë � ö � í . This will be presented
elsewhere[17]. Herewe sketcha treatmentin which muchof thecritical behavior can,
surprisingly, be computedby a considerationof the linearisedHamiltoniandynamics
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FIGURE 4. Theflow field of trajectoriesjust below criticality andwith #%$'& , showing thesymmetric
pairof cuspson the (*) -axis.As + approaches+-, , thecusps‘neckdown’ to thesaddlepointat .0/213/54 , and
at criticality they merge.

near 687:9<;=7?>A@3B 9 ;3B >
CED 6GF-;HF-@IF-;HF C . The presenceof exponentsthat arenon-mean-field-

like,andvarycontinuouslywith J , will beclear.
A simpleanalysis(seealsoRef. [18]) shows thatin thevicinity of this point in phase

spacetherearetwo stabledirections,KML D 6GF-;ON�@IF-;HF C and PKQL D 6RNS;HF-@OTVUM;HF C , andtwo
unstabledirections,KXW D 6RN�;HFM@HF-;HF C and PKYW D 6GF-;ON�@HFM;ZU*J C . Thezero-momentumdirec-
tions(no tilde) areeigendirectionsfor deterministictrajectories,which follow thedrift,
andthe others(denotedby a tilde) areeigendirectionsfor optimal trajectories. In the
linearapproximation,any incomingoptimaltrajectorysatisfies

687 9 ;=7 > ;3B 9 ;3B >
C�[�\ L^]*_a` b<cI` d8KQLfehg\ LR]*_QbOijd^PKQLfe \ Wk]ObOijdjKXWlemg\ Wk]�` b<c=` dRPKXWn; (8)

where the
\

’s are constants(determinedby the full Hamiltoniandynamics,but not
neededexplicitly).

We now index the ‘f an’ of optimal trajectoriesthat approachthe saddlepoint by a
variableo , denoting(cf. Fig.4) agiventrajectory’sdistance(atafixed 7 9 nearthesaddle)
from the 7:9 -axis (with o D F correspondingto the on-axistrajectory). By symmetry
considerations,eachof thecoefficientsin (8) canbeexpandedin o , with

\ L Dqp
9 ore�sAsAs ,g\ L DqtHu e t 9 ove�sAsAs ,

\ W Dqw
> oA>xe

wHy o
y
e�sAsAs , and g\ W D{z

9 ore
zX| o
|
e�sAsAs . Wecanidentify

the passagethroughcriticality with the vanishing,at } D }r~ of
w
> and

z
9 . So, setting�n� }v~�T�} , we take

w
> and

z
9 aslinearlyproportionalto

�
.

Eq. (8) comprisesfour scalarequations.Eliminating o and � amongthem,we can
derive ‘equationsof state’relating

�
andthephasespacevariables.Nearthe 7:9 -axis,an

approximateequationof stateis foundto beof theform

F D 6j7 > T�B >
� Ua��� > �

C | e�� 9
� 687 9 C >�� 6j7 > T�B >

� Ua��� > �
C e�� u 6j7 9 C

y
� B > ; (9)



relating�:� , �?� , � � , and � . Theequationof statevalidnearthe �?� -axis,i.e.,theLagrangian
manifoldboundary, relates� � , � � , � � , and � , andis

����� � �f� � �
���S�

�
�^� ���Q�� �H� �� k¡Q��

� � � � � � � �v� � �
�����

�
� ���Q�¢ ��£  k¡ ��

� � � � £A¤ (10)

A cuspis definedasthe locationwherea momentumcomponentfirst becomesmul-
tivaluedas a function of ¥ . From Eq. (10), we find that (below criticality and for¦¨§ª©¬«ª­ �S�

), the cuspsneckdown at rategovernedby ® �?�¯j°I±³² ®�´h� �^µ �=¡Y  . Similarly,
Eq. (9) predictsthat, above criticality andafter the cuspemerges, � �¯j°I±0² ´ �R¶ � � � µ ��  .
Bothof thesepredictionshavenow beennumericallyconfirmed.

This linearisedHamiltoniandynamicsmethodcanbe extendedto provide a unified
treatmentof bothsymmetricandnonsymmetricmodels,therebyunifying previousanal-
ysesbothatcriticality [11] andaway from criticality [8, 10].
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