SERRE WEIGHTS FOR QUATERNION ALGEBRAS

TOBY GEE AND DAVID SAVITT

ABSTRACT. We study the possible weights of an irreducible 2-dimensional
mod p representation of Gal(F/F) which is modular in the sense of that it
comes from an automorphic form on a definite quaternion algebra with centre
F which is ramified at all places dividing p, where F' is a totally real field. In
most cases we determine the precise list of possible weights; in the remain-
ing cases we determine the possible weights up to a short and explicit list of

exceptions.
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1. INTRODUCTION

Let F be a totally real field and let p be a prime number. In this paper we
formulate, and largely prove, an analogue of the weight part of Serre’s conjecture
[Ser87] for automorphic forms on quaternion algebras over F' which are ramified at
all places dividing p.

In recent years, a great deal of attention has been given to the problem of gener-
alizing the weight part of Serre’s conjecture beyond the case of GL(2,Q), beginning
with the seminal paper [BDJ08] which considered the situation for Hilbert modu-
lar forms. Let G denote the absolute Galois group of F'; then to any irreducible
modular representation

ﬁi GF — GLQ(FP)
there is associated a set of weights W (p), the set of weights in which 7 is modular
(see section 2 for the definitions of weights and of what it means for p to be modular
of a certain weight). Under the assumption that p is unramified in F, the paper
[BDJO08] associated to p a set of weights W7 (p), and conjectured that W?(p) =
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W (p). Schein [Sch08] subsequently proposed a generalisation that, in the tame case
(where the restrictions of p to inertia subgroups at places dividing p are semisimple),
removes the restriction that p be unramified in F'. When p is either unramified or
totally ramified in F' many cases of these conjectures have been proved, in [Gee06b]
and [GS] respectively, but the general case has so far been out of reach.

As far as we know, there is no corresponding conjecture in the literature for
automorphic forms on quaternion algebras that are ramified at p (although the
results in the case F' = Q are easily deduced from the discussion in section 4
of [Kha01]). We specify a conjectural set of weights W7 (), depending only on
the restrictions of p to decomposition subgroups at places dividing p. In the case
that these restrictions are semisimple, the conjecture is completely explicit (and
depends only on the restrictions to inertia subgroups). In the general case the
set W (p) is defined in terms of the existence of certain potentially Barsotti-Tate
lifts of specific type, and so depends on some rather delicate questions involving
extensions of crystalline characters. In fact, we always make a definition in terms of
the existence of certain potentially Barsotti-Tate lifts, and in the semisimple case
we make this description explicit by means of calculations with Breuil modules and
strongly divisible modules.

We assume that p is odd, and that ﬁ|GF<<p) is irreducible. We make a mild
additional assumption if p = 5. All of these restrictions are imposed by our use of
the modularity lifting theorems of [Kis07b] (or rather, by their use in [Gee06a]).
Under these assumptions, we are able to prove that if for each place v|p, play,
¥

is not of the form ( ¢2> with 1 /19 equal to the mod p cyclotomic character,

then W*(p) = W(p). In the exceptional cases we establish that W7 (p) c W(p),
with equality up to a short list of possible exceptions (for example, in the case that
there is only one place of F' above p there is only one exception). Our techniques
are analogous to those of [GeeO6b] and [GS]. As in those papers, the plan is to
construct modular lifts of p which are potentially semistable of specific type, using
the techniques of Khare-Wintenberger, as explained in [Gee06a].

The significant advantage in the present situation over those considered in [GS]
and [Gee06b] is that the property of being modular of a specific weight corresponds
exactly to the property of having a lift of some specific type (in the case considered
in [Gee06b] this correspondence was considerably weaker). Accordingly, we have
no regularity assumption on the weights, we do not have to use Buzzard’s “weight
cycling” technique, and especially we do not need to make any restriction on the
splitting behaviour of p in F.

In the case that the restrictions of p to decomposition groups at places dividing p
are all semisimple, we establish an explicit description of W’ (5) by a computation
in two stages. In one step we make use of Breuil modules with descent data, in the
same style as analogous computations in the literature; our calculations are rather
more complicated than those made in the past, however, as we have no restrictions
on the ramification or inertial degrees of our local fields.

For the second step, we have to exhibit potentially Barsotti-Tate lifts of the
appropriate types. Writing down such lifts is rather non-trivial. We accomplish this
by means of an explicit construction of corresponding strongly divisible modules;
again, these calculations are more complicated than those in the literature, because
we make no restrictions on the ramification or inertial degrees of our local fields.
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We also note that while we work throughout with definite quaternion algebras,
it should not be difficult to extend our results to indefinite algebras; one needs only
to establish the analogue of Lemma 2.2 (see for example the proof of Lemma 6 of
[DT94] for the case F = Q).

We now detail the outline of the paper. In section 2 we give our initial definitions
and notation. In particular, we introduce spaces of algebraic modular forms on
definite quaternion algebras, and we explain what it means for p to be modular of
a specific weight.

In section 3 we explain which tame lifts we will need to consider, and the rela-
tionship between the existence of modular lifts of specified types and the property
of being modular of a certain weight. This amounts to recalling certain concrete
instances of the local Langlands and Jacquet-Langlands correspondences for GLg
and local-global compatibility. All of this material is completely standard.

Section 4 begins the work of establishing an explicit description of W7*(p), by
finding necessary conditions for the existence of potentially Barsotti-Tate lifts of
particular type, via calculations with Breuil modules. The sufficiency of these
conditions is established in section 6, by writing down explicit strongly divisible
modules. Both sections make use of a lemma relating the type of the lifts to
the descent data on the Breuil modules and strongly divisible modules, which is
established in section 5.

These local calculations are summarised in section 7. Finally, in section 8 we
prove our main theorem.

2. NOTATION AND ASSUMPTIONS

Let p be an odd prime. Fix an algebraic closure Q of Q, an algebraic closure
Q, of Qp, and an embedding Q — Q,. We will consider all finite extensions of Q
(respectively Q,) to be contained in Q (respectively @p). If K is such an extension,
we let Gk denote its absolute Galois group Gal(K/K). Let F be a totally real
field. Let p: Gp — GL2(F,) be a continuous Galois representation. Assume from
now on that 5|GF<¢1,) is absolutely irreducible. If p = 5 and the projective image of
p is isomorphic to PGLy(F5), assume further that [F'(¢5) : F] = 4. We normalise
the isomorphisms of local class field theory so that a uniformiser corresponds to a
geometric Frobenius element.

We wish to discuss the Serre weights of p for quaternion algebras ramified at all
places dividing p. We choose to work with totally definite quaternion algebras. We
recall the basic definitions and results that we need.

Let D be a quaternion algebra with center F' which is ramified at all infinite
places of F' and at a set X of finite places which contains all primes dividing p.
Fix a maximal order Op of D and for each finite place v ¢ ¥ fix an isomorphism
Op.w = (Op)y — M3(OF,). For any finite place v let 7, denote a uniformiser of
F,.
Let U =[], U, C (D ®p A?)X be a compact open subgroup, with each U, C

Do+ Furthermore, assume that U, = Of , for all v € %.

Take A a topological Z,-algebra. For each place v|p fix a continuous represen-
tation o, : U, — Aut(W,) with W, a finite free A-module. Let o denote the
representation ®,,0, of U, := Hvlp Uy, acting on W, 1= ®,,,W,. We regard o as
a representation of U in the obvious way (that is, we let U, act trivially if v { p).
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Fix also a character 1 : FX\(A{,)X — A* such that for any finite place v of F,
J|Umo§ is multiplication by ¥~1. Then we can think of W, as a U(A?)X—module

by letting (A{,)X act via ¢~ L.
Let S, (U, A) denote the set of continuous functions

[ D\(D @p AL) — W,
such that for all g € (D ®p A{;)X we have
f(gu) = o(u)~' f(g) for all u € U,

f(gz) =¢(2)f(g) for all z € (Aé)><
We can write (D ®p A{,)X = ]_L-GIDXISZ-U(A’;)X for some finite index set I and
some t; € (D ®p Aé)x. Then we have
S (U, A) s @y WiV R 06D/
the isomorphism being given by the direct sum of the maps f +— f(¢;). From now
on we make the following assumption:

For all t € (D @p AL)* the group (U(AL)* Nt~ D*t)/F* = 1.

One can always replace U by a subgroup (satisfying the above assumptions, and
without changing U,) for which this holds (cf. section 3.1.1 of [Kis07a]). Under this
assumption S, (U, A) is a finite free A-module, and the functor W, — S, (U, A)
is exact in W,.

We now define some Hecke algebras. Let S be a set of finite places containing
¥ and the primes v of F' such that U, # Of ,. Let ’JI“;“AV = A[T,, Sy]vgs be the
commutative polynomial ring in the formal varlables T,, S,. Consider the left action
of (D®p A?) on Wy-valued functions on (D ®p A{,) given by (gf)(2) = f(z9).
Then we make S, (U, A) a T““}“’ module by letting S, act via the double coset
U(“” v )U and T, via U ( W )U These are independent of the choices of m,. We
will write T, (U, A) or Ty (U) for the image of ’]I“““V in End S, (U, A).

Let m be a maximal ideal of T“““’ We say that m is in the support of (o, )
if Soyp(U, A)m # 0. Now let O be the ring of integers in Q,,, with residue field
F = E,, and suppose that A = O in the above discussion, and that ¢ has open
kernel. Consider a maximal ideal m C Tg“(lg" with residue field F which is induced
by a maximal ideal of T (U, O). Then there is a semisimple Galois representation

w : GF — GLy(F) associated to m which is characterised up to conjugacy by the
property that if v ¢ S then p,|g,, is unramified, and if Frob, is an arithmetic
Frobenius at v then the trace of p,, (Frob,) is the image of T,, in F.

We are now in a position to define what it means for a representation to be
modular of some weight. Let v|p be a place of F, so that U, = OBU. Let o, be an
irreducible F-representation of U,. Note that if II, is a uniformiser of Op ,, then
k2 := Op /11, is a finite field, a quadratic extension of the residue field k, of F,.
The kernel of the reduction map U, — k‘;v is a pro-p group, so o, factors through
this kernel, and is a representation of the finite abelian group k;v. It is therefore
one-dimensional. Let 0 = ®,,0y.

Definition 2.1. We say that p is modular of weight o if for some D, S, U, ¢, and
m as above, we have S, (U, F)n # 0 and p,, = p.
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Assume from now on that p is modular of some weight, and fix D, S, U, ¥, m
as in the definition. Write W (p) for the set of weights o for which 5 is modular of
weight o.

One can gain information about the weights associated to a particular Galois
representation by considering lifts to characteristic zero. The key is the following
basic lemma.

Lemma 2.2. Let ¢ : F*X\(Ap)* — O* be a continuous character, and write 1
for the composite of 1 with the projection O* — F*. Fiz a representation o’ of
Uy on a finite free O-module Wy, and an irreducible representation o of U, on
a finite free F-module W,. Suppose that we have U’|Umo§ = ¢71|Umo; and

J|Umo; = ¥71|Um©§ for all finite places v.

Let wm be a mazimal ideal of T&Y .

Suppose th@ Wq occurs as a Up-module subquotient of Wor @ F. If m is in the
support of (o,1), then m is in the support of (o’,1). B

Conversely, if m is in the support of (o’,1), then m is in the support of (', 1))
for some irreducible Up-module subquotient Wy of Wy @ F.

Proof. The first part is proved just as in Lemma 3.1.4 of [Kis07b], and the second
part follows from Proposition 1.2.3 of [AS86]. O

We also have the following useful lemma, which was first observed by Serre in
the case F' = Q (see remark (11) in Serre’s letter to Tate in [Ser96]). For each place
v|p we let g, denote the order of the residue field k, of F,. If o, is an irreducible
F-representation of Of ,, then by the remarks above it is a character of & ,. Thus

o is another irreducible F-representation, and Uvi = 0,. Serre observed that the
set W (p) is preserved by this operation. This is essentially a consequence of the
structure of Op ,. Let Ko, = W (ks ,)[1/p], a subfield of D,. Note that there is a
choice of uniformiser II,, of D, with the property that conjugation by II, preserves
K> ., and acts on it via a non-trivial involution. In particular, the induced action
on ks, is via the g,-th power map.

Lemma 2.3. Let v be a place of F' dividing p, and let o be a weight as above. Let
0" = 0d @ulpwrte Ow- Then p is modular of weight o if and only if it is modular

of weight o’.

Proof. Tt suffices to exhibit a bijection
0 : Sg,w(U, F) - ng,w(U, F)

which commutes with the action of T¢%". Let II € (D ®p AT)* be trivial away
from v, and equal to II, at v, where II, is as in the previous paragraph. Then we
define 6 by

(0F)(x) == f(aID).
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It is straightforward to check that this map has the required properties; the key
point is that if u € U, then

(0f)(zu) = f(zull)

= f(2II(IT~ *ull))

= o (I ull) =t f (1)
=o' (u)™" f(2Tl)

= a'(u) "1 (0)(x).

3. WEIGHTS ARE CONTROLLED BY LIFTS OF TAME TYPE

We distinguish two types of irreducible F-representations o, of U,. Recall that
any such representation is 1-dimensional, and factors through kzx’v, with k2, a
quadratic extension of k.

Definition 3.1. We say that o, is of type I if it does not factor through the norm
ks, — k. Otherwise, we say that it is of type IL

We now recall some facts about the local Langlands and local Jacquet-Langlands
correspondences. Let K be a finite extension of Q, let L be an unramified quadratic
extension of K, and let D be a nonsplit quaternion algebra over K. Consider L as a
subfield of D. Let k be the residue field of K, of cardinality ¢. If 7 is an irreducible
admissible representation of D>, we let JL() be the corresponding representation
of GLy(K). If m is an irreducible admissible representation of GLy(K), we let
LL(7) denote the corresponding representation of the Weil group Wk of K. Let
Np : D* — K* be the reduced norm. As usual we identify characters of L* or
K> with characters of the corresponding Weil groups via local class field theory. If
X is a character of L* which does not factor through the norm to K>, we denote
the corresponding supercuspidal representation of GLy(K') by W,.

o If x is a character of K*, then JL(x o Np) = (x o det) ® St, where St is
the Steinberg representation.

e Suppose that y is a character of L* of conductor 1. Then LL(m)|s, =
Xl ® x|}, if and only if 7 = W, for some unramified twist x’ of x. [See
section A.3.2 of [BM02].]

e If y is a character of L* of conductor 1, then JL™!(W,) is 2-dimensional.
Furthermore, JL_l(WX)|O; = X|Of @ X|Z)x~ [See section 7 of [Pra90].]

L

We now recall some definitions relating to potentially semistable lifts of particular
type. We use the conventions of [Sav05].

Definition 3.2. Let 7, be an inertial type. We say that a lift p of p|g,, is parallel
potentially Barsotti-Tate (respectively parallel potentially semistable) of type 7, if
p is potentially Barsotti-Tate (respectively potentially semistable with all Hodge-
Tate weights equal to 0 or 1), has determinant a finite order character of order
prime to p times the cyclotomic character, and the corresponding Weil-Deligne
representation, when restricted to I, , is isomorphic to 7.

Note that for a two-dimensional de Rham representation with all Hodge-Tate
weights equal to 0 or 1, the condition that all pairs of labeled Hodge-Tate weights
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are {0, 1} is equivalent to the condition that the determinant is the product of the
cyclotomic character, a finite order character, and an unramified character; the
condition of being parallel is slightly stronger than this.

Definition 3.3. Let v[p. We say that a representation p : Gr, — GL2(Q,) is
ordinary if p| Ir, 18 an extension of a finite order character by a finite order character
times the cyclotomic character.

We let 7, denote the inertial type of Iy, given by o, @ g, where a tilde denotes
a Teichmiiller lift (considered as a representation of I, via local class field theory).

Lemma 3.4. p is modular of weight o = ®,,0, if and only if p lifts to a modular
Galois representation which for all places v|p is parallel potentially Barsotti- Tate
of type T, at v if oy, is of type I, and is parallel potentially semistable of type T, at
v, but not potentially crystalline, if o, is of type II.

Proof. We first tackle the only if direction. We apply Lemma 2.2, with m a max-
imal ideal with p,, =2 p and S, 4 (U,F)m # 0 (such a maximal ideal exists by the
assumption that p is modular of weight o), and

! /
o = ®v|pov

where

o = (JL (Ws,)los
if o, is of type I, and

01’} = 0y

if o, is of type II. The correspondence between the algebraic modular forms con-
sidered in section 2 and automorphic representations of D* is explained in section
3.1.14 of [Kis07b] (there is a running assumption in that paper that D is split at all
places dividing p, but it is not needed in this discussion, and if one sets the represen-
tation W_a of loc. cit. to be the trivial representation the discussion goes through
immediately in our case), and we see that there is an automorphic representation
of D* whose weight is the trivial representation, whose Hecke polynomials at un-
ramified places lift the characteristic polynomials of the corresponding Frobenius
elements for p, and such that for each place v|p, m, is either JL=*(W,) for x an
unramified twist of o, if o, is of type I, or an unramified twist of o, if o, is of
type 1L

Applying the Jacquet-Langlands correspondence (Theorem 16.1 of [JL70]) we
see that there is an automorphic representation 7’ of GLa(Ap) with the same
infinitesimal character as the trivial representation, whose Hecke polynomials at
unramified places lift the characteristic polynomials of the corresponding Frobenius
elements for p, and such that for each place v|p, m, is either W, for y an unramified
twist of &, if o, is of type I, or an unramified twist of (&, o det) ® St if o, is of
type II. The compatibility of the local and global Langlands correspondences at
places dividing p (see [Kis08]), and the results on the form of the local Langlands
correspondence recalled above, show that the Galois representation corresponding
to 7’ gives a representation of the required form.

For the converse, we may reverse the above argument, and we see that Lemma
2.2 guarantees that p is modular of a weight y = ®,pit,, where for each v|p if o,
is of type II then u, = o, and if o, is of type I then pu, = o, or od*. The result
then follows from Lemma 2.3. (]
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This motivates the following definition of W7 (5).

Definition 3.5. For each place v|p, let W (p|,, ) denote the set of o, of type
I such that p|g,, has a parallel potentially Barsotti-Tate lift of type 7,, together
with the set of o, of type II such that p|g,, has a parallel potentially semistable
lift of type 7, which is not potentially crystalline. Let W7(5) be the set of weights
0 = ®,p0, With 0, € W' (pla,,) for all v|p.

Note that by Lemma 3.4 we have W(p) C W’ (p). We will prove under a mild
hypothesis that W(p) = W7(p) in section 8. In the intervening sections we will
give an explicit description of W’ (p) in the case that p|q,, is semisimple for each
v|p. It is already possible to see that weights of type II are rather rare.

Lemma 3.6. If p is modular of weight 0 = ®,,,0,, and oy, is of type II, then

_ -~ € *
plir, =00 <0 1>

where o, is regarded as a character of Ir, via local class field theory, and € is the
cyclotomic character.

Proof. This follows from Lemma 3.4, and the well-known fact that 2-dimensional
semistable non-crystalline p-adic representations with all pairs of labeled Hodge-
Tate weights equal to {0,1} are unramified twists of an extension of the trivial
character by the cyclotomic character. O

4. NECESSARY CONDITIONS

4.1. Breuil modules with descent data. Let k& be a finite extension of F,,
define Ky = W (k)[1/p], and let K be a finite totally ramified extension of Ky of
degree e’. Suppose that L is a p-adic subfield of K such that K/L is Galois and
tamely ramified. Assume further that there is a uniformiser m of Ok such that
n¢(B/L) ¢ [, where e(K/L) is the ramification degree of K/L, and fix such a 7.
Since K /L is tamely ramified, the category of Breuil modules with coefficients and
descent data is easy to describe (see [Sav08]). Let kg be a finite extension of F).
The category BrModga,;, consists of quadruples (M, Fil' M, ¢1, {G}) where:

e M is a finitely generated (k ®r, kg)[u]/ufP-module, free over k[u]/u®?.

e Fil'M is a (k ®s, kg)[u]/u¢ P-submodule of M containing u¢ M.

e ¢ : Fil'M — M is kp-linear and ¢-semilinear (where ¢ : kfu]/u¢? —
E[u]/u¢? is the p-th power map) with image generating M as a (k ®F,
kg)[u] /uP-module.

e §: M — M are additive bijections for each g € Gal(K/L), preserving
Fil' M, commuting with the ¢-, and kg-actions, and satisfying g1 o g =
g1 0g, for all g1,go € Gal(K/L), and 1 is the identity. Furthermore, if
a € k®g, kg, m € M then g(au'm) = g(a)((g(r)/m)" @ D)u'g(m).

The category BrModqq, 1, is equivalent to the category of finite flat group schemes
over Ok together with a kg-action and descent data on the generic fibre from K
to L (this equivalence depends on 7).

We choose in this paper to adopt the conventions of [BM02] and [Sav05], rather
than those of [BCDTO1]; thus rather than working with the usual contravariant
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equivalence of categories, we work with a covariant version of it, so that our formu-
lae for generic fibres will differ by duality and a twist from those following the con-
ventions of [BCDTO01]. To be precise, we obtain the associated G -representation
(which we will refer to as the generic fibre) of an object of BrModgq,, via the
functor T 5.

Let E be a finite extension of Q, with integers O, maximal ideal mg, and residue
field kg. Recall from [Sav05, Sec. 2] that the functor D§)2 is an equivalence of
categories between the category of E-representations of G which are semistable
when restricted to G and have Hodge-Tate weights in {0, 1}, and the category of
weakly admissible filtered (¢, N)-modules D with descent data and E-coefficients
such that Fil’(K ®x, D) = K ®x, D and Fil*(K ®@x, D) = 0.

Suppose that p is a representation in the source of D§72. Write S = Sk,0,
(notation and terminology in this paragraph are as in [Sav05, Sec. 4]). Then T, i?
is an equivalence of categories between strongly divisible modules M (with Og-
coefficients and descent data) in S[1/p]|® k.05 DX 5 (p) and Galois-stable O g-lattices
in p. This equivalence is compatible with reduction mod mg, so that applying
Tk 5 to the object (k g, kg)[u]/(us?) ®s/mps (M/mpM) of BrModaq,z, yields a
reduction mod p of p (see [Sav05, Cor. 4.12, Prop 4.13]).

To simplify notation, for the remainder of the paper we write simply M /mgM
for the above reduction mod mg of M in BrModgq,, (we will never mean the
literal S/mgS-module). Let ¢ be the residue field of L, and let ury denote the
unramified character of G;, sending an arithmetic Frobenius element to A. Define
Nyp, kg 1 £ ®r, kg — Fp ®F, kg = kg to be the norm map z — HﬁeGal(e/Fp) B(x),
with each § acting trivially on kg.

The following lemma is a more precise version of [GS, Lem. 5.2].

Lemma 4.1. Let Y : Gal(K/L) — kj be a character, and for ¢ € (¢ ®g, kp)™ let
M(¥, ¢) denote the free of rank one Breuil module with kg-coefficients and descent
data from K to L with generator v and

FIlM(X. ) = M(X,0),  é1(v) =cv,  G(v) = (1@X(9))v
for g € Gal(K/L). Then Tk ,(M(X,c)) = urx - X, where X = Ny/p, 1, ()7t

Proof. This statement is exactly the same as [GS, Lem. 5.2], except that here we
determine the unramified character multiplying Y. We return ourselves to the proof
of that statement, and in particular we re-adopt the notation from that proof, so
that x is the Teichmiiller lift of , the element ¢ € (W () ®z, Op)* is a lift of c,
and D := D(x,¢) is a filtered ¢-module of rank one over Ky ® F with descent data
x and generator v such that ¢(v) = pcv.

The representation Vi',(D) giving rise to D is contained in (By ®f, D)*=P
(see the definition after [Sav05, Cor. 2.10]), and is generated by some av with
a € By, ®k, F; then pav = ¢(av) = ¢(a)cpv, so that ¢(a)c = a. If f = [0 :F)]
it follows that ¢()(a) = N1,/q,,6(€) " ta, where Lo = W(€)[1/p] and Ny /g, £ is
defined via the obvious analogy with Ny/p_ 1. Set A= NLO/QP,E(E)_l.

Now if g € G is a lift of an nth power of arithmetic Frobenius, with n € Z,
then g(av) = ¢("(a)x(g)v = (ur5 - x)(g)av. Since A lifts A, the result follows by
continuity. O

For the remainder of this paper we make the hypothesis that kg is sufficiently
large as to contain an embedding of k. Let og be a fixed choice of embedding



10 TOBY GEE AND DAVID SAVITT
k — kg and recursively define o 11 = 0i. If M is any (k ®F, kg)-module, we recall
from [Sav08] that M decomposes as a direct sum M = 69;-1:_01 M;, where M; is the kg-
submodule on which multiplication by x ® 1 for x € k is the same as multiplication
by 1 ® o;(x). In fact there is a collection of idempotents e; € k ®F, kg so that
M; = e;M and ¢(e;) = e;41.

Suppose now that M is an object of BrModqq,,. Note that ¢; maps (FillM)i
into M;41. For g € G, let 7j(g) be the image of g(r)/m in (the e(K/L)th roots of
unity of) k. The rank one objects of BrModqq, 1, are classified as follows.

Proposition 4.2 ([Sav08], Theorem 3.5). With our fized choice of uniformiser x,
every rank one object of BrModgq,, with descent data relative to L has the form:

e M= ((k®r, kg)u]/u¢?) - v,

o (Fil'M); = u" M,,

o (bl(Z?:_Ol u"ie;v) = cv for some c € (L ®F, kp)*, and

o §(v) = S50 (M(9) © Desv for all g € Cal(K/L),
where 0 < 1r; < € and 0 < k; < e(K/L) are sequences of integers satisfying
ki = p(ki—1 +7i—1) (mod e(K/L)); furthermore the sequences r;,k; are periodic
with period dividing f = [¢: Fp).

Corollary 4.3. In the above proposition, suppose that e(K /L) is divisible by pf —1.
Define so = p(p’ tro+--+rs_1)/(pT=1) and X\ = Nyjp, i, (¢) 71 Then T o(M) =
(o oFoT50) L ury,.

Remark 4.4. According to [Sav08, Rem. 3.6], the congruences k; = p(ki—1 +7-1)
(mod e(K/L)) imply that

p o4 41,1 =0 (mod pf —1),

and kg is a solution to —p(p/~tro + -+ + ;1) = (pf — ko (mod e(K/L)). It
follows that sq is an integer; moreover (p/ —1)(ko+s0) =0 (mod e(K /L)), so that
the image of ¥+ lies in £* and 7*°+*° is actually a character.

Proof. We proceed as in Example 3.7 of [Sav08].

Define s; = p(rip/ =t +- - +7riyy—1)/(p/ —1) with subscripts taken modulo f, and
observe that (k; + s;) = p’(ko + so) (mod e(K/L)). Let X = og o +*0. We check
that there is a morphism M(¥,c) — M with M(¥X,c) as in Lemma 4.1 (except
that here we will use w to denote its generator, since v is now our generator of M).

The morphism will send w +— >, u®e;v. One checks easily that this is a mor-
phism of Breuil modules. Indeed: the filtration is preserved since s; > r;; the mor-
phism commutes with ¢, because s;41 = p(s; —r;); and to check that the morphism
commutes with descent data, use the fact that g(w) = (1 ® (g9 o 7*T*°(g9)))w =
S 755 (g) @ Derw,

Now the claim follows immediately from Lemma 4.1 and an application of [Sav04,
Prop. 8.3]. O

4.2. Necessary conditions: the reducible case. Let p be a prime of F' lying
above p, and 7, € p our chosen uniformiser. Suppose that the residue field of Fj
has order g = p/.

In this subsection and the next, we consider the following situation. Let L be
the unramified quadratic extension of F},, and K the splitting field of b Tp

over L. Let w be a choice of W;/(pzf_l) in K. Let k denote the residue field of
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K, and if g € Gal(K/F,) then as before we let 7j(g) be the image of g(w)/w in k.
Suppose that F,, has absolute ramification index e, and write ¢/ = e(p?/ — 1).

Suppose that p : Gp, — GLa(kg) with kg a finite field into which & may be
embedded, and assume that p is the reduction mod mg of a parallel potentially
Barsotti-Tate representation p of type x ® x?, where x # x?. Let H be the mg-
torsion of the Barsotti-Tate group over Ok corresponding to p; then H is a finite
flat group scheme over Ok with descent data to F}, of the form X © X%, and p is
the generic fibre of H.

In this subsection we suppose that p = %1 , and we wish to determine

*
V2
the possibilities for ¢; and 2. We do this by means of a calculation with the
corresponding Breuil modules. Note that by a standard scheme-theoretic closure
argument, 1), corresponds to a subgroup scheme G of H.

By Proposition 4.2, the Breuil module M with descent data to F}, corresponding

to G may be written in the form

o« M= ((k O, kE)[u}/ue(pzf*l)p) -,

o (Fil' M); = u" M,

e ¢1(u"ie;v) = (1 ®;)eir1v for some v; € kj5,
900 ew) = S @(o) @ Ve for all g € Gal(K/Fy).
Here the k;, e; are integers with k; € [0,p?f — 1) and r; € [0,e(p?/ — 1)] satisfying
kiy1 = p(k; +7;) (mod p?/ — 1), and 44 = 74, ki = ki; also vy = ;. We may
also write g(e;v) = (1 ® x;(g))eiv where x; = 0; 07, so that ¥ = i/

The possibilities for k; are prescribed by the fact that the descent data for G
is of the form X @ X9, so that we have x; € {Xx,x?} for all <. (This follows for
instance by Corollary 5.2, which does not depend on anything in this paper before
Section 5. Note that this is the only place in this subsection where we make use
of the hypothesis that p with the given descent data lifts to p, and this is only for
convenience.) Let 7; = (05 07)|1,, for 0 <i <2f be a system of fundamental char-
acters of niveau 2f of I Fps then w; = 7;M;45 is a system of fundamental characters
of niveau f. Write

i=0
with 0 < ¢; < p—1. Then we see that each k; is congruent modulo p?/ —1 to either
ci+pY e+ e+ Fpeia
or
Civg + P T eipp A0 g o+ pCiv s

but (since X # %) not both. We let J be the set of places such that the first
possibility obtains, or equivalently, such that x; = X. The conditions k; = Ky
and ¥ # Y? together imply that ¢ € J if and only if i + f ¢ J. We now consider the
congruence ki1 = p(k; +7;) (mod p?/ —1). Ifi€ Jandi+ 1€ J, orifi ¢ J and
i+1¢ J, this gives r; = 0 (mod p?/ — 1). In either case, write r; = (p?/ — 1)a;,
for some 0 < z; <e. Ifie Jand i+ 1 ¢ J, we see that

ri = (p* =Dzi+(p = 1) (0" M cir p1—cin1)+07 2 (Cigpra—ciza)+ -+ (ci—cirg))
for some z;, and if i ¢ J and i + 1 € J, then

ri = (7 =D)ai+ (" 1) (0" i1 —cip 1) 0 2 (Civa—Civ o)+ A (Cirp—ci)).
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In these cases we will determine the ranges for x; shortly, but in any case note that
Tiy = Ti4f-
Following Corollary 4.3 we define

S0 = (r0p2f—1 e rof_1),

_r
(p?/ —1)
so that | Ir, = ﬁ§°+30. Consider sg as a linear expression in the ¢;. We begin by
determining the coefficient of cy. It is elementary to check that this coefficient is
pf is 0 € J, and —p/ otherwise. Indeed, for each transition i € J, i + 1 ¢ J with
i € [0, f), the terms r; and 7,4 ¢ together contribute p’ to the coefficient; on the
other hand each transition i ¢ J, i + 1 € J in that range contributes —p/. Since
the net number transitions out of J from ¢ = 0 to ¢ = f is 1 or —1 depending on
whether 0 € J or 0 € J, the claim follows.

Thus the coefficient of ¢q in ko + sg is pf + 1 if 0 € J, and 0 otherwise. By cyclic
symmetry, the coefficient of ¢; in ko + sq is p?/ =i (p/ + 1) if i € J, and 0 if i ¢ J.
We thus see that

-1

Unlre, = [ Ll [Tl
icJ i=0

where 7 is the natural projection from Z/2fZ to Z/ fZ.

It remains to determine the possible values of the x;. As already remarked, if
ie€Jandi+1l € J,orifi ¢ Jandi+1 ¢ J, then we may take any 0 < z; < e. Since
the expression (p/ —1)(p/ ! (ciq 1 —cir1) +07 2 (cirpro—civa) +- -+ (ci —ciry))
is nonzero and is strictly between 1 — p>f and p?f — 1, in the other cases we allow
either 0 < x; < e—1or 1 < z; < e, depending on whether the sign of this
expression is positive or negative. If i € J and i+1 ¢ J, then the allowable range is
0 < z; < e—1 precisely when there is a j > 1 with ¢y = cippyy forall 1 <k < j
and ¢;4j+r > ¢iyj, and the situation is reversed in the case i ¢ J and i+ 1 € J.

Note that if e > p — 1, then there is no restriction on z/)1|1Fp ; this is easy to see,
because we may take J = ), and the x; are then free to assume any value in [0, €].

4.3. Necessary conditions: the irreducible case. We retain the notation and
hypotheses of the previous subsection, but now we consider the case of an irre-
Y1 0
0 o
1| Ir, - Let H be the finite flat group scheme with generic fibre descent data from K
to L corresponding to p|g, , and let G be the subgroup scheme corresponding to ;.
Note that the descent data on H must extend to Gal(K/F,) while the descent data
on G must not.

As before, the Breuil module M with descent data to L corresponding to G may
be written in the form

M = ((k @, k)[u] fu®' D7) -0,

(Fil' M); = u" M,

$1(u"e;v) = (1 ®7;)e;1v for some v; € ki,

A ew) = 35 M(9)™ @ Ve for all g € Gal(K/Fp).

Here the k;, e; are integers with k; € [0,p?/ — 1) and r; € [0, e(p?/ — 1)] satisfying
ki1 = p(k; + ;) (mod p?/ —1). We may also write g(e;v) = (1 ® xi(g))e;v where
xi = o on" € {xX, X’}

ducible p. In this case, plg, = < ) . Again, we compute the possibilities for
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We no longer know that k; = k4 ¢ (or equivalently that x! = x;+f), and in fact
the following lemma shows that this is no longer the case.

Lemma 4.5. We have ki1 = p'k; (mod p?/ — 1), or equivalently x; = Xi+y-

Proof. Let N be the Breuil module corresponding to H. By Corollary 5.2 and the
comment following it, the basis vector v of M may be extended to a basis v, w of
N such that g(e;w) = (1® x7(g))eiw.

Now we exploit the fact that the descent data on N extends to descent data
from K to F,. Let ¢ € Gal(K/F,) be the element fixing w and acting nontrivially
on L, so that ¢~lgp = g7 for any g € Gal(K/L). Note that @(e;) = e;4f. Let A;
be the invertible matrix with entries in kg [u]/(ue(pzf_l)p) such that

~ [ €;U o ) €i4fU
p(cn)=a (o).

The relation gy = @g? implies that

loxy 0 1® Xits 0
¢ A=A ;
( 0 1®><i> ( 0 1®xy

using the fact that x; # x7 we deduce that for each i, either x] = ;15 and A; is
diagonal, or x; = xi+y and A; is skew-diagonal.
But suppose that A; is diagonal for some i. Let a be the (1, 1)-entry of A;. Then

—1 [ —1 T

Pleir1v) = (Podr)(v; 'ulew) = (10 3) (77 u" ew) = di(v; tauT eip o)
is a multiple of e;y¢y1v, and A;41 must also be diagonal; iterating, we see that
A; is diagonal for all 7. But then @ preserves M, and the character v; of G
extends to a character of G g; this contradicts the irreducibility of p. Therefore A;
is skew-diagonal for all ¢, and x; = Xi+¢- [

Remark 4.6. Though we shall not need this fact, with only slightly more work
one can check that N is actually the Breuil module direct sum of M and the
submodule M’ generated by w. Indeed, the commutativity of ¢; and @ implies
that FilA N M’ = Yo ulit e M and ¢q (it e;w) generates e;41M’. Therefore
M’ equipped with the filtration and ¢; induced from A/, is a Breuil module. Finally
the map M @& M’ — N is a bijective morphism of Breuil modules; but bijective
morphisms of Breuil modules are isomorphisms of Breuil modules.

Remark 4.7. We expect it to be true that r; + ;1 = e(p?f — 1), coming from the
hypothesis that p lifts to a parallel potentially Barsotti-Tate representation (along
with the decomposition N = M@ M'). However, we will not actually need to prove
this in order to determine the possibilities for 1)1, and so we temporarily ignore this
expected condition.

Again, write

with 0 < ¢; < p—1. Then we see that each k; is congruent modulo p?f —1 to either
ci+ 0 e + 7 e+ pei

or

f

Cipr +0 e+ 0 P e+ pein o
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We let J be the set of places such that the first possibility obtains. The fact that
kivy = p/k; (mod p?f — 1) shows that i € J if and only if i + f € J. As above, if
i€Jandi+1€ J,orifi¢ Jandi+1¢ J, weobtainr; =0 (mod p?/ —1). In
either case, write r; = (p?/ — 1)a; for some 0 < z; <e. Ifi € Jandi+1 ¢ J, we
see that

ri = (7 =Dzt (0 =) (i prr—civn) +p (i pra—cipe) + o (ci—civy))
for some z; and that if ¢ ¢ J and i + 1 € J, then

ri = (07 =12+ (" 1) (" i1 —cip 1) 07 2 (Civa—Civ o)+ H(Civp—ci)).

Again, we define

S0 = )(T0p2f_1+7“1p2f_2+"'+7“2f—1),

__pr
(p?F -1

so that ¢1];, = ﬁ§°+50. Consider sq as a linear expression in the ¢;. By the same
reasoning as in the previous subsection it is easy to check that the coefficient of ¢
is always 0. Therefore the coefficient of cq in ko + sg is 1 if 0 € J, and p/ otherwise.
By cyclic symmetry, the coefficient of ¢; in ko + s is p?/ =% if i € J, and pf—* if

i ¢ J. We thus see that
Vil = Hﬁf Hm—ciﬁ HUZE
icJ  igJ i

It remains to determine the possible values of the x;. The initial analysis is
just as in the last subsection. As already remarked, if i € J and i+ 1 € J, or
ifi¢ Jand i+ 1 ¢ J, then we may take any 0 < x; < e. Since the expression
(p! =1)(p/ " (citpr1—civ1)+p "2 (Civ pr2—ciz2)+ -+ (ci—ciyy)) is nonzero and is
strictly between 1—p?f and p?/ —1, in the other cases we allow either 0 < z; < e—1
or 1 < z; < e, depending on whether the sign of this expression is positive or
negative. If i € J and i+ 1 ¢ J, then the allowable range is 0 < x; < e — 1 precisely
when there is a j > 1 with ¢;4r = cijqpyy forall 1 <k < j and ciqj1f > 45, and
the situation is reversed in the case i ¢ J and i +1 € J.

Finally, we consider restrictions on 1; coming from the expectation that r; +
Tigp = e(p?! — 1), or equivalently that x; + Ziys = e. We will see that it suffices
to consider restrictions coming from the determinant of p: if e < p — 1 then the
determinant condition will actually imply that z; + 2,1 f = e, whileif e > p —1
then we will see that all possibilities for ¢, |7, such that ¢9"|;, = det(p)|;, already
occur among those ¢; with z; + x;4y = e for all ¢ (and so nothing extraneous is
gained by forgetting the latter restriction).

Lemma 4.8. If p has a parallel potentially Barsotti-Tate lift of type x @& x4, then
det ﬁ|1Fp =e- X1, where € is the mod p cyclotomic character.

Proof. This follows at once from Definition 3.2 and the results of section B.2 of
[CDT99]. O

Consider first the case e < p—1. By the Lemma, we must have z/;f“ lr, = ex9Th
Writing y; = x; + @4 this is easily seen to reduce to

f-1
H WY — e — wg(pffl)/(pfl)
i=0
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or equivalently p/ ~ty; +p/~2ys + - +y; = e(pf —1)/(p—1) (mod p/ —1). Note
that the left hand side of this congruence lies in the interval [0,2e(pf —1)/(p — 1)],
and since e < p— 1 the congruence must actually be an equality. Finally one checks
easily that if each y; € [0,2¢] and p/ ~ly; +p/ 2o + - +yr =e(p —1)/(p - 1),
then each y; must actually equal e.

Next, suppose that e > p — 1. We let J = {0,...,2f — 1}, and consider the
possibilities for ¥4 |7, that occur if we put z;4 5 =e — ;. If X = pf oy -+ Ty
then ¥1|;, =X - n;(pf_l)/(p_l) . nél_pf)x and depends only on X (mod pf +1). If
e > p then as x1,...,xs range over the interval [0, e], the integer X ranges over
an interval that includes [0,p], and 1|7, ranges over all p/ + 1 characters with
I, = e x0T

If instead e = p—1, then X only ranges over the interval [0, pf — 1], and we obtain
all possibilities for ¢4 |1, satisfying the determinant condition except 1|7, = X. But
performing the same analysis with J = (} gives us all possibilities for ¢ |, satisfying
the determinant condition except 11|, = ¥?; in particular since ¥ # x? we obtain
1|1, =X as a possibility with J = 0.

Summarizing, if p is irreducible then the possibilities for 1 |;, are as follows. If

e < p—1, then
Yilr, = Hﬁf Hm—ciﬁ Hﬁf

ieJ  igJ i

where J C {0,...,2f —1} is a subset with i + f € J if and only if ¢ € J and the x;
are nonnegative integers satisfying x; + ;5 = e; moreover if i € Jand i +1 ¢ J or
vice-versa, then only one of (z;,z;+r) = (0,¢), (¢,0) may occur, depending on the
sign of the next nonzero c;;j4+f5 — ¢i4;. If e > p — 1, then the situation simplifies
and 1|7, may be any character of niveau 2f satisfying ¢¢"|;, = det(p)|7, .

5. DESCENT DATA ON STRONGLY DIVISIBLE MODULES AND (GALOIS TYPES

For this section only, let F//Q, be a finite extension. Suppose that K/F' is a
tamely ramified Galois extension with ramification index e(K/F'). Suppose more-
over that there exists a uniformiser 7 € O with 7¢(5/F) ¢ L where L is the
maximal unramified extension of F' contained in K; then K = L(w) and L contains
all of the e(K/F)th roots of unity. Let k denote the residue field of K (also equal to
the residue field of L), and Kj the maximal unramified extension of Q, contained
in K.

Suppose that p is a potentially Barsotti-Tate representation Grp — GL,(E)
that becomes Barsotti-Tate over K. We assume as usual that Ky embeds into the
coefficients E. Write D := Dsft(,z(p) and let A/ be a strongly divisible module with
descent data over S := Sk 0, contained in S[1/p] ®k,gq, & D.

Let 7 be the inertial Galois type of p. Note that 7 factors through Iy /Ix =
Gal(K/L). Since Gal(K/L) is abelian, 7 decomposes as a direct sum of n characters
Xi : I, — OF, and we use the isomorphism Iy, /I = Gal(K/L) to identify each x;
as a character of Gal(K/L).

Proposition 5.1. We have 7 = x1 ® - -+ ® xn, if and only if there is an S-basis
V1, ..Uy of N such that the descent data acts on N via §-v; = (1 ® xi(g))v; for
all g € Gal(K/L).
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Proof. For each embedding o : Ky — FE, let e, denote the corresponding idempo-
tent in W (k) ®z, O, so that S = ©,e,S5 with each e,S5 a local domain. Since g
fixes each e,, we see that § acts separately on each e, N.

Suppose we know that N has an S-basis v{, ..., v}, on which g - v} = v;(g)v} for
some characters ¢; : Gal(K/L) — (W (k)®z,Og)*. The argument in the first three
paragraphs of the proof of Proposition 6.6 of [GS] proves that D has a Ko ®q, E-
basis on which g acts via the maps ;. This is enough for the ‘if’ direction; for
the ‘only if’ direction, recall that by definition of 7, we know that D also has a
Ko ®q, E-basis on which g acts via the maps 1 ® ;. Since K¢ ®q, F is not a
domain it may not quite be the case that ¥; = 1 ® x;, but at least for each o the

multiset {e,;} is equal to the multiset {x;}: that is, we may relabel e, v}, ..., e, v,
as Vi,g,-..,Un, in such a way that §-v;, = xi(9)vio. If we define v; =3 _v;,
then vy,...,v, is the desired basis. Thus we are reduced to the statement at the

beginning of the paragraph.

In particular it is enough to show for each o that the free e,S-module e, N of
rank n has a e, S-basis on which g acts by characters Gal(K/L) — Of. Let e,S50
be the subring of e, S consisting of power series in u*5/F) Observe that e, S is
free of rank e(K/F) as an e, So-module, with basis 1, ..., u¢®/F)=1: this is because
e(K/F) divides the absolute ramification index of K, so that if p® exactly divides
u™ 1 in S and a larger power of p divides u™, then m is divisible by e(K/F).

We now regard e, N as a free e,Sp-module of rank e(K/F)n. Note that Gal(K /L)
acts on e,So trivially, so that e, is actually a Gal(K/L)-representation over
exSo. Since Gal(K/L) is abelian and p { # Gal(K/L), and since O}, contains the
e(K/F)th roots of unity, the module e, N actually has a simultaneous e, Sy-basis of
eigenvectors Y1, ..., Ye(k/Fyn for the action of Gal(K/L). Relabel the elements y;
so that yi, ..., y, are a basis for the kg-vector space e, N /(me_ s)esN; here m,_g is
the maximal ideal of e,S and kg is the residue field of E. By Nakayama’s lemma,
the elements 41, ..., ¥y, are the desired e, S-basis of e, N. O

The following corollary is immediate.

Corollary 5.2. Let N denote the Breuil module with descent data corresponding to
the wg-torsion in the Barsotti-Tate group corresponding to plg,- If T=x1®---®
Xn, then N has a (k® kg)[u]/(u€'?)-basis T, . .., T, such that §-7; = (1@%;(9))0;
for all g € Gal(K/L). (Here ¢’ is the absolute ramification index of K.)

Let e; € k ® kg be one of our usual idempotents. Since the descent data fixes
e;, we see in particular that the descent data acts via Xx; @ --- @, on each piece

e;N of N.

6. LOCAL LIFTS

6.1. Lifts of certain rank two Breuil modules. We continue to use the fol-

lowing notation from Sections 4.2 and 4.3. Let L be the unramified quadratic

extension of Fy,, and K the splitting field of w1 - mp over L. Let w be a choice
2f _

of w;/ @D K. Let ko and k denote the residue fields of F, and K respectively,

and if g € Gal(K/Fy) then we let 77(g) be the image of g(w)/w in k. Suppose that
F}, has absolute ramification index e, and write ¢’ = (p?/ — 1)e.
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Let Ey(u) be an Eisenstein polynomial for 7, so that E(u) = Eo(up2f_1) is an
Eisenstein polynomial for w. Write E(u) = u® + pF(u); then F(u) is a polynomial
in uP”’ =1 over W (ko) whose constant term is a unit.

Let F, a finite extension of @, denote the coefficient field for our representations,
with integer ring O and maximal ideal mg. Enlarging F if necessary, we assume
that F is ramified, that W (k) embeds into E, and that a Galois closure of F,
over (Q, embeds into E. Let kg denote the residue field of E. Write S = Sk o,
(notation as in [Sav05, Sec. 4]). Recall that ¢ : S — S is the W (k)-semilinear, Op-
linear map sending u — u”. The group Gal(K/F}) acts W (k)-semilinearly on S via
g-u=(f(g)®@1)u. Set ¢ = %gb(E(u)) € 5*. Let ¢ € Gal(K/F},) denote the element
fixing @ and acting nontrivially on L, so that ¢~ tgp = g4 for g € Gal(K/L).

We now define a rank two Breuil module A over (k® kg)[u]/(u¢?) with descent
data from K to F, with generators v and w, as follows.

e Fil' V is generated by Zfial u"ie;v and Zfial u"ie .

o ¢1(u"eid) = (1@ 7yi)eir10 and ¢y (u"ew) = (1 @7))e; 1.

* g(eiv) = (1@ xi(g))(e:v) and ge;w) = (1@ xi(9)?)(eiw) for g € Gal(K/L).
Here v;,7, € kj, the integers r;, 7 lie in the interval [0,¢'], and x; € {X,x?} for
each i. Let J = {i : x; = Xx}. We suppose furthermore that:

e we have r; + r} = ¢’ for all 4,

e if x; = xi11 then p?/ — 1 divides r; and 7/, and

o if x; # Xi+1 then x7 = (o; 0 7)" xi.
One checks that the last two conditions are equivalent to the congruence conditions

on the r;, 7} (mod p?/~!) that arise in Sections 4.2 and 4.3. For instance, if i € J
and i + 1 ¢ J, then the condition that

ri = (07 = D)@ eiv 1 — civn) + 072 (Cippro — cipa) + -+ (¢ — cing)
is equivalent to the condition that ¢ = (o; 0 77)""Y. Finally, we assume that one of
the following two sets of additional conditions holds:

/ /
Ty = Tipp and r; = Tiyf

(RED) Vi = %annd Vi = Viss
Xi+f = X;
?(v) = v and p(w) = w
or
ri = r;Jrf
(IRR) Yi = Yigs
Xi+f = Xi

p(v) = w and p(w) = .
_ Note that the relation p 1 ogo P =3P holds in either case, and so the module
N so-defined is indeed a Breuil module with descent data from K to Fj.

Theorem 6.1. For each Breuil module N as above, the generic fibre p of N lifts
to a parallel potentially Barsotti-Tate representation p with inertial type x & x9.

Proof. We will show that A lifts to a strongly divisible module N with Op-
coefficients and tame descent data from K to F, such that p' := Tsfj’g(./\/ )[1/p]
is a potentially Barsotti-Tate representation with inertial type x @ x? and all pairs
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of labeled Hodge-Tate weights equal to {0,1}. The representation p’ need not be
parallel, but since det(p’) is the product of the cyclotomic character, a finite order
character of order prime to p, and an unramified character, we may take p to be
the twist of p’ by a suitable unramified character with trivial reduction mod p.

Let NV be the free S-module generated by v and w; as one would imagine, v, w
will lift v, w respectively. Let e; € W (k) ®z, O also denote the idempotent lifting
e;i € k ®r, kg, and let 0; : Ko — E be the embedding that lifts o;. We define
Fil' V to be the sum of (Fil'S)A and the submodules N/ of ;N defined for each
0 <7< 2f as follows.

If x; = Xi+1, let g;h; be a monic factorization of &;(Ey(u)) in Oglu] such that
deg(g;) = ri/(p*/ — 1) and deg(h;) = r//(p?*) — 1). This is where we use our
hypothesis that F contains all conjugates of m, over Q,. Take G; = gi(upzf_l) and
H; = hi(uf"zf_l), so that G;H; = 7;(F(u)), and let N/ be the S-module generated
by (1 ® G;(u))e;v and (1 ® H;(u))e;w.

If x; # Xi+1 let y;2; be a factorization of —po;(F(u)) in Oglu] such that y; € mpg
and z; € mg[u] or vice-versa. This is where we use our hypothesis that E is ramified.
Take N7 to be the S-module generated by e; (u”iv+(10y; )w) and e; (182 )v+u" w).

We impose the following extra conditions. If A satisfies (RED), then we insist
that Girp = Gi, Hiry = H;, yiry = yi, and 2,4 = 2z;; on the other hand if N
satisfies (IRR), then we require G; = H, 4 and y; = 2z;4 . Note that this is possible
because E(u) is defined over W (ko), so that 0,1 f(E(u)) = 0,(E(u)).

We define descent data from K to F, on N as follows, semilinearly with respect
to the action of Gal(K/Fy) on S.

e Ifi € J and g € Gal(K/L), set g(e;v) = (1 ® x(g9))esv and G(e;w) =
(1@ x(g)")eiw.

e Ifi ¢ J and g € Gal(K/L), set glesv) = (1 ® x(9)%)e;v and gle;w) =
(1 ® x(9))eiw.

o If \V satisfies (RED) then set $(v) = v and p(w) = w.

o If NV satisfies (IRR) then set $(v) = w and $(w) = v

In either of the last two cases, using the fact that ¢ acts trivially on O and
takes e; — e;4 ¢, one checks that 3719 = g7, so that this descent data extends to
Gal(K/F}) in a well-defined way. One checks with little difficulty from the definition
of Fil' VV and the conditions on N that this descent data preserves Fil'A/.

Finally we wish to define a map ¢ : N' — N/, semilinear with respect to ¢ on S
and such that ¢; = %¢|Fi11 A is well-defined and satisfies

(6.1.1) (251((1 X Gi(u))eiv) = 7¢6i+1’l}
(6.1.2) ¢1((1 ® Hi(u))esw) = Fiejr1w

if x; = x441 and

(613) o1 (ei(uriv + (1 ® yz)w)) = %eiﬂv
(6.1.4) d1(ei((1® z)v + u"iw)) = Fleqw

if Xi # Xi+1. Here 5;,7; are lifts of ;,7; to O that satisfy 34y =7 and 3;, ; =7;
in case (RED) and 7/, ; =7; in case (IRR).
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If x; = xi+1 we may satisfy (6.1.1) and (6.1.2) by setting
pev) = ¢ 1o(1 @ Hi(u))Fieit1v
Pleiw) = ¢ o(1 @ Gy(u)Fei1w.
If xi # Xi+1, then since
(E(u) © 1)eiv = u" (e;(u"v + (1@ yi)w)) — yiles (1 ® 2;)v + u" w))

and similarly for (E(u) ® 1)e;w, we should set

Olew) = ¢ ei (W Fiw — O(yi)Fw)
pleiw) = ¢ e (WP Fw — ¢(zi)Fiv).

Extending this map additively ¢-semilinearly to all of A/, one checks that equations
(6.1.1)-(6.1.4) hold, so that ¢(Fil'\) is contained in pA" and generates it over S.
One checks futhermore that ¢ commutes with the descent data on N that was
constructed in preceding paragraphs.

It is now evident that (A, Fil'\, ¢) with the given descent data is a lift of A
It remains to check that A satisfies the rest of the axioms of a strongly divisible
module with coefficients and descent data (namely, conditions (2), (5)—(8), and (12)
of [Sav05, Def. 4.1]) and to prove our claims about the representation p'.

To check that Fil'A'NIN = IFil'V for an ideal I C OF, observe that it suffices
to check separately for each i that e;Fil'lN N e, IN = e IFil'N. If x; # Xis1
then this is follows by exactly the same argument as in the proof of [GS, Thm
6.5] (the algebraic claim being made is literally identical). If x; = x;+1 then the
argument is even easier. Each coset in e;(Fil' VV/(Fil'S)A) has a representative
of the form e;(aG;v + bH;w) with a,b € Oglu] such that deg(a) < deg(H;) and
deg(b) < deg(G;): terms of higher degree can be absorbed into (Fil'S)A by using
the relation F(u)®1 =1®G;H; in e;S. If aG;e;v+bH;e;w+ s1v+ sow lies in e; IN
(with s1, 89 € eiFillS) then aGje; + s1 must lie in e;1S; the same must be true of
aG,e; and s; individually since they have no terms in common of the same degree in
their unique expansions of the form -, q;(u)E(u)? /5! with deg(q;) < deg(E(u)).
Then since G; is monic the coefficients of a must lie in I. Similarly sy € e;1.5 and
the coefficients of b lie in I. It follows that aG;e;v + bH;e;w + s1v + ssw actually
lies in e, IFil* .

As for the axioms (5)—(8) and (12) of [Sav05, Def. 4.1] concerning the mon-
odromy operator N, again we appeal to arguments in the proof of [GS, Thm 6.5]:
ignoring the action of Og and the descent data and regarding (N, Fil' NV, @) simply
as a strongly divisible Z,-module over K, it follows from [Bre00, Prop 5.1.3(1)]
that there exists a unique W (k) ® Z,-endomorphism N : N' — N satisfying axioms
(5)—(8) of [Sav05, Def. 4.1], except that we have axiom (5) only with respect to
s € Sk,z, until we know that N commutes with the action of Og. This commuta-
tivity, as well as the commutativity between N and the descent data (axiom (12)),
follows by uniqueness of the operator N. This completes the proof that N is a
strongly divisible module.

As before, set p' = Tsfsz (AM)[1/p], the potentially Barsotti-Tate Galois represen-
tation associated to N, and let D := DSIE’Q(p’). The claim that the Galois type of p’
is x @ x? follows directly by Proposition 5.1 applied with respect to the S-basis

V=3 e+ g ewand w' =37, v+ 30 yeqw of N
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The last thing to verify is that all pairs of labeled Hodge-Tate weights of p’
are {0,1}. Recall that if we regard K ®q, E as an S[1/p]-algebra via the map
u+— w ® 1, then by [Bre97, Prop. 6.2.2.1] there is an isomorphism

[+ (K ®q, E) @sp1/p) N[1/p] = Dk := K Qw(ip1/p) D

that identifies the filtrations on both sides. It follows that D is the free (K ®q, E)-
module generated by f(v) and fx(w), and we need to show that Fil' Dy is a free
submodule of rank one in Dg. It suffices to check for each i that e;Fil' D is a free
ei(K ®q, E)-submodule of rank one in e; Dg. If x; # Xs41 then this follows as in
the last paragraph of the proof of [GS, Prop 6.6]: the images of e;(u"'v + y;w) and
ei(zv+ uriw) under f, are scalar multiples of one another, and each generates a
free submodule of rank one in e;Fil' D.

For the case x; = Xi+1, we note that each of our idempotents e¢; € K ®q,
E decomposes as a sum of idempotents e,, where 7 ranges over the e(p?/ — 1)
embeddings K — E extending 0;. Since w ® 1 = 1 ® 7(w) in e, (K ®q, E),
we deduce that the e,-component of fo(G;(u)e;v) is nonzero precisely for those
7 such that the root 7(w) of 7;(E(u)) is not a root of G;(u), and similarly the
e,~component of f (H;(u)e;w) is nonzero for those 7 such that 7(w) is not a root
of H;(u). Tt follows that e;Fil' Dg is free of rank one, generated by the image of
e;(Gi(u)v + H;(u)w) under fg. O

7. AN EXPLICIT DESCRIPTION OF THE SET OF WEIGHTS

We maintain the notation of the previous three sections. The results of sections 4
and 6 may be combined to give a complete description of when a semisimple 2-
dimensional mod p representation of G'r, admits a parallel potentially Barsotti-
Tate lift of type x & x? with x # x?. In turn, this furnishes an explicit description
of the set W(p) in the case that the restriction of p to each decomposition group
above p is semisimple.

Theorem 7.1. Write Y = Hfial nit, with 0 < ¢; < p—1. Assume that pla,, is
semisimple. Then 5|Gpp has a parallel potentially Barsotti-Tate lift of type x & x?
if and only if one of the following three possibilities holds.

(1> eZp_l anddetﬁ‘IFp ZG.X‘I"I‘I.

(2) play, = (1/61 12) is decomposable, with (1¢2)|r,, = e X", and
2

-1

Unlre, = [Twiiy [T wi
ieJ i=0

where J C {0,...,2f — 1} is a subset with i + f € J if and only if i & J,

where 7 is the natural projection from Z/2f7 to Z]fZ, and where the x;

satisfy the following conditions:

e IfieJandi+1e J, orifi ¢ Jandi+1¢ J, then we may take
any 0 < x; <e.

e In the other cases we allow either 0 < x; <e—1o0orl1l < z; < e.
Ifi € Jand i+ 1 ¢ J, then the allowable range is 0 < x; < e —1
precisely when there exists j > 1 with ciyp = Ciypyy for all1 <k < j
and ciyjtp > Citj, and the situation is reversed in the case i ¢ J and
i+1led.
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(3) Plar, is irreducible, and p|r,, = (15 £q> with

o =TT TLni Tt
il igJ i
where J C {0,...,2f — 1} is a subset with i + f € J if and only if i € J
and the x; are nonnegative integers satisfying x; + x5 = e, in addition to
the following condition:

o Ifie Jandi+1 ¢ J, then we allow0 < z; < e—1 precisely when there
isaj > 1 with ciyr = Ciprgyp for alll <k < j and cipjrf > City,
and we otherwise allow 1 < x; < e. The sttuation is reversed in the
case i ¢ J andi+ 1€ J.

Note that by the discussion at the end of section 4.3, the condition in (3) that
the z; are nonnegative integers satisfying x; 4+ x;1+f = e may be replaced by the
condition that 0 < z; < e for all 7 and 1/)q+1|1Fp =e-xIt,

Proof. The necessity of these conditions follows from Lemma 4.8 and the discussions
of section 4.2 and 4.3. For their sufficiency, consider first the case that ﬁ\GFp is
irreducible. Then by the discussion of section 4.3, along with the conditions given
in (3), there is a Breuil module A/ as in section 6 so that the generic fibre of N/
restricted to Ir, is p| Ir, - Then, since we are in the irreducible case, the generic fibre
of A is an unramified twist of p|g &, » and the representation coming from Theorem
6.1 applied to A is an unramified twist of the desired lift of Pler, -

In the case that plg,, is reducible, note that case (1) will follow immediately
from case (2) applied with J = (). For case (2), observe that by the discussion in
section 4.2, the generic fibre of the rank one Breuil module M of section 4.2 agrees
with 11 up to an unramified twist; but in fact by Corollary 4.3 the parameters ~;
may be chosen so that these characters agree on the whole group G',. Then the
Breuil module M from section 4.2 may be extended to a Breuil module A/ as in
section 6, satisfying the conditions (RED), whose generic fibre is p|¢ #, - Lhe result
again follows from Theorem 6.1. ([

Theorem 7.2. Suppose that for each v|p, plg, is semisimple. Let 0 = ®0y,,0,
be a weight. Then o € W’ (p) if and only if for each v|p we have

(1) oy is of type I, and the conditions of Theorem 7.1 apply with p = v and
X = 0y (regarded as a character of Ir, by local class field theory), or

(2) oy is of type II, and
7l ~q (€ 0
P Ir, = Cv 0 1

where o, s regarded as a character of Ir, via local class field theory.

In particular, if for each v|p the ramification index of F, is at least p — 1, and
o, is of type I for each vlp, then o € W (p) if and only if for each v|p we have
detplay, =€-oit!.

Proof. This all follows immediately from Definition 3.5 and Theorem 7.1, except
for the case that o, is of type II. In this case, the necessity of the given condition
follows from Lemma 3.6, and the sufficiency is straightforward: twisting reduces
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to the case o, = 1, when the result follows from the existence of a non-crystalline

extension of the trivial character by the cyclotomic character.
O

8. PROOF OF THE WEIGHT CONJECTURE

Recall that we are assuming that F is a totally real field. We now prove in many
cases that W (p) = W7 (p), by combining the results of earlier sections with the
lifting machinery of Khare-Wintenberger, as interpreted by Kisin. In particular,
we use the following result.

Proposition 8.1. Suppose that p > 2 and that p : Gp — GL2(F,) is modular.
Assume that ﬁ|GF(<p) is wrreducible. If p = 5 and the projective image of p is
isomorphic to PGLy(F5), assume further that [F((,) : F| = 4. Suppose that for
each place v|p, 0, is an inertial type for Ir, such that pla, has a non-ordinary
parallel potentially Barsotti-Tate lift of type 6,,. Then p has a modular lift which is
parallel potentially Barsotti-Tate of type 6, for all v|p.

Proof. This is a special case of Corollary 3.1.7 of [Gee06a]. O

Recall that we defined the set of weights W’ (p) conjecturally associated to p in
section 3, and that in the case that the restrictions of p to decomposition groups
above p are semisimple, Theorem 7.2 gives an explicit description of W7 (p).

Theorem 8.2. Suppose that p > 2 and thatp : G — GLa(F),) is modular. Assume
that ﬁ|Gp(<p> is irreducible. If p = 5 and the projective image of p is isomorphic
to PGLo(F5), assume further that [F(¢,) : F] = 4. Then W'(p) C W(p). If
o € W'(p), and o = ®,),0, with each o, of type I, then o € W (p). In particular,
if there are no places v|p for which pla,, is a twist of an extension of the trivial
character by the cyclotomic character, then W(p) = W*(

p)-

Proof. The inclusion W’ (p) C W (p) already follows from Lemma 3.4. The rest of
the result follows from Lemma 3.4, Proposition 8.1 and Lemma 3.6, because if o,, is
of type I, any lift of type 7, only becomes crystalline over a nonabelian extension,
and is thus certainly non-ordinary. |

Remark 8.3. Tt should be possible to improve this result to prove the equality
W?(p) = W(p) under the assumption that 5 has a modular lift of parallel weight
two which is ordinary at any place v such that there is an element of W* (Plar,)
of type II. This would involve strengthening Proposition 8.1 to include potentially
semistable lifts, and the use of R = T theorems for Hida families. The required
results are not in the literature in the appropriate level of generality, however.

APPENDIX A. CORRIGENDUM TO [Sav05]

The second author wishes to take this opportunity to correct an error in [Sav05],
as a consequence of which there is one more family of strongly divisible modules
that must be studied by the methods of [Sav05]. Once this is done, the remaining
claims of [Sav05] are unaffected. We adopt the notation of [Sav05] without further
comment, and all numbered references are to that paper.

The mistake is in the statement and proof of Theorem 6.12(4). In the situation

of that item, if m = 1+ (p41)j — i.e., if i = 1 — then the two characters wj'?

+1

and wb™ ™" are both characters of niveau one, and are equal; hence in this case the
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proof of Theorem 6.12(4) does not show that Tgf2 (M/mg) |7, decomposes as a sum
of two conjugate characters. In fact, for each choice ¢ of square root of w, the map
My — Mp(F2/Qp2,e2,¢,m — 1) extends to a map M’ — Mg(F2/Qp, e2,¢,5); by
Proposition 5.4(1), we conclude when ¢ = 1 that

T (M/mp) |1, Okp Fp = A @ A_aw! .
This means that when ¢ = 1 and val(b) > 0 we still need to construct a strongly
divisible lattice in D,, 1) whose reduction mod p has trivial endomorphisms; or,

conversely, we need to study deformations of type @5*®wh™ (with ¢ = 1) of non-split
residual representations of the form

)\C—1w1+j *
0 )\_C—1w1+j '

We rectify this omission now. Our statements are numbered to mesh with the
original article if one drops the A. prefix.

Lemma A.6.7. (2) Ifi =1, val,(b) > 0, and w is a square in E, then there is
X € Sy, 0, satisfying

ui”62

. ) Xo(X).

Proof. The constant term of X may be taken to be 1 ® xy where zq is either root
of 23 +wbxo —w in OF. The recursion for the coefficient z,, of u™ is ,, (zo +wb) =
lower terms, and so the recursion can be solved to obtain X € Sg, , . O

X(1owh) =10 w— <1+

Moreover, since val,(b) > 0, by putting the variable B for b we obtain an element
Xp of Sp, 0B Which specializes to X under the map Og[[B]] — Of sending
B +— b. Note that the image of X in (F,. ® kg)[u]/u®? is 1 ® ¢ with ¢ a square
root of w. Assume henceforth that the coefficient field E contains a square root of
w. Now Proposition 6.10 is modified as follows.

Proposition A.6.10. In the case i = 1 and val,(b) > 0, we instead define
Mo 1:5) = SFy,05 * 91 + SE,,05 * 92

X
g = e+ —utP Ve,
pw
g2 - €2,
and this is a strongly divisible O g-module with descent data inside Dy, [1.p)-
Proof. Put M = M, 1.5). Observe that h := uP~lg; + (% +(1 ®b)) g lies in
Fil'M. Since £ + (1®b) is a unit in Sp, 0, and g; does not lie in Fil'M, we

deduce that Fil'M = Sk, o, - h+ (Fil' Sg, 0, )M. From this it is easy to check that
IMNFil'M = IFil' M. Finally, we compute that

o) = ¢<X>up2<P-1)gl+(Lm(x)f;)gg

$(g2) = pwgr — XuPP~ Vg,

both lie in M; using the defining relation for X we find ¢1(h) = (1@w)X g € M
and conclude that M is a strongly divisible module. O
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Now amend Theorem 6.12(4) so that it applies only to the case ¢ > 1, and add
the following.

Theorem A.6.12. (5) If i =1 and val,(b) > 0, then TS%’Q(J\/[/mE) is independent
of b and
Qp o (A ewtti *
rgonfme) = (L)
with x #£ 0.

Proof. Write M/ = Ty(M/mg). Then Fil'M’ is generated by u?~'g; + ¢ lgy
and u®gi, with ¢1(uPlgy + ¢ lg2) = cgi and ¢i(ug)) = w’ P Vegy + go.
Note that ¢;(u?®P~Ygy) = —cgy. There is evidently a nontrivial map M’ —
Mg(Fy/Qp, e2,¢,7) sending g2 — 0 and g1 — uP’e. On the other hand if f:
M — Mg(F2/Qp,e2,d,n) is a nontrivial map sending g1 — ae and g — fSe,
then a, 3 must both be polynomials in u” since g1, g2 are in the image of ¢;. Now
if B # 0 then the relation f o ¢; = ¢; o f on uP®P Vg, implies that 3 is a unit
times u?; but then f(uP~1g; +c lgo) € (u®2e) implies that a has a linear term, a
contradiction. Therefore § = 0, and then it is easy to check that ¢ = d and j = n.
It follows that * # 0. ]

(We also note the following typos in the published version of the proof of Theorem
6.12(4): in the first sentence, the expression ¢;(u®?) should be ¢1(ugs); in the
last sentence, the characters A, should both be A.-1.)

The proof of Corollary 6.15(2) should then invoke Theorem 6.12(5) in lieu of
Theorem 6.12(3) in the case of representations p to which Theorem 6.12(5) applies,
noting that the two choices for z( lead to different reductions of p.

We now turn to deformation spaces of strongly divisible modules. The proof of
the following proposition is identical to the proof that the corresponding module
M [1:6) of Proposition 6.10 is a strongly divisible module. As noted in Remark
6.20, we omit the description of N in the strongly divisible module below.

Proposition A.6.21. There exists a strongly divisible module with descent data
and Og|[B]]-coefficients as follows.

(6) Ifi =1 and assuming that w is a square in F,
Mx = (Sm,05(8)) " 91 © (Sky,05(B]) * 92
Fil'Mx = Sk, 0,5 - (" g1+ (w ' Xp + (1® B))ga) + (Fil' Sk, 0, 151) Mx,

olg) = S(Xp)u P Vg + (1 - XB¢(XB)f;2> 92;

d(g2) = pwgr — XpuPP Vg,
g(g1) = (w3" @ 1)y, g(g2) = (@5" @ 1)ga.

Finally, one must amend the proof of Theorem 6.24 to include a proof that the
canonical injection
R(2,7(Mx),p(Mx))o, — Oxl[B]]
is a surjection; this proceeds exactly along the strategy outlined in the proof of
Theorem 6.24. Indeed, let M” denote the minimal Breuil module with descent
data from F5 to Q, associated to the character A_.-1w!'™/, with generator h such
that ¢1(h) = —c¢~'h. Then a map f : M" — To(Mx/(mg, B%)) must send h to an
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element of the form au®2g; +B(uP~tg; +(w~ X+ B)gs) (where, abusing notation,
we identify elements of Sg, o, (5] With their images in (F, @kg[B]/(B?))[u] /u®*?).
Write @ = ag + Bay and 8 = By + Bf; to separate out the terms involving B.
The relation f(¢1(h)) = ¢1(f(h)) shows first that ag = auP, By = —au?” for
some a € kg, by considering the relation mod B; then, after some algebra, the full
relation eventually implies a = 0. Thus the image of f lies in B-Ty(Mx /(mg, B?)),
as desired.
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