Examples of reducible curves with 27 points

We give examples to show that each of the possibilities enumerated in Section
5.2 of [Sav] do indeed occur. Recall that n € Fg is a chosen root of n° +n+ 1= 0.
Let 3 be a generator of Fyy such that 8 =1n.

Each intersection described below has exactly 27 points over Fg, and each was
found in the computer calculations whose output is available at

http://www.math.mcgill.ca/~dsavitt/curves/ .

e The intersection of XY + ZW = 0 with the cubic (Z + W)(X + n®Y +
n72Z)(X +n73Y +n73W) = 0 consists of three geometrically irreducible
conics. Let the conics be Cy, Cs, and C5 respectively (in the order of the
factors of the cubic). Then C; and Cy meet in the two Fgy-points [5%* :
B2t :1:1) and [8%: 372 :1:1]; C; and C; meet in the two Fg4-points
832 :873 :1:1and [* : 7% :1:1]; and Cy and C3 meet in the two
Fe4-points [B% : B4 : 446 : 1] and [B'6 : B%7 : §°3 : 1]. The quadric and the
cubic intersect in 189 points over Fgy .

e The intersection of XY +ZW = (0 with the cubic (X+Y)Y +Z+W)(X+Z+
W) = 0 consists of three geometrically irreducible conics. The three conics
have no intersection over Fg, and over Fg4 all three conics pass through the
conjugate points [3%! : B2 : 42 : 1] and [p*2 : B2 : 82! : 1]. The quadric and
the cubic intersect in 191 points over Fgy.

e The intersection of XY +ZW = 0 with the cubic X2W+nXYW+n~1 X ZW +
n3XW24nY2Z +Y2W +072Y Z2 4+ n7'Y ZW + YW? = 0 contains the line
[X :0:Z:0] and a component of degree 5, and has 119 points over Fg,.

e The intersection of XY + ZW = 0 with the cubic X?W + XY Z + XYW +
XW24+nY2Z +Y2W +nY Z%2 + YW?2 = 0 contains the two non-intersecting
lines [X:0:Z:0] and [X : Y : Y : X] and a component of degree 4, and has
195 points over Fg,.

e The intersection of XY + ZW = 0 with the cubic W(X? + Z% + nXY +
N 3XZ+n"'XW+Y2+YZ+YW) = 0 contains the two intersecting lines
[0:Y:Z:0]and [X : 0: Z :0]. The intersection of XY + ZW = 0 and
X2+ Z2 4+ XY +0 3 XZ+n ' XW+Y24+YZ+YW =0 is a curve of
arithmetic genus 1 with 10 Fg-points and 64 Fg4-points, and is singular at
[ :n72:n72:1]. The curve of genus 1 meets the line [0 : Y : Z : 0] at
[0:1:8%:0]and [0:1:4%?:0] and the line [X :0: Z:0] at [1:0: 328 : 0]
and [1: 0 : 8% : 0]. The intersection of the quadric and the cubic has 189
points over Fg4.

e The intersection of XY + ZW = 0 with the cubic W(X? + Z? + nXY +
XZ +n?XW +Y2+YZ +YW) = 0 contains the two intersecting lines
[0:Y:Z:0]and [X : 0: Z : 0]. The intersection of XY + ZW = 0 and
X2+ 722+’ XY + XZ 4+’ XW + Y24+ YZ+ YW =0 is an elliptic curve
with 10 Fg-points and 80 Fg4-points. The curve of genus 1 meets the line
0:Y:Z:0]at[0:1:5%:0]and [0:1: 32 :0] and the line [X : 0: Z : 0]
at [1:0: 3% :0] and [1:0: 4%2: 0]. The intersection of the quadric and the
cubic has 205 points over Fgy.



e The intersection of XY + ZW = 0 with the cubic Y(X? +9YZ + YW +
n 17?4+ 3 ZW + W?) = 0 contains the two intersecting lines [X : 0: Z : 0]
and [X : 0: 0 : W]. The intersection of XY + ZW = 0 and X2 +nY Z +
YW 40122 + 07 3ZW + W?2 = 0 is an elliptic curve with 12 Fg-points and
72 Fg4-points. This elliptic curve intersects the line [X : 0: Z : 0] in a double-
point [7®: 0:1: 0] and the line [X : 0: 0 : W] in a double-point [1:0:0 : 1],
and intersection of the quadric and the cubic has 199 points over Fg,.

The intersection of XY + ZW = 0 with the cubic Y ()3 XW +n?Y Z+nY W +
Z% + n73ZW 4+ W?) = 0 contains the two intersecting lines [X : 0 : Z : 0]
and [X : 0: 0 : W]. The intersection of XY + ZW =0 and ®XW +n*Y Z +
nYW + Z%2 4+ 7 3ZW + W2 is an elliptic curve with 12 Fg-points and 72 Fg4-
points. This elliptic curve intersects the line [X : 0: Z : 0] in a double-point
[1:0:0:0] and meets the line [X : 0: 0 : W] singly at [1 : 0: 0 : 0] and
[1:0:0:7%. The intersection of the quadric and the cubic has 199 points
over Fgy.

The intersection of XY + ZW = 0 with the cubic XYW + X Z% + nXZW +
nY2Z+Y?W +YZ24+Y ZW +YW? = 0 contains the lines [W : Y : Y : W]
and [X : 0: 0: W]. The cubic is (XY + ZW)n~ W +nZ)+ (Y + Z)(Y Z +
XZ+nXW +n7 W24+ 0ZW +n~YW). The intersection of XY + ZW =0
with Y Z+XZ+nXW +n 'W2+4+nZW +n~ YW = 0 is an elliptic curve with
12 Fs-points and 72 Fgq-points. It meets the line [X : 0 : 0 : W] at the two
points [L: 0:0:0] and [1:0: 0 : n%], and meets the line [pW : Y : nY : W]
at the two Galois-conjugate points [3%° : 1: 89 : 85°] and [83 : 1: 8° : 5*2].
The intersection of the quadric and the cubic has 197 points over Fg4.

The intersection of XY +ZW = 0 with the cubic W(X Z+nXW+Y24+n*Y Z+
Y W) = 0 contains the two intersecting lines [X : 0: Z:0]and [0:Y : Z : 0].
The intersection of XY +ZW =0and XZ+nXW +Y?+0?Y Z+YW =0is
an elliptic curve with 13 Fg-points and 65 Fg4-points. The elliptic curve meets
both lines at [0:0:1:0], and alsomeets [X :0: Z:0]and [0:Y : Z: 0] at
[1:0:0:0] and [0 : 5® : 1 : 0] respectively. The intersection of the quadric
and the cubic has 191 points over Fg,.

The intersection of XY + ZW = 0 with the cubic Y(XZ +nXW +n=3X2 +
nYZ+YW +n=3Z24+ ZW +W?) = 0 contains the two lines [X : 0: Z : 0] and
[X :0:0:W]. The intersection of XY +ZW =0and XZ+nXW +n~3X?+
nYZ+YW +n72Z2 4+ ZW + W? is an elliptic curve with 14 Fg-points and
56 Fgq-points. The elliptic curve meets the line [X : 0: Z : 0] at the points
[1:0:7%:0/and [1:0:772:0], and the line [X : 0: 0 : W] at the points
[1:0:0:n] and [1:0:0: n3]. The intersection of the quadric and the cubic
has 181 points over Fgy.

The intersection of XY + ZW = 0 with the cubic n72X2Z + n3XYZ +
MWBXYW + 0 2XZ2 + 2 XZW + Y2W + Y ZW + YW?2 = 0 contains the
three non-intersecting lines [0:Y : Z: 0], [X :0:0: W], and [X : Y : X : Y]
and three lines defined over F512. The intersection has 195 points over Fgy .
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