SURVEY ON COVERING CONGRUENCES

THOMAS ZAMOJSKI

ABSTRACT. This survey begins with the problem that motivated the
concept of covering congruences. We then put emphasis on late devel-
opments, in the 80’s, made principally by Berger, Felzenbaum, Fraenkel,
Erdds and Graham, but we make note of historical developments leading
there

1. ORIGIN OF COVERING SYSTEMS

Definition 1. § = {a; (mod n;)}1<;<y is called a covering system of con-
gruences (CS) if every integer satisfies at least one of the congruences and
k is finite. We denote the classes of S as A;

This curious and elegant concept of a covering system came from some-
what unexpectedly a very reasonable problem given by Romanoff. The later
asked in 1934 no one else than P. Erdés for a solution to his problem, that
he had but partially solved. The problem was the following: Are there in-
finitely many odd integers not of the form p + 2™ where p is prime? It is
in 1950 that Erdos [5] constructed an infinite arithmetic sequence of odd
integers not representable as 2 + p using a CS . The construction we shall
give now:

Proof. Suppose we have a covering system S like the following

{a; (mod ordy,2)}1<i<k

where p; are distinct odd primes.
Since p; are pairwise relatively prime, by the Chinese Remainder Theorem
(CRT), the system of congruences

z=2% (modp;), 1<i<k
z=1 (mod 2)

has a solution (mod 2.1_[?:1 pi).- Therefore there is a smallest nonnegative

integer n, solution to the system. For any n = n,(mod 2.1_[?:1 p;) and a
given integer j, we have j = a;(mod ordp,2) for at least one i since S is a
covering system. So
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n—2=n,—2%=0 (modp;)=
= if n — 27 > p;, it is composite
and if it is true V j with 27 < n, then n # 2™ + p.

We do not have to worry about the exceptional case n — 2/ = p; for some
i and j since we can always impose an extra congruence condition in § to
avoid it. Remains to construct S, which Erdos did as follows:

0(mod 2), 0(mod 3), 1(mod 4), 3(mod 8), 7(mod 12), 23(mod 24)
where
2=ord32, 3=ord;2, 4 =o0rds;2, 8 =ordi7 2, 12 = ordi3 2, 24 = ordas; 2.

With this, we get, after working out CRT, the arithmetic sequence 7629217
(mod 11184810), which contains no integer of the form 2™ + p. O

This is a very impressing result, and a glorious birth for covering congru-
ences. It shows right from the start its power in problem solving, especially
where some sort of construction as above is involved. With this result in
hand, Erdos began to tackle generalisation of Romanoff’s problem, as well
as to exploit his newly thought concept to raise problems (so typical of him)
and to open new path of research. This lead people to study special type of
CS, which we turn up to now.

2. DISJOINT COVERINGS

Definition 2. A CS D is called disjoint (DCS) if it partitions Z, i.e. every
integer belongs to ezactly one class in D.

We reorder the moduli of D if needed to get n1 < ... < ng. Amongst the
different types of coverings we will see, this one is somewhat the one with
the strongest condition imposed on it, and therefore it seems natural that
there are in fact more results on these coverings then in any other domain.
As we shall see, we can pin down precisely a large amount of such systems.
But first, 2 elementary observations that will become handy later on.

k
(1) (ni,mj) > 1 and Zn:l =1
=1
Proof. 1f (nj,n;) > 1, then by CRT, 3z € Z/n;n;Z satisfying z = a; (modn;)

and z = aj (modn;) simultaneously.
Now, the density of A; = d(A;) = n;l. Since S covers Z,

Since S is disjoint,
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Hence Zle nyt=1 O
1 b i
(2) = Z — where z € C, |z| <1
1-=2 P 1 — 2"
Proof.
Zz —Zz ,since | z |< 1.
1€N
' k .
dio Y=Yy Z‘“Z O P
iEN i=1 jEA; jEN i=1

Hence

—z i:11_2m
O

These results are due to Erdés and Graham. But the first major result
on disjoint covering, found by Mirsky and Newman and independently by
Davenport and Rado [6], is that in a DCS, we must have ny_1 = ng. Their
proof introduces roots of unity in the subject, which became an important
part of the study of DCS. They argumented that if we let in (2) z = w, a

27i

primitive n,-th root of unity, say e "+ , and that n;_1 < ny, then the left hand
side and the ﬁrst k — 1 terms on the right converges to a finite number, but
the last term % "k — 00 , a contradiction. This result was improved latter
on by Newman [9] and 1ndependently by Znam [13], using similar arguments.
They proved analytically, using (2) and roots of unity, that we must have
in fact ng_pn)41 = - = Ng—1 = ng, where N = lem(nq,...,ng) and p(N)
is the least prime divisor of N. But it seems artificial to introduce complex
numbers and limits in an elementary problem, and so in that sense, the proof
discovered in 1986 by Marc.A.Berger, Alexander Felzenbaum and Aviezri
Fraenkel (BFF) is much more satisfying since it is geometrical. Furthermore,
their key insight allowed them to extend a lot of old results in an elegant way;
in particular, they extended the Newman-Znam result mentioned above:

Theorem 1. [1] Let D be a DCS. Then any mazimal modulus n is repeated
at least p(N) times, where mazimal is in the sense of division, i.e. if n|n;,
then n = n;.

Their proof resides on cell partition of a parallelotope and coset partition
of oy. Let N = H;nzl pgj . Then remodulising (mod N) the congruences in
D (e.g- 1 (mod 2) becomes lor3 (mod 4)), we get every integer of [0, N —1]
exactly once. We use two maps here to parallelotopes:

Using CTR:
[0,N —1] — [0,p]* — 1] x ... x [0, p[ — 1]
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Using p-ary representation, b € [0, p;-j —1], b= Z;";OI bip’:
[0,p; — 1] = [bim—1, ..., bo]

With this way of seeing the problem and with previous results on parallelo-
tope partitions, the theorem follows beautifully.

2.1. Parallelotope Partition. [1]
Let b= (b1,...,b,) € Z", with b; > 2. Then a parallelotope P is

=,

P(n;b) ={¢=(c1,...,cn) €Z™: 0<¢; < bi}
= By X ... X By, where B; ={0,...,b; — 1}

Let @ = (uq,...,u,) € P be arbitrary. A cell K of P, with index set I(K),
IC{1,..,n}is

K={5=(s1,.y8n) €EZ":0<8; <Vb;, foriel, s;=wuy, forig¢l}
=D X ... x Dy, where D; ={0,....b; — 1} forie€ I, D;={u;} fori¢lI

Let 7 be a cell-partition of P, then K € 7 is called minimal (subset minimal)
if K; e m, I(K;) C I(K) = I(K;) = I(K). The main fact we need is the
following;:

Lemma 1. If 7 is a cell-partition of P into at least 2 cells and € € T is
minimal, then T contains at least b I(E)-cells, where b = min{b; : i ¢ I(E)}.

Proof: Suppose € is a singleton, i.e. I(£) = @. Each direction has at least
length b, so there exists a cube C of volume 6" such that it contains €.
71 ={KNC | K € 7} is a cell-partition of C induced by 7. The volume
V(K) of a cell K of C is b#1() but because 7 is a cell-partition:

Y VK) =b"
Ken
Also Z V(K) = # of singletons (mod b) =
Ken
=7# of singletons | b

Since there is 1 singleton in C, there are at least b of them.

Now if £ is not a singleton, then let m = projection of P through I(£).
Then 7(€) is a singleton and 7(7) is a cell-partition. Therefore, we are in the
previous situation, and 3K;...Kp such that 7(K;) is a singleton. It follows
that I(K;) C I(€) = I(K;) = I(€) by minimality of £. O

2.2. Cosets. [1]

It is somewhat easier to think of congruences as cosets of a cyclic group,
at least it helps in proofs concerning DCS. Let on be a cyclic group of order
N under addition (mod N), where N = lem(nq,...,ng) = H;"Zl p;j as usual.
Then H; = n;.on is a subgroup of on and C; = a; + H; is a coset. Thus,
D = {a; (mod n;)} = {C;} is a coset partition of oy. We reintroduce our
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mappings mentioned above. Here, 0 < s; < p;j and 0 < bgj )

representation:

< pj- By p-ary
5 =sj modp ij)p” v

T (s) = B, .. b))

B(s) = (TW(s),..., T (s))

So according to this definition, we have:

m
®:0ny P(Z T§3P1y oy D1y ey Py ooy P -

Jj=1 ™

Tm

Now, we define addition on P coordinatewise. Note that coordinates are
elements of different structures; the first 1 are € Z/piZ, and so on. Our
main result here is that cosets become cells.
(i) ® is bijective
(ii) ® is additive (mod N): ®(s +1t) = ®(s) + B(¢)
(iii) C; a coset of H;, |H;| = pI'...pl" then ®(C;) is a cell in P and
|®(Cs)| = |Cs| = |H;l

Lemma 2.

Proof. (i)
B(s) = B(t) = ¥ (s) = ¥ (1), 1<j <m
= each component in p-ary representation of s;, ¢; are equal, by uniqueness

of p-ary representation
= s =t by CRT (here we pass from (mod p;) to (mod N))

(ii) by definition of addition, @ is additive if and only if 1) is additive.
Addition for the p-ary representations is defined as usual, that is coordi-
natewise and if any of the coordinates > p;, then we substract from it p;
and add one to the previous coordinate (or digit). Here, if the first digit
> pj, then there is no previous digit to add 1 to, so we just ignore it and
still substract p; to the first digit. With this addition operation, we have
V0 (s 41) = ®U)(s) + ©U)(t) and so ® is additive.

(iii) by (i), ®(Ci) = ®(H;) + ®(a;). Since p? | #H; = p “ | n;, the
last ; — g; terms in p-ary expension of n; are 0. Thus

o0 (H;) = (0, ...,b§0),0, ...,0)
Tj—4j
Because ® is bijective, | ¥U)(H;) |= p;b
Moreover, each b¢) has p; possible value, hence there are pg-j possible ele-

ments in W) (H;), which is exactly its size, and since every elements are
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distinct, all of them are actually in WU (H;). This tells us that ®(H;) is a
cell and so is ®(C;). The last part follows easily. O

proof (BFF) of theorem 1. Recall that #C; = N/n;. Suppose n; is maximal.
So

nj. #C; = ni.#C; = if #C; | #C;, then#C; = #C;
Let ®(C;) = K;, ®(C;) = K; be cells and I(K;) C I(K;). Then

#Kj | #]Cz = #C] ‘ #Cz = #C] = #Cz = I(Kj) = I(}CZ)

Thus K; is minimal. By Lemma 1, there are b minimal cells with same
index. Recall that b = min{b; : j ¢ I(K;)}. According to our mapping,
j € I(K;) <= ®U)(H;) = (0, ...,0), which happened whenever r; = ¢;. So

b = min{p; :p;j 11K}
= min{p; : pj|ni} (since n;.|Ki| = N)
= p(ns)
O

That is the insight that revolutionalised our way of approaching DCS.
These kind of links between different areas of mathematics always bring
guenine thoughts and a better understanding of why a certain behaviour
is happening. New results pored down the pen of BFF, in particular yet
another generalisation of the same theorem, that we shall but state here

Remark 1. The multiplicity of a modulus is the number of classes with this
modulus. The multiplicity of a DCS is the maximum multiplicity fo its
moduli.

Theorem 2. [2] The multiplicity of any modulus n is at least

. n
m = min A )

The multiplicity of D is at least

P(N)p(N)
mg = [ N } +1
A(m) = greatest divisor of m which is a power of a single prime
where P(m) = greatest prime divisor of m
@(m) = Euler’s totient function

Remark 2. my > p(N), hence it englobes the previous theorem

2.3. Characterisation of DCS. An immediate question raised by such
theorem is what form does a DCS with a single multiple modulus take? This
question was already investigated by Stein [12], Znam [14] and Porubsky
[10] but again, BFF [3] extended their work. Following BFF’s method, we
first reduce the possibilities from infinite to finite following the 2-add, 2-
drop procedure. Given a DCS with moduli (n1,...,nx), we can form a new
DCS with moduli (2,2n4,...,2n;) where a;, n; are doubled and 1 (mod 2)
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is annexed. This is referred to as the 2-add. The 2-drop is the inverse;
if n; = 2, then by (1) all moduli must be even, and if & > 3 (i.e. the
system is not 0,1 (mod 2), the trivial one) then we form the system with
moduli (%nl, vens %nk) and a’s are replaced by %ai, or %(ai + 1), whichever
is an integer. It is not difficult to see that the 2-add or 2-drop procedure
conserves the DCS property.

This means that a DCS with one multiple modulus, that is n; < ng <
wo < Ng_m41 = ... = Ny are characterised as those which are obtained by
any number (including 0) of repetition of the 2-add procedure on the trivial
system or on those satisfying

(3) 3<n; <ng < ... < Mgl = «oo = N

Theorem 3. DCS satisfying (3) and m < 12 are characterised as follows
BFF contribution [3]:

m=4 n; =3, ny=06;
ny =4, ny =8,
m=64¢n; =3, n; =9,

ny =3, ng =06, ng = 12;

ny = 4, ng = 6, ng = 12,
m="7
ny = 37 ny = 67 ng = 9, nio = 187

ny =95, ng = 10,
m =8
ny =3, ng =12;

n1 =4, ny =12,

ny =3, ng =06, ni; = 18,

ni =4, ng=6, ng =28, ng =12, n13 =24

ni =3, ng=26, ng =9, na =12, nsg =18, nis = 36

Simpson and Zeleke contribution [11]:

(nl = 6, ni1 = 12,

n1=3, ’I’L11:15,
m=10<¢n1 =4, no =8, nie =16,
n1 =3, ng =9, nig =18,

(711 = 3, ng =06, n3 =12, ni3 = 24;

’)’L1:4, TLQZG, n3=8, n14:24,
m =11
n1=3, n2=6, n3=9, n4=12, n15=36;
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ny = 7, ni3 = 14,

ny =95, niz3 = 15,
ny =4, ni3 = 16,
m:12<n1: ,n13:18,

n1:3, n2:6, n14:24,
1 :4, n2:6, ng = 12, nis :24,

(n1 =3, no =6, n3 =9, ng =18, n1g = 36.

This theorem is very lengthy to prove since it breaks up in many cases, but
we give here an intuition of where it comes from. (1) and (2) are rephrase
in terms of coset partition as follows:

k
(4) [ |Cz|,|0j‘ ] <mn, Z |Cz‘ =n
=1
N
(5) ) >|C1 2] Co |> . 2| Cpompyr |= . =[ Gy |= 1

Suppose we want to find the possible coset partition (satisfying (4) and
(5)) for N=18. The possible values for | C; | are the divisors (except 1) of
18, which are 2,3,6,9,18. By (5) | C; |< 6, hence 9 and 18 are discarded.
The possible sets we can make are {2}, {3}, {6},{2,3},{2,6},{3,6},{2,3,6}.
But (4) imples that the sum of the coset of size > 1 is N — m, and since
m < 12, this sum is > 6. Hence, we must discard {2}, {3},{2,3} as well.
The remaining possibilities correspond to a partition in the theorem, like
{2,3,6} corresponds to | Cy |=6, | C2 |= 3, | C3 |= 2 and the remaining
7 are of size 1. Similarly, for N = 6,8,9,12,14,15,16,18,24, or 36, we
construct all the above mentioned DCS, so the theorem states that these
are the only possible values for N. And that is where it becomes lengthy to
prove.

3. OTHER RESULTS AND PROBLEMS

As noted in the previous section, most of the results in this field of study
are concerning DCS, so this section will be less rich in some sense, but there
are still guenine things we have not touched yet, notably two problems at
the heart of the matter.

3.1. Incongruent Systems. These are systems satisfying n1 < no < ... <
ng. Recall that a DCS must have at least ny_1 = ny, therefore incongruent
systems are completely different, not only in definition. The 2 main open
problems concerns these systems and were both given by P. Erdds [7].

Open Problem 1. For any c, is there an incongruent system with ni > c?
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Choi [4] holds the current record with a construction of such a system with
n1 = 20. Returning to Romanoff’s problem, which motivated the concept of
covering systems, we can ask a more general question: Is there an arithmetic
sequence no term of which is of the form 2™ +pps...p,7 By similar argument
as the construction of Erdds, given at the beginning, one can show that if
open problem 1 is true, then the answer is affirmative. This demonstrate the
importance of such a question. The second problem is equally interesting
and again refers to intrinsic properties of natural numbers:

Open Problem 2. s there an incongruent system with all moduli odd?

In 1967, Selfridge [7] showed that if there exists a CS with no n;|n; (i # j),
then the answer to the open problem is affirmative. BFF found also another
result concerning this topic [2]:

Theorem 4. If the moduli n; are all odd, then g(N) > 1, where

N =lem(ny,...,n Hp
ri—1
o Esjopj
xJ—ﬁ
_Es 0 p]

m m
H1+.’L‘J —ZSj -1
j=1 j=1

We finish this section with a minor problem this time. Suppose S is
incongruent, then it is not disjoint, so

The problem is to evaluate the last sum. Is it true that Zn;l — 00 as

ny — oo? If so, how fast is the divergence? If an integer m divides every
modulus, what estimate can we do about > n;'?

3.2. Minimal Coverings. These systems are those which covers the in-
tegers, but that no proper subsystem does. The most trivial ones are the
disjoint coverings. Znam [13] showed that if S is disjoint, then k > f(N)
and there is infinitely many coverings for which equality holds. BFF once
more extended this result [2]

Theorem 5. If S is minimal, then k > f(N) where

m
=Y rilp;—1) +1
j=1
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3.3. Covering Function. There are two ways of approaching covering sys-
tems. One can study unions of arithmetic sequences or one can take one
integer at a time and see in which class of the covering in consideration it
goes in. In the previous section, we used more of the first paradigm, but
now we investigate the other option, although this path have not yet been
investigated much.

Given a covering S, we have seen that remodulising (mod N), we get all
of [0,N-1] in Z/NZ, hence if S covers N — 1 consecutive numbers, it covers
7 entirely. P. Erdos once conjecture a stronger statement: if S covers 2F
consecutive integers (recall that k is the number of classes in §), then it
covers all integers. This result was proved later on by Selfridge and also by
Crittenden and Vanden Eyden in 1970 [7]. This bound is best possible since
the system {2~! (mod 2i)}15i5k covers the 2% —1 first integers, but not 2%,
hence not Z.

We want to consider not only consecutive integers, but any integers. We
introduce the following concept that permits us to do so:

Definition 3. The covering function 75 : Z — Z of a system § is defined
as Ts(m) = the number of classes containing m.

Znam [13] proved that if S, 8’ are incongruent and 7 = T, then § = §'.
Again BFF have generalised this theorem [2]:

Theorem 6. Let S, S8' each have multiplicity less than p(N), then
Ts=Tss=>8=8

Finally we note another very interesting result from BFF. Remember that
Theorem 1 of BFF was an extension of the Znam-Newman result. BFF did a
different generalisation of the same theorem, with a completely new flavour,
for it uses the covering function approache rather than the arithmetic se-
quence one.

Theorem 7. If Ts is constant (mod M), then each mazimal modulus n has
multiplicity at least min (p(n), M).

Remark 3. If S is disjoint, then 7g = 1, so theorem 1 follows from this one.

4. FrROM HERE

The topic of covering congruences is still somewhat not understood at
great extent. There were a flow of results in the late 80’s given by BFF using
their new approach, and that was really a revolution in the topic, but even
then, we do not know much. There are a ton of questions unanswered|7]; a
few were given in this survey. And the various results we have seen seems
sometimes to be sparse and useless. Some constructions were done using
coverings; for exemple, Graham [8] showed that there exists an infinite Lucas
sequence, that is apt2 = apy1 + an, (ag,a1) = 1, such that no term is
prime. Romanoff’s problem and related problems are also linked to covering
congruences. But the list of applications of CS is not extensive.
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There are also generalisation to the concept of covering congruences that
are studied [7]. We can look at systems of arithmetic sequence were the
constants and the moduli are any positive real number. The most famous
one is the Beatty sequence. A few results can be translated to such systems,
for exemple in the Beatty sequence, the “classes” are disjoint and it is true
that the sum of the inverse of the moduli is 1, as with DCS. This is clear
since nowhere in the proof we used the fact that the moduli were integers.

It is also possible to extend CS to include infinite systems of congruences,
but here the situation is not completely satisfactory, since there are several
ways of defining such systems. To begin with, we can say that an infinite
system & = {a; (mod n;)} is covering if every integer satisfies at least one
of them and the density of integers not satisfying the first k tends to 0 as
k — oo. Another possibility is S is covering if every (large) integer is of the
form a; + tn;, where ¢ > 1 is fixed. Finally, denote by f(k) the number of
integers m < my not satisfying the first k congruences, then S is covering
if @ — 0 as k — oo. All of these definitions bring their own questions
and a different concept to infinite coverings. Which of the three is better?
None for now. None has any interesting results and none has been enough
understood to answer the question.
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