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Abstract. We studya phenomenonanalogoudo a phasetransition,thattakes placein the
theoryof noise-actiatedtransitionsbetweenrattractors.Largefluctuationsaway from ary at-
tractortendto be concentratedlongcertainoptimaltrajectoriesandthe flow field of optimal
trajectoriesnay containfocal points,or cusps.Optimaltrajectoriesmay be viewedasHamil-
toniantrajectoriesandacuspmaybeviewedasacuspcatastrophé theLagrangiamanifold
thatthe optimaltrajectoriedraceout. As theparametersf anoise-drvensystemarechanged,
a cuspmay emege from a saddlepoint of the underlyingdeterministicdynamics. This cor-
respondgo a cuspcatastroph®eingformedat the boundaryof the Lagrangiarmanifold,and
moving inward. It is possibleto find a nonpolynomialnormalform that unfoldsthe corre-
spondingboundarycatastrophe’in a spaceof higherdimensionality Justasthe quarticnor-
malform for a cuspcatastopheesembleshe scalingform for a classicalGinzlurg—Landau)
phasdransition,sothenormalform for aboundarycatastropheesembleshescalingform for
anonclassicaphaseransition.Both have continuouslyaryingexponents.

I INTRODUCTION

Overthelastfew yearstheoptimaltrajectoryconcep{1-3] hasprovedits usefulness
in explainingthephenomenowf noise-drventransitionsn bistableandmultistablesys-
tems,andnoise-drvenfluctuationsgenerally Dynamicalsystemsdrivenby weaknoise
wanderonly occasionallyfrom the immediatevicinity of their attractors. In the limit
of weaknoise,in which fluctuationsof ary specifiedmagnitudebecomeexponentially
rare,afluctuationaway from anattractorto thevicinity of any specifiedoointis increas-
ingly likely, in a relatve senseto occuralongan optimal trajectoryfrom the former
to the latter In anappropriateenegetic sensethe optimaltrajectoryis a path of least
resistance

In whatfollows, we reportpreliminaryresultsfrom a systematignvestigationof the
singular featuresthat can appearin the flow field of optimal trajectories,in a two-
dimensionahoise-drvenbistablesystemwithoutdetailedbalanceln asensehatcanbe
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madeprecise optimaltrajectoriesareanalogougo the raysof geometricabptics. Op-
tical raysin aninhomogeneoumediummay focus, bounceoff causticsandcrossone
another The sameturnsout to be true for optimaltrajectoriesjf extendedsufficiently
farfrom anattractorf4—11].

Thecausticaandcuspghatappeain geometricabptics,andalsoin the semiclassical
limit of quantummechanicg12], areexamplesof genericcatastophes of the sortthat
have beenstudiedin themathematicalield of catastrophéheory[13]. As such they are
fully understoodandhave beenclassified. Any genericcatastrophdnasa polynomial
‘normal form’, andmay be unfoldedby an appropriatechangeof variables. However,
the singularfeaturesin a flow field of optimal trajectories.evenin a stochastianodel
with a two-dimensionaktatespace may be morecomplicated.In part, this is because
in a stochasticsystemwith more than a single attractor the flow field typically does
not extend over the entire statespace but hasa naturalboundary As a parameteiof
the stochastianodelis varied, a genericcatastrophda cuspwith two causticsemeng-
ing from it) may emege from the boundary and move inward. The phenomenorof
emepgence which we term a boundarycatastophe canbe analysedn termsof a non-
polynomialnormalform.

We have pointedout elsavhere[8, 11] that singularfeaturessuch as focal points
(cusps)and causticsin the optimal trajectoryflow field may have a significanteffect
ontherateof noise-drventransitionsgspeciallywhenthey coincidewith themostprob-
ablepathfrom onebasinof attractionto another The appearancef a boundarycatas-
trophe,asa systemparameters varied, may accordinglyaffect the transitionratein a
way reminiscenbf a phasdransitionin condensedatterphysics.Theattendantritical
phenomen@cludenon-smoothnessf the‘actionbarrier’ (i.e., theeffective enegy bar
rier) thatgovernsthe exponentialdependencef thetransitionrateonthe noisestrength,
asthe noisestrengthtendsto zero. They alsoincludea blowup of the pre-exponential
factor(‘prefactor’) in the transitionrate. Both phenomenaredescribedy critical ex-
ponents At a deeperevel, the normalform for a boundarycatastropheesembleshe
scalingform for a nonclassicaphasetransition. Both have non-inteyer, continuously
varyingexponents.

I PHENOMENOLOGY

The startingpoint for our analysisis a stochastidifferentialequationthat modelsa
noise-perturbedystemwith two statevariablesnpnamely

it = ui(x) + €2 ni(t), x = (21, 2?). (1)

The systemdynamicsin the absencef noisearespecifiedby a ‘drift field’ u* = u*(x).
The parametek specifiesthe strengthwith which the noisen’ = n(t) couplesaddi-
tively to the statevariables.We take the noiseto be delta-correlatedh time, i.e., to be
white. Thatis, (7(t1)n?(t2)) = D¥(x)d(t; — t2). Here D¥ is a diffusiontensor which
in generaimaydependn x.



Fig. 1

FIGURE 1. A sketchshaving outgoingoptimaltrajectoriesbouncingoff a caustic(indicatedhereby the
dashedine).

This stochastiequatiorwill serneto modelthe noise-perturbedynamicsof monos-
table,bistable,andmultistablesystems Thesethreealternatvesaredistinguishedrom
oneanothelby the patternof attractorsof thedrift field u. Thesimplestcases whenthe
attractorsareisolatedpoints.If thereis morethanoneattractoy eachwill besurrounded
by abasinof attraction.Themostcommonlyconsideredortof noise-inducedransition
is amotionbetweeradjacenbasinsyia atrajectorythatpasseshroughor neara saddle
point on their commonboundary The casewhenthe commonboundaryis anunstable
limit cycle hasalsobeenconsidered6, 14].

As noted, optimal trajectoriesshav up in the weak-noisdimit, i.e., in thee — 0
limit of solutionsof the stochastieequation. Figure 1 shaws the typical way in which
singularfeaturesoccurin aflow field of optimaltrajectorieslt shavsa‘fan’ or ‘pencil’
of trajectoriesemepging from a point attractoy and exhibiting singularbehaior: even
beforethey reachthe boundaryof the basinof attraction,the trajectoriesbounceoff a
singularcurve (a caustic). Theregion beyondthe causticis ‘shadaved’ in the senseof
geometricaloptics. Normally, eachpoint in a shadeved region is the endpointof an
optimaltrajectorythattakesa circuitousroute.

Theboundarycatastrophphenomenois mosteasilyvisualizedn symmetrionodels,
i.e., modelsin which the drift field u is symmetricthroughthe z! and z? axes. An
examplewould be[15]

ut(z!, 2?) = Aot (1 - (xl)Z) —az'(2?)? (2)
u'(2h, 2%) = — [Ay|2® (3)

This is a model, parametrisedy «, in which thereare point attractorsat (z', 2?) =
(+1,0), whosebasinsof attractionaretheright andleft half-planes.The z?-axisis the
separatribetweerthebasinsandthereis asaddlepointat (0, 0). Theparameten; > 0
measuretherepulsionof theseparatrixandtheparametei, < 0 measuretheextentto
which fluctuationsaroundthe ! -axisaresuppressedn the neighborhooaf the saddle



0.0 05 1.0 15 2.0 0.0 05 1.0 15 2.0
(@ (b)

FIGURE 2. Sketchesof the flow field of optimaltrajectoriesemanatingrom the point attractorin the
right half-plane. Part (a) correspondgo the pre-bifurcationcase(0 < a < «a.), andpart (b) to the
post-bifurcatiorcase(a > o), whenthereis a cusponthe positive z! -axis.
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FIGURE 3. An exaggeratedketchof two of the optimal trajectoriesin Fig. 2(b), shaving how they
‘bounceoff’ acaustic.Boththecausticandthe cuspfrom whichit extendsareindicated.

point, thedeterministicddynamicsof z! andz? decouplez’ ~ A\ z' andi? ~ —|\y|z2.

If o = 0 thenu is irrotational,i.e., is the negative gradientof a velocity potential.
It is easyto verify thatif the noiseis isotropicandindependenof statee.g., D" (x) =
8, thendetailedbalanceholds, andthe optimal trajectoriesare simply time-reversed
integral curves of u. Using now standardechniqued11], it canalso be verified that
if « Is increasedrom zero,up to a critical valuea, the flow field of outgoingoptimal
trajectoriesof eitherpoint attractor(the point (1, 0), say),resembles-ig. 2(a). Most of
the otherbasinof attractionis in shadaev, sincethe optimaltrajectoriesarerepelledby
the saddlepoint, but thereareno olbvious singularfeaturesn the flow field. However,
if aisincreasedbove o, theflow field resemble$ig. 2(b). A cuspemegesfrom the
saddlepointat (0, 0) andmovesoutwardalongonthez'-axis. Two causticextendfrom
thecusp.

Figure3 is an exaggeratediraving of the flow field whena > a., shaving how the
causticextendfrom the cusp,andhow the optimaltrajectoriesbounceoff the caustics.



Eachpointin the sharp-tippedegion betweenthe caustics,ncluding the saddlepoint
at (0, 0), is the endpointof three optimaltrajectories.Usually, only oneof themis the
physicaloptimal trajectoryterminatingon the point: the othertwo have only a mathe-
maticalexistence However, pointson the 2 -axisbeyondthe cusp,includingthe saddle
point, arereachedsia two equallyvalid off-axis optimaltrajectories.In the weak-noise
limit, this meansthatexit from eitherhalf-planeis much morelikely to go via either
of two symmetricallyplacedoff-axis noise-actratedtrajectoriesthanto go via the on-
axisroute. Soat o = «, a bifurcationoccurs. An examinationof the a-dependence
of u(z!, z?) shawsthatthisis enegeticallyplausible.

Theweak-noisdoehaior of theinter-half-planetransitionrate,preciselyata = «., IS
particularlyinteresting11]. At ary fixeda otherthanc,, the meanpassagéime to the
otherhalf plane,(t..i;), behaesin theweak-noisge — 0) limit as

(texit) ~ C exp(AW/e) (4)

This is a generalizatiorof the usualKramersformula[16]. Here AW = (AW)(«) is
the heightof the effective enegy barrierbetweerthe half-planesandC = C(«) is an
appropriatgre-eponentiafactor

Remarkablyasafunctionof «, theeffective enegy barrierheight AW is non-smooth
ata = a,. In particular (d*/da?) AW ata = «, andata = « areunequal. The
discontinuityin the secondderivative arisesbecausen the absencef detailedbalance
(i.e., the presencef non-conserative forces), AW mustbe computedalongthe phys-
ical optimal trajectoryextendingto the saddlepoint, andthat trajectoryexperiencesa
bifurcationat o = «,. Thesingularbehaior of AW inducessingularbehaior of the
prefactor: C' passeshroughzeo ata = a, i.e., thetrueweak-noisédbehaior oOf (texit)
ata = «, containsa positive power of e. Thesingularbehaior of both AW andC can
be capturedy critical exponentq11].

11 ANALYSIS

A full understandingf the emegenceof the cusp,at o = «., requiresa detailed
modelingof noise-actratedbehaior nearthe saddlepoint. Largenoise-actratedfluctu-
ationsaregovernedby a‘quasipotential[6] function (x) thatspecifieghe sizeof the
effective enegy barrierbetweertheattractorandary pointx. It turnsoutto beaclassical
actionfunctionfor anauxiliary Hamiltoniandynamicalsystemwith Hamiltonian

H(x,p) = 5p:D"()p; + i (x)p. (5)

Thezero-enayy trajectorieof the Hamiltoniansystemarethe optimaltrajectorieof the
original system.They alsogeneratéV (x):

W(x) = / T p()-dx'. (6)

ttractor



In the situationdepictedn Fig. 3, W (x) is three-aluedin theregion betweerthe caus-
tics. Thatis becausary pointin this region canbereachedy threeoptimaltrajectories
emanatingrom the point attractor;however, only the optimal trajectorywith the least
actionis physical.

Theanalogyto a mean-fieldGinzlurg—Landayphasdransitionnearthe cuspcanbest
be obseredby Legendre-transformingj’, replacingthe variablez? by the correspond-
ing momentunmvariablep, = 0W/dz* [10, 11]. Thisyields

W(z',ps) = a’pa — W(a',2%) ® —ca(a’ — 2)p3/2 — capa/4. (7)

Herec, andc, aremodel-dependerdonstantsandz! denoteghe positionof the cusp
point on the z'-axis. This changeof variablesis saidto unfold the singularity i.e., to
remove the multiple-valuednessThetransformedactionW, asafunctionof z' andps,,
is single-\alued.

Geometricallythethree-waluednessf theactionarisesrom afold in the Lagrangian
manifoldin phasespaceBy definition,this manifoldis tracedout by the optimaltrajec-
toriesemanatindgrom thepointattractor As such,it is atwo-dimensionasubmanifolcbf
thefull four-dimensionaphasespaceparametrisedby (z', z2, p, p2), lying completely
within the H = 0 enegy surface. Fig. 3 shaws this fold projecteddown into the two-
dimensionalz!, %) subspaceThecuspandits associatedausticsaregenericcatastro-
phes[13], andEq. (7) is a normalform for the shapeof a Lagrangianmanifold neara
cusp.

What happensat criticality, whena = «a,? The mannerin which the cuspis born
dependn the paramete, = |\;|/\;. Herewe shall summariseour resultson the
‘locally contractve’ (or ‘locally dissipatve’) casey > 1. We deferthe casey < 1
(aswell asafuller treatmenof ;. > 1) to aseparatgaper

Whena < «,, the mostprobableinter-half-planetransitionpathremainson the z:-
axis,andthereis no cusppoint on thataxis. However, a carefulnumericalstudyshows
that a pair of cusps,positionedsymmetricallyaboutthe saddlepoint, is nonetheless
present.Thesecuspswerenot apparentn Fig. 2(b). They arelocatedon the boundary
of the Lagrangiarmanifold, on or closeto the z?-axis. Figure4 shavs thesecuspsand
the optimaltrajectorieghatbounceoff their associatedausticsAs o« — «_, thecusps
‘neck down’ andapproachhe saddlepoint. At a = «, they mege, forming a special
boundarycatastophe Oncea > «., thisturnsinto the familiar cuspcatastrophenthe
x!-axis,which movesouttowardsthe point attractorasa increasesurther

It is easyto checknumericallythatat criticality, i.e.,a = a., the cubicunfolding(7)
is notappropriateln Ref.[11] we presente@ scalingtheoryto describehe behaior at
a.. A nongenericnonpolynomiahormalform wasrequired.

For afull understandingf the boundarycatastroph@henomenora joint unfolding
describingthe passagé¢hroughcriticality, is needed.Our work on the critical casehas
recentlybeenexpandedto a unified treatmentthat can accountfor behaior both on
andoff criticality, andboth at and nearthe saddlepoint (0,0). This will be presented
elsavhere[17]. Herewe sketcha treatmenin which muchof the critical behaior can,
surprisingly be computedby a consideratiorof the linearisedHamiltoniandynamics
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FIGURE 4. Theflow field of trajectoriegust below criticality andwith x> 1, shaving the symmetric
pair of cuspson the z2-axis. As o approaches., the cuspsneck down’ to the saddlepointat (0, 0), and
atcriticality they meme.

near(z!, z%;p1, p2) = (0,0;0,0). The presencef exponentshat are non-mean-field-
like,andvary continuouslywith x, will beclear

A simpleanalysig(seealsoRef.[18]) shavsthatin thevicinity of this pointin phase
spacetherearetwo stabledirections,e; = (0,1;0,0) andé, = (1,0; —2,0), andtwo
unstabledirections,e, = (1,0;0,0) andé, = (0, 1;0, 2x). Thezero-momentundirec-
tions (notilde) areeigendirectiongor deterministicdrajectorieswhich follow the drift,
andthe others(denotedby a tilde) are eigendirectiongor optimal trajectories. In the
linearapproximationany incomingoptimaltrajectorysatisfies

(:1;1, xQ,pl,pz) ~ C’se*‘)‘ﬂtes + C~'se’)‘1té5 + CeMle, + C~'ue|)‘2‘téu , (8)

wherethe C’s are constantgdeterminedby the full Hamiltoniandynamics,but not
neededxplicitly).

We now index the ‘fan’ of optimal trajectoriesthat approachthe saddlepoint by a
variables, denoting(cf. Fig. 4) agiventrajectorysdistanceatafixedz' nearthesaddle)
from the z!-axis (with s = 0 correspondindo the on-axistrajectory). By symmetry
considerationsgachof the coeficientsin (8) canbeexpandedn s, with C; = a;s +- -+,
Cy=by+bis+---,C, = 82 +c45* +---,andC, = d,s+dzs® + - - -. We canidentify
the passagehroughcriticality with the vanishing,at « = «, of ¢, andd;. So, setting
0 = a, — a, wetake ¢, andd; aslinearly proportionalo §.

Eq. (8) comprisedour scalarequations. Eliminating s and¢ amongthem, we can
derive ‘equationsof state’relatingd andthe phasespacevariables.Nearthe z!-axis,an
approximateequationof stateis foundto be of theform

0 = (2 — pg/2|A2|)® + k10 (2" ) (2% — po/2|Na|) + ko(z')*¥ps (9)



relatingz?, z2, po, andd. Theequatiorof statevalid nearthez?-axis,i.e.,theLagrangian
manifoldboundaryrelatesz?, 22, p;, andd, andis

0= (z' +p1/2\)* + ki(Sp%“_Q(xz)Q(asl +p1/2\) + k()p‘f"_3(x2)4. (10)

A cuspis definedasthe locationwherea momentumcomponenftirst becomesnul-
tivaluedas a function of x. From Eq. (10), we find that (belov criticality and for
1 < p < 3/2), the cuspsneckdown at rategovernedby |22, | oc §3/27#. Similarly,

cusp

Eq. (9) predictsthat, above criticality and after the cuspemepges, z,,, o« (—8)Y/2.
Both of thesepredictionshave now beennumericallyconfirmed.

This linearisedHamiltoniandynamicsmethodcan be extendedto provide a unified
treatmenbf bothsymmetricandnonsymmetrienodels therebyunifying previousanal-
ysesbothatcriticality [11] andaway from criticality [8, 10].
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