SOME PROPERTIES OF SEMIDIRECT PRODUCTS

In class, we classified groups of order pq, where p and ¢ are distinct primes, as
follows:

Proposition 1. Suppose p < q.

(1) If ¢ # 1 (mod p), then the unique group of order pq is the cyclic group
Z/pgZ = 7./pZ x Z/qZ.

(2) If ¢ = 1 (mod p), then in addition to the cyclic group Z/pqZ there is
a unique non-abelian group of order pq, given as the semidirect product

Z/qZ x Z/pZ for any nontrivial map Z/pZ — Aul(Z/qZ) = Z]/(q — 1)Z.

However, we waved our hands over the uniqueness statement in part (2) of
Proposition 1: why do the p — 1 different nontrivial maps Z/pZ — Aut(Z/qZ) =
Z/(qg — 1)Z all give isomorphic semidirect products? Similarly, we claimed that
there is a unique non-abelian semidirect product Z/3Z x (Z/27)?, namely Djs.
The following lemma leads to a proof of these uniqueness claims.

Lemma 2. Suppose ¢1,¢2 : K — Aut(H), and suppose there are automorphisms
a € Aul(K), B € Aut(H) such that

2 =780 ¢10q,
where g denotes conjugation by B in Aut(H). Then H x4, K = H x4, K.

Proof. Define ¢ : H x4, K — H x4, K by (h,k) — (B3(h),a"*(k)). First we check
that ¥ is a homomorphism:

P(ha, k) p(ha ko) = (B(h1), o (k1)) (B(ha), o " (k2))

1
= Y(h1¢1(k1)(h2), k1k2)
= P((h1, k1) (h2, k2)).

But ¢ is bijective with inverse map (h,k) — (87(h),a(k)). Therefore 1 is an
isomorphism and the lemma follows. O

As our first application, note that although there are three nontrivial homo-
morphisms (Z/27Z)? — Aut(Z/37Z) = (Z/27), they can all be obtained from one
another by (pre-)composing with automorphisms of (Z/2Z)?. Therefore the result-
ing semidirect products are all isomorphic.

Corollary 3. If K is cyclic and ¢1(K) and ¢o(K) are conjugate subgroups of
Aut(H), then H x4, K = H x4, K.
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Proof. Let K = (k), and note that by hypothesis there exists § € Aut(H) with
Bd1(K)B~! = ¢o(K); that is, (ygopr) (k) = Bp1(k)B~ = ¢o(k) for some generator
d2(k)?® of ¢2(K). The generator condition implies that ged(a, |p2(K)|) = 1. Note
that a can be replaced by a + z|¢2(K)| for any integer z. By Lemma 4 (which
follows this proof), we may assume that ged(a,|K|) = 1. Let a=! denote the
multiplicative inverse of a (mod |K]|). Then o : k' — k® ' is an automorphism of
K and ¢2 = 73 0 ¢1 o «, so the result follows from Lemma, 2. ([

Lemma 4. If (a,m) =1 and m | n, then (a +xm,n) = 1 for some integer x. This
may be restated algebraically as follows: if m | n, then the reduction mod m map
map (Z/nZ)* — (Z/mZ)* is surjective.

Proof. Factor n = NM, where M contains the powers of primes dividing m, and N
contains the powers of other primes. Then (a 4+ xm, M) =1 for all z, so it suffices
to choose x such that (a + xm, N) = 1. But this is easy: since (m,N) = 1, the
congruence a +zm =1 (mod N) has a solution. O

Any two nontrivial maps ¢1,d2 : Z/pZ — Aut(Z/qZ) have the same image,
namely the unique subgroup of order p in Aut(Z/qZ), so the uniqueness statement
in part (2) of Proposition 1 follows from Corollary 3.

We will apply Corollary 3 again in the classification of groups of order p*, com-
bined with the following proposition.

Proposition 5. Any two subgroups of order p in GLy(Z/pZ) are conjugate.

Proof using Sylow theorems. A subgroup of order p in GLy(Z/pZ) is a Sylow p-
subgroup, and all Sylow p-subgroups are conjugate. ([

Proof using linear algebra. Suppose A € GLy(Z/pZ) has order p. Then AP = I,
ie., (A—1I)? =0 (since p =0 in Z/pZ). Since A is not the identity, it follows that
the minimal polynomial of A is (A — I)?, and so the rational canonical form for A

is
0 -1
B= (1 ) ) .
It follows that every subgroup of order p is conjugate to (B); hence any two sub-
groups of order p are conjugate to one another. (Il

Note that one example of a subgroup of order p in GLo(Z/pZ) is { ((1) ;) }; by

the proposition, every subgroup of order p is conjugate to this one.

Sometimes it is useful to have a criterion which shows that two semidirect prod-
ucts are not isomorphic. The following proposition leads to one example of such a
criterion.

Proposition 6. Let ¢ : K — Aut(H), and suppose H is abelian. Let G = H x4 K.
Then Cq(H) = ker(¢)H.

Proof. Since H << G, we have G = KH = UgcgkH. Since H is abelian we have
Ce(H) D H, so Cg(H) is a union of cosets of H. The coset kH lies in Cq(H) if
and only if & does, and therefore Cq(H) = Urecy(mnxkH = (Co(H)NK)H. But
by #1 on Homework 7 we have ker(¢) = Co(H) N K. d

Corollary 7. Suppose (#H,#K) =1 and H is abelian. If ¢1,ds : K — Aut(H)
and ker(¢1) % ker(¢s), then H x4, K and H x4, K are not isomorphic.
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Proof. Let G be any semidirect product H x K. I claim that H is the unique
subgroup of order #H in G. Indeed, let 7 : G — G/H = K be the natural map.
If v € G\ H then ord(m(x)) is divisible by a prime dividing #K. Since ord(z) is
also divisible by this prime, we have ord(z) { #H, and therefore x cannot be an
element in a subgroup of G of order #H. The claim follows.

Now let G; = H x4, K for i = 1,2, and let H; denote the copy of H inside G;. If
A : Gy — G5 is an isomorphism, then by the previous paragraph A(H;) = Hs. So
XMCgq, (Hy)) = Cg,(Hz), and therefore A induces an isomorphism Cg, (H1)/H; —
Cq,(Hs)/Hy. By Proposition 6 this implies ker(¢1) = ker(¢2), a contradiction. [0

As an application, we show:

Proposition 8. There are exactly 15 different groups of order 24, up to isomor-
phism.

Proof. Let G be a group of order 24. We factor 24 = 23 - 3, so that ny = 1,3 and
ng = ]., 4.

Suppose first that ng = 4. Since G acts transitively by conjugation on Syl;(G),
we obtain a map ¢ : G — Sy whose kernel has order dividing 6. If the normal
subgroup ker(y) were to contain one Sylow 3-subgroup of G it would have to contain
them all; this rules out # ker(y) = 3,6. If #ker(¢) = 2, then the normal subgroup
ker(¢p) is contained in all the Sylow 2-subgroups of G. But G/ ker(yp) is isomorphic
to a subgroup of order 12 in Sy, and A4 is the unique such subgroup. Since A4 has
just one Sylow 2-subgroup, this implies ny = 1.

If #ker(p) = 1, then ¢ is an isomorphism G = S;. Checking that Sy does have
four Sylow 3-subgroups and three Sylow 2-subgroups, this case actually does occur.
We may therefore identify four cases: (a) G = Sy; (b) n3 = 1; (¢) ng = 1.

If ng = 1, then G = Z/3Z x4 P, where P, is a group of order 8 and ¢ : P, —
Aut(Z/37) = 7./27. We exhaust the possibilities for Ps:

(i) P, @ Q. Any nontrivial map ¢ : Q@ — Z/2Z has kernel (i), (j), or (k),
and for each kernel there is one map. These subgroups can be interchanged
by automorphisms of ), so by Lemma 2 there is exactly one nontrivial
semidirect product, up to isomorphism. We obtain two groups: Z/3Z x Q
and Z/3Z % Q.

(ii) Py = Dg. The kernel of any nontrivial map Dg — Z/27Z is a subgroup of
order 4, so is one of (r), (s,r%), (sr,7?), and for each kernel there is one map.
The latter two subgroups can be interchanged by automorphisms of Dg, so
by Lemma 2 they give isomorphic semidirect products. Since (r) % (s,72),
by Corollary 7 we obtain three groups: Z/3Z x Dg, Z/3Z x4 Ds where
ker(¢) = Z/AZ, and Z/3Z x4 Ds where ker(¢) 2 V.

(iil) P, = Z/8Z. There is a unique nontrivial homomorphism Z /87 — 7Z/27Z, so
we obtain two groups: Z/37 x Z/8Z and Z /37 x Z/8Z.

(iv) Py &2 Z/47Z x Z/27. The kernel of a nontrivial map Z/4Z x 7 /27 — Z/2Z is
isomorphic to Z/4Z or V. There is a unique subgroup isomorphic to V. The
two subgroups isomorphic to Z/47Z can be interchanged by automorphisms
of Z/4Z x Z/2Z, so by Lemma 2 they give isomorphic semidirect products.
By Corollary 7 we obtain three groups: Z/3Z x Z/AZ x Z/27Z, Z]3Z x4
(Z/AZ x Z/2Z where ker(¢) = Z/AZ, and Z/3Z x4 (Z/4Z x Z/27Z) where
ker(¢) = V.



4 SOME PROPERTIES OF SEMIDIRECT PRODUCTS

(v) Py = (Z/2Z)3. A nontrivial map (Z/2Z)> — 7Z/2Z has kernel isomor-
phic to V. The subgroups of (Z/2Z)> that are isomorphic to V can be
interchanged by automorphisms of (Z/27)3, so by Lemma 2 we obtain two
groups: Z/3Z x (Z/27)% and Z/3Z x4 (Z/27)3.

Finally, suppose ng = 1, so that G = Py x4 Z/3Z where ¢ : Z/3Z — Aut(P,). If ¢
is trivial then we re-obtain one of the direct products that we have already listed, so
we may assume that ¢ is nontrivial. But #Aut(Z/8Z) =7, #Auwt(Z/4AZ x Z./27) =
8, and #Aut(Dg) = 8, so ¢ cannot be nontrivial for these possibilities for Ps.

(vi) Py 2 Q. We have Aut(Q) = Sy, and any two subgroups of order 3 in Sy are
conjugate. By Corollary 3 there is a unique nontrivial semidirect product
Q Xy Z/3L.

(vii) P> = (Z/27Z)%. In this case Aut((Z/27)%) = GL3(Z/2Z) has order 7 -
6-4 = 168. Since 3 || 168, any two subgroups of order 3 in GL3(Z/2Z)
are conjugate, and by Corollary 3 there is a unique nontrivial semidirect
product (Z/27)3 x4 Z./3Z.

One checks that we have found a total of 15 groups. O

Corollary 9. The groups of order 24 are as follows:
(1) 7/24Z;
(2) ZJ127 x 7./27;
(8) Z/6Z x /27 x Z.]2Z;
(5) SL2(Z/37Z) = Q x Z/3Z;
(6) D24 = Z/3Z X Dg with ker(qﬁ) = Z/4Z,
(7) Z)2Z x Ay = (Z)27)3 x Z/3Z;
(8) 7)2Z x Di1g = S3 x /27 X 7J27 = 7./37 x (Z/27)3;
(9) Z)2Z x T = 7Z/3Z Xy (Z/AZ x ZL[2Z) with ker(¢) =V ;
(10) Z/3Z x Ds;
(11) Z/3Z x Qs;
(12) ZJAZ x S = Z/37 %y (Z/AZ x Z/2Z) with ker(¢p) = Z/AZ;
(13) 7./3Z x Z./87Z;
(14) Z/3Z x4 Dg with ker(¢) = V;
(15) Z/3Z % Qs;

Proof. Note that each group from Proposition 8 is on a separate line in this list,
so it suffices to verify the isomorphisms with more familiar groups. Each group in
Proposition 8 is determined uniquely by the number of Sylow 2- and 3-subgroups,
the structure of the Sylow 2-subgroup, and the structure of the kernel of the map ¢
defining the semidirect product; so this is all we must check to verify the above
isomorphisms. We give an interesting example and leave the rest of the details to
the reader.

The group Doy = (r,s | r'2 = s> = 1,srs = r~1) has a unique subgroup
of order 3, namely (r*), and three subgroups isomorphic to Dg, namely (sr?,r®)
for i = 0,1,2. So Day = Z/37Z x4 Ds for some ¢. Since Cp,,((r*)) = (r) and
(r)/(r*y =2 Z/AZ, it follows by Proposition 6 that ker(¢) = Z/47Z.

O

Proposition 10. There are exactly 15 different groups of order 136, up to isomor-
phism.
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Proof. We factor 136 = 23 - 17, and note that n17 = 1. Therefore every group
G of order 136 is isomorphic to Z/17Z x4 P, for some group P, of order 8 and

map ¢

: Py — Auwt(Z/17Z) = Z/16Z. Note that since P» is a Sylow 2-subgroup,

the group G uniquely determines the isomorphism type of P,. We exhaust the
possibilities for Ps.

(a)

P, 2 Q. Any map Q — Z/16Z factors through Q/(—1) = V, and so
has kernel @, (i), (j), or (k). For each nontrivial kernel there is exactly
one map; these subgroups can be interchanged by automorphisms of @,
so by Lemma 2 there is exactly one nontrivial semidirect product, up to
isomorphism. We obtain two groups: Z/17Z x Q and Z/17Z x Q.

P, 2 Dg. Any nontrivial map Dg — Z/17Z factors through Dg/{r?) =V,
so has kernel Dg, (r), (s,72), (sr,r?). For each nontrivial kernel there is
exactly one map. The latter two subgroups can be interchanged by auto-
morphisms of Dg, so by Lemma 2 they give isomorphic semidirect products.
Since (r) 2 (s,72), by Corollary 7 we obtain three groups: Z/17Z x Dsg,
ZJ/17Z x4 Dg where ker(¢) = Z/4Z, and Z/17Z x4 Dg where ker(¢) = V.
P, = 7Z/8Z. There are four nontrivial maps Z/8Z — Z/16Z, with kernel
isomorphic to 1, Z/2Z, Z/AZ, and Z/8Z respectively. By Corollary 7 we
obtain four groups in this case.

Py = 7,/AZ x Z/21.

Py = (Z/27)3. Any nontrivial map has kernel isomorphic to V. Every
subgroup of (Z/27)? isomorphic to V gives rise to a unique such map, and
these subgroups are all interchanged by automorphisms of (Z/2Z)3. By
Lemma 2 we obtain two groups in this case.

O



