MATH 511B, SOLUTIONS TO HW 7

1. The polynomial 2* +2 is Eisenstein at 2, hence irreducible. To make life easy
for ourselves, in this problem we consider all our extensions of Q to be contained
inside C.

Let v/—2 denote the root of *+2 in the first quadrant of C and let K = Q(v/—2),
a field of degree 4 over Q. The splitting field of z* 4 2 is obtained by adjoining i to
K, so it remains to determine whether this is an extension of degree 2, or whether
it is an extension of degree 1, i.e., whether or not K already contains i.

Suppose Q(+v/—2) contains i. Then it contains Q(v/=2,4); by a previous prob-
lem set Q(v/—2,i) has degree 4 over Q, so we would have to have Q(v/—2) =
Q(vV=2,1) = Q(v/2,i). If /=2 € Q(+/2,4), it can be written

V=2 = (a+bV2)+ (c+dV2)i.
Since arg(v/—2) = 7/4 we must have ¢ + dv2 = a+ bv/2, and
V=2 = (a+bv2)(1+1).
Raising both sides to the fourth power gives
—2 = (a+bv2)*(—4)
or
% = (a+bv2)*.

This implies that (a 4+ bv/2)~! is a fourth root of 2, a contradiction since z* — 2 is
irreducible hence cannot have a root in Q(\/i)

Therefore the splitting field of 2% + 2 is Q(+v/—2,1), an extension of Q of degree
8.

2. Observe that z* + 2% + 1 factors as (22 + z + 1)(2? — z + 1), and that if ¢
is a root of 2 — x + 1 then ¢® = 1 and ¢? is a root of x? + x + 1. It follows that
the splitting field of 2* + 22 + 1 over Q is obtained by adjoining a single root of
22—z + 1, and has degree 2 over Q.

3. The polynomial 2° —4 factors as (23 —2)(23+2). We know from class that the
splitting field of #® — 2 has degree 6 over Q. But r® = 2 if and only if (—7)3 = -2,
so z3 4+ 2 already splits over the splitting field of 23 — 2. Therefore the splitting
field of 25 — 4 has degree 6 over Q.

4. Let’s do the easy direction first (the ‘if” direction). If K = F(ay,...,ay), let
fi be the minimal polynomial of a; and put f = f1--- f,. Then each f; has a root
in K and therefore splits in K, and K is the splitting field of f over F.

In the other direction, suppose that K is the splitting field of f € F[z], and fix
an algebraic closure F' of F' containing K. Suppose g € F[z] is irreducible with a
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root a € K. Let 3 be any root of g in F. Since g is irreducible, there exists a map
of fields o : F(a) — F fixing F and sending o(a) = 3. By the extension theorem
o extends to a map ¢’ : K — F. Since o’(K) is isomorphic to K over F, it follows
that o/ (K) is a splitting field for f; by the uniqueness of splitting fields we conclude
K =0'(K). But f=0'(a) € 0'(K),s0 0 € K.

5. For (i), if K; is the splitting field of f; in K, then K; K5 is the splitting field
of f1fs. For (ii), suppose g is irreducible and has a root in K7 N K. Then it has a
root in K7, and also a root in K5. By the previous problem g splits in completely
in K7, and also in Ks; therefore it splits completely in K7 N K. Again by the
previous problem, K7 N K5 is a splitting field.

6. It suffices to show that if &« € R\ {0} then 1/a € R. Since o € L and L/K is
algebraic, the element « is algebraic over K, and in this case we know that 1/« can
be written as 1/a = cg+c1a+- -+ c¢,—1a" ! with the ¢; € K and n = [K(a) : K].
But co+cia+---+c,_10" 1 € R, as desired.

For a counterexample when L/K isn’t algebraic, let K be any field, let L = K (t)
with ¢ an indeterminate, and take R = K[t].

7. The interesting part of this problem is showing that there are infinitely many
distinct fields lying between F) (¢, u) and F, (7, uP).

Solution 1: Here is one solution, which has the benefit of being extremely short
and the drawback of not seeing the whole picture. For the latter, see solution 2
below. Let K, = F,(t?,u?,t + au) where o € Fp,(¢?,u”). We wish to show that
K, # Kgif o # (. Suppose t+0u € K,. Then (t+fu)—(t+au) = (B—a)u € K,.
Since 8 — « € F,(t*, uP) we have u € K,. But then ¢ = (t+ au) —au € K, as well,
and so F,(¢,u) C K,. This is a contradiction, and the claim follows.

Solution 2: The extension F,(t,u)/F,(t?,u”) is purely inseparable of degree
p?. Any extension lying strictly between F,(¢,u) and F,(t?,u?) has degree p over
F,(t?,uP) and is of the form F,(t?,u?, f(t,u)) for some rational function f(¢,u) €
Fp(t,u) \ Fp(t?,uP). For f,g € Fy(t,u) \ Fp(t?,u”) we want a criterion that will
often prove that F,(t?,u?, f) # F,(t7,u?, g).

Suppose that g € F,(t*,uP, f). Since f has degree p over F, (7, uP) it follows
that g may be written

g:a’0+a1f+"'+ap—lfp71

with the a; € Fp(t?,uP). Differentiate both sides of this equation with respect to t.
Since each a; is a rational function in t?, we have da; /0t = 0 for all ¢, and by the

Leibniz rule we obtain
dg = 1) Of
i (Z ia; f -

i=1

Similarly

9 _ (. i) O
a—z (Zzaif 1>8u'

i=1
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Note that the factor on the right hand side is the same in both of these equations! It
follows that f, g generate the same extension of F,,(¢?, u”) only if the ratios % / %
and % g—g are equal. (At least when the denominators are both nonzero. One way
to avoid having to deal with special cases like this is to say that f, g generate the
same extension of F,(¢?, u”) only if [%{ : %] and [% : g—i] represent the same point

in the projective space P!(F,(t,u)).)

To prove that there are infinitely many extensions lying between F,(¢,u) and
F,(t?,uP), it suffices to exhibit an infinite collection of elements f € F, (¢, u) such
that the ratios % / % are all distinct. There are many ways to do this, but a
particularly simple one is to consider f,, = t™ + u where n is relatively prime to
p. Then %/% = nt" 1. Alternately, we can consider the subfields K, from the

. . . a n 8 L —
first solution: if f = ¢+ au with a € F,(¢?, u”) then %/TJ; =1/a.
It is natural to ask whether this argument has a converse. Indeed, we can prove:

. 2] 2] )
Theorem: Suppose f,g € F,(t,u) \ Fy(t?,uP). The pairs [8—{ : %] and [37 :
5] represent the same point in the projective space PY(F,(t,u)) if and only if
F,(t?,uP, f) = Fp(tP,uP, g). In other words, the extensions lying strictly between
Fp

(t,u) and F,(tP, uP) are parameterized by the image of the map

o)

Fy(t,u) \ Fp(t?, u?) — P (Fy(t, u))

sending f — [% : %]

Proof: Interchanging ¢ and wu if necessary, suppose without loss of generality
that uw & F,(¢tP,uP, f). If we had 0f/0t = 0 then f would lie in F,(¢?,u), and
so F,(t?,uP, f) = F,(t?,u); this contradicts our assumption on u, and therefore

af /ot £ 0.
Now F,(t,u) = F,(t?,uP)(f,u), and g may be written uniquely as
9= Z cijf “u?
0<i,j<p
with each ¢;; € Fp(t?,uP). Differentiating with respect to ¢ yields
dg . i1 4| Of
o > e 5
4,J
since df /0t # 0 it follows by hypothesis on f and g that

9 _ i) of
ou izjw”f v

On the other hand, differentiating our expression for g with respect to u gives

dg . i j—1 . i1 | 9f
o chijfu] + chijf u’ 30

,J ,J
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Taking the difference gives
Z jCijfiuj_l =0.

0<i,j<p
Since the elements fiu/ with 0 <i,j < p are a basis for F,,(¢,u) over F,(t, uP), we
deduce ¢;; = 0 whenever j # 0. Thus g = > ciof* € Fp(t, u, f), as desired.

Finally, we have

Challenge: Determine which points in P!(F,(¢,u)) have a representative [r : s]
such that r = 9f /0t and s = 8f/du for some f € F,(t,u). Is it all of P (F, (¢, u))?
(Equivalently: for which ¢ € F,(¢,u) does the differential equation % = c% have

a nonzero solution?)

8. Write f =" a;z" and g = b;azl. Then fg=>, (Ziﬂ-:k aibj) z* hence

D(fg)=>_| > (i+j)aib; | «*7".

ko \i+i=k
Now D(g) = > jbja? ™1, so

fD(g):Z Z jagb; | 271

k \it+j=k

and similarly

The result follows.

9. Let E be a splitting field of f over F. Then E is an extension of K in which
f splits, so it contains a unique splitting field E’ of f over K. By hypothesis f has
distinct roots in E’. But since F is an extension of E’, the roots of f in E’ coincide

with the roots of f in E. Therefore f has distinct roots in E and is separable over
F.

Alternately, note that the GCD of f and f’ in K|[z] is identical to the GCD of
f and f’ in F[z].

10. To see that f = 2P — x — a is separable, note that its derivative f’ is equal
to —1.

To prove the irreducibility of f, we first note that if r is any root of f, then
P = r 4+ a. Now if g is any polynomial over F, and if r is any root of g, then r?
is also a root of g: indeed g(r?) = g(r)? = 0. Therefore if g is an irreducible factor
of f and r is a root of g (so also a root of f), r» = r + a is a root of g as well;
inductively r + na is a root of g for n = 0,...,p— 1. It follows that g has at least p
distinct roots, hence has degree at least p. We conclude that g must equal f, and
f is irreducible.



