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1. HiSTORY OF THE KONHAUSER PROBLEMFEST

Stan Wagon (Macalester College)

Joe Konhauser, a geometer and avid problemist, came to Macalester
College in 1968. He had been invited by Sy Schuster (Carleton College)
to work on some geometry movies for the Math. Assoc. of America,
and he must have liked Minnesota, since he moved from Pennsylvania
to the Univ. of Minnesota and then Macalester shortly thereafter.
He started the Problem of the Week tradition at Macalester, posing a
problem every week and offering 50 cents (since raised to $1) for correct
solutions. When I came to Macalester in 1990 I was very impressed by
the fact that students would work on these problems just for the fun
of it. Part of the reason was that Joe had a knack for posing simply
stated and compelling problems, often with surprising twists.

During his career at Mac, Joe served as editor of the Pi Mu Epsilon
journal and also served on the many problems committees, including
those of the USA Math Olympiad and the Putnam competition.

When Joe died in 1992, I took over the PoW program, adding an e-
mail component. Joe posed problems 1-682 and I and my colleagues
(notably Tom Halverson) have continued the tradition and are now
into the 900s. The MAA has published a book, “Which Way Did the
Bicycle Go?” (by Konhauser, D. Velleman, and me), containing the
best of the first 800 problems.

In 1993, partially inspired by the Lower Michigan Math Contest, Mark
Krusemeyer (Carleton College), Loren Larson (St. Olaf) and I started
the Konhauser Problemfest, a three-hour contest with ten problems for
teams of three students working together. The event is now in its ninth
year, and the Univ. of St. Thomas and Gustavus Adolphus College

also take part. The winning team gets a cash prize and their school gets
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the traveling trophy, a small granite sculpture by Helaman Ferguson
illustrating a proof of a geometrical fact known as the pizza theorem.
Carleton has won five times, including the 2001 contest, Macalester has

won twice, these two tied one year, and Gustavus Adolphus won the
event in Feb. 2000.

At the URL
http://www.macalester.edu/ "mathcs/potw.html

you can find past Konhauser problems, an archive of past Problems of
the Week, and information on how to receive the Problem of the Week
automatically by e-mail.

2. THE NINTH ANNUAL KONHAUSER PROBLEMFEST

Carleton College, February 24, 2001

Problems by David Savitt and Russell Mann (Harvard University)

This contest is held annually in memory of Professor Joseph Kon-
hauser (1924-1992) of Macalester College, who posted nearly 700 Prob-
lems of the Week at Macalester over a 25-year period. Joe died in
February of 1992, and the contest was started the following year.

INSTRUCTIONS: Each team must hand in all work to be graded
at the same time (at the end of the three-hour period). Each problem
must be written on a separate page (or pages) and YOUR TEAM
CODE SHOULD APPEAR AT THE TOP OF EVERY PAGE. Only
one version of each problem will be accepted per team. Calculators of
any sort are allowed. Justifications and/or explanations are expected
for all problems, but, in view of the time constraint, rigorous proofs are
only required when the wording of the problem makes that clear (“show
that” or “prove that”). All ten problems will be weighted equally, and
partial credit will be given for substantial progress toward a solution.
If necessary, the “optional” part (c¢) of problem 10 will be used as a
tiebreaker. Good luck!

1. Last season, the Minnesota Timberwolves won 5 times as many
games as they lost, in games in which they scored 100 or more points.

On the other hand, in games in which their opponents scored 100 or
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more points, the Timberwolves lost 50% more games than they won.
Given that there were exactly 34 games in which either the Timber-
wolves or their opponents scored 100 or more points, what was the
Timberwolves’ win-loss record in games in which both they and their
opponents scored 100 or more points?

2. Three circles are drawn in chalk on the ground. To begin with, there
is a heap of n pebbles inside one of the circles, and there are “empty
heaps” (containing no pebbles) in the other two circles. Your goal is
to move the entire heap of n pebbles to a different circle, using a series
of moves of the following type. For any nonnegative integer k, you
may move exactly 2¥ pebbles from one heap (call it heap A) to another
(heap B), provided that heap B begins with fewer than 2* pebbles,
and that after the move, heap A ends up with fewer than 2* pebbles.
Naturally, you want to reach your goal in as few moves as possible. For
what values of n < 100 would you need the largest number of moves?

3. (a) Begin with a string of 10 A’s, B’s, and C’s, for example
ABCCBABCBA

and underneath, form a new row, of length 1 shorter, as follows: be-
tween two consecutive letters that are different, you write the third
letter, and between two letters that are the same, you write that same
letter again. Repeat this process until you have only one letter in the
new row. For example, for the string above, you will now have:

ABCCBABCBA
CACACCAAC
BBBBCBAB
BBBAACC
BBCABC
BABCA
CCAB
CBC
A A
A

Prove that the letters at the corners of the resulting triangle are always

either all the same or all different.
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(b) For which positive integers n (besides 10) is the result from part
(a) true for all strings of n A’s, B’s, and C’s?

4. When Mark climbs a staircase, he ascends either 1, 2, or 3 stairsteps
with each stride, but in no particular pattern from one foot to the next.
In how many ways can Mark climb a staircase of 10 steps? (Note that
he must finish on the top step. T'wo ways are considered the same if the
number of steps for each stride are the same; that is, it doesn’t matter
whether he puts his best or his worst foot forward first.) Suppose that
a spill has occurred on the 6 step and Mark wants to avoid it. In
how many ways can he climb the staircase without stepping on the 6
step?

5. Number the vertices of a cube from 1 to 8. Let A be the 8 x 8
matrix whose (4, j) entry is 1 if the cube has an edge between vertices ¢
and j, and is 0 otherwise. Find the eigenvalues of A, and describe the
corresponding eigenspaces.

6. Let f(x) be a twice-differentiable function on the open interval (0, 1)
such that

lim f(x) = —o0, and lim f(z) = +o0.

x—07F x—1-
Show that f”(x) takes on both negative and positive values.

7. Three stationary sentries are guarding an important public square
which is, in fact, square, with each side measuring 8 rods (recall that
one rod equals 5.5 yards). (If any of the sentries see trouble brewing
at any location on the square, the sentry closest to the trouble spot
will immediately cease to be stationary and dispatch to that location.
And like all good sentries, these three are continually looking in all
directions for trouble to occur.) Find the maximum value of D, so that
no matter how the sentries are placed, there is always some spot in the
square that is at least D rods from the closest sentry.

8. The Union Atlantic Railway is planning a massive project: a railroad
track joining Cambridge, Massachusetts and Northfield, Minnesota.
However, the funding for the project comes from the will of Orson
Randolph Kane, the eccentric founder of the U.A.R., who has specified
some strange conditions on the railway; thus the skeptical builders are
unsure whether or not it is possible to build a railway subject to his
unusual requirements.



Kane’s will insists that there must be exactly 100 stops (each named
after one of his great grand-children) between the termini, and he even
dictates precisely what the distance along the track between each of
these stops must be. (Unfortunately, the tables in the will don’t list
the order in which the stops are to appear along the railway.) Luckily,
it is clear that Kane has put some thought into these distances; for
any three distinct stops, the largest of the three distances among them
is equal to the sum of the smaller two, which is an obvious necessary
condition for the railway to be possible. (Also, all the given distances
are shorter than the distance along a practical route from Cambridge

to Northfield!)

U.A.R.’s engineers have pored over the numbers and noticed that for
any four of Kane’s stops, it would be possible to build a railway with
these four stops and the distances between them as Kane specifies.
Prove that it is, in fact, possible to complete the entire project to
Kane’s specifications.

9. Gail was giving a class on triangles, and she was planning to demon-
strate on the blackboard that the three medians, the three angle bi-
sectors, and the three altitudes of a triangle each meet at a point (the
centroid, incenter, and orthocenter of the triangle, respectively). Un-
fortunately, she got a little careless in her example, and drew a certain
triangle ABC with the median from vertex A, the altitude from vertex
B, and the angle bisector from vertex C. Amazingly, just as she dis-
covered her mistake, she saw that the three segments met at a point
anyway! Luckily it was the end of the period, so no one had a chance
to comment on her mistake. In recalling her good fortune later that
day, she could only remember that the side across from vertex C was
13 inches in length, that the other two sides also measured an integral
number of inches, and that none of the lengths were the same. What
were the other two lengths?

10. An infinite sequence of digits “1” and “2” is determined uniquely
by the following properties:

(i) The sequence is built up by stringing together pieces
of the form “12” and “112”.

(i) If we replace each “12” piece with a “1” and each
“112” piece with a “2”, then we get the original sequence

back.
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(a) Write down the first dozen digits in the sequence. At which place
will the 100" “1” occur? What is the 1000 digit?

(b) Let A, be the number of “1”s among the first n digits of the
sequence. Given that the ratio A, /n approaches a limit, find that
limit.

(c) (Tiebreaker) Show that the limit from part (b) actually exists.



