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1 Introduction

This paper is concerned with a proof of the following

Theorem (Dirichlet’s Theorem). Let U, = (Z/mZ)* be the multiplicative
group of units modulo m. Suppose k € Uy, that is, ged(k,m) = 1. Then there
exist infinitely many primes p such that p = k (mod m).

The statement of the theorem is simple, yet all known proofs use analytic
methods. Dirichlet’s theorem states that if (a+bn),en is an arithmetic sequence
of numbers where ged(a,b) = 1 then there are infinitely many primes in this
sequence. As a simple consequence of the proof we will see, it will also become
apparent that the distribution of primes in every arithmetic sequence of this
kind is rather uniform. This is reassuring, in a sense, for intuitively we feel that
primes are more or less randomly spread out over the integers. Furthermore,
there are many results that depend on the existence of infinitely many primes
of a particular kind, and Dirichlet’s theorem gives us these primes in certain
cases.

Certain special cases of Dirichlet’s theorem can be dispatched with relative
ease.

Theorem 1.1. There are infinitely many primes congruent to 3 modulo 4.

Proof. Suppose not. Let py,pa, ..., pg be all primes congruent to 3 modulo
4. Put N = 4[]*_, p, — 1. Thus, N = 3 (mod 4). We have that N > py, so it
cannot be prime, and no prime less than p; divides N. This means that all of
the prime factors of N are congruent to 1 modulo 4. This is a contradiction, as
1-1=1 (mod 4), but N =3 (mod 4). O

Theorem 1.2. There are infinitely many primes congruent to 1 modulo 4.

Proof. Say N be any any integer greater than 1. We will produce a prime
p =1 (mod 4). Let m = (N!)2 4+ 1. Notice that m is odd. Let p be the smallest
prime divisor of m. We have that p > N. So,

(N)? = —1 (mod p)

(NPt o= (-t
By the Euler-Fermat theorem, (N!)?~! =1 (mod p), which yields

(—I)PT_1 =1 (mod p)
So (—l)pT_1 — 1 is either 0 or 2, but it cannot be 2, as p divides it. This implies
that (—1)%1 is1,s0 (p—1)/2is even, i.e. p=1 (mod 4). O

These simple kind of arguments, however, admit no simple generalization.
There are other known simple proofs for other special cases, but the general one
requires analytic methods. The proof we will present here makes no usage of
complex analysis, nor of any other heavy machinery. It is, in fact, an elementary
proof. It is by no means simple, however, so we will present an outline of the
proof.



Outline of the proof

To give a flavour of the sort of proof we will see, consider the following simple
example on the infinitude of primes.

Theorem. There are infinitely many primes.

Proof. We will show that

diverges, where p, denotes the nth prime. This will suffice, for if there were
finitely many primes, the sum would then converge. Suppose that this is so, i.e.
the sum converges. Then we would have some k € Z such that

MI'—‘

<1
P

Let Q = an:l Pm- Consider the sequence (1 + nQ)nen. We have that p,, does
not divide 1+ n(@ for n < k. Thus, all prime factors of 1 4+ n@) occur among the
primes pgy1,Pr+t2,--- S0, for each » > 1, we have

¢
T 1 oo oo 1
Siteer (2 )
n= 1+ TLQ t=1 \m=k+1 Pm
This follows because the sum on the right hand side contains all the terms of
the one the left. This can be seen by expanding the sum and distributing with
the binomial theorem accordingly. However, the sum on the right is bounded
by the convergent geometric series Y .o, (1/2)%, so it converges, from which

it follows that > 0", ; +nQ converges as well, as it has bounded partial sums.

This is a contradiction, as a limit comparison test with ), + L shows that
Yot g diverges. O

The proof above conveys some of the spirit of the proof of Dirichlet’s theo-
rem that we will follow. We will prove Dirichlet’s theorem by establishing the
divergence of a certain series. Qur first step will be to establish the following
asymptotic relation:

Z logp =logz + 0O(1) (1)

p<z

The notation means that the summation is extended over all the primes less than
z. The O(1) term denotes an unspecified function of z that remains bounded
as x — oo. Establishing the above relation will be no small task. In our way to
do so, we will build many tools that will later prove useful.



Notice that relation (1) already implies that there are infinitely many primes,
for in the right hand side we have logx, which is unbounded. This could not
happen if there were only finitely many primes.

The next step will be a sort of “extraction”. We will use a certain family of
arithmetic functions, the Dirichlet characters, for this purpose. This will lead
us to develop a few properties of Dirichlet characters.

Once we have done this, we will be ready for the extraction. This will yield
the following related asymptotic relation

Z 10% = ﬁ logz + O(1) (2)

p<z
p=h (mod k)
This time, the notation says that the sum is extended only over the primes
congruent to h modulo k. It is remarkable that the right-hand side of equation
(2) is independent of h, and that there is a 1/¢p(k) factor in front of logz. This
suggest that the distribution of the primes over the congruence classes modulo
k is more or less uniform, and indeed it is.
Lastly, we should mention a crucial step in the extraction. Every Dirichlet
character x gives rise to one of Dirichlet’s L-series:

L(s.) = i x(n)

ns

n=1

For the purposes of this paper, we will only be concerned with the family of
series where s = 1. If x is a nonprincipal character, meaning that it takes on
values other than 0 and 1, we need to know that L(1, x) # 0, since we will need
to divide by this value at one point.

Let us begin, then, on the path to establish relation (1). We parallel very
closely the development in Apostol’s Introduction to Analytic Number Theory

[1]



2 The Estimate ) 10%’ = logz + O(1)

p<z

Some notation first.

Notation. Throughout this paper, p will denote a positive prime number,
n,m, h, k will be natural numbers (zero is not a natural number for us), and
x,y are real numbers. [z] is the greatest integer less than or equal to z. An
expression of the form

> f@
n<z
means

[=]

> f@)
and

> f@)

p<z

means that the sum is extended over all positive primes less than or equal to x.
All these sums are 0 if z < 1.

A couple of defintions are now in order.
Definition 2.1. A function f : N — C is an arithmetical function.

Definition 2.2 (Big-Oh notation). We write, for any function f : R — C
and g: R — R

f(z) = O(g(x))

to mean that the quotient |f(z)|/g(z) remains bounded for all z greater than
some a, that is to say, there exists a constant M such that

|[f(z)| < Mg(x) Ve > a

In this case, we say that “f is big-oh of ¢”. Furthermore, an expression of the
form

f(@) = g(x) + O(h(z))

means

f(@) = g(x) = O(h(z))

So, for example, f(z) = O(1) means that f remains bounded as z — oc.
The symbol O(f(x)) is subject to the following relations, on which we will
not elaborate. Notice that we are making usage of the equality sign in a non-
symmetric manner.



1. 0(0(g(z))) = O(y(x))
2. O(g(z)) = O(g(z)) = O(g(x))
3. f(2)0(g(2)) = O(f(z)g(x))

4. O(f(z)) = O(g((x)) if f(z) < g(z) for all z > a (In other words, we may
always give a weaker estimate.)

We will be making extensive use of the above relations and similar others,
without making explicit reference to them. They can be found in Chapter 6
of LeVeque [2]. The reader is advised to become thoroughly familiarized with
them; they all follow easily from the definition.

2.1 A Couple of Integral Identities

In this section, we collect some of the tools that we will need later. Not ev-
erything here will be used immediately, but should be kept in mind for future
reference.

The following fundamental identity leads to many other useful conclusions.

Theorem 2.3 (Abel’s Identity). For any arithmetical function a(n), define
A(z) = Y, <, a(n). Suppose f has a continuous derivative on the closed interval
[y,z], with 0 < y < z. Then we have,

y<n<z

Proof. This is nothing more than integration by parts using the Riemann-
Stieltjes integral. Notice that A(x) is a step function with jump a(n) at each
integer n, so

> atfon = [ 10 aaq)

y<n<wz

Integration by parts gives

fﬂﬂmm

I
[y
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Sometimes we need to approximate a sum with an integral. The following
corollary tells us what the error will be with such an approximation.



Corollary 2.4 (Euler’s Summation Formula).
> s = [ sy aes [e- 150 de+ @) -0 - F) 6l - v
y<n<z y Y
Proof. Put a(n) =1 for all n in Abel’s identity, so A(z) = [z]. This gives
S 1) = f@lel - Sl - [ 7 d
y,n<le Y

We also have, by integration by parts,
0= [t£(®) dt~of@) +uiw + [ £ dt
y

Adding the two equations gives the result. O

Euler’s summation formula leads to many interesting asymptotic relations. We
need not concern ourselves with them for now. The few that are needed for this
paper are collected in the appendix.

2.2 Dirichlet Convolution

In this section we will assume a few well-known results concerning Dirichlet
convolution. They are summarised below for convenience. They can be found
in Anthony Gioia’s The Theory of Numbers.

Definition 2.5. Let f and g be arithmetical functions. Their Dirichlet convo-
lution is another arithmetical function h denoted h = f * g defined by

hm) =Y f(@g (%)
dln

where the sum is extended over all divisors d of n.
We also will find need for the following notion.

Definition 2.6. An arithmetical function f is said to be multiplicative if f(mn) =
f(m)f(n) whenever ged(m,n) = 1. Tt is completely multiplicative if f(mn) =
f(m)f(n) for all m,n € N. Also, we insist that f = 0 is not a multiplicative
function.

Arithmetical functions under Dirichlet convolution behave as follows:
e Dirichlet convolution is associative and commutative.

e An arithmetical function f has a Dirichlet inverse whenever f(1) # 0.
In other words, the arithmetical functions that are nonzero at 1 form an
abelian group. The identity is the function e(n) = [1/n].



e The Dirichlet convolution of two multiplicative functions is multiplicative.

e The Dirichlet inverse of a multiplicative function is also multiplicative. In
other words, the multiplicative functions form a normal subgroup.

We now restrict our attention to particular arithmetical functions that will
become useful in establishing the asymptotic relations we seek.

Definition 2.7. The Mdbius function p is the inverse under Dirichlet convo-
lution of the function v = 1. The von Mangoldt function A is the Dirichlet
convolution of x4 with log.

From this definition we can infer the following;:
1 ifn=1
p(n) = ¢ (=1)¥ if n is the product of k distinct primes
0 if n is divisible by the square of some prime
and

A(n) logp if n = p™for some prime p and some m > 1
n)=
0 otherwise

The Mdbius function gives us a useful identity, known as the Mdbius inver-
sion formula.

Proposition (Mobius Inversion Formula).

g(n) =3 f(d)
d|n

if and only if
o) = %M(d)g (5)

We mention another result without proof.

Proposition (Inverse of Completely Multiplicative Function). for f com-
pletely multiplicative, we have that f=(n) = u(n)f(n).

2.3 Generalized Convolution

We will now establish the generalized Mobius inversion formula that will play a
prominent role in many of the results that will come.

Definition 2.8. Let F' denote a real or complex-valued function on Rt such
that F'(x) =0 for 0 < x < 1, and let a be an arithmetical function. The sum

Glz) =3 am)F (%)
n<z

is a generalized convolution of o and F and is denoted here by G = a ® F.



Notice that G = a ® F also vanishes on the open interval (0,1). The reason
why this is called a generalized convolution becomes clear if we consider what
happens if F'(x) is zero for all non-integral . In this case, a ® F = a % F, and
we obtain Dirichlet convolution.

Generalized convolution does not behave as nicely as Dirichlet convolution
does. It is not commutative, nor even associative. However, we do have the
following useful replacement for associativity.

Theorem 2.9 (Associative Rule). Let o, 3 be arithmetical functions, and F
as above. Then we have a @ (BO F) = (axfB) O F.

Proof.

(@o (B0 F)(z)

Il
]
Q
g
N
=
2
o
—~
15
~—

= a(n E z
= T (Zew(3)r (3)
= Y pWF(7)

= ((axp) o F)(z)
O

Notice that the same function e(n) = [1/n] that is the identity under Dirichlet
convolution works as an identity under generalized convolution. From this we
infer the generalized inversion formula.

Theorem 2.10 (Generalized Inversion Formula). If a has a Dirichlet in-
verse a~ ', we then have

if and only if
F(z) = Z a t(n)G (f)

n
n<x

Proof G=a®F,soa'0G=(a'0(@0F)=(a'+xa)®F =F. The
converse is similar. O

In particular, if o is completely multiplicative we have the generalized Mobius
inversion formula.

10



Theorem 2.11 (Generalized M6bius Inversion Formula). If a is completely
multiplicative, we have

Gz) =3 amF (%) — F@) =Y un)an)G (%)

2.4 More Asymptotic Relations

Using the tools we have developed so far, we now build more. Their usefulness
will be proven shortly.

Theorem 2.12. If h:= f x g, and if

F(z):= Z F(n),G(z) := ZG(n),H(m) = Z h(n)

n<z n<z n<z

then

#@) = Y fm6 (£) = X o (£)

n<lz n<lz

Proof. Put

if 1
U(n 0 %0<a:<
1 ifz>1

Then F=foUand G=9g0o0U,so

foG=fo@golU)=(fxgoU=H

gOF=go(folU)=(gxf)oU=H

In particular, if g =1 (so that G(z) = [z]), we obtain
Corollary 2.13.
Sy s0- X[ - Tr()
n<z d|n n<lz n<lz

Now, put f above to be the von Mangoldt function. This gives us another
identity.

Corollary 2.14. For z > 1 we have

Z A(n) [%] = log[z]!

n<z

11



Proof. Put f to be the von Mangoldt function in Corollary 2.13

YAm[Z] = XY A

n<z n<z d|n

Z log(n) = log[z]!

n<z

Lemma 2.15.

Z A(n) [Z] =zlogz —z + O(logz)

Proof. Put f(t) =logt in Euler’s summation formula. We get

Zlogn = /zlogtdt—%/w@dt—(w—[m])logw

n<z

= :clogw—x+1+/ t_tidtwLO(logm)
1

/jt_tidt:O(/lz%dt):O(logz)

and this proves the result, as 3, ., log = log[z]! = 3, ., A(n) [£] by Corollary
2.14. - - (]

But

Our next theorem is one step away from the asymptotic relation from which
we will extract our primes in Uy.

Theorem 2.16. For x > 2 we have

Z [%] logp = zlogz + O(z)

p<z
where the sum is over all primes < x.

Proof. Since A(n) = 0 unless n is a prime power, we have

S[am=% ¥ [5] 0

n<lz

Now, p™ < z implies p < z. Also, [z/p™] =0 if p > z, so write

S [2]wsr= 3 [2] wer+ 3 [ 2] e

p<z m=1 p<lz p<z m=2

12



We will show that the term on the right in the above sum is O(z). We have

Zlong[ ] < Zlogpz —wzlong( )
p<z p<z p<z
= z =z logp
a I;zlogp 2 1/p) pZSzp(p—l)
= logn _

n=2
since the last sum converges. So,
z z
=|A(n) = =1
S [7]a0) = X |7 1esp+ 0
n<z p<z
and by Lemma (2.15), since O(z) is a weaker bound than O(log z),
x
Z [—] logp = zlogz + O(z)
p<z p

O

Our result would be complete if we could somehow justify dropping the
square brackets in Theorem (2.16). This justification is essentially the content
of what follows.

Theorem 2.17. Let a(n) be a nonnegative arithmetical function such that
Z [E] a(n) = zlogx + O(z)for all z > 1
n<z n

Then,

1. There is a B > 0 such that ), ., a(n) < Bz for all x > 1.

2. For x > 1 we have ) # =logz + O(1)

n<lz

Proof. Put

S(x) = Z a(n) and T'(z) = Z a(n) [%}
n<lzx n<lz

We will first establish the following inequality

s1-5(3) <71 (2)

13



Write

T -2 (3) = Tam[]-2 3 ao [ A
= 2 (- [f]) * 2 fwleo

but [g—z] -2 [%] is 0 or 1. So the left term in the right-hand side is nonnegative.
We drop it, to obtain

T(z) — 2T (g) > 3 [f] am)= 3 a(n):S(x)—s(g)

n
z/2<n<z z/2<n<lz

which is the desired inequality. But the hypothesis of the theorem says
x x z
T(z) — 2T (5) =zlogz + O(z) — 2 (5 log 3 — O(m)) = O(z)

So inequality says S(z) — S (£) = O(z). So, by definition, there is some K > 0
such that

S(x)—S(g) <Kgforallz>1
Replace x succesively above by 5, 7,..., to get
x x z
) - i < ol
$(3)-5(3) < %3
x x z
s(31)-5() = %3
etc. Add up all such inequalities to get S(z) < Kz(14+1/2+1/4+...) = 2Kz

This proves part (1) with B = 2K.
Now notice that [2] = £ + O(1). We obtain

T@) =Y [%] a(n) =" (% + 0(1)) am) =2 @ +0 (Z a(n))

IN

n<lz n<lz n<lz n<z

But the right term is O(z), by part (1). This finally gives

3 @ = %T(x) +0(1) =logz 4+ O(1)

Which follows as T'(z) = zlogz + O(1) by hypothesis. O
The hard work is done. We now immediately obtain

Corollary 2.18 (Our Asymptotic Relation).

Z logp =logz + O(1)

p<z

14



Proof. Let

a(n) = logp ifn :1.9 (p is prime)
0 otherwise

Theorem (2.16) assures us that the hypothesis of Theorem (2.17) are satisfied.
O

15



3 Dirichlet characters

Now we focus our attention on something of a different nature. In this section,
we develop the properties of the arithnetical functions that will allow us to
extract our primes. We briefly adopt a more algebraic spirit as we investigate
characters.

3.1 A Few Preliminary Results

We will need a few elementary results from group theory. We will be mostly
concerned with finite abelian groups, but the following definition makes sense
in general.

Definition 3.1. Let H and G be finite groups with H C G, and g € G. The
smallest n € Z such that g™ € H is called the indicator of g in H.

The indicator is well-defined, as it follows from Lagrange’s theorem that if
#G = n then ¢" =idg = idg € H.

The following theorem furnishes a method to construct a subgroup G” such
that if G’ <G, then G' < G" < G.

Theorem 3.2. Let G' <« G be finite abelian groups, a € G\ G', and h is the
indicator of a in G'. Then, if we define

G" = {zd* :z € G'andk = 0,1,... ,h— 1}

we have G' < G" < G. Furthermore, #G" = h#G'.

Proof. We first check that G" is in fact a subgroup of G. Suppose z1a!, z2a* €

G". Then the product z1z2a't* € G”, where we have used the fact that
G is abelian. As for inverses, say za®* € G". Then (za*) ! = z7la ® =
(z7ta ") (a"*) € G", where we again used the commutativity of G. Thus,
G" <1 G, as necessary.

As for counting #G", we note that for k¥ < h, and all z € G', za* & G,
for otherwise za* = ¢’ € G’ so a* = z71¢' € G', as G' is a subgroup, which
contradicts the definition of the indicator h.

Moreover, if 0 < 1 < k < h, we cannot have z1a! = z2aF for z1,z2 € G, as
this implies z; 'z; = a*~! € G', again contradicting the minimality of h. Hence,
#G" = h#@G', as claimed. O

l

There is a special kind of homomorphism from a group G into C that will
interest us. We single them out, as they we will later specialize them further to
define Dirichlet characters.

Definition 3.3. Let G be a group. A homomorphism f : G — C* is a character
of G if f(c) # 0 for some ¢ € G. The character f such that f(a) =1Va € G is
called the principal character.

16



Theorem 3.4. Say f is a character of a finite abelian group G, #G = n. Then,
1) f(e) = 1 where e := idg.
2) f(a)™ =1, for all a € G, so all the values of the character are nth roots
of unity.
3) G has exactly n distinct characters.

Proof. Property (1) is the well-known result that a homomorphism fixes the
identity element. Property (2) follows easily, since we have

fla)" = f(a") = f(e) =1

which follows from property (1) and the fact that f is a multiplicative homo-
morphism.

We prove property (3) by induction. To this effect, we will use the result
of Theorem 3.2. We will build an ascending chain of subgroups of G. We will
denote by (G',a) the subgroup G" in Theorem 3.2

ey =GiCcGyC...CcG,=G

where (e) is the trivial subgroup, and G, y1 = (Gp,a) for some a € G\ G,,.

For G; = (e), there is clearly only one character. Suppose #G, = m and
that there are exactly m indicators for G.. Consider G,;1 = (G;, a,), where h
is the indicator of a, in G,.. Will show that there are exactly h ways to extend a
character of G, to one in G411 and that each character of G, is the extension
of some character in G,.. This will work, since we have hm elements in G41.

Let zak € Gr11; 0 < k < h. Say f is a character of G, and say it’s possible
to extend it to a character f of Gy41. We have

f(zak) = f(z)f(a®) = f(2)f(a,)* since z € G,

Hence fis determined by its value at a,. Let ¢ = al. f(e) = f(c) and f(c) =
fla.)"* = f(c), id est, f(a,) is one of the hth roots of f(c) € C. There are exactly
h choices for f(a,), which gives us all the h characters as claimed. Thus, we
can now define f(za¥) := f(z)f(a,)*. Hence, every one of the m characters of
G, can be extended to one of G,41 in one of h ways.

Moreover, if ¢ is a character of G411, then its restriction to G is a character,
so the above method of extension gives us all the characters. O

We can now define the following operation. By the above theorem, this will
give us a group dual to any finite abelian group.

Definition 3.5. Let f; f; be two characters on a finite abelian group G. Define
pointwise multiplication between any two characters. That is, f; - fo is the
homomorphism defined by (f1 - f2) = fi(a) f2(a) Va € G.

Theorem 3.6. The n characters on a finite abelian group G of order n form
themselves an abelian group. We denote this group by G.

Remark. |f(a)| = 1 for all characters in G, for all a € G. Hence, f~ = f(a),
where the bar denotes complex conjugation. Also, f(a) = f(a™1).

17



3.2 Orthogonality Relation for Characters

Let A = (a;;) be the matrix whose entry in the ith row jth column is a;; =
fi(a;), where f; is the ith character on G and a; € G the jth element. f; is the
principal character.

Theorem 3.7. The row sums of A are all zero, except for the first row that
sums up to n.

Proof. The first row of A contains nothing but ones, as it is the row of the
principal character. There are n entries in every row, so the first row adds up
to n.
Now, in any other row, there is an entry f;(b) #1. As r runs over 1,... ,n,
a, runs over all elements of G and so does ba,.. Hence,
n

S:=Yfilar) =Y filba,) = fi(0) Y flar) = fi(b)S

r=1
So S(1 — fi(b)) =0, but f;(b) #1,s0 S5 =0. O
Theorem 3.8. AA* = nl, where A* is the adjoint of A and I is the identity
matriz.
Proof. Let (b;;) = AA*. We thus have

bij = Z fi(aT)fj(ar) = Z(fz : fjil)(ar) = Z fr(ar)
r=1 r=1 r=1
But fr = f1 iff i = j. So by theorem 3.7, B = nl. O

The fact that a matrix commutes with its inverse and that A=1 = (1/n)A*
immediately gives us the following orthogonality relation.

Theorem 3.9.

n .
— n ifa; =a;
E fr(ai)fr(aj) = ' . !
= 0 otherwise
Proof. AA* =nl, so A*A =nl. The entries of A*A are the above. O

Thus, >, (fr)(aj) = nif a; = e and 0 otherwise.

3.3 Dirichlet Characters

Definition 3.10. Let U, = (Z/kZ)* be the multiplicative group of units mod-
ulo k. For each character f of Uy and coset n + kZ € Uy the arithmetical
function

fin+kZ) if n+kZ e Uy
x(n) = .
0 otherwise

x is a Dirichlet character modulo k. The principal character is x; for which
x1(n) = 1if ged(n, k) = 1 and 0 otherwise.

18



By the above considerations on general characters, we have that there are
#Uy, = (k) Dirichlet characters modulo k, each of which is a completely mul-
tiplicative function, and they have period k, i.e. x(n + k) = x(n) for all n.

The Dirichlet characters, in particular, also satisfy the following orthogonal-
ity condition.

Theorem 3.11. Let x1,X2,--- ,Xo(k) be the (k) Dirichlet characters of Uy.
Suppose ged(n, k) = 1. Then,

e(k) .
— \_ Jok) ifm=n (modk)
r:Z1 Xr (m)Xr(n) = {0 if m Zn (mod k)

3.4 Non-vanishing of L(s, x) for Real Nonprincipal y

Dirichlet achieved the proof of his theorem by studying certain families of series.
Besides the Riemann zeta function, his proof makes use of so-called L-functions,
defined as

L1 = 30 X0

ns
n=1

where x is a Dirichlet character and s is complex-valued. As mentioned before,
a key step in the proof of Dirichlet’s theorem involves showing that L(1,x) is
nonzero for a nonprincipal character xy. We first establish this fact in the case
when x is a principal character that only takes on the values 0, £1.

Lemma 3.12. Let x be any real-valued character modulo £ and let

Alm) = Y x(@)
d|n

Then A(n) > 0 for all n, and A(n) > 1if n is a square.

Proof. Since A(n) is multiplicative (it is the Dirichlet convolution of two multi-
plicative functions), we only need to determine A(p®) for prime powers p®. We
have

a

AP =Y x0) =1+ (x(®)*
t=0

t=1

where x can only take the values 0, +1. If x(p) = 0, then A(p®) = 1; if x(p) =1,
then A(p®) =1+ a, and if x(p) = —1 then

1 ifaiseven
A(p*) = {

0 ifaisodd
either way, A(p®) > 1if a is even. Now let n = pi* - p5? - ... - pir, so A(n) =
A(pt) - A(ps?) - ... - A(p?). Every term is positive, and if n is a square every
a; is even, so every term is greater than or equal to 1. o
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Lemma 3.13. Let f, g, and h := f % g be arithmetical functions and F(z),
G(z), and H(z) respectively be their partial sums up to and including z. If a
and b are positive numbers such that ab = z, then

H@) =Y f@g(d) =Y )G (2) + 3 gm)F (Z) - Fla)G)

) n<z n<lz
cd<= = =

Proof. The first equality follows by definition, since

H(@) =) (fx9m) =) Y flegd =) f(c)g(d

n<z n<z cd=n )
cd<a

as for the second equality, notice that the summation is over the lattice points in
the parabolic region bounded by ¢d = z and ¢,d > 1. The point (a,b) is on the
hyperbola ¢d = z. Consider the region in the hyperbolic region of summation
bounded by ¢ < a and the region bounded by d < b.

If we add up the contributions from those two regions, and subtract the
contribution from the portion of the hyperbolic region bounded by ¢ < a and
d < b that was counted twice, we obtain the identity

Hz) = Y f@od)=3 3 f@ad+Y 3 f@sd— 3 f()g(d)
cs’gdm cLad<z/c d<bc<z/d d<a,c<b
= Y 16 (3) + Y esmF (2) - F@Gw)

Theorem 3.14. For any real-valued nonprincipal character x, put

A(n)
A(n) = %X(d) and B(n) = 7;” n
Then we have: (a) B(xz) = 0o as z — oo. (b) B(z) = 2+/zL(1,x) + O(1).
So, L(1,x) # 0
Proof. Part (a) follows easily from Lemma (3.12). Drop all the terms from B(x)

(which we know to be positive) except for the squares (which we know to be
>1so

1 1
B(z) > Z I Z\/_E

n=m

i.e. B(z) is bounded below by a divergent harmonic series.
For part (b), write

B($)=z<:%dzx(d)= >
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Use lemma (3.13) with a = b = /z, f(n) = x(n)/+v/n, and g(n) = 1/4/n to

obtain
X 1 T
=Y V6 (D) + 3 () -Fvmetm @
n<\/_ n<\/z
where
x(n) v L
n<z n ) 7% \/ﬁ
By Lemma A.2 in the Appendix,
=2vz + K1 + Oz '/?),
nzq \/_ 1+0(z1?)

where K1 = ((1/2) is a constant. So G(z) = 2y/z + O(1). Also, by the third
relation in Lemma A.4,

5w o).

n<lz

where Ky =3 | L\/'%) So F(z) = O(1), since it converges.

This gives F(/z)G(v/z) = 2Ks2'/* + O(1). From equation (4), we have

B(z) = Z%[Q\/%%—Kl%—O(\/@]

n<\/z

+ Y % [K2+0(\/§)] — 2K, +0(1)
n<vE

= 2z Y X +K12 ( > Ixn) )

n<\z n<\/_ n<\/_

+ Ky Y \/_ (f > )—2K2x1/4+0(1)

n<vw n<«w

This is not really as horrendous as it looks. All of the O-terms are O(1); the
constant K gets absorbed into O(1) as well, and the combination of the 1/+/(n)
minus 2z'/4 converges, as it is bounded above by the corresponding integral
minus z'/* which is constantly equal to —2. Hence, everything condenses into

B(z) = 2y L(1,x) + O(1)
But since B(x) diverges by part (a), L(1,x) # 0. O
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4 The Extraction

We are on the final stretch now. We will put together the estimate from Section
2 and the Dirichlet characters from Section 3 to form a new estimate from which
to estimate from which Dirichlet’s theorem will be a simple corollary.

Notation. In this section, k is a fixed modulus and h is coprime to k. x, will
denote a nonprincipal Dirichlet character modulo £ and we reserve, as usual,
the symbol x; for the principal character.

The following series for a nonprincipal character x are of concern to us in
this section. Their convergence is established by the first and second relations
in Lemma A.4.

L(l,x) = i x()

n
n=1
— x(n)logn
L' = - 2
(1,x) > -
n=1
As mentioned in the introduction, we seek
log p 1
—= = ——logz+0(1 5
X T Tm W ®)
p=h (mod k)
The first lemma in that direction is
Lemma 4.1. For z > 1
(k)
logp 1 1 = Xxr(p)logp
—= =——logz + —— Xr(h) = 2 4+ 0(1)
p; p (k) e(k) ; ’ g P

p=h (mod k)
Proof. Starting from the main result of Section 2, Corollary 2.18,
1
Z 08P _ logz + O(1)
<. P
pPsT

we will use the orthogonality condition of Dirichlet characters from Theorem
3.11

o(k) .
—~_ Jolk) ifm=n (mod k)
; Xr(m)Xr(n) = {0 if m Zn (mod k)

which is valid for ged(n, k) = 1. Let m := p and n := h above where ged(h, k) =
1. Multiply both sides by (logp)/p and sum over p < z to get

& log p log p
D (0 (D LT B St
p<lz r=1 p p<= p

p=h (mod k)
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The congruence condition on the sum on the right-hand side comes from the
orthogonality relationsu. Now, take out the terms from left-hand side that
correspond to x; and rewrite

o(k)

oB Xm0 w3 x

p<z p p<z
p=h (mod k) -

B) UL

p<lz

in the left term of the right-hand side, x1(h) is the principal character, so it is
1, as h is coprime to the modulus k. The x;1(p) factor is 0 if p|k and 1 otherwise.
Hence, this whole term becomes

¥ k’gp -y - zl"gp zb%m(n )

p<=z < P<w <
ged(p,k)=1 p=v p=v

since only finitely many primes divide k. Putting equation (7) back into equation
(6) we see

o(k)

logp log p log p
o) Y == Z X () D x-(p) o(1)
p<=z p p<lz p<z
p=h (mod k)
Now we conclude by applying Corollary 2.18 and dividing by ¢(k). O

Lemma, 4.1 would immediately imply equation (5) if we could only show that
the sum

p<z p

is O(1). Our next step is to express this sum in a form that is not extended
over all primes.

Lemma 4.2.
p<lz n<lz

Proof. Commence with the sum

and express this sum in two ways. First, the definition of the von Mangoldt
function gives us

) x(n) ZX 10gp+z )y x(p 10gp

2
n<lz p<lz p<lz ‘z<m
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because |x(p*)| < 1, the right sum on the right-hand side is majorized by

=1 _ logp . logn _
210672 5 =2 01y < a1y~ O

n=2

again, because the last sum converges. Thus we have

ZX logp ZX 0(1) )

p<lz n<lz

On the other hand, Mdbius inversion gives us that A(n) = 3_,, u(d) log(n/d),
s0

HZQX ZX > udios ()

write n = cd and use the multiplicative property of x to arrive at

xn)An) = #Ax(d) x(e) log(c) use 2nd of Lemma A.4
222 " 222 d cgg;d ¢
- ZW (~20+0 (“E724) ) but @@ <1
_ p(d)x(d) 1logz/d
- I (1,x)d§ L= 10 (dsﬁ z/d )

The sum in the O-term is

%Zﬂogz’ —logd) = i ([m] logz — Zlogd)

d<z d<z
and the bracketed quantity above is, by Corollary 2.14 and Lemma 2.15.
[]log z — log[z]! = O(z)

so upon dividing by = we see that the entire O-term is O(1).
Thus,

n<z d<z

Combine this with equation (9) to conclude

p<lz n<lz

as necessary. [
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Lemma 4.2 will imply that the sum (8) is O(1) if we show that the sum

p(n)x(n)
2

n<z
is O(1). To this end we work in this direction:

Lemma 4.3. For z > 1 and x # x1, we have

£, Y MO _ o

n<lz

Remark. This is the most delicate step of the proof. We would be done and
Dirichlet’s theorem would be proven if we could just show that L(1, x) is nonzero
for nonprincipal x. If we had that, we could divide by L(1,x) and the proof
goes through.

Proof. Use the generalized Mébius inversion formula. Put a(n) = x(n) and
F(z) = z in Theorem 2.11 to get

2= ux(mG (=) (10)

n<x

where

G(z) := Zx(n)% =z Z @

By the first relation in Lemma A.4, write G(z) = zL(1, x) + O(1). Substitute
this back into equation (10). We discover

v =3 umxtn) (220120 +0) = 200,30 Y M 4 o)

n<z n<z
Now divide by z to arrive at the result. O

Our upcoming move is rather ingenious. We need to show that the L-series
of interest does not vanish. We have already established this fact in Section 3
for nonprincipal real characters. So, assume X is nonprincipal, and complex-
valued. Say L(1,x) = 0 for some x. We could then also have that L(1,%) = 0,
yet x # x. If we let N (k) denote the number of characters for which the L-series
vanishes, this argument shows that N (k) is even, because the nasty characters
(if any!) occur in conjugate pairs. Our goal is to show that N (k) = 0, of course.

Before that, an intermediate step on a necessary condition for the vanishing
of L(1,x).

Lemma 4.4. If x # x1 and L(1,x) = 0, we have

L'(,x) )Y, W =logz + O(1)

n<z
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Proof. This time put F(z) = zlogz and again a(n)x(n) = in the generalized
Mobius inversion formula:

wlogz = 3 um)x(n)G (1) (1)

n<lz
where
:ZX( log —xlongX ZX n)log(n
n<z n<z n<z

Next use Lemma, A .4 part 1 to get

zlogz (L(l,x) +0 (i)) ta (L’(l,x) +0 (loi;m»

= zL'(1,%x) + O(log x) since L(1,x) = 0 by assumption.

G(z)

Put this back into equation (11). Thus,

rlogr = Zu ( L', X)+O(10g ))

n<lz

zL'(1,x) Z W +0 Z(logm —logn)

n<lz n<lz
In the course of the proof of Lemma 4.2 we already showed that the O-term is
O(z). Therefore, upon dividing by x, we get
p(n)x(n)

1 =L'(1 — 4+ 0(1

ogz = L'(1,X) ; == +0(1)
which is what we sought. (]
.. and finally,

Lemma 4.5. Let N (k) denote the number of nonprincipal characters y modulo
k such that L(1,x) =0. If z > 1,

logp 1—N(k) .
; - o® logz + O(1)

p=1 (mod k)

Remark. This result concludes the proof of Dirichlet’s theorem, for if N(k) is
not zero, we have a contradiction, since then the estimate on the right-hand side
tends to —oo, while the left-hand side contains only positive terms.

Proof. Take h =1 in Lemma 4.1. Obtain

w(k)

log p 1 Xr(p logp
Z - = mlg ZZ +0(1) (12)

p<z r=2 p<z
p=1 (mod k)
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Apply Lemma 4.2 to the rightmost sum, yielding

o(k)
logp _ 1 | x+i L', %) M+0(1)
Z P ek BT k) ; X Z n

p=1 (mod k)

and the sum ), (u(n)x(n))/n is O(1) if L(1,x,) # 0.
However, for all r such that L(1,x,) = 0, Lemma 4.4 implies

(1) 3 M g 10

n<z
So the sum in equation (12) reads

1— N(k)

208) log(z) + O(1)

1 1
——logax + —~ Z —logz 4+ O(1) =
(k) Pk =0

which concludes our proof.

Hence, every arithmetic series generated by coprime elements contains in-

finitely many primes. Quod Erat Demonstradum.
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A Appendix

Here we collect miscellaneous results used in the body of this paper.

First, a definition of a very famous function, which we tried to avoid as much
as possible in this paper, in an interest to keep the proof of Dirichlet’s theorem
elementary.

Definition A.1. The Riemann zeta function { : C — C is defined by
— 1
¢(s) = —
n=1 n

where s = o + it (0,t € R) and ¢ > 1 or by

(5) = 1 L
() = Jim | > =1
n<lz

if0<o <.

We made use of the following asymptotic result when we discussed sums of
Dirichlet characters.

Lemma A.2.

1 5171_8

—_— = —8\ +
ns 1_S+C(s)+0(-'13 )1fS€R,s;£]_

n<z

Proof. Put f(z) = 7% and y = 1 in Euler’s summation formula, for s > 0, s # 1.
This gives

1 T dt T4 [1] z — [2]
_— = _— = 1—- —-
Zns ‘/1 5 S‘/1 tst+1 dt + s

n<lz
z'~? 1 <t —[t]
1_ _ —8
1_S+( T s/1 prE| dt)—{—O(x )

The last term is O(z~ %) because z — [z] is bounded by 1. If s > 1, the left
hand-side of the equation approaches ((s) as x — oo, while every other term on
the right-hand side goes to zero. Thus, the middle bracketed term is {(s).

In case 0 < s < 1, then 7% — 0 and the alternate definition of ¢ for
0 < s < 1 gives that the bracketed term is again ((s). O

The following proof is valid for any peroidic arithmetical function with
bounded partial sums, but we focus on a nonprincipal Dirichlet character .

Lemma A.3. Let x be a nonprincipal character modulo %k, and let f be a
nonnegative function such that f'(z) is continuous for all z > xy. Then if
y > T > xg, we have

z<nly
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If, in addition, f(z) — 0 as £ — oo, then > ° | x(n)f(n) converges, and we
have, for x > xo,

S xm)fm) = 3 x(n) f(n) + O(f ()
n<lz n=1

Proof. Let A(x) =", ., x(n). Since x is nonprincipal, the orthogonality con-
ditions give us that

k
ARy =Y x(m) =0

By periodicity, A(nk) = 0 for alln € N. Hence, |A(z)| < ¢(k),i.e. A(k) = O(1).
Next, use Abel’s identity

> i) =A@ - Aw)f6) - [ A8 d

= o) + 0wy +0 ( ['1®) &) =0(@)

This proves the first part.
If f(x) — 0 as x — oo, then the Cauchy criterion gives us convergence of
the series. For the last part, put

S xmfm) = 3 xmfm) + lim > x(n)f(n)
n=1 n<z z<n<ly

and the last limit is O(f(z)), by thefirst part, which concludes the proof. O

We call upon the next results during several spots in the proof of Dirichlet’s
theorem. We collect them here as lemmata, upon putting f(z) equal to 1/z,
(logz)/z, and 1/4/x in Lemma A.3.

Lemma A.4. We have

) ) x(n) _ i xm) (1)
: nzg:x x(n) :108;(") _ nz::l X(")Z)g(") 40 (10533)
3,
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