THE LOWER DENSITY CONJECTURE
FOR HARMONIC MEASURE

By

SUNHI CHOI

Abstract.  In this paper, we establish the lower density conjecture for
harmonic measure in simply connected plane domains.

1 Introduction

Let € be a simply connected planar domain. Harmonic measure w(w, E, 1)
of a set E with respect to a point w € ) can be defined as the normalized linear
measure of f ~1(E), where f is the Riemann map sending the origin to w. Harmonic
measure has many applications and connections throughout analysis, probability,
and dynamics; and it is of great interest to describe its geomeric properties.

In 1916, F. and M. Riesz [GaMa] proved that if 80 is rectifiable, then for a
set E C 99, w{E) = 0iff A{(E) = 0 (i.e, w € A; € w). Makarov [Mak 85] and
Pommerenke [Pom 86] improved this result by showing that on the cone points of
00, w € Ay € w and that the rest of 00 has a subset with full harmonic measure
but with zero length. In 1990, Bishop and Jones [BiJo 90] further generalized the
F. and M. Riesz theorem by proving that for every rectifiable curve I', w € A} € w
onI'ndf. In[Bis] and [Bis 91], Bishop stated the lower density conjecture, which
would generalize the theorem by Bishop and Jones {BiJo 90}, [BiJo 94]. This
conjecture is stated later in this section as a corollary of the following result.

Theorem 1. Ler

w(B(z,r)) > 0}.

E = {z€8Q:liminf
r—0 r

Thenw < Ay on E.

Theorem 1 has several corollaries.
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Corollary 1. Let F be a subset of 90 and assume that there exists a constant
M (F) such that
> rad(B;) < M(F) < o0

for every disjoint collection of balls {B;} with center(B;) € F and rad(B;) <
diam(9Q). Thenw « A, on F.

Proof. Let F be a set satisfying the hypothesis of Corollary 1 with A, (F) =0,
then w(F N E) = 0 by Theorem 1. Hence it suffices to prove that

w(FN(ON\E)) =
Let ¢ > 0. For every x € F N (ON\E), there exists r, > 0 such that
w(B(x,72)) < er;.

By the basic covering theorem [Mat 95], there also exist disjoint balls B(z, ir;,)
(i =1,2,...) such that

NO\E) C | B(zi,r=2,)-

Combining these, we obtain

W(F N (OE)) < w(|JBlzi72,)) < 5> —;-r:, < 5¢M(F)

since z; € F. Hence w(F N (IN\E)) = 0. O

Conversely, Theorem 1 can be derived from Corollary 1, since forn € N,

w(B(z,r))

E.={z€08Q: > —, forevery r >0}

satisfies the hypothesis of Corollary 1 with M(E,) = n.
The next corollary, first proved by Bishop and Jones [BiJo 90], resolves a
conjecture of @ksendal [@Dks 81].

Corollary 2. IfT is a rectifiable curve and Q is a simply connected domain,
thenw € Ay on TN AN

Proof. Let F = I'NJN. Then F satisfies the hypothesis of Corollary 1 with
M(F) = A(T). Hence w <« Ay on F, by Corollary 1. a

The last corollary is the lower density conjecture from [Bis] and [Bis 91]. When
{2 is a simply connected domain, x € 99 is called a twist point if both

liminf arg(z —z) = —-0c0 and limsup arg(z — z) = +o0,
2z, 2€Q >z, 2EN

where arg(z ~ z) denotes a continuous branch of the argument defined in €.
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Corollary 3 (the lower density conjecture). At w-almost every twist point
r €09,
lim inf w(B(z,r))
70 r

=0.

Proof. Itis known [Mak 85], [Pom 86] that at w-almost every z € {3, either

(a) lim w(B(z,r)) exists and # 0,00
r—0 T

or

(b) lim sup w(B(z,r)) =
r—0 r

H
and the set of points satisfying (b) coincides with the set of twist points [Pom 86]
except for a set of zero harmonic measure. Hence it suffices to prove

w(B{z,r)) _ w(B(z,T)) S 0}) —0.

(1.D w({z € 8Q : limsup

oo, liminf
-0 r—0

But, by the basic covering theorem,

A;({z € 6Q : limsup g_(.B(::“,_r)) =o0}) =0.

r—0

Hence (1.1) follows from Theorem 1. O
The rest of this paper is devoted to proving Theorem 1. A general sketch of the
proof is as follows. First, we fix a lower bound a > 0 and a scale R > 0 and let

(B(z,1))
r

Aap={z €00 :a <liminf o w(B(z,7))
730 r

< (1.0D)a, a < , Vr < R}.

Given z € A, g and a radius r (r < R) for which the liminf is almost attained, it is
shown that if B(z;,r;) are disjoint disks in B(z,r) centered at points of 4, g, then

Yo < = S w(Bair) < zo(B@) < (L0Dr.

If Theorem 1 failed, there would exist z in some A, g and a small radius r
chosen as above such that w(B(z,r) N Agr) is close to w(B(z,r)) and
A1 (B{z,r) N A, r) = 0. Assuming this, we construct a Lipschitz graph in B(z,r)
with desirable properties. Since the length of B{z,r)N A4, g is zero, we can choose
small intervals I; intersecting A, r and a Lipschitz graph connecting them such
that the graph has big spikes between I; and all points of 4, r are located on or
above the graph. We observe that most of the points of 9! are located on or above
the Lipschitz graph since A, g has almost full harmonic measure in B(z,r). Also,
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I; can be chosen to have points of A, g in every ring domain surrounding {I;}
and with some fixed small modulus. Since the length of our Lipschitz graph is a
large multiple of r, by suitably drawing ring domains, we can construct a disjoint
collection of disks in B(z,r) centered at A, r the sum of whose radii is greater
than (1.01)r. This gives the desired contradiction.

2 Preliminary reductions

In this section, Theorem 1 is reduced to a simpler formulation.

We first reduce the domain to a Jordan domain. Since Theorem 1 is equivalent
to Corollary 1, it suffices to prove that if Corollary 1 holds for every Jordan domain,
then it also holds for every simply connected domain 2. For the proof, let F be a
subset of 0(} satisfying the hypothesis of Corollary 1 and let

A(F)=0.
By the Moore triod theorem [Pom 91}, at w-almost every = € 012,
card{f~!(z)} < 2.

Hence f is at most two-to-one on a subset E of f~1(F) with full measure. Let T
be the family of the shorter arcs on 0D which connect a pair of identified points in
E. Define

Ti={IeT:1/Gi+1)<|I| <1/i}

and let E! (resp. ET) be the set of the left (resp. right) endpoints of the intervals in
T;. Note that f is one-to-one on a set which does not intersect Ef (or ET).

Fix i. Eachinterval I € T; has a small subinterval I’ with common left endpoint
such that I' \(U,<; E;) = 0, since for any interval J with identified endpoints,
either I C JorJ C I. Let

E=J(Ur U I)ﬂE

i IeT; IETy
k>it1

and let E; = E\ E;. Since |J; E! C E; and |J, Ef N E; = @, f is one-to-one on
both E, and E,. Since E; (i = 1,2) are measurable, f(U.cg, '1/2(¢)) are Jordan
domains, where

Ti(Q)={2€D:1~|2| > 3[¢ —2|}.

Since A1 (f(E;)) = A1 (F) = 0, Corollary 1 on Jordan domains implies w(f(E;)) = 0
and hence 27rw(F) =MNM(E)=/\ (E1) + A1(E2) =0.
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Next, we observe that the set £ of Theorem 1 is a countable union of sets of
the form A, r defined below. Hence Theorem 1 can be reduced to the following
theorem.

Theorem 2. Let Q be a Jordan domain and let w(-) = w(wy,-, Q) for we € .
Givena > 0 and R > 0, define

Asr={z€80:a< lim_}i(r)lfﬂbisfz’—r)) < (1.01)a, a < M, Vr < R}.
T

Thenw < Ay on A, R.

For the proof of Theorem 2, we first let f be a conformal mapping from D to
Q. If Theorem 2 failed, we could fix a > 0 and R > 0 such that for some subset A
of f~1(As.r), A1(f(A)) = 0 but w(f(A)) > 0. Assuming this, we also fix a density
point {, of A throughout Sections 3-6. The contradiction derived in Section 6
proves Theorem 2.

3 Local behavior of 02 near f({y)

In Lemma 3.1, we describe the behavior of 8 in a neighborhood of f({o).
Lemmas 3.2, 3.3 and 3.4 are steps for proving Lemma 3.1 and are not used in the
other sections. Hence this section can be read independently of the rest of this

paper.
Let distq (A, B) denote the length of the shortest path in Q2 connecting a point
of A to a point of B.

Lemma 3.1. Foranyt (0 < t < 1), there exists an arc I on 0D containing (;
such that for some ro < R, the following hold.

(i) Foreveryarc J suchthat(o€ JC I, |JNA|/|J|>t.

(i) Let B = f(I) and x = f(o). Then the endpoints of § lie on dB(z,r¢), and
there exists a circular crosscut on 8B(z,rq) N Q separating f from wy.

(iii) Ler {B;} be any disjoint collection of balls in B(z,ro) with centers in
f(A). Then
Zrad(B,-) < (1.01)ro.

(iv) Let B, and B, be the left and right subarcs of § with one endpoint at x.
Then

distonp(z, 8 ro)\ B(z, o) (B, Br) & To.
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(v) There exists a point f(z) in QN B(f((o), %ro) such that for some r ~ rg

3.D B(f(z2),r) €20 B(f(Co),70)

and
w(wo, 0B(f(2), 57), \B(f(2), 17)) = w(B).

The proof of Lemma 3.1 is given at the end of this section.

In the following lemma, we relate extremal length to harmonic measure. Let
z € 9 and let s and r be small numbers such that 0 < s < re~*". Let 3 be an arc
on 0! containing z such that there exists an arc J C 8B(z, r) N which separates
B from wy and which has the same endpoints as 3. Let Q13 be the subregion of 2
bounded by § and J, and let x4 and z; be the points in § N 3B(z, s) such that the

subarcs of 3 connecting the endpoints of 3 and «; do not intersect B(x,s). (See
Figure 1.)

Lemma 3.2. Ler QU be the region obtained by replacing B, ., with
(OB(x,8))(zp.2,)» Where Biy;.r,) is the subarc of 8 connecting zo and z, via r
and (0B(z, 8))(z9.2,) IS the subarc of 0B(x,s) connecting zo and x, such that 98V
separates wy from x. Let T be the path family in (B(z,m)\B(z,s)) N Q' connecting
Q3 NOB(x,7) and (0B(x,3))(z.2,), and let

m r

where X denotes extremal length. Then for some C > 0 independent of m,

-1
w(BN B(z,s)) < o) (f)"’ _
S r r
Proof. Let z, ;3 be the endpoints of J and let 2; be the region bounded by
Bizo.z2)s Bz .23)» J» and (0B(z, 8)) (4, .z,)- (See Figure 1.) For the path family I'" in
Q; connecting J and (8B(z, 8))(z0,2,)» let

MY = ik log L.
T s
Then we obtain
m T m' r
32 — = < N = — -
(3.2) “log - = AT) < ATY) = - log -

by the extension rule of extremal length [GaMal, {[Pom 91]. Let ¢ be a conformal
map from {2 to a rectangle such that J and (8B(z, 8)) (z,,z,) are mapped to vertical
line segments with length n/m’ and B,, +,) and B(z, z,) are mapped to horizontal
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Figure 1. LLemma 3.2,

line segments with length log(r/s). Let L be the vertical crosscut of this rectangle
such that

dist(¢(J), L) = n/m/.
(Such a segment exists in the left half of the rectangle, since s was assumed to be
smaller that re=*" and m' > m > 1, where the right-hand inequality comes from

the extension rule of extremal length for the annulus.)
Let I' be the path family from L to ¢ ((8B(z, $))(z9,z1))- Then for some C > 0,

w(B) > w (wo, Blzo,z3) U B(z1,z9)> V') ,
Zw (?.U(), ¢‘_1(L): Q”) 222“} (?}, ¢(6{€Eo,xz) U ﬁ(m;,zs))a Range(¢ )
> Cw (w0, ¢71(L), Q") ,

where " is the component of §)'\¢~1(L) containing wp, and the final inequality
uses that L is bounded away from the right-hand edge of the rectangle. Hence

w(B N B(z,s)) <w (wo,¢™1(L), Q") maxw (v, (0B (, 8))(zo,21))> Range(g))

< g“’ (wo, 6~1(L), 2") =) < Cw(B) G)m' < Cw(p) (;)m,

where the second inequality follows from Beurling’s theorem about extremal dis-
tance and harmonic measure [GaMa], [Pom 91] and the last inequality follows
from (3.2). This implies
-1
w(BNB(z,s))  ~wB) (g)m _

s - T r
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Lemma 3.3. Let y; (i = 1,2,...) and b be positive numbers such that

Z—l—zl and 0<b<e 2
ralC

Then

> b <b.

Proof. Forb < 1, let f(z) = b'/%. Then f’(z) = b'/*z~*logb(logh + 2z),
which is positive on (0,1) if b < e™2. Then for 0 < = < a < 1, we have f'(z) is
increasing, so (f(z)} + f{a — x))' is positive if > a/2 and negative if z < a/2.
Thus b/% + b'/{2a=%) takes its maximum when z = 0 and = = a. In the lemma, we
can replace any pair y;, yi such that 1/y; + 1/yx = a by y; = oo and y, = 1/a while
increasing the sum ), b%. The proof is completed by induction. d

In Lemma 3.4, we let S be an arc on 852 such that £ contains z and has a circular
crosscut on 8B({z,r) N § separating it from wy.

Lemma 3.4. Assume w(B(z,s))/s > a, for every s such that 0 < s < r. There
exists C < oo such that for all sufficiently small ¢, > 0,

T
implies that there exists an arc ' on OQ such that 8' has a circular crosscut on
8B(z,r) N} separating B’ from we and

i < UB6),

r T
Proof. Since 9} is a Jordan curve,
w(f N B(z,s)) _ w(B(z,s))

>a
S 8§
for sufficiently small s > 0. Hence we can define
B
sozsup{s<r:w2 %}>0.

Since w(B N B(z,r)) is increasing in r, the only discontinuities it can have are
upwards jump discontinuities; hence

w(Bf N B(z,sp)) a

So 2'

Also, if ¢ < e747/2,
so/r < e,
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Let {3;} be the disjoint collection of arcs on 9§ having a circular crosscut J;
on 8B(z,r) N Q and satisfying 3; 0 B(z, so) # §. Denote Sy = 8, and let z} and
zi be the points on 8; N 8B(z, so) through which §; hits dB(z, so) first from the
endpoints of 3;. Let T; be the path family in 2} connecting Qp, N 8B(z,r) and
(8B(z, 80))(28’ iy and let

m; T
ATy) = —?-T—log P
Then

3.3)

S

_w(,ﬁgﬂB(ﬂr,So)) < Z w(B; N B(z, 50))

o i=1,2.. o

<o ¥ ST

i=1,2..
()61.) mi—1
somr (5 2 (7))

where the first equality follows from the definition of s and the second inequality
follows from Lemma 3.2.
On the other hand, Lemma 3.2 implies
(3.4) a_ w(foNBlz,%)) . ,wb) (fp_)m"‘l_
2 So T r
If €1 < 1/4C, where C is the constant from (3.4), then the right-hand side of (3.4)
is smaller than La (so/r)™ '. Since so/r < e~*7,

1
3.5) 2 <mg <1,

where the left- and right-hand inequalities follow from the extremal length estimate
for the annulus and (3.4), respectively. Let m' be the number satisfying

1 _ Z 1
¢ e
m i=1,2,... m;

Then by the parallel rule of extremal length {GaMa], [Pom 91] and (3.5),

(3.6) -nlz; <2- ;—nl—o- <1
This implies n' > 1 and
(3.7 l-mo<m ~1.
Define y; = m;/m/; then

'
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Also, we have

sg\™ .
(_;0_) < (e-—47r)m < et

since m’ > 1. Thus by Lemma 3.3,

9 X (s (@) =@

$=1,2.. bES

Now (3.3), (3.4), (3.7) and (3.8) show that

2<oma (200) 3 (2" <o ma (20 (2)"

i=1,2,. =12,
1-m .
<0 ma (200} (2)'7™ <00 e (2052
Hence there exists ¢ such that
o < ) o6)
for some C > 0. 0O

Now we prove Lemma 3.1, using Lemma 3.4.
Proof. Since {p is a point of density of A, there exists a sufficiently small arc
I on OB satisfying (i), (i1) and the inequality

(3.9) a< M < (L.01)a.
0

Let {B;} be a disjoint collection of balls in B(x, r¢) with centers in f(A4); then

Y a-rad(B:) < ) w(Bi) < w(B(z,r0)) < (1.01)ary,

where the left inequality follows from the definition of A. This implies (iii).

To prove (iv), let ”1‘15’"0 < s < 7y and let g, be the subarc of # containing = and
having a circular crosscut on 9B(z,s) N Q. Let €2 > 0 be a constant smaller than
€1 and satisfying 20Ce; < 1, where ¢; and C are the constants from Lemma 3.4,
Then w(f;)/s < eza implies that there exists an arc 3, such that

a? < CW(ﬂs)w(ﬂs) w(f’) aw(B(z,10))

2 To

This contradicts (3.9), and hence we obtain w(f,)/s ~ a for every s € |70, ro).
On the other hand, let « and 8 be arcs on 9%} with o C 3, and let z;, =2 be points
of distinct components of 3 \ a with dist(c, z;) > 1. Given any € > 0, there exists
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§ > 0 such that |z; — z2| < § implies w(z,a, ) < ¢z, 5,Q) for every z € 2 with
w(z,B,€) > 3. This proves (iv), since w(f;,)/s ~ a for every s € [11—0?"0,7‘0]-

By (iv), there exists a point f(z) in Q@ N B(f((o), 2ro) satisfying (3.1)
with r & rg. Also, (iv) combined with the extremal length estimate for
QN (B(f(), 2ro) \ B(f(¢o), 3570)) shows that

w(wo,0B(f(2), 37), Q\B(f(2), 57))

is bounded below by a small multiple of w(8). Hence (v) is proved.

4 Three standard lemmas

In this section, we recall three lemmas relating harmonic measure to the
geometry of a domain. They will be frequently used in Sections 5 and 6.
The following lemma is a refinement of a theorem in [McM 70].

Lemma 4.1. Let Q be a Jordan domain and w(-) = w(wg, -, ) for wg € Q. Let
d > 0 and Ry, Ry be ring domains such that

mod(R;), mod(Rs) > d

and the inner curve of OR; coincides with the outer curve of OR,. Let v, v? denote
the outer and inner curves of OR1, respectively, and let v3 denote the inner curve
of ORy. For (o, (1 € v, we also let 7(iCQ, o) denote a subarc of v connecting {y and
(1. Suppose that the arc 8 C 9Q satisfies the following conditions:

(i) ¢o,¢1 € v* where (o and (; are the endpoints of B;
(ii) 7(2@;(1) cey
(iii) 1, c,) Separates 8 from wo;

(i) ¥*nB#0.
Then for some constant c{d) depending on d,

w(BN (R URy))

“4.1) (B)

>c(d) > 0.

Note that ¢(d) — 0, as d - 0.
Proof. Let (», (3 be the points on 3 satisfying
(2,(3 € BN and (B(Co,Cz) Uﬁ((lyCﬂ)) Nys = 0.

(See Figure 2.) We show that for some constant ¢(d) depending on d,

wW(B(carcs) N (R1 U Ra)%) < e(d)w (Bigorca) YU Bicr i) -



248 S. CHOI

#(¢y) 95y
> L hzd
Loy ™mmmmme 1 -mmmmeT #(5)

Figure 2. Lemma 4.1.

Let ¢ be a conformal map sending the region bounded by 7(2(0’ Q) 7(3&, ) Bicorta)
and B¢, ¢;) to a rectangle. Then by the extension rule of extremal length [GaMal],
[Pom 91},

16(6) - 6(0)l
16(Go) = p(e)] = modl) 2 d

Let L be the line segment bisecting ¢ (B(¢,,¢,)) and ¢ (B¢, ,¢5)) - Then

@ (Bco.ta) U Bica ) 2 w (wo, ¢™H(L), &) minw (2, (Bico.ca) U Bica o)) » range(9))
> c(d)w (wo, 671 (L), ')

and

w (wo, $7H(L), Q) > w(wo, Yy 00 X") 2 w (Brears) N (B U R2)%),

where ' and " are the regions obtained by replacing the subarc of g connecting
two endpoints of ¢~1(L) and 7?‘:2‘(:3) with ¢7(L) and v, ), respectively. The
above inequalities yield

w(ﬁ(éz,cfa) N (R U R)%) < e(d)w (ﬁ(CO’C‘J) U ﬁ(CI:CS}) .
Similarly, we can prove
@ (Bi¢oca) N (Br U R2)°) < e(d)w (Bgoca) N (B1 U Ry))

and
w (ﬂ(Cl <o) N (R1U R2)c) < c(d)w (ﬂ(ChCa) Nk U Rz)) .
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Combining the above three inequalities, we obtain (4.1) for some constant c(d) > 0
depending on d. 0

The next lemma relates 1-dimensional Hausdorff measure to harmonic measure
on the boundary of a chord-arc domain. A chord-arc domain is a Jordan domain 2
such that there exists a constant M > 0 satisfying

A (00N Blz,7)) < Mr

for every z € 91 and r > 0. Lemma 4.2 roughly means that the normalized linear
measure of a set F on a chord-arc boundary is small if harmonic measure of E ig
small and vice versa. The detailed proof can be found in [JeKe 82] and {Pom 91}].

Lemma 4.2, Let Q) be a chord-arc domain, and let wy be a point in Q such
that
dist{wg, 6Q) ~ diam(5€).

Then there exist C > 0 and p > 0 depending on the chord-arc constant of Q such

that
1/ AE)\? A(BE)\ VP
c (m(am) S wlwo B, <€ (Al(am)

forall E C 0.

Proof. Since (2 is a chord-arc domain and dist(wg, Q) ~ diam(dQ), w and A,
are A*-equivalent on 91 with A* constants depending on the chord-arc constant
of Q. This implies that there exist C > 0 and p > 0 depending on the chord-arc
constant of {2 such that

1 [ AE) \? A(B) P
c (A:(am) Swlw, B <€ (Al(am)

forall E C 64 0

Using Lemma 4.2, we can prove

Lemma 4.3. Let Q be a simply connected domain containing [-1,1] x [-1,0],
and let Yy be a Lischitz domain of the form

O ={(z,9): 1<z <1,~-1<y < f(z)}

for some positive Lipschitz function f(z) with Lipschitz norm bounded by M.
Given any € > 0, there exists §(e, M) > 0 such that dist(0Q2 N 1, 00:) > € implies
w((0,-3),80NQ,0) > 4.



250 8. CHO1

Proof. Let z be a point of 80 N Oy such that dist(z,0Q;) = e. For the ball
B(z, €) adjacent to the graph of f (resp., the vertical lines of 9(2;), let S be the half
strip with width ¢ and with bottom on the horizontal (resp., vertical) diameter of
B(z, 3¢). (See Figure 7.) Then Q; \ S is a C(M)-Lipschitz domain and by Lemma
4.2,

w((0,-1),002NQy,0) > Cw((0, —1), bottom of $,0; \ S) > §

for some & = é(e, M) > 0. O

5 Construction of a Lipschitz graph

Sections 5 and 6 are the main parts of the proof of Theorem 2. In Section S,
assuming A (f(A4)) = 0 butw(f{A4)) > 0, we construct a ball B(f((o), 7o) satisfying
Lemma 3.1 and a Lipschitz graph I in B(f((s), 7o) as in Proposition 5.1 below.
Ultimately, the properties of B{f{{s),r¢) and I’ lead to a contradiction in Section
6. The arguments in Sections 5 and 6 depend mostly on elementary geometry and
Lemmas 4.1, 4.2 and 4.3,

For t (0 < t < 1) sufficiently close to 1, take an interval I C 8D and a ball
B(f(¢o), 7o) satisfying properties (i)~(iv) of Lemma 3.1. Define

G A'={¢CeI:|AnJ|/|J| >t forevery interval J with { € J C I}
for ¢’ satisfying 0 < ¢ < ¢t < 1. Then

INA" = {¢ € I:thereexists Jsuchthat { € J C I and [I\A) N J|/|J| > 1~}
={{el:Mxuna)({)>1-t},

where M(x 1\ 4)) is the maximal function of x(n\ 4). By the weak type 1-1 maximal
function estimate and property (i) of L.emma 3.1, we obtain

N < T2INA < £55 0 - ol

for some C > 0. With t' fixed and close to 1, we can make [T \ A’|/{I| small by
choosing ¢ sufficiently close to 1.

Let B(f(z),r) be a ball satisfying property (v) of Lemma 3.1. Then
w(f(2), B\f(4"), Q) is sufficiently small, i.e.,

(5.2 w(f(2),8\f(4),9) <« 1,
since

w(B\f(4")) 2 w(wo, 0B(f(2), 57), N\B(f(2), 3r))w(f(2), B\F(4"), Q)
~ w(Bw(f(2), B\f(4'), Q)
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and
wB\f(4Y)) _ [NA'|
w(B) 1]

was chosen to be sufficiently small. Formula (5.2) will be frequently used in

Section 6.

To simplify the proof, we assume r = tro and f(2) € OB(f((o), 2ro) in (3.1).
The proof in the general case is given at the end of Section 6. The next proposition
constructs a Lipschitz graph I" in B(f({o),70).

Proposition 5.1. With A and A’ as before and A,(f(A)) = 0 but w(f(A)) >0,
let f(z) € 8B(f((o), Ero) and let

B(f(2), $r0) C 2N B(f(Co),70)-

Then there exist a line segment L C QN B(f({o),r0) and a Lipschitz graph T over
L such that

() IL| > §ro;

(ii) assuming L C R a Lipschitz graph T consists of horizontal segments I;
and line segments l; with slope of £98000 which connect the endpoints of
I; and make the area below the graph as big as possible;

(iti) Y156 < |L;
(iv) LN f(A") #0;
(v) the region between L and T is contained in B(f((o),r0) and does not

intersect f{A').

Proof. First, we describe the basic construction of I' when L C R is given.
Assume f(A') is compact. Since A;(f(A’)) = 0, there exist finite number of balls
{D;} such that

> rad(D:) < |L| and f(4") c|JD:
i i

Let p be the projection onto L; then there exist disjoint intervals {(p;,¢;)} on L
such that

Ue@:)) =@ 2).
i i

since J,(p(D;)) is open.
Let x; be one of the lowest points in

f(AY np~H(L),
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and let (p1,q) denote the interval containing p(z;). We construct the horizontal
line segment I; such that z; € I; and

p(h) = (p1,q1)-
Next, let 22 be one of the lowest points in
{z € f(A)YNnp Y (L\(p1,q1)) : |slope of any line connecting z and I;| < 98000}.

Let (p2,¢2) denote the interval containing p(z2) and construct the maximal,
horizontal line segment I, such that

T2 € Iy, p(I2) C (p2,2)

and
|slope of any line connecting I; and 3| < 98000.

After inductively constructing {I;}, we choose line segments [; with slope of
+98000 which connect the endpoints of {I;} and make the area below the graph of
{I;} U {l;} as big as possible. Call this Lipschitz graph I'; then clearly

5.3) LN f(A") £0,

and the region between L and I" does not intersect f(A').
Now we construct a line segment L such that |L| > éro and for I given by the
basic construction,
[ € B(f(¢o),70)-

For the line V passing through f(z) and f({o), let
S ={z : dist(z, V) < gro}

and let Lg, Rg be the left- and right-half plane adjacent to S, respectively. We
divide into three cases as follows.
Case 1. There exists a line segment L contained in the diameter of B(f(z), 3ro)
perpendicular to V' such that
|L] > gro;

and for I given by the basic construction,

' C B(f(),70)-
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B(f(¢o).)

| (" )== )

Figure 3. L and I" of Case 1.

Case 2. There does not exist L of Case 1 and
onn B(f(CO)’ %TO) n WS = 0:

where Ws = Lg or Wg = Rg.
Case 3. There does not exist L of Case 1,

NN B(f(Co), 2ro)NLs # 0 and QN B(f(Co), 2ro) N Rs # 0.

Case 1 is the simplest, since L and I of Case 1 satisfy the desired properties of
Proposition 5.1. (See Figure 3.)

In Case 2, let L, be the diameter of B(f(z), £ro) perpendicular to V and let T';
be the Lipschitz graph given by the basic construction with L = L;. Define

Q' = (SN {z : zis between L, and I'1}) U B(f(z), 7o)
(See Figure 4.) Lemma 4.3 implies that for some fixed small constant ¢ > 0,
(5.4) an{z e : dist(z,00') > cro} = 0,

since

fAAYNY =0 and w(f(2),A\f(4),0) <L

In Case 2, T'; leaves B(f(¢o),70) on both the left and right halves of L;. Thus
I'; has two spikes, one on either side of f({p), which 8 cannot cross; hence
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Ly s R Ly

Figure 4. L and I" of Case 2, when Wg = Lg.

must leave B(f({o),70) through the strip S. Now, we let L be the upper half line
segment of 8Ws N B(f((o), 2ro) and let T be the Lipschitz graph given by the basic
construction over L. Let " be the Lipschitz domain containing B(f(z), 7o) with
I' C Q. (See Figure 4.) Since (5.4) holds with Q' replaced by Q" and § leaves
the ball through the strip S, the Lipschitz graph I' constructed over L must be
contained in B(f{(p),70)-

Finally, we consider Case 3 and show that, in fact, it cannot occur. In Case 3,
there exist

2 2
q1 € BN B(f(), 57‘0) NLs and g2 € SN B(f(), 57‘0) N Rs,
by property (ii) of Lemma 3.1. Also, by the same argument as in Case 2,
ANN{zeQ : dist(z,00') > cro} =0

for ' defined in Case 2. (See Figure 5.) By choosing the constant ¢ > 0 of the
above equality sufficiently small, we can take ring domains Ty 1, Tk 2 (k = 1,2,...)
as in Figure 5, which satisfy

(i) Tk, is contained in S N B(f (o), £570);

(ii) T, and T} » are bounded by rectangles and neighboring as in Lemma 4.1;
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(iii) f((o) is contained in the bounded component of (T ; U Tk 2);

(iv) every region between the vertical sides or bottoms of the inner and outer
rectangles of 0T} ; is contained in €,

(v) mod(T%,;) is bounded below by a small constant d > 0 depending on the
Lipschitz constant of T".

We also take annuli Uy,1, Uy 2 (kK = 1,2,...) as in Figure 5, which satisfy

(i) Ux,1 and Uy, 2 are neighboring annuli in B(f((o), m570)\B(f(¢o), Zr0), with
centers at f({p);

(i) mod(Uy,;) = d.
Let ¢(d) be the constant satisfying (4.1) of Lemma 4.1 so that

w(an (R; URy))
w(a)

c(d) >0

for R; = T,; or R; = U, and o C 09 satisfying the hypothesis of Lemma 4.1.
Choose £ > 0 greater than 1 — ¢(d). Let J be the subarc of 8D such that J contains
(o and f(J) has a circular crosscut on N (outer boundary of R; U Ry). Then (i) of
Lemma 3.1 implies

t<|JnA| _ w(f()nf4)
- | w(f(J))
< w(f(A) N (R U Ry)) + w(f(J) N (R U Ry)°)
- w(f(J)) w(f(J))
w(f(A)N (R; U Ryp))
< T +1—c(d).

Since ¢ is greater than 1 — ¢(d),
f(A) N (RLURy) #0.

Using property (iv) of T% ; and (iv) of Lemma 3.1, we can construct disjoint balls
B; with centers in f(A) such that

Y rad(B;) > % - (2. (g - 1—(1)—0> + (1 - ﬁ)) ro > (1.01)ro.

This contradicts (iit) of Lemma 3.1. Hence Case 3 cannot occur. g
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Figure 5. Case 3 and ring domains.
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Case Case 2

Figure 6. ; and L in Case 1 and Case 2 of Section 5.

6 Contradicting a geometric property of f(A)

In this final section, we construct a disjoint collection of balls By, in B(f((o), 7o)
such that
center(Bg) € f(4) and Zrad(Bk) > (1.01)ro.
This contradicts property (iii) of Lemma 3.1 and hence completes the proof of

Theorem 2.
For the construction of {By}, we need an observation about the behavior of

O near I'. Let Q; be a union of B(f(z), %To), the region between L and T, and a
subregion of 2 N B(f(z), 2ro) such that Q; is a chord-arc domain with chord-arc
constant depending only on the Lipschitz constant of I'. (See Figure 6.) Also, let
02, be the component of @ N Q; containing B(f(2), £ro). Since f(A )Ny =0,

(6.1 w(f(2),00: N1, ) < w(f(2),B\f(4),0) <1,

where the right inequality follows from (5.2). For y € 6Q2 N 4, let B, be the ball
adjacent to 9€); with center at y. Assume that for some ¢ > 0,

U »B)|> e,
yEBTIN,
where p is the projection onto L. Then by Besicovitch’s covering lemma, there
exist disjoint intervals {p(B,,)} satisfying

(6.2) | Up(By) | > §elLl.
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S p((c, d))---="

Figure 7. S; and good [;.

For B,, adjacent to T, let S; be the half strip going up from the horizontal
diameter of %—By,.. (See Figure 7.) Also for B, adjacent to the vertical edges
of 8, let S; be the half strip from the vertical diameter of 1B, to the adjacent
vertical edge. Then

2\ J(Si U §By)
i
is a chord-arc domain with chord-arc constant depending on the Lipschitz constant
of I". Hence by (6.2) and Lemma 4.2,
6.3)
w(f(2), |JOGBy), M\ 3By) 2 w(f(2), | JOGB), M\ J(SiU3By)) > ¢
i i i i

for some ¢’ > 0. Also by Beurling’s projection theorem,
6.4) w(w, 00, By \O) > C
for every w € 8(1B,,). Now (6.3) and (6.4) show that

w(f(2),002 NNy, Q) >

for some ¢" > 0. This contradicts (6.1); hence

©6.5) | U e8| <Ll
Y€MY
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,~700a, b |-
K 120 700a, - 5,
3
1 '
S LR
a b d,

Figure 8. R;, R¥ and R..

Next, we make several definitions useful for the construction of {B}. For each
I; ¢ T with slope +£98000, let (a;, b;) be the interval parallel to L such that {a;, b;}
intersects the lower endpoint of I; and p((a;,b;)) = p(l;). (See Figure 8.) When
the slope of I; is —98000, let ¢; = a; and d; = a; + 700|a; — b;| and let R; be the
rectangle with bottom (c¢;, d;) and height 140|c; — d;|. When the slope of I; is 98000,
let ¢; = b; — 700|a; — b;| and d; = b; and similarly define the rectangle R;. Also let
R denote the upper subrectangle of R; with height 1 - 140 - 700 | a; — b; | and let R}
denote the lower subrectangle of R; with height % -140- 700 | a; — b; |-

Fix a small constant ¢ > 0. We say that [; is good if

©6) |plesd)n (U p(By) | < clai - il

¥EO
Ay

Otherwise, say that I; is bad. If {; is good,

(6.7) {z:zisbetweenT and L, p(z) € p((c;,d;)), dist(z,T') > cla; — b;|} C Q.
(The shaded region of Figure 7 is contained in (2.} Also by (6.5),

(6.8) > {la; - bil | Li is bad} < |L|.

We consider three cases according to the geometry of I" and f(A') and construct
{ By} for each case. Assume |L| = 1.
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Figure 9. Case I and ring domains.

Case L |U{p((ci»di)) : R¥ N(OU\L) # 0} > 35
In Case I, there exist disjoint intervals {p((c;;, d;;))} such that
chij “dij! > %
and by (6.8),
> Alei; — ;[ |1, is good} > 4.
Let I;; denote the horizontal segment of I adjacent to (a;;,b;;). Then by (5.3) and
(6.7), the arc 3 comes down from the top of Rﬁj to a point in I;; N f(A’) and then

passes through the top of Rﬁj . (See Figure 9.) We take nested ring domains T} 1,
Tro (k=1,2,...) such that:

(i) Tk, is located under the upper half subrectangle of R;;;

(ii) Tk, and T} 2 are bounded by rectangles and neighboring as in Lemma 4.1;
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(iii) I;; is contained in the bounded component of (T, U Tk 2)%;

(iv) every region between the vertical sides or bottoms of the inner and outer
rectangles of 97} ; is contained in §2;

{v) mod(T} ;) is bounded below by a small constant d > 0 depending on the
Lipschitz constant of T". (See Figure 9.)

Choose ¢’ > 0 greater than 1 — ¢(d) for the constant ¢(d) satisfying (4.1), Then by
Lemma 4.1, (5.1) and (6.7), we can construct disjoint balls B,’; in Rﬁj with centers
in f(A) such that
) " rad(B]) > 35|c;; — dy -
k

Observe that {B1}; 4 is disjoint and

> rad(B) > 35- & > (1.01) -6 = (1.01) - 6 - |L| > (1.01)ro.
ik

This gives the desired contradiction to property (iii) of Lemma 3.1.

Case IL. | U{(ai,b:) : RENOUN\L) = 0, RPN f(A") # 0} | > 2, where
R is the contiguous subrectangle of R¥ with width(R[") = £ width(R¥) and
height(R]") =  height(RY¥). (See Figure 10.)

By (6.8), we get

| U{(ai,bi) of Casell : I; is good} | > &
and
(6.9) | {J{(as, bs) of Case I : Liis good and slope(l;) = w}| > 4,

where w = 98000 or w = —98000. If (a;, b;) and (a;, b;) (i # j) satisfy the conditions
in (6.9), then

6.10) R{N R} =.

For (ai, b;) of (6.9), we construct disjoint balls Bi in R as follows.
If there exists ¢ € R N f(A’) in the half subrectangle of R]* far from I;, then
let

Bi=B (q, %width(R?‘)) .

Then
Bi c R?
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‘ R" R

a, b d,

Figure 10. Case II and ring domains.

and . .

Otherwise, take ¢’ € R* N f(A’) in the other half subrectangle of R* and take ring
domains T 1, Tk2 (k= 1,2,...) such that

(i) Tk,1 and T} o are contained in B(g', width(R[*)) N R} and neighboring as
in Lemma4.1;

(ii) T%,; is either an annulus centered at ¢’ or obtained by replacing some arcs
of the annulus by vertical line segments;

(iii) the region between the vertical line segments of 87%,; is contained in

(iv) mod(T% ;) is bounded below by a small constant d > 0 depending on the
Lipschitz constant of I'. (See Figure 10.)

Then by the same reasoning as in Case I, we can construct disjoint balls B} C R¥
with centers in f(A) such that

S rad(Bj) > %width(zz;n) = % 700 - Jas — bil-
k
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By (6.10), {Bi};, + is disjoint and

Zrad(B;;) > é~700~ 51—1- > (1.01) -6 > (1.01)ro.
i,k

Case IIL | U{(a;, b:) : REN(0M\L) =0, RI' f(A) =0} > 55

For (a;,b;) of Case III, let 1R® be the contiguous subrectangle of R* with
width and height a half the width and height of R*. (See Figure 11.) First, we
show that

(6.11) || {(a:,8:) of Case I : $RT" N8O # 0} < 1.
For the proof of (6.11), let
{(aj,b;) : j € J} = {(ai, b;) of Case Il : LR N3N # 0}.

Since Q3 N f(A") = R* N f(A") = §, we obtain for some C > 0,

w(F(2), B\F(4), )
> w(f, 0N G 0) -| min wu,020 B, (0 URT)\0D

JeJ e
1 7
> Cw(f(2), | Jn SR ).
jed
By (5.2), the left-hand side of the above inequality is small. Hence (6.11) follows

from Lemma 4.2.
Since 3 |} + 3 |p(bad [;)] < 1, (6.11) implies

| U{(a,;, b;) of Case I1I satisfying properties (i)~(iii)}| > 1
where (i)~(iii) are as follows:
@) %Rzn nan = ;
(i) I; is good;
(i) JU{L; locatedunder IR} + |U{p(bad I; located under LR7T)}|
< &lp(AR™)|. For (a;,b;) satisfying (i)~(iii), let J; be the top of 1R and let

Qi be arectangle with top J; containing the subarc of I" located under J;. We say
that {a;, b;) is good if there exist disjoint balls B,’; in ¢; such that

(i) center(Bi) € f(A);
(i) BiNQ; =0 forj #1;

(i) 3" rad(BY) > ol
k
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—R" R" | R!

If

then {Bi}; & is disjoint and

> rad(Bi) > - —- 37 > (1.01) -6 > (1.01)ro.
ik

Hence it suffices to consider the case when

> lgood (ai, b:)| < 32,

which is equivalent to
(6.12) > Ibad (a;,b:) | > .

Under the assumption (6.12), we show that w{f(z), 8\ f(4"), ) is bounded below.
This contradicts (5.2) and completes the proof of Theorem 2.

Now, assume (6.12). For bad (a;, b;), let §; be a subarc of § connecting a point
in I; and the highest point in @Q; N 5. This point cannot be on the top edge of Q;
or on the side below T, since %—R;" N o0 = ¢ and [; is good. Also, §; can leave and
reenter (J;. Let z; be the middle point of %Rf‘. (See Figure 12.) We shall show
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e
2 f—
=
2

o —

Figure 12. ; of Case IIL.

that for some ¢’ > 0,

(6.13) UJ(:Ei,ﬂi\f(A,), Q) >
If (6.13) holds, then by (6.12) and Lemma 4.2,
6.14)
W(f(2), A, D 2 S w(i(2), 0B, LN Q) - wlei, BAS(A), Q) > "

bad (a;,b;)

for some ¢ > 0, where

o= (mU( U 32))\( U Bag1i)-

bad bad
(ag.by) (a;.5;)

(6.14) contradicts (5.2), as desired.
Hence it suffices to prove (6.13). We fix a bad (a;,,b;,) and prove (6.13) in
three steps.

Step 1. Construction of (3
Let {Q; : j € J} be the set of Q;’s located under J;, and let

Q”’zQIU(UQj).

JjeJ
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Figure 13. S;; and J; of Step 1.

For the top J; of Q;, let i1J; denote the line segment with one endpoint at
endpoint(J;) N such that J; C 1J; and |11 J;| = &1J;).

If 15 J; intersects 3Q", then extend J; until it meets 82" and let J; denote the
extended line segment. (See Figure 13.) Define

=a"J(Us),

where SJ; is the rectangle with top J; and bottom on L. Then Q; is a chord-arc
domain; and for K; = J;\ Jj,

1
D1 K00 | < 1l

jed
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Step 2. Construction of

For g € f{A") located between J;, and 0Q3, let B, be the ball adjacent to
8(Q:,\$23) with center at g. We also let T;; be the horizontal diameter of B,.

If

1
| Up@) | > 51l
q
then by Besicovitch’s covering lemma, there exists a disjoint collection {p(T,, )}

such that
{ U P(Ty)
k

Observe that { By, } is disjoint and satisfies the conditions (i)—(iii) of the definition
of good (a;, b;). This contradicts the fact that (a;,, b;,) is bad. Hence we obtain

1
> E!Jiof.

| U] < 51l
q
Let

Q" = (Qio \ QN ( U STq) y

where St, is the rectangle with top T, and bottom on L. (See Figure 14.) If 2T,
intersects 90", then extend T, until it meets Q" and let T; denote the extended

line segment. Define

0= "\(Usr);
then €, is a chord-arc domain, and
(6.15) UnfA)Y=0.
23 and 4 are disjoint chord-arc domains satisfying

[p(89 N )| 2 515 -

Step 3. Contradicting the smallness property of w (z,, 8i,\ f(4'), )
For good [; located under J;,, let I be the line segment in ; such that [} is
parallel to [;, p(I}) = p(l;) and dist(l;, 1) = cla; — b;| for the constant c of (6.6). Then

(6.16) the region between [} and L is contained in Q.
Also, for J; located under J;,,

(6.17) IR c Q.
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1 g~
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B, B,
Sy
Q, Q,

Figure 14. 3 of Step 1 and Q4 of Step 2.

If B;, is replaced by an arc on €24 which has the same endpoints and separates
a point of g;, from z;,, then by (6.15), (6.16) and (6.17),

(6.18) w (i, Bio \F(A), Q) Z w (w (U JJ‘) U (U good l") ’Q“) '
But

Ip (004N ((U%) U (Ugood )))] > 1l ~
_ lp (U{bad I; located under J;, })I

1 1
> (1‘ 3710 E) iol = g1

The above inequality and Lemma 4.2 show that the right side of (6.18) is bounded
below. Hence we obtain (6.13) for bad (a;, b;), and the proof of Theorem 2 is
complete.

Up(qu)

= > 1K, N o9
J

_ IU{ I; located under J;, }
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Recall that we assumed r = 1ro in Section 5. In case r < %ro, construct L
satisfying |L} > 2r and make the Lipschitz constant of I sufficiently greater than
98000. Then we can construct disjoint balls B, with centers in f(A) such that

> " rad(By) > (1.01) - —E [L] > (1.01)rp.

But since 7 & rg, the Lipschitz constant of I' can be bounded above. Also, every
constant in the proof depends only on the Lipschitz constant of I'. Hence the proof
works for every r & ry, if we take the Lipschitz constant of I sufficiently large.
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