MATH 511A, HW 11: A CERTAIN GROUP OF ORDER 256

In this homework, we will investigate an example (due to Carmichael) of a group
of order 256 whose set of commutators is not equal to its commutator subgroup.

Let G be the subgroup of S14 generated by the following permutations:

20
Z1
22
z3
Yo
Y1
Y2
Ys

(a) Verify that zo,...,
(b) Check that zg, ...,

2. For any i, j, verify that the commutator [y;, y;] is an element of {1, 2o, . ..

(1,3)(2,4)

(5,7)(6,8)
(9,11)(10,12)
(13,15)(14,16)
(1,3)(5,7)(9,11)
(1,2)(3,4)(13,15)
(5,6)(7,8)(13,14)(15, 16)
(9,10)(11,12).

23 lie in the center of G.
z3 generate a subgroup of order 16, and deduce that the
order of Z(@) is at least 16.

723}a

and that each zj occurs as such a commutator. Specifically, check that

o, y1] = 20
o, 2] = =1
[Yo,ys] = 22
[y1,92] = =23
lyi,ys] = 1

[y2, y3] 1.

(Be sure to explain why it suffices to check just these six commutators.) Conclude

that G’ =

(z0, 21, 22, 23), so #G' = 16.

3. Show that G/(zo, 21, 22, 23) is a commutative group of order at most 16, and

€1, €2 €3

argue that it has order exactly 16 if and only if no element of the form y°y1 y52y5
for ¢; € {0,1} and at least one € # 0 lies in (2o, 21, 22, 23) (in which case these
elements form a set of coset representatives for (zg, z1, 22, 23)).

4. Consider two elements of the form y5°y$ yS2yS, yo°y 92 y3

€1, €2 01, 02

3 for €;,0; € {0,1}.
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(a) Prove that

€0, ,€1,€2, €3 80,,01,,02, .03
(?Jo Y1 Y2 Y3 )'(yo Y1 Y27 Y3 )
is equal to
do€1 ,00€2 ,00€3 01€2(, So+€o, d1+€1, Oo+ex, d3+€3
R S (T Y1 Ya Y3 )

(b) Use the result of part (a) to prove the formula

€1, €2 (50 51 52

5
[y50y1 Ys y§‘°’,y0 Y1 Yo y33] =
€1

(c) From the formula in part (b), prove that if y;°yj'y52ys® lies in Z(G), then
60161162:63:0.

(5061—5160 6062—6260 5063—6360 5162—5261
2 21 Z9 23 .

5. Conclude from the previous problems that

(i) Z(G) = (20, 21,22, 2), s0 G’ = Z(G) and #2(G) = 16;
(i) #(G/2(Q)) = 16;
(i) #G = 256.

6. Use the formula in 4(b) to prove that z5z5 is not the commutator of two
elements of G. Hence 2523 is an example of an element which is contained in the
commutator subgroup but is not itself a commutator.



