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(a) To check that an element lies in the center of G, it suffices to check that
it commutes with all the generators of G: since the centralizer Cg(x) is a
subgroup of G, if it contains a set of generators of GG then it is equal to G.

It is clear that the z;’s commute with one another, since they are disjoint
from one another. Similarly zq is disjoint from ys,ys; 21 is disjoint from
Y1,Ys3; 22 is disjoint from y, yo; 23 is disjoint from yq, ys.

It remains to check that zy commutes with yg,y1; z1 with yg, y2; 22 with
Y0, ys3; and zg with y1,y2. These are all checked by combining the following
three facts: (i) disjoint cycles commute; (ii) any cycle commutes with itself;
(iii) the Klein four-group is commutative, so any (2, 2)-cycle commutes with
any other (2,2)-cycle permuting the same four numbers.

(b) Since 2, 21, 22, 23 commute and have order two, the subgroup they generate
(which is certainly contained in the center) consists of all elements of the
form

(%) 2° 21" 7" 25"

with a; = 0,1 for i = 0,1,2,3. Since each z; is disjoint from the others, if
at least one a; is nonzero then the product (*) is not the identity. It follows
that all 16 products of the form (x) are distinct.

2. Initially it appears that there are 16 commutators to check. However, it’s
trivial that [y;,y;] = 1 for all i. On the other hand one checks from the definition
that [y;,y;] = [y;,v:]"'; since the elements of {1, zp, ..., 23} are their own inverses,
if [y;, yi] is one of these elements then so is [y;, y;].

Now y3 commutes with y,y2 since it is disjoint from them. Since (5,7)(9,11)
is disjoint from y; and (13,15) is disjoint from yg, the commutator of yg,y; is the
same as the commutator of (1,3) and (1,2)(3,4), and this is

((1,3)(1,2)(3,4))* = (3,4,1,2)% = (1,3)(2,4) = 2.

Similarly the commutator [yo, y2] is the commutator of (5, 7) with (5,6)(7, 8), which
is (5,7)(6,8) = z1; the commutator [yo,ys] is the commutator of (9,11) with
(9,10)(11,12), which is (9,11)(10,12) = z3; the commutator [y1,ys2] is the com-
mutator of (13,15) with (13, 14)(15, 16), which is (13,15)(14, 16) = z3.

By the last two paragraphs, we have Z = (zg, 21, 22, 23) C G’. Note that Z < G,
since Z is contained in the center of G, so to prove that Z = G’ it suffices to prove
that G/Z is abelian. To see this, note that G/Z is generated by the cosets y;Z for
i=0,...,3, and that [v;Z,y;Z] = [y;,y;]Z = Z since [y;,y;] € Z for all i, j.

3. Since y;Z (for i = 0,...,3) has order at most two, and since y;Z commutes
with y;Z, it follows that every element of G/Z has the form y°yi'ys’ys®Z with
1
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€; € {0,1} for all i. Hence G/Z has order at most 16. Moreover, two of these 16
elements are equal if and only if one of them is nontrivially equal to to the identity,

if and only if some yy;'y52ys® with at least one €; equal to 1 lies in Z.

4.

(a) We make repeated use of the following claim: if z,y € G and [z,y] = z €
Z (@), then 2%’ = 279’2, This is true for all a,b but we shall prove it
(and apply it) only for a,b > 0. The statement is trivial when a,b = 0, and
it is true by definition for @ = b = 1. Now we check the statement when
a = 1, by induction on b. We have already checked this for b = 0,1, while
if b > 0 we have

)’ = (zy

completing the induction. (In the second line we have used the induction
hypothesis, and in the fourth line we have used the hypothesis that z €
Z(G).) Now we argue that the statement is true for arbitrary a,b, by
induction on a (with the cases ¢ = 0,1 known). Then

xayb _ J)(l‘a_lyb)
— x(z(afl)b b,.a—1

(afl)bl,ybxa 1

(a 1)b2 y 11 -1

Zabybxa

= Z

as desired, where in the second line we have used the induction hypothesis,
and in the fourth line we have made use of the case a = 1.
Now by repeated use of our lemma and by the computations in #2 we

see that
W6y v us®) - (W0 yy w5 y3®)
is equal to
5063y60y§1y§2y30y§3yfl ygz y§3
is equal to
5062 5063y80y51y30y;2y§3yflyg2y§3
is equal to
201 2002 20y g0y sy 2y
is equal to
25061 6062 5063yeo+6oyi1ygzy(151y32y53+63
is equal to

do€1 o€z 0o€3 0162, do+eo, 014€1, datea, I3+e€3
20 R1 TR2 TZ3 Yo Y Yo Ys

as desired.



MATH 511A, SOLUTIONS TO HOMEWORK 11 3

(b) By another application of the formula in part (a) we have that

61,02, 03 €1, €2, €3

S
(Yo' y1' ¥a*ys®) - (Yo y1' va'ys®)
is equal to

do+eo, 01+€1, Oa+ex, d3+€3
0 1 2 3 .

5160 6260 5360 6260
20 21 Z9 Z3 Y, Y

) Y
Since the desired commutator is (y5°yS ys2ys?) - (y3°y Y92 ys?) times the

inverse of (y‘goy‘fl yg2y§3) Yoyt Y5t ys®), the computation follows.

()
If yolyitystys® lies in Z(G), then it commutes with all elements ygoyflyg2y§3. By

#1(b) this is possible only if the exponents zp, ..., 23 in the formula of #4(b) are
zero for all choices of §;, which is possible only if all the ¢; are equal to zero.

5.

(a) The formula in #4(a) implies that the set of elements in G of the form
20° 21 252 252y Y1 Y52 ys® is closed under multiplication, hence (since this
set contains generators for G, and since G is finite) every element in G has
this form. If this element lies in the center, then so does yi°yi'y52ys®, and
by #4(c) we have ¢; = 0 for all ¢. This proves Z(G) C Z, hence Z(G) = Z.
By #2 we conclude that Z(G) = G’ and #Z(G) = 16.

(b) By #4(c) we have seen that no element of the form yg°y*y52ys® lies in Z,
so by #3 the order of G/Z = G/Z(G) is 16.

(c) Parts (a) and (b) together imply that #G = 256.

6. If z € Z(G), note that [zz,y] = [z, 2y] = [z,y] for any z,y € G. By the
argument in #5(a), every element of G has the form zy°yi'ys?ys® with z € Z(G).
If 2,2/ € Z(G), note that [zz,2'y] = [x,y] for any x,y € G. Tt follows that every
commutator of elements of G is equal to a commutator of the form

€1, €2, €3 0,01,02, 093

€ 5
(Yo YT ¥5" Y5* Yo Y1 Yo" Y5’
and is therefore equal to
5061—5160 6062—5260 6063—6360 5162—6261
2 2] 2 25 .

If 5g = €9 = 0 then this commutator is a power of z3, hence is not equal to z5z3.
If g = dgp = 1, then the exponents of zg, z1 are zero only if €; = ¢ and €3 = Jo, in
which case the exponent of z3 is zero; so again this commutator is not equal to z5z3.
If 5o = 0 while ¢ = 1, then the exponents of 2y, z; are zero only if §; = d, = 0,
and again the exponent of z3 is zero and the commutator is not z5z3. The case
do = 1, €9 = 0 is the same. We have checked all possibilities for dg, €, and conclude
that 2923 is not a commutator.

(In fact, all other fifteen elements of G’ are commutators!)



