MATH 511B, SOLUTIONS 6

(a) The proof is by induction on n. This is clear if n = 1 (f(x) is linear).
Assume true for polynomials of degree up to n — 1. If deg f(x) = n and
f(z) has no roots at all, then we’re done; otherwise f(x) has a root r, and
we may divide

f(@) =q(@)(x—r)+c
where ¢ has degree less than 1, hence is a constant. Substituting = r in
this equation gives ¢ = 0 and f(x) = g(z)(xz — 7). Every root of f(x) is
either a root of g(x) or of x — r, but by induction g(x) has at most n — 1
roots, so we're done.

(b) We have R[z] C K[z]. Regarding f(z) as an element of K[z], we see that
f has at most n roots in K, hence at most n roots in R (a subset of K).

2. Any divisor of 2™ in R is also a divisor in K[z], so is of the form cz™ with
¢ € K. Any equality in R is an equality in K|[z], so if cx™ divides 2™ in R, it must
be that 2™ = (cz™)(c12"~™) with ¢~12"~™ € R. In particular neither m nor
n —m can be 1.

We deduce that the divisors of 2° in R are the polynomials of the form ¢, cz?, cz3.

All of these are divisors of 25 as well, so the common divisors of 2° and 2% are the
polynomials of the form ¢, cx?, cz3. Since 22 does not divide cz?® in R, none of these
is a greatest common divisor.

3. Since K(x)[y] is a polynomial ring in one variable over the field K (x), it is
a PID, and the ideal (22 + y3 + y? — p(x)y) is maximal if and only if its generator
fy) = yv® +y? — p(x)y + 22 is irreducible. But f(y), a cubic in y, is reducible if
and only if it has a root. Since K (x) is the fraction field of the UFD K[x] and f(y)
is monic, by Gauss’s lemma f(y) has a root if and only if it has a root in K|[z],
which must then divide the constant term x2. The only possible roots are therefore
polynomials of the form ¢, cx, or cz? with ¢ € K*.

We substitute each of these possibilities for y. We have f(c) = 0 if and only if
A+ —plx)e+a? =0,
i.e., if and only if p(z) = ¢ + c+ ¢ 122
We have f(cx) = 0 if and only if c3x3 + 22?2 — p(x)cx + 22 = 0, i.e., if and only
if p(x) = 2?4+ (c+ ¢ ).
Finally, we have f(cz?) = 0 if and only if
A8+ 2at — p(x)ex® + 2% =0,

i.e., if and only if p(z) = 2a* + ca® + ¢ 1.
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These are the values of p(x) for which f(y) is reducible, i.e., for which K (x)[y]/(f)
is not a field.

4.

(a) The polynomial zw — yz € K[z,y, z][w] is linear in w, hence is irreducible
if and only if the GCD of its coefficients is 1. The GCD of x and yz in
K[z,y, 2] is certainly 1.

(b) Part (a) is the case n = 2. We proceed by induction on n.

Let M; be the minor submatrix submatrix of M obtained by deleting
the first row and ith column. The cofactor expansion of det(M) is
det(M) = (=1)"*ay; det(M;)
i=1
and none of the polynomials det(M;) involve any z1,. Regarded as a polyno-
mial in K[z19,...,Zn,][x11], det(M) is a linear polynomial det(M;)z1; +C
with leading coeflicient det(M7) and constant term

C = Z(—l)i+2$1i det(MZ) .
=2

By induction we know that det(M;) is irreducible, so it remains to prove
that det(M;) does not divide C in K[z12,. .., Tnn]-
Regard C' = Y7 ,(—1)""2zy; det(M;) as a linear polynomial in the ring
K[z13, ..., Znn][T12] With leading term — det(Ms). Then C is divisible by
det(M1) € K[z13, ..., %ny] if and only if all its coefficients are; in particular
det(M7) would have to divide det(Ms). This is absurd, e.g. because they
are irreducible polynomials of the same degree and they certainly are not
associates (det(M;) contains the variable z25 while det(M3) does not).
5. The identity 2¥ = (x, — a, + a,)* = Zf:o (lf) (7, — an)'ak~? easily implies
that any polynomial f(x1,...,x,) can be written as

flxr, oo xn) = gn(ar, .o Tn) (@ — an) + (21,00, Tpe1)

(Another way to see this is to note that although k[z1,...,z,—_1][z,] does not have
a division algorithm in general, we can divide by monic polynomials in z,.) Now
repeat the above observation for r(xy,...,2,-1) and z,_1 — a,_1; continuing, we
eventually find

(1) f@y,.. o zn) = (Tn — an)gn + -+ (21 —a1)q1 + Qo

where ¢; is a polynomial in x1,...,x; and ¢y € K. Substituting z; = a, for all 4,
we see that go = f(a1,...,an).

In particular if f(ay,...,a,) = go = 0 then in (1) we have expressed f(z1,...,Zy)
as an element of I. The converse (that if f € I then f(aq,...,a,) = 0) is obvious,
so we have proved the first part of the problem.

Now consider the ring homomorphism ¢ : K[z, ...,x,] — K sending x; — a;.
Since Klx1,...,2z,]/ker(¢p) = K is a field, ker(¢) is a maximal ideal. But by the
first part of the problem ker(¢) is exactly I, and so I is maximal ideal.
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Finally, if z; — b € I then by the above we have a; —b =0, i.e., b = a;. It follows
immediately that if (1 —ay,...,z, —ay) = (x1 — b1,...,2, — b,) then a; = b; for
all 4.

6. (1+6)(1+0+06%) =202 +40+3, while 127 = $(—0>+20+1). To see the

latter, use the Euclidean algorithm to write 1 as a linear combination of 1 + x + 2
and 23 — 2z — 2 :

(1+z+2%)(-22" +2+5)+ 2z +1)(2* —22-2) =3.
Substitute 6 for  to deduce that (1+ 6+ 62)~! = 1(—262 + 6 + 5).

7. If the polynomial 23 — 3 were reducible over Q(i), it would have a root in that
field (a cubic is reducible if and only if it has a root). But the polynomial 2% — 3 €
Z[z] is irreducible over Q since it is Eisenstein at 3, so a root of z® — 3 generates
an extension of degree 3 over Q. Since [Q(¢) : Q] = 2, this is a contradiction.

8.

(a) Suppose D is not a square in F, and suppose z € F is a square in F(v/D).

Then
z=(z+yVD)? =2+ Dy? + 2zyVD.
Since VD ¢ F, we see that = 0 or y = 0; that is, either z = 22 is a square
in F, or else z has the form 32D for y € F. The converse is clear.
Applying this to our problem, Dy (which is assumed not to be square in

F) is a square in F(y/D) if and only if Dy has the form y? Dy, if and only
if D1 D5 is a square. The problem follows.

(b) Write @ = v/2 + +/3. The inclusion Q(a) C Q(v/2,v/3) is clear. But
(a —+/2)? = 3, which implies (after a bit of algebra) that

a? -1
(2) V2 = 50 € Q(a).

Then vV3=a—+2¢€ Q(a) as well, and we obtain the reverse inclusion.
Now squaring (2) gives

2(2a)% = (o —1)?

which simplifies to
at =100 +1=0.

By (a) we have [Q(«) : Q] = 4 and the minimal polynomial of o has degree
4; thus the minimal polynomial of « is 2* — 1022 + 1.

9. The extension F(a)/F(a?) is generated over F(a?) by a root of the polyno-
mial 22 — a?. Therefore the extension has degree 1 or 2. The latter is ruled out by
the assumption that [F(«) : F] is odd, so [F(a) : F(a?)] =1 and F(a) = F(a?).

10. Part (i) is a trivial verification. For part (ii), chose any basis B for K as an
n-dimensional vector space over F, and let ¢(«) be the matrix for the multiplication-
by-a map in this basis. That is, the entries in the jth column of t(«) are the
elements aij,...,a,; € F such that Y ;| a;;v; = aw;. This gives a homomorphism
t: K — M,(F).
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(iii) Solution 1: We’d like to show that « is an eigenvalue of (). The problem
is that since o € F', we certainly aren’t going to be able to exhibit a vector in the
F-vector space K on which ¢(«) acts via . Fortunately we can regard the matrix
t(a) = (ai;) as a matrix A with entries in K; we have some hope that we could
write down a vector in K™ on which «¢(«) acts via a. Actually, we’ll write down
a vector on which the transpose AT acts via a; since AT and A have the same
characteristic polynomial, this will suffice.

Let our basis B = (v1,...,v,) and let v be the column vector with entries
v1,...,v, € K. Then the jth entry of ATv is >I" | a;;v;; by definition of A this is
avj. So ATv = av, as desired.

Solution 2: We use the Cayley-Hamilton theorem. If f(z) € F|z] is any poly-
nomial, then ¢(f(a)) = f(¢(a)) since ¢ is a ring homomorphism, and since each
element a € F maps to the corresponding scalar matrix al € M, (F). Let P(z) be
the characteristic polynomial of ¢(«). Then

UP(a)) = P(ia)) =0

by Cayley-Hamilton, and since ¢ is injective we conclude that P(«) = 0.

(iv) With respect to this basis, the element a + by D maps to the matrix

(%)



