Behavior of space periodic laminar flames
near the extinction point
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Abstract

In this paper we study a free boundary problem, arising from a model
for the propagation of laminar flames. Consider the heat equation

Au=wus;, u>0

in an unknown domain Q C IR" x (0,T") for some T' > 0 with the following

boundary conditions
u=0, |Vul=1

on the lateral free boundary 92. If the initial data ug is compactly sup-
ported, then the solution vanishes in a finite time 7', which is called the
extinction time. In this paper, we investigate the asymptotic behavior of
a solution near the extinction time when the initial data wug is periodic
in angle and the initial free boundary I'g is contained in some annulus
B(0)\ B1(0). Assuming small periodicity, we prove that the free bound-
ary is asymptotically spherical with a quantitative estimate.

Introduction

In this paper we study a parabolic free boundary problem, which describes
the propagation of equidiffusional premixed flames with high activation energy.
The classical formulation is as follows. Let ug be a continuous and nonnegative
initial function defined in IR"™, whose positive set is open and nonempty. We

find a nonnegative continuous function v in IR"™ x (0,7") such that

up = Au in  {u>0}
[Vu|=1, u=0 on 0{u>0}

u(z,0) = up(x)
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where Vu denotes the spatial gradient of v and {u > 0} denotes the inverse
image {(z,t) : u(z,t) > 0}. In combustion theory for laminar flames, u denotes
the minus temperature A\(T, — T') where T is the flame temperature and A is a
normalization factor (see [BL]). The region € := {u > 0} represents the unburnt
zone and the lateral free boundary I" of {2 represents the flame front.

Assuming ug is bounded and Lipschitz continuous, a global weak solution of
(P) has been obtained in [CV] as the asymptotic limit of the following approx-
imation problems

Ople = Aue + 1ﬁ(%)
(Pg) € €

ue(z,0) = upe(x)

where [ is a nonnegative smooth function supported on [0, 1] with fol g=1/2

and wuo. approximates ug in a proper way. The family of solutions {uc} is
1,1/2
(O

uniformly bounded in C,’

-norm on compact sets and they converges along

subsequences to a function u € Cllo’cl/ ?, which is called a limit solution of (P).

In this paper, we adopt the notion of a limit solution. Then it was proved by
Kim [K] that the limit solution is unique and coincides with a viscosity solution
if u has a shrinking support, i.e., if ug is a C2-function with

Aug <0in Qp and 0 < |Vug| <1 on 0. (1.1)

On the other hand, nonzero equilibria of (P) do not exist for compactly
supported initial data and a solution with a bounded initial domain vanishes in
a finite time T, i.e.,

u(z, T)=0, u(z,t)#0for0<t<T.

Here T is called the extinction time, the time when the unburnt zone collapses
in a combustion model. Particularly, it was proved in [GHV] that if the initial
data is radially symmetric and supported in a ball, the solution is asymptotically
self-similar near the extinction time 7. Also when n = 1, the profiles of any
non-radial solution are asymptotically self-similar even if it might focus at a
point other than 0. However in higher dimensions, not much is known for the
behavior of non-radial solutions (see [BHS] and [BHL] for a linearized stability
analysis). In general setting, it is expected that topological changes of the
domain might occur, possibly generating multiple radial profiles for later times.

In this paper, we will investigate the asymptotic behavior of non-radial
space-periodic solutions in higher dimensions n > 2. We will prove that, under



appropriate assumptions on ug (see Remarks 2 and 3), the free boundary is
asymptotically spherical near (0,7) € IR"*1. (Note that a solution focuses at
the origin if it has a space periodic initial data supported on a simply connected
set.) Then it will turn out that the solution is asymptotically self-similar and
the free boundary is a graph of C''*77 function after some positive time. For
the existence, uniqueness of a solution (see [K]), we consider a natural situation
(1.1) for the application in which u has a shrinking support at ¢ = 0, i.e., we
assume that the flame advances at the initial time. Below we state the main the-
orem of the paper, where I'y(u) := 0{x : u(x,t) > 0} denotes the free boundary
of u at time t.

Theorem 1.1. Let u be a solution of (P) with the initial data wy satisfying
(1.1). Suppose
ug = ¢o +p

where ¢g is a nonnegative radial function supported on B1(0) and p is a non-
negative function supported on a subset of Bp(0) for some M > 1. Suppose
{po + p > 0} is simply connected, i.e., the initial free boundary I'o(u) is a con-
nected set contained in the annulus Bpr(0) \ B1(0). Take M > 0 sufficiently
large so that

‘VU()’ < M, manf)o > 1/M.

Then there is a constant o(n, M) > 0 depending only on M and dimension n
such that if ||pllec < @ and p is periodic in angle with period < a for some
0 < a < a(n,M), then the free boundary of u is asymptotically spherical near
its focusing point 0 € IR"™.

More precisely, there exist constants 0 < h < 1 and C > 0 depending on n
and M such that fort € [(1 —27F)T, (1 —27*1)T] and k > 2,

L'i(w) € Bayonrayrw)(0) — B (0)

where 7(t) is a decreasing function of t with r(T) = 0.

Remark 1. The main theorem is different from a standard nonlinear stability
analysis since

a. The initial free boundary I'o(u) := 9{uo > 0} is not assumed to be a slight
perturbation of a sphere. It can be any irregular subset of the annulus
Br(0) \ B1(0), which is periodic in angle (not necessarily star-shaped).

b. Even if ||p||c is assumed to be small, the function p can change the ge-
ometry of the free boundary I';(u) in a significant way near the initial



time, since we do not assume any lower bound on [V¢g|. Even when we
start from a radially symmetric initial boundary I'g(u) = 0B1(0), a small
function p can change the geometry of I';(u) so that

sup{r : dB,(0) NT¢(u) # 0}
inf{r : 9B, (0) N T (u) # 0}

is much larger than 1 for small ¢ > 0. In fact, we prove that I'y(u) is
located between two concentric spheres with “just” comparable radii for
0 <t<T/2 (Lemma 3.1). However for later times, I';(u) will be shown
to get closer and closer to decreasing spheres 0B, (;)(0) as t approaches
the extinction time 7' (Proposition 8.1). (Here (") = 0.)

c. Even a small p can change the topology of the domain creating small
pieces of the positive set around the main piece of the domain. However
the topological change of the domain will not affect the geometry of the
main piece eventually if p is assumed to be small.

d. There is no stability result on the extinction time T. A solution u focuses
at a point with a divergent boundary speed, i.e., the speed of I'y(u) =~

1/\/TftﬂooaStHT.

Remark 2. Assuming an L*°-bound on ug, it was proved in [CV] that
Vu(z,t)| < M

for ¢ > T/2 and M depending on n and ||ug||s. Hence, we suppose from the
beginning that ug has bounded interior gradient, i.e., |Vug| < M. Also for
simplicity, we assume that {uy > 0} is simply connected. This assumption is
used only in the proof of Lemma 3.1, and we expect that Lemma 3.1 will hold
without the assumption.

Remark 3. If ||p|| is not sufficiently small, we may have a dramatic change of
the topology of the domain: splitting of the domain into several “large” pieces.
Consider an example with an initial domain B;(0) C IR?, that large initial data
around (+1/2,0) leads to the split of the domain into two large pieces at a
later time. Then for later times, we might get multiple profiles of the solution
with similar sizes, focusing at different points. Also if p is not assumed to be
periodic, the center of the the domain may change in time. For these technical
reasons, we assume that p is periodic in angle with a small sup norm.

Central difficulty in analysis lies in rather difficult construction of various
barrier functions near the focusing point. Here is an outline of the paper. In



section 2 some preliminary lemmas and notations are introduced. In section 3
we show that the free boundary I'y(u) is located between two concentric spheres
with comparable radii at each time ¢, and prove that the maximal radial subre-
gion Q™ of Q has a boundary close to a Lipschitz graph in a parabolic scaling.
Then in section 4 the scaled a-flatness of the free boundary is obtained when
the function p has size «. In other words, I';(u) is located between two con-
centric spheres with the outer radius bounded by (1 4+ Ca)x inner radius at
later times ¢. In section 5 the solution w is approximated by a radial function at
interior points away from the boundary, and this interior estimate is improved
in section 6 thanks to the a-flatness of the free boundary. Then in section 7, the
interior improvement (obtained in section 6) propagates to the free boundary
at later times giving an improved estimate on the location of the free bound-
ary. More precisely, if the free boundary is located near a sphere at each time
t € ((1 —27F)T,T) then several barrier functions will show that the solution
u gets closer to a radial function ¢ at later times t € ((1 — 27*"1)T,T), at
points away from the boundary (Lemma 6.1). This improved estimate on the
values of u forces the free boundary to be located in a smaller neighborhood
of a sphere at t € ((1 —27%2)T,T) (Lemma 7.1). By iteration, it will follow
that the free boundary is asymptotically spherical near the focusing point. In
the last section, the asymptotic behavior of the solution is investigated and the
regularity of the free boundary follows as a corollary from the flatness of the
free boundary and the radial approximations of the solution.

2 Preliminary lemmas and notations

Below we introduce some notations.

e Denote by Q(u), the positive set of u, i.e.,
Qu) ={u >0} ={(z,t) : u(z,t) > 0}.
e Denote by I'(u), the free boundary of u, i.e.,
I'(u) = 0Qu) N {t > 0}.
e Denote by Y, the time cross section of a space time region X, i.e.,
Y ={x:(x,t) € X}.

In particular,
Q(u) ={z : u(z,t) > 0}



and
Ft (u) = 6Qt (U)

where T't(u) is called the free boundary of u at time t¢.
e Denote by B,.(z), the space ball with radius r, centered at x.

e Denote by Q. (x,t), the parabolic cube with radius r, centered at (x,t). Denote
by @, (z,t), its negative part, i.e.,

Qr(z,t) = Bo(z) x (t =72t +712), Q. (x,t) = Bo(zx) x (t — 12, t).
e Denote by K, (x,t), the hyperbolic cube with radius r, centered at (z,t), i.e.,
K. (z,t) = B.(z) x (t —r,t+ 7).
e A space time region €2 is Lipschitz in @, (0) (in parabolic scaling) if
Qr(0) N = Qu(0) N {(2,8) : 7 > F(a',1)}
where z = (2/,z,) € IR" ! x IR and f satisfies
[f(@,t) = (s s)l < L(la" — /| + [t = s/7)
for some L > 0, with f(0,0) = 0.
e A function p: IR™ — IR is periodic in angle with period < « if
p(r,01, ... 0; + iy ey 1) = p(r,01, ..., 05y .y O 1)
for0<p;<aandl<i<n-1.

e Denote by 7 (t), the maximal radius of a circle centered at the origin which
is inscribed in Q(u), i.e.,

Tin(t) = sup{r : B,(0) C Q(u)}.

e Denote by r°“!(t), the minimal radius of a circle centered at the origin, in
which Q(u) is inscribed, i.e.,

Tout(t) =inf{R: Qi(u) C Br(0)}.

e Denote by Q7 the maximal radial region inscribed in 2(u), i.e., its time cross
section Q" is given by

Qin = Bin(4)(0) for all ¢.

6



e Denote by 0 < t; < ty < ... < T, the diadic decomposition of the time interval
(0,T) such that t; = (1 — 2797, i.e.,

T —1;
5

e For positive numbers a and b, write a ~ b if there exist positive constants C}
and Cy depending only on n and M such that

t1=T/2, tiy1 —t; =

Cia < b < (Csa.

Below we state some properties of caloric functions defined in Lipschitz
domains, a comparison principle, results on existence of self-similar solutions
and asymptotic behavior of radial solutions, and a regularity result for solutions
with flat boundaries.

Lemma 2.1. [ACS, Lemma 5] Let Q be a Lipschitz domain in Q1(0) such that
0 € 00. Let u be a positive caloric function in Q1(0) N Q such that u = 0 on
98, u(en,0) = my1 > 0 and supg, () u = ma. Then there exist a >0 and § > 0
depending only on n, L, mj/ma such that

a 1+a

wy =u+u' and w_ ==u—u

are, respectively, subharmonic and superharmonic in Qs N QN {t = 0}.

Lemma 2.2. [ACS, Theorem 2] Let Q2 and u be given as in Lemma 2.1, then for
every € {p € R™* : |u| = 1,e, - p < cos O} where § = cot~1(L)/2, Dyu >0
in Qs N for a positive constant § depending on n, L, mi/ma and ||Vu| 2.

Lemma 2.3. [ACS, Corollary 4] Let Q and u be given as in Lemma 2.1, then
there exist positive constants ¢; and co depending on n and L such that

u(x,t)

M@0 (7.l < e

x,t x,t
for every (z,t) € K,(0)NQ, where dy; is the elliptic distance from (z,t) to OS.

Lemma 2.4. [D, Theorem 12.2] Let u be a caloric function in Qs = Q5(0),
then there exists a dimensional constant C > 0 such that

C
[Vull o o= < — lu|dzdt,
Qoo = (1 - 0)"36|Q5 | Joy
C
|u|dzdt

U - <
oo = oy Jor
for o € (0,1) where |Qy | is the volume of Q.
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Lemma 2.5. [CV, Theorem 4.1] Let u be a limit solution of (P), for which
the initial function ug is nonnegative, bounded and |Vug| < M. Then for a
dimensional constant Cy > 0

|Vu| < Cymax{l, M}.

Lemma 2.6. [K, Theorem 1.3 and Theorem 2.2] Let u an v be, respectively, a
sub- and supersolutions of (P) with strictly separated initial data uy < vo. Then
the solution remain ordered for all time, i.e.,

u(z,t) < v(x,t) for every t > 0.

Lemma 2.7. [CV, Proposition 1.1] Let T > 0. Then there exists a self similar
solution U(x,t) of (P) in the form

Ula,t) = (T = )2 f(ja| /(T = 1)"/?)
where the profile f(r) satisfies the stationary problem

n—1

S+ (

1 1
—§r)f’—|—§f:0f0r0<r<R,

f'(0)=0and f(r) >0 for0<r <R
with boundary conditions
f(R)=0 and f'(R) = —1.

Lemma 2.8. [GHV, Theorem 6.6] Let u be a radial solution of (P) with initial
data ug = uo(|x|) > 0 supported in a ball. Then

(T — )"z, t) — f(j| /(T —)"/?) uniformly
ast — T with f given as in Lemma 2.7.

Lemma 2.9. [AW, Theorem 8.4] Let (u,x) be a domain variation solution of
(P) in Q, == Q,(0,0) such that (0,0) € d{u > 0}. There exists a constant
o1 > 0 such that if u(z,t) = x(z,t) = 0 when (z,t) € Q, and x, > op, and
if [Vul <147 in Q, for some o < o1 and T < o102, then the free boundary
H{u > 0} is in Q;/4 the graph of a CY™V7V-function; in particular the space

normal is Holder continuous in Q;/4.



3 Estimate on inner and outer radii of 2

If U is a self-similar solution (see Lemma 2.7) with an extinction time 7', then
the maximum of U at time ¢ and the radius of its support €,(U) are constant
multiples of /T — t. In this section we prove analogous estimates on max u(-, )
and on inner, outer radii of concentric spheres which trap the free boundary
[';(u) in between. Recall that 7™ (¢) and r°“!(t) are inner and outer radii of
Qi(u), ie., ‘

" (t) = sup{r : B,(0) C (u)}
and

ro(t) = inf{R : Q(u) C Br(0)}.

Lemma 3.1. Let ug be as in Theorem 1.1 and let o« < a(n, M) for a sufficiently
small a(n, M) > 0. Then there exist constants C; (1 < j < 4) depending on n
and M such that

CivVT —t <maxu(-,t) < CovT —t (3.1)

and

C3VT —t < '™ (t) < ro(t) < C4V/T —t. (3.2)

Proof. We prove the last inequality of (3.1) and the first inequality of (3.2) by
comparison with self similar solutions. Then using these inequalities, we prove
the first and the last inequality of (3.1) and (3.2). Without loss of generality,
assume M > 1.

1. Proof of maxu(-,t) < Co/T —t and C3/T —t < r™(t): Let T be the
extinction time of u. By Lemma 2.7, there exists a self-similar solution v with
the extinction time 7. Then for positive dimensional constants a; and as,

maxv(-,t) = a;vV/T —t and Q(v) = B,, 7(0).
To find an upper bound on u(-,t), suppose that for some xg € Q(u)
u(zo,t) > (2a1 + CoMag)VT —t
where Cj is the constant as in Lemma 2.5. Then by Lemma 2.5
u(-,t) > 2aVT — t = 2maxv(-,t)
on B, g—(z0) = Q(v(x — x0,1)). By comparing u with v(x — xo, 1),

maxu(z,T) > maxv(z —x9,T) =0



which would contradict that « vanishes at time 7T". Hence we obtain
maxu(-,t) < CovVT —t (3.3)

with Co = 2a;+CoMas. The first inequality of (3.2), that is C3v/T —t < r™(t),
can be proved similarly for C3 = C3(n, M) > 0 by comparing u with a self-
similar solution.

2. Proof of Ci1\/T —t < maxu(-,t) and r°“(t) < Cy/T —t: These in-
equalities will be proved simultaneously by induction. Let Cy be a sufficiently
large constant depending on M and n, which will be determined later. Recall
that 0 < ¢; <ty < ... < T is a diadic decomposition of (0,T") with ¢; = T'/2 and
ti+1 —t;, = (T — tz)/2

Claim 1. Suppose

ot () < Cy/T — t; (3.4)

C,C

Cy
where C,, is a positive dimensional constant and Cj3 is the constant as in the first
inequality of (3.2). For the proof of Claim 1, we construct a Lipschitz region %
in IR"™ x [t;,ti11]. Since r°“t(t) is decreasing in time ¢, there exists a decreasing
function o(t) on [t;, t;+1] such that

for some ¢ € N, then

wWro

max u(-,t;) > T -1,

(a-1) o(t) = ro(t)
(a-2) o(7) = r°¥(7) for some 7 € [(t; + tit1)/2, tiv1]

2(ro" (t;) — ™ (tit1)) '

-3) o'(t)] <
(23) 1o'(1) —

(We can construct o(t) so that it is linear on [(t; + ti+1)/2,ti+1] with slope
—2(r°t(t;) — r°(t;11))/(tiy1 — t;) and it is a constant on [t;, (¢; + tiy1)/2].)
Let ¥ be a space-time region in IR™ X [t;,t;+1] such that its time cross section
is a ball of radius o(t) centered at 0, i.e.,

Y= Ba(t) (O)
for t; <t <t;+1. Then the properties (a-1), (a-2) and (a-3) imply

(b—l) Q(u) N {ti <t< ti+1} cX
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(b-2) There exists a free boundary point
p € 0By(r)(0) NI~ (u),
ie., (p,7) € 90X NI (w).
(b-3) X is Lipschitz in space and time with a Lipschitz constant

I = 20’(ti)
tiv1 — 1

where (b-2) follows from (a-2) since 0B,.out(4)(0) intersects I'y(u) for all ¢.
Define a function w, (z) on Bgy(,)(0) by

max u(-, t;) for x € B,,(0)
wy, (z) =
max u(-,t;) — CoM|z| for x € By,)(0) — By, (0)

where () is the constant as in Lemma 2.5 and o is chosen so that w;, = 0 on
0B (t,y(0). Then by Lemma 2.5 and by Q,(u) C Byout(s,)(0) C By, (0),

u(,t;) < wti(‘)'
Let w(x,t) be a caloric function in ¥ such that

Aw=w; in X
w=w; on {t=t;}

w=0 on OXN{t;<t<tiy1}.

Then by comparison, w > w in 3. Since w(p,7) = u(p,7) = 0, the inequality
w > u implies
[Vw(p,7)| > 1. (3.5)

Denote

o(t;) = By/tiy1 — t;

23
V8 — &
Also observe that r°%(t;) < o(t;) < 2r°“(t;) by the construction of o(t). This
implies

for some G > 0. Then

L= (3.6)

Cs3 < <40y (37)
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where the first inequality follows from the first inequality of (3.2) and the last
inequality follows from the assumption (3.4). Here we assume that C3 < 1
without loss of generality.

Since 0¥ = d{w(x,t) > 0} has a Lipschitz constant L, the caloric function

w(z,t) == w(%, T+ i)

has a Lipschitz boundary with Lipschitz constant 1 in the region
Be,s(Lp) x [-52,0].
Since f > Cs3 and C3 < 1, w has a Lipschitz boundary in a smaller region

with a Lipschitz constant 1. Hence by Lemma 2.1, w(-,0) is almost harmonic
near the vanishing Lipschitz boundary 9Bp,out(r)(0). More precisely, there ex-
ists a constant 0 < C), < 1 depending on n such that the following holds: if A
is a harmonic function in the annulus By, out(r)(0) = Brout(r)_¢, c2(0) with

0 on 8BLrout (1) (0)
h =
2w(-,0)  on  IBpou(r)_c,c2(0)

2(0)

3

then on By out(r)(0) — Bpyout(r)—c, ¢
w(-,0) < h(:). (3.8)

Combining (3.5) and (3.8), we obtain
[Vh(Lp)| = |Vi(Lp,0)| = [Vw(p,)|/L = 1/L. (3.9)

This implies

max u(-, t;) max w(-, t;)

> maxw(-,T)

= maxw(-,0)

> max{w(z,0) : x € OB ou (1), c2(0)}

= maxh/2

> C,C3/L

> OG5 ey (3.10)
Cy
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where the third inequality follows from (3.9) for a dimensional constant C), and
the last inequality follows from (3.6), (3.7) and T' — t; = 2(t;41 — t;).

Claim 2. Suppose r'*(t;) < (Cy4/8)\/T —t; for 1 < i < k, then
ot () < Cy/T — t; (3.11)

for 1 <i < k. We prove Claim 2 by induction. Let zp be a point in (u) such
that maxup = ug(xg). Since maxug > 1/M and |Vug| < M,

1
uo = 5o on By (o).
Then by comparing v with a self similar solution,

T >C(n,M) (3.12)

where C(n, M) is a constant depending on n and M. Hence

roUt () < r°(0) < M < Oy /T — 1y

where the first inequality follows since I';(u) shrinks in time, the second inequal-
ity follows from the assumption on ug and the last inequality follows from (3.12)
if C4 = Cy4(n, M) is chosen sufficiently large.

Now suppose that (3.11) holds for i € {1, ...,j} where j < k — 1. Construct
a Lipschitz region ¥ in IR™ X [tj,t;41] as in the proof of Claim 1 so that

Qu)N{t; <t <t cyE, (p,7)el(u)nNox.
If TOUt(tj_H) > 04\/T — tj+1, then
C C ;
roUt(r) > U (t) > 74\/T —7 > f./T — ;> 2r"(t) (3.13)
where the last inequality follows from the assumption on rm(tj). Let
Y= Q"

where Q" is the region constructed in Section 2, Le., Q" is the maximal radial
region inscribed in Q(u). Then by (3.13) and (b-3), ¥ is Lipschitz in the “large”

cube Q84m/4(p’ 7). Let v(x,t) solve
Av = vy in %
v = maxg, u(-, t;) on {t=t;}
v=20 on OXN{t; <t<tjy1}
v(-,t) = Maxyp ;, ., (0) u(-,t) on A" N{t; <t <tjy1}.




Then by comparison, v > u in 3. By a similar argument as in the proof
of (3.10) with w replaced by v, and with (3.4) replaced by the assumption

roUut(t;) < Cyy/T —t;, we obtain

CnC2
Cy

maxv(-,7) > T —t;. (3.14)

On the other hand, observe that for a dimensional constant C,,

max  u(-,t) < CpMar™(t 3.15
% U 0 (3.15)

since mingp ity (0) u(+,t) = 0, u is periodic in angle with period < a and |Vu| <

CoM (Lemma 2.5). Similarly,

waxu( 1) = wmax o u(st) < CrnMar?(t;) (3.16)
K rin 1) <5<ro (1)

since the simple connectivity of Qo(u) and u; < 0 imply that mingp, o) u(-,t;) =
0 for r(t;) < s < r°(t;). Hence

maxv < C’nMaTO“t(tj) < CpMaCyy/T —t;
where the last inequality follows from the assumption on r°"(t;). If a(n, M) is

chosen sufficiently small, then the above upper bound on max v would contradict
(3.14). Hence we conclude

TOUt(tj+1) < Oy+/T — tjg1-

Claim 3. If Cy is chosen sufficiently large,
() < —\/T —t; (3.17)

for all i > 1. For i = 1, (3.17) follows from (3.12) and r*"(¢;) < r*(0) = 1.
Now suppose that (3.17) holds for 1 <i < j and not for i = j + 1, i.e.,

- C
T‘ln(thrl) =719 > §4\/T — tj+1. (318)
Since (3.17) holds for 1 < i < j, Claim 2 implies
ro(t;) < Cy /T —t; for 1 < i < 4.
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Then by Claim 1,

C,C?
maxu(-,t;) > %\/T— t; for 1 <i<j.
4

Since (3.16) implies that maxwu(-,¢;) (1 < i < j) is taken inside the maximal
radial region Q™ C Q(u), and since T > C(n, M),

2
u(0,t;) > CCC3 VT —tifor1<i<j (3.19)
4

where C is a constant depending on n and M.
Let k = min{k € {1,...,5} : tj41 — tx < r3} where 1o = r™(t;11). (Here
observe that t;+1 —t; =T — t;41 < r3 by (3.18).) Then
B,,(0) x [tk7t]‘+1] C Q;O(O,tj_;_l) C Qu). (3.20)
Observe that

tipr =t > (tjp1 — te1)/3 > 75/3 if k#1
(3.21)
tiv1 —tp>T/4>C(n,M)>C(n,M)r} if k=1

Then by (3.18), (3.19), (3.20) and (3.21)

min u(-,tj41) > Cu(0,ty)

BT0/2(0)
2
L CG
Cy
CC3
> 743 tiv1 —tk
. ca
= g

> CC3\T —tj

where C' denote constants depending on n and M. In other words, u(-, ;1)
has a lower bound CC2,/T —t;41 on the large ball B, /2(0) with the radius

7’0/2 > 04\/T - tj+1/8.

Hence if Cy = Cy(n, M, C3) is chosen sufficiently large, then v would have an
extinction time larger than 7', contradicting u(-,7') = 0. Hence we conclude

Pt 1) < (Caf8)y/T =T,

O]
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If U is a self-similar solution with an extinction time 7', then the normal
velocity of its free boundary at time ¢ is comparable to 1/v/T — t ~ 1/r"(t), and
hence I'(U) is Lipschitz in a parabolic scaling in each Qyin(y(2,1), (@,t) € T'(U).
Recall that Q™ = Q" (u) is the maximal radial subregion of Q(u), i.e., its time
cross section Q% is given by

Qfén - Brin(t) (0) fOl“ 0 S t S T

In the next lemma, we prove an analogous result that the average normal

velocity of 9Q™ is bounded above by C(n,M)/\/T —t on each time interval
[t,t+ar™(t)?] for t > T/2. This gives that the inner region Q™ can be approx-
imated by a subregion €27 which is Lipschitz in a parabolic scaling.

Lemma 3.2. Let ug be as in Theorem 1.1 and let o« < a(n, M) for a sufficiently
small a(n, M) > 0. Then there exists a space-time region 1 C Q™ which is
radial in space and satisfies the following conditions:

(i) Fori>1 (i.e., fort; >T/2)
Si=MNn{t; <t <tip1}

is Lipschitz in a parabolic scaling with a Lipschitz constant C(n, M), i.e.,
the normal velocity of 0S; is bounded above by C(n, M)/r™™(t;).

(i) 9S; is located in the C(n, M)ar™(t;)-neighborhood of O™,

In particular, '
u < C(n, M)ar™(t;) on 05S;. (3.22)

Proof. Suppose that we have a subregion Q of Q™ satisfying the conditions (i)
and (ii). Then for a constant C' depending on n and M,

maxu <  max U+ C’ari"(ti) < Cozrm(ti)
a5, QN {t; <t<tii1}
where the first inequality follows from |Vu| < CoM (Lemma 2.5), and the last
inequality follows from (3.15).
Denote by V7, the average normal velocity of 92 on the time interval I.
Decompose the time interval [t;,t;11] into subintervals of length ar®™(t;)?, i.e.,
let

t; = tio < t;1 =tio + Oé’l”m(ti)2 <ty =1t;1 + arm(ti)Q < .o <tk =tig1-
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For the construction of £2; satisfying the condition of the lemma, it suffices to
prove that '
‘/[tz‘j7 tij+1] S C(n,M)/Tln(tz) (323)

More precisely, given the estimate (3.23), the Lipschitz subregion ; can be
constructed so that Q1 and Q™ intersect at times t = s, with {s;,} C [ti, tis1]
and |Sy11 — S| < ar(t;)2.

Below we prove (3.23). Let ¢ > 1. By Lemma 3.1, the average velocity of
0™ on [t;_1,t;], that is Vit,_y t.]» is bounded above by

C(n,M)/\/T —t; = C(n, M) /r™(t;).
Then there exists 7 € [(t;—1 + t;)/2, t;] such that Vj, ; < C(n, M)/r™(t;) for all
t € [ti—1,7]. In particular, Vi,_gpin,)2.,) < C(n, M) /r™(t;). Let
Y= BTm(T)(O) X [7’ - ()z?‘in(ti)2,7'].

Denote 7 = 7 — ar™(t;)* and let ¢(x,t) be the maximal radial function such
that ¢(z,t) < u(x,t). Let ¢(z,t) be a solution of

Ap=1; in X

=0 on 0%

Y=0¢ on {t=7}

Then ¢ < u and by Lemma 2.1, (-, 7) is almost harmonic in the c\/ar?(t;)-
neighborhood of 99", Observe that O is located in the Car®(t;)-neighborhood
of 9™, since Viz ;) < C(n, M)/r™(t;). Then by a similar argument as in (3.15)
and (3.16),

u—1=u<C(n,Mar™t) in QN{F <t <71} -2
Also since the initial perturbation p < a < aM max ¢y,
> (1—-C(n,M)a)u on X;.
Hence on 0B(1_¢,/a)rin(1,)(0),
Y(-, 1) > ul-, 1) — C(n, M)ar™(t;) > (1 — Cva)u(-, 1) (3.24)

and |Ve| > 1 — Cy/a on 90" for a constant C' depending on n and M. (Oth-
erwise, there would exist a free boundary point at which |Vu| < 1.) Hence
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u(+,7) is bounded below by a function ¢ (-,7) which is almost harmonic in the
cy/ar™(t;)-neighborhood of 90" with |Vy| > 1 — Cy/a on 9Q™. In fact, this
lower bound can be obtained with « replaced by any number > «. Then by a
barrier argument, u(-, 7 + ar?(t;)?) > 0 on Biin(ry—carin(,)(0), i.e.,

Vv[T,T—i—arm(ti)z] < C(n’ M)/rzn(tl)

Next, we take 71 € [T+ar™(t;)?/2, T+ar™ (t;)?] such that Vi, - < C(n, M) /1" (t;)
for all ¢ € [r,71]. Then by a similar argument, we obtain (3.23) on the interval
[71, 71 + ar™(t;)?]. By induction, (3.23) holds on each time interval with length
ar™(t;)?. O

4 o-flatness of free boundary

In this section we prove the a-flatness of the free boundary I'(u). More precisely,
for (z,t) € I'(u) we locate the free boundary part F(u)ﬁQ;(t) (x,t) in the Kar(t)-
neighborhood of the Lipschitz boundary 9€2;. Here « is the size of the initial
perturbation and K is a constant depending on n and M.

e Denote by 7(t), the radius of the time cross-section of Q; at time ¢, i.e.,

Qlt = Br(t) (0) for 0 S t S T.

Note that by Lemma 3.2, (t) < r™(¢) < (1+Ca)r(t) for a constant C depending
on n and M.

Lemma 4.1. Let ug be as in Theorem 1.1 and let o« < a(n, M) for a sufficiently
small a(n, M) > 0. Then

r(t) < ro(t) < (1+ Ka)r(t)

forto <t < T, and for a constant K > 0 depending on n and M. In other
words, I'y(u) is contained in the annulus B4 ka)r@)(0) — By (0) forta <t < T.

Proof. Let K be a sufficiently large constant depending on n and M, which will
be chosen later. Let €29 be a space time region containing €27 such that its time
cross-section (o is given by

Qo = (1 + Ka)¢ := Bykayr)(0)

for 0 <t < T. Since €2y is Lipschitz in a parabolic scaling for ¢ > 1, (1 is
also Lipschitz in a parabolic scaling for ¢ > t;. Now modify {29 as below for
0 <t <ty so that it is Lipschitz for all £ > 0. Since r°“(t) ~ r°%(t5) ~ 2, we
can construct Qy satisfying
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CQn{0<t <t} = By0) x[0,t]

<

o

N {t <t<t}DWNn{t <t <t}

W N{t<t<TY=QN{ty<t<T}

o

o,

. Qs is Lipschitz in a parabolic scaling.

Let w be a caloric function in QQ — 4 such that

Aw = Wt in QQ — Ql

w=u on {t=0}U (0 N{t>0})

w=0 on 8Q2ﬂ{t>0}.

For the proof of the lemma, it suffices to prove u < w since this inequality would
imply that the free boundary I'(u) in contained in Qg for ¢ > to, i.e., the outer
radius r°%(t) < (1 + Ka)r(t) for t > to. Below we prove u < w.

1. Since the free boundary of u shrinks in time,

uw<wfor0<t<t. (4.1)

2. Using (3.22) and the Lipschitz property of Qs we will show that
u<wfort; <t <ty (4.2)

Since u(-,t1) < w(-,t1) (see (4.1)) and u = w on €2, it suffices to prove that w
is a supersolution of (P) for t; < t < t4. Since ug = p < awon (Q2—Q1)N{t = 0},
the bound (3.22) and the construction of w yield

maxw < Coa (4.3)

for Cy = Cy(n, M). On the other hand, since Q) is Lipschitz in a parabolic
scaling for t > 0, w(-,t) is almost harmonic near its vanishing boundary 099,
for t > t1 (see Lemma 2.1). Observe that for to <t <4

Q(w) = Qop — Q= B+ kayrt)(0) = Br1)(0)
and for t; <t <ty

Qi(w) O Batkayr)(0) — By (0)
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where 7(t) = 1 for t; <t < t4 (see (3.2) and (3.12)). Hence we can observe that
if K = K(n,M) is chosen sufficiently large, then the almost harmonicity of w
with its upper bound (4.3) implies that w is bounded from above by a radial
linear function with a small slope so that

|Vw| < 1 on 0 N {t; <t < ty}. (4.4)

Hence w is a supersolution for ¢; < t < t4 and (4.2) follows.

3. Now suppose
u<wfor0<t <y (4.5)

for a fixed ¢ > 4 and we show
u<wfort; <t <t;y.
First, observe that (4.5) implies the free boundary I';, ,(u) is trapped between
4,y = 0By, ,)(0) and 0Qat,_, = OB(11Kayr(t;_»)(0)-

In other words, the inner and outer boundaries of Qg — Q; at time t = ¢;,_o are
located within a distance Kar(t;_2) from the free boundary of u. Then since
|Vu| < CyM, we obtain

u < CKar(ti_s) on (Qo — Q)N {t =t; o} (4.6)
for some C' = C(n, M). Also by (3.22),
u < Car(t) < Car(ti—a) on 0 N{ti—a <t <t;iy1}. (4.7)
Now construct two caloric functions wy and ws in

= (Q — ) N{tice <t < tipa}

such that
Aw; = Jwy /0t in 11
w1 =u on {t == tz_z}
wp, =0 on O U 3@2
and that

Awg = Jwy /Ot in II
wo =0 on {t = tifg} U 8@2
Wy = U on 09).
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Below we prove
u < wy + we

in IIN{t; <t <tiy1} by showing that w; + ws is a supersolution of (P) for
t; <t <tjy1. On 1IN {t = tifl},

wy +we < maxwi(-,ti—1) + Car(ti—2)
< 200[1"(151',2) (48)

where the first inequality follows from (4.7) and the last inequality follows from
(4.6) if @ < a(n, M) for a sufficiently small a(n, M) > 0 since the time cross-
section of the domain II, that is B(1 1 ka)r(t,_»)(0) — By,_,)(0), has a sufficiently
small thickness Kar(t) for t;_o <t <t;,_;. By (4.7) and (4.8),

wy +we < C(n, M)ar(ti—2)
on the parabolic boundary of IT N {t;_1 <t < ¢;41} and hence

< C(n, M)ar(ti-2). 1.9
Hﬂ{t:?giigti+l}wl+w2— (n, M)ar(ti—2) (4.9)

Then by a similar argument as in (4.4) with (4.3) replaced by (4.9), we obtain
|V(wi +w9)| <1

on Qs N {t; <t < tiy1} if @ < an, M) for a sufficiently small a(n, M) > 0.
Hence we conclude w; 4+ ws is a supersolution of (P) for ¢; <t < t;41.
By the construction of w; and wo,

U= wi + wsr
on the inner lateral boundary 0Q N{t; <t < t;p1} of TIN{t; <t <t;11}. Also
u(-,ti) < (w1 +w2) (-, ;)

since the assumption (4.5) implies Q(u) N {t;—a < ¢t < t;} C (5. Hence we
conclude

u < wy + w2
in IIN{t; <t <t;+1}. This implies that the free boundary I'y(u) is contained
in Qg for t; <t < t;+1. Now recall that the caloric function w has positive set
Qs — O with w = w on 90y and w = 0 on Q. Also by (4.5), u < w at time
t = t;. Hence by comparison,

u<wfort; <t <tiq.
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5 Interior approximation of u by a radial function ¢

In this section, we approximate the solution u by a radial function ¢ at interior
points, located a?/3r(t)-away from 0B, 1)(0).

e Let ¢ be a radially symmetric function defined in £2; such that on each time
interval [t;, ti+1), ¢(z,t) solves

Ap = ¢y in U N{t;<t<tigi}

»=0 on 6Q1ﬂ{ti <t<ti+1}

o(z,t;) = ¢(|x|,t;) = min  wu(y,t;) on Qi N{t=t}.
{y:lyl=l=[}

In other words,
(i) &(-,t;) is the maximal radial function < w.

(ii) d)(x, t) is caloric in Qlﬂ{ti <t < ti+1} with ¢ = 0 on 891ﬂ{ti <t< ti+1},
and ¢ = ¢(-,t;) on Q1 N{t =t;}.

Note that ¢ need not be continuous at ¢t = t;. By comparison, ¢ < u.

Lemma 5.1. Let ug be as in Theorem 1.1 and let o < a(n, M) for a sufficiently
small a(n, M) > 0. Let e =2/3 and let t € [ta,T). Then on B_aeyr+)(0)

¢(-,t) <ul-,t) < (14 Ca'~)o(-,1) (5.1)
for a constant C > 0 depending on n and M.
Proof. Fix 7 € [t;,t;+1) for i > 2. Let w solve

Aw=w; In Qlﬂ{tifl<t<7'}
w=20 on 8Q1ﬂ{t171<t<7}

w= ¢ on Qlﬂ{t:tifl}.

Observe that w is a radially symmetric function with w < w. Since ¢(-,t;) is
the maximal radial function < u(-,t;), we obtain

w(-t;) < (-, ti).

Then by comparison
w<¢ for t;_1 <t<T. (5.2)
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On the other hand, by a similar argument as in the proof of (3.15) we obtain
u(+,t;) — (-, ti) < Car(ti) (5.3)

for C = C(n,M) > 0 and ¢ € N since u is periodic in angle with period < «,
|[Vu| < CoM and ¢(-,t;) is the maximal radial function < w(-,¢;). Hence for
some C'=C(n,M) >0

CT(ti_l) § maxu(-,ti_l)
< 2max ¢(-,ti—1) = 2maxw(-, t;i—1)

where the first inequality follows from Lemma 3.1 and the second inequality
follows from (5.3). The above inequality implies that for C' = C(n, M) >0

Cr(t) < maxw(-, ) (5.4)

since r(t;—1) ~ r(t) fort;_1 <t <7 (Lemma3.1), |Vu| < CoM (Lemma 2.5) and
) is Lipschitz in a parabolic scaling. The Lipschitz property of Q@ N{t;—1 <t <
7} implies that w(-,7) is almost harmonic near 9Q;, (Lemma 2.1). Then by a
similar reasoning as in (4.4) with the lower bound (5.4), we obtain that w(|z|, )
is bounded from below by a radial linear function vanishing on |z| = r(7), with
slope ¢ = ¢(n, M). Hence on B(1_qe)p(r)(0)

c(n, M)a‘r(r) <w(,7) < ¢, 7) (5.5)

where the last inequality follows from (5.2).
Now observe that by (5.3)

U(',ti) — (f)(‘,ti) S CO(’I”(tZ')
and on 0 N{t; <t <7}
u—¢=u< Car(t;)

where the inequality follows from (3.22) and Lemma 3.1. Hence by comparison

u(-,t) — o(-,t) < Car(t;) (5.6)
for t; <t < 7. Conclude that on B(;_qe)p(r)(0)
’U,(-, 7_) - ¢(a T) < CO&T‘(ti)
< Car(r)
< Calied)('a T)

for C = C(n, M) > 0 where the first inequality follows from (5.6), the second
inequality follows from Lemma 3.1 and the last inequality follows from (5.5). [
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6 Interior improvement by flatness of boundary

We improve the interior estimate in Lemma 5.1, using the flatness of the free
boundary, that is Lemma 4.1. More precisely, the constant C in the interior
estimate (5.1) improves in time, up to an order determined by the ‘flatness
constant’ of the free boundary. Let up be as in Theorem 1.1 and let a < a(n, M)
for a sufficiently small a(n, M) > 0, throughout the rest of the paper.

e Let ¢ be a radially symmetric function defined in € such that

é(z,t) = ¢(|zl, 1) inu(y,1).

= m
{v:ly|=|=(}

In other vvords7~ q} is the maximal radial function in €7 such that 45 < u. Note
that ¢(-,t;) = ¢(+,t;) for i € N, and ¢ < ¢ since ¢ is radial with ¢ < w.

Lemma 6.1. Let e =2/3. Assume
(a) (5.1) holds at time t =t;, i.e., on B_ae)p1,)(0)
u(, 1) < (14 Ca'™)e( ;)

(b) Fort; <t <tii1, ['t(u) is contained in B(iyka)r)(0) — By4)(0) for some
constant K satisfying
e—1
1<K<a?C (6.1)

(¢) on B,)(0) — Bii—ae)r,)(0),

u(-,ti) < (ﬁ(-,ti) + L(C + K)Oﬁ“(ti)

where L is a positive constant depending on n and M; C' and K are the same
constants as in (a) and (b). Then for a constant 0 < h = h(n,M) < 1, the
condition (a) holds with C' replaced by hC' at time t = t;11, i.e.,

U(-, tiJrl) < (]‘ + hcal_e)¢('7 t’i+1) (62)
on B(i_aeyr(t;,1)(0). If we further assume
u(z,t) < (14 Cal=)e(x,t) (6.3)

for t; <t < tiy1 and © € Bi_qe)r1)(0), then the condition (c) holds with C
replaced by hC' at time t = t;11, i.e.,

u(-tir1) < d(rtivr) + L(WC + K)ar(tiiq) (6.4)

on By 1,,1)(0) = Ba_aeyr(tis1)(0)-
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Proof. For the proof of (6.2), construct caloric functions 1, 12, 13 and 94 in
Y= N{t; <t <tiy1} with the following boundary values

Y1=¢ on B.u,)(0)x{t =1t}

1 =0 otherwise on 0%

Yo=u—¢ on Bu_qe ) (0) x {t =1t}

Py =0 otherwise on 0%

Ys=u—¢ on By)(0) — Bu_aey,)(0) x {t =t}
Y3 =10 otherwise on 0%

Yy=u on ILN{t; <t <tit1}

14 =0 otherwise on 0.

—_—— —— —/

Then in ¥
u =11 + P + 13 + 1Py

where 1 is radially symmetric since ¢ is radially symmetric and €2, is radial.
For j = 2,3,4, let ¢;1(-) be the maximal radial function on B, y(0) such that

¢j1(') < ¢j('7ti+l) and write Q;Z)j('yti—i-l) = 1/1]'1(') + 1,[)]2() Since ¢('7ti+1) is the
maximal radial function < u(-,¢;41),

(- tiv1) > Y1(e tivr) + a1 () + ¥31(-) + Yar ().

Hence for (6.2), it suffices to prove

Poa() + P32() + Yaz(-) < RCa (-, tig).
1. First, we prove that for some constant 0 < hg = ho(n, M) < 1
a2(-) < hoCal (- tis1). (6.5)
Suppose that at some x € B, )(0)
1
Yoz, tipy) > 50041_61/)1(1', tiv1). (6.6)

(Otherwise, (6.5) would hold with hg = 1/2 since 91 < ¢ and 123 < 1)9.) Since
Y. is Lipschitz in a parabolic scaling (Lemma 3.2), Lemma 2.1 imply that near
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the vanishing boundary 0B, ,,,y(0), ¥1(-,ti+1) and t2(-,t;41) are comparable
to some harmonic functions vamshmg on 0B, )(0). Hence (6.6) implies that
on By, (0)

Y2y ti1) = Ca' = Y1 (-, tiga)
for some constant 0 < h; = hj(n, M) < 1. Since 1 is radially symmetric and
191 is the maximal radial function < ¢, the above inequality implies

Y1 > hiCat ™y (-, tit). (6.7)
Let hg = 1 — hy, then on B, ,(0)

U () = Yoy tiv1) —o1(-) < Cal 1 (-,tiv1) — o1 (v)
< (1 — h)Ca P (-, tig)
<

hoCal “p(-, tis1)

where the first inequality follows from the assumption (a) with the construction
of 11 and v, and the second inequality follows from (6.7). Hence we obtain
the upper bound (6.5) of 199.

2. Next we show

ho

P32() < Co'~¢(-, tit1). (6.8)

By the assumption (c¢) with the construction of s,
max Y3 (-,t;) < L(C + K)ar(t;)

on the annulus R := B, (;,)(0) — Br1—ae)r(t,)(0). Let [R| denote the volume of R,
then |R| ~ a“|B,.,)(0)]. Hence there exists a small constant c(a,n) > 0 such
that

max P3(-, tip1) < c(a,n)L(C + K)ar(t;)

where c¢(af,n) — 0as a — 0. Since r(t;) = r(ti+1) ~ max (-, t;4+1) (Lemma 3.1),
max wg(-, tz’+1) < C(O&E, TL)C()(TL, M)L(C + K)a max wl(', ti+1) (6.9)

for some C(n, M) > 0. Hence on B, (0)

P32() < s(,tiv1) < ce(a,n)Ci(n, M)L(C + K)a: (-, tit1)
< c(an)Ci(n, M)L (C+K)a¢( tit1)
< ¢(a,n)Co(n, M)LCa = P ¢( tit1)
< LoMo0oat=eg( i) (6.10)

3
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where C1(n, M) and Cs(n, M) are positive constants depending on n and M, the
first inequality follows from the almost harmonicity of 13(-, ¢;+1) and ¥y (-, ti+1)
with (6.9), the second inequality follows since 11 < ¢, the third inequality
follows from (6.1), and the last inequality follows if & < «(n, M) for a sufficiently
small a(n, M) > 0 (since € = 2/3 and L and hg are constants depending on n
and M).

3. Since YP2(-) = Ya(-,tiv1) — Ya1(-) where 1p41(+) is the maximal radial
function < ¥4(-,ti+1),

Jhas Ya2(+) gg%)%(, +1) — Ya1lan, (0)
8%3(>0<)¢4(, +1) 8%151(%)@&4( +1) (6.11)

for 0 < s < r(t;+1). Below we prove that the right hand side of (6.11) is bounded

from above by
1—hg

3

Ca'~¢(, tit1)

if0<s<(1—a)r(tis1).
Let 0 < s < (1 —a“)r(ti+1). Let x; be a maximum point of ¢4 on dB,(0),
ie.,

arg?()é) Ya(tiv1) = Ya(x1, tigr).

Since 14 is periodic in angle with period < «, there exists a minimum point xg
of 14 on 0Bs(0) such that

min b = T2, t;
aBs(o)W(’ i+1) = Ya(T2, tit1)
and
|x1 — 29| < Cpar(tiyr)
where C,, is a dimensional constant. Recall that 14 is a nonnegative caloric
function in ¥ with

maxy = max u < C(n, M)ar(t;) < C(n, M)Kar(t;) (6.12)
P Bﬂlm{ti<t<ti+1}

where the first inequality follows from (3.22) and the last inequality follows if
K > 1. Now apply Lemma 2.4 for ¢4 with 6 = a“r(t;4+1) and o = Crar(tiy1)/0.
Then the upper bound (6.12) of 14 implies that on Q_s(x1,%;41)

C(n, M)Kar(t;)

<
Vil < acr(tiy1)
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Since |x1 — z2| < Cpar(ti+1) = 0d, the above bound on |V1)4| yields that

algi)é) Ya(eytip1) — 8%33]) Ya(-,tiv1) = Ya(xr,tivr) — Ya(xe, tivr)
< C(n, M)Ko* “r(t;)
< ClKOPiGY’(tH_l) (613)

for a constant C'1 depending on n and M. Suppose a < «(n, M) for a sufficiently
small constant a(n, M) > 0, then we can bound the right hand side of (6.13) as
in below

ClKOé27€T(ti+1)

IN

C1Ko? * min{o(z, tix1) : ¢ € Ba—ae)yr(i,1)(0)}
C1CaP 1 2 min{g(x, tip1) 1w € Ba—ayr(t;1)(0)}

1—ho . 1. .
Tocal min{¢ (-, tit1) 1 © € Bi—ae)r(t,1)(0)}

IN

IN

where C7 denotes a constant depending on n and M different in places, the first
inequality follows from (5.5), the second inequality follows from (6.1), and the
last inequality follows if a(n, M) is sufficiently small since € = 2/3 and hy is a
constant depending on n and M. Combining the above inequality with (6.11)
and (6.13) we obtain that

1—-h
Yaa (-, tiy1) < 5 00a1_6¢('7ti+1) (6.14)

on B(lfof)r(tiﬂ)(o)-
From the upper bounds (6.5), (6.8) and (6.14) on 22, 132 and 42, we

conclude ho 4 2
T Cal TGl i)

on B(1_qe)(t;4,)(0). Hence the first part of the lemma, that is (6.2), follows for
the constant h := (ho +2)/3 < 1.

P92 + Y32 + Py2 <

Next we prove the second part of the lemma, that is (6.4). Let II be a thin
subregion of Oy N {t; <t <t;41} such that

Iy = By 1) (0) = Ba—ac)r(t)(0)

for t; <t <t;41. Decompose u into a sum of three caloric functions w1, we and
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ws, which are defined in II with the following boundary conditions

wi(+t) = u(t)  on B _qeys)(0) for t; <t <tip
w1 =0 otherwise on 911

wa(-,t) = u(-,t)  on OB, (0) for t; <t <t

we =0 otherwise on OII

w3, t;) = u(,t;)  on By, (0) — Ba—aeyr(s;) (0)
ws =0 otherwise on OII.

Observe u = wy + wo + w3 in II. Let wy; be the maximal radial function such
that wi1(-) < wi(-,ti41) and let w3 be the maximal radial function such that

w31 () < w3 (-, tiy1). Then on By, 1)(0) = Bau—ae)r(t;yq)(0) X {t =tiza}
u—¢ < (wp —wi) +wz + (w3 — w31)

since @(-,ti+1) is the maximal radial function < u(-,t;11). Hence for (6.4), it
suffices to prove that the right hand side of the above inequality is bounded by
L(hC + K)ar(tiy1).

1. Bound on wy; — wq1:

wi(tipr) —win () < Ca'Cwiy ()
< Cal~C (n, M)aSr(tisr)
< hC?LON”(tz‘H)

where the first inequality follows from the assumption (6.3) since
wy =u< ¢+ Ca~p

on 9B _ae)p1)(0) X {t} and w1y is bounded below by a radial caloric function in

IT with boundary value ¢ on 9B _ae),1)(0) X {t}, the second inequality follows
from maxwiy; < maxu < Cy(n, M)ar(ti+1), and the last inequality holds if

L = L(n,M) is a sufficiently large constant depending on n an M.

2. Bound on wy: For t; <t <t;4q,

aélrl(?ﬁo)u(',t) < C(n,M)ar(t) < C(n, M)Kar(t) (6.15)
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where the first inequality follows from (3.22) and the last inequality follows if
K > 1. Hence from the construction of ws,

maxwa(-,tiy1) < C(n,M)Kar(tiy1)
LK
S 70[T(ti+1)

where the last inequality follows if L = L(n, M) is sufficiently large.

3. Bound on w3 —ws;: A similar argument as in (6.9) shows that (c) implies
w3 (-, tir1) — w31 () < c(a,n)C(n, M)L(C + K)ar(tit1)

where ¢(a‘,n) — 0 as @ — 0. Hence if o < a(n, M) for a sufficiently small
a(n, M), then

hL(C + K)

w3 (-, tip1) —ws(+) <
Combing the above bounds on w; — w1, we, and ws — w3y, we conclude

w1 (- tig1) —win + wa (e, tipr) +ws(e, tipr) — w31
L(hC—f—K)a’F(tH_l)

u(-tiv1) — o( tip1) <
<

O]

Remark 4. In Lemma 6.1, we assume K > 1 for the simplicity of proof.
In the proof of Lemma 6.1, this assumption is used only for (6.12) and (6.15),
i.e., for a bound on maxpq, u. Later, to iterate Lemma 6.1 and Lemma 7.1 for
a decreasing sequence of K < 1, we will modify and improve the inner region
Q1 so that (6.12) and (6.15) are guaranteed for K < 1 (see Corollary 7.2).

Corollary 6.2. Let 0 < h <1 and € = 2/3 be as in Lemma 6.1. Let m be the
largest integer satisfying
e—1
l<az h™
Then for j > m+2, (a) and (c) of Lemma 6.1 hold with C replaced by a3 C
at time t =t;. Here C > 0 is a constant depending on n and M.

Proof. By Lemma 4.1 and Lemma 5.1, the conditions (a) and (b) of Lemma 6.1
are satisfied with C = K = C(n,M) > 1 for ¢ > 2. The condition (c) of
Lemma 6.1 follows from (5.6) for ¢ > 2. Also the condition (6.3) holds for ¢ > o
by Lemma 5.1 with ¢ < qg Hence applying Lemma 6.1, we obtain that the
conditions (a) and (c) hold with C replaced by hC' for i > 3.
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On the other hand, the inequality (6.1) of the condition (b) holds for the
constants K and hC if @ < a(n, M) for a sufficiently small a(n, M) so that
K = C < a7 hC. Hence the condition (b) holds for ¢ > 3 with the improved
constant hC'.

Next we verify the condition (6.3) with C' replaced by hC for t > t3. Fix
T € (ti,tiy1) for i > 3. Decompose the time interval (0,7") so that

0<s1=t1 < ... <81 =121 < 8§ =T < 8i41 =tipa < ... <T.
Then by a similar argument as in the proof of (6.2) of Lemma 6.1,
u('a T) < (1 + hcal_s)qg('ﬂ_) on B(l—ae)r(’r) (0)

Hence the condition (6.3) is satisfied for ¢t > t3 with C replaced by hC. Then
applying Lemma, 6.1 for i > 3, we obtain a better constant h2C for the conditions
(a) and (c) for i > 4.

Now let m be the largest integer satisfying

e—1
l<az ™

Then the inequality (6.1) holds with C replaces by h/C for 1 < j < m. Hence

we can iterate Lemma 6.1 m times, as above, and obtain the improved constant
l1—e¢

a2 Cin (a) and (c) for ¢« > m + 2. In other words, for i > m + 2

u(t) < (1+a 2 Ca'™)(-, t;)
on B(i_qe)pt,)(0) and
u(-,t) < ¢(- 1) + Lo’ 2 C + K)ar(t;)
on By+,y(0) — Bi—ae)r(t)(0)- O
7 Improvement on flatness by interior estimate;

Asymptotic behavior of free boundary

In this section we show that the improved interior estimate, as in Corollary 6.2,
propagates to the free boundary at later times and gives an improved estimate
on the location of the free boundary. More precisely, we improve the constant K
in condition (b) of Lemma 6.1, using the improved constants in the conditions
(a) and (c).
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Lemma 7.1. Suppose that (a), (b) and (c) of Lemma 6.1 hold for i > iy with
C = 3, a small constant. Then fori > ig+2, (b) and (c¢) holds with K replaced
by C13, for a constant Cy > 0 depending on n and M. In other words, T'i(u) is
contained in B(i1c,ga)rt)(0) — Bpp)(0) fort > ti, 12, and

’LL(~, ti) < ¢(a ti) + L(ﬁ + Clﬁ)ar(ti)
on Br(ti)(O) — B(l—ae)r(ti)(o) for i >i9+ 2.

Proof. To prove the lemma at ¢t = ¢;,2, we will construct a radially symmetric
caloric function w < u and a radially symmetric supercaloric function v >
u such that their free boundaries I', ,,(w) and T, ,,(v) are located in the
CBar(ti,4+2)-neighborhood of each other. Recall that u is well approximated
by a radial function ¢ on each dyadic time interval. However the function ¢ (or
w1 which will be constructed below) does not catch up the change in values of u
caused by the displacement of the free boundary from 0€2;. Hence we modify the
approximating function wi by adding an auxiliary function ws, and construct
two caloric functions w < u and v > wu using the modified approximation,
wy + we, of u.
Let wy solve

Awq = 8w1/6t in QN {tio <t < ti0+2}
w) = ¢ on Qlﬂ{t:tio}

w; =0 on 001N {tio <t < ti0+2}-

Note that w; = ¢ for tip, <t < tip+1 and w; < ¢ for tig+1 < t < tp42.
Recall that v; (1 <14 < 4) are the caloric functions constructed in the proof of
Lemma 6.1. Let 14 solve

A1;4 = 81[)4/825 in N {tio <t < ti0+2}
@/;420 on Qlﬂ{t:tio}

Yy =u on O N {tz’o <t < ti0+2}.

Note that 1;4 = 14 for tig <t < tijp+1 and 1;4 > 1y for tig+1 < T < ti542. Let ¥/
be a space time region in 3 N {t;, <t < t; 42} such that its time cross-section

Eiﬁ = Br(t) (0) - B(l—ae)r(t) (0)
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for t;, <t <tj,4+2. Let wy solve

Awg = Qwg /Ot in X/
weg =0 on {t = tio} U o

W9 = 1[}4 on 82/ — {t = tio} — 891

Note that ws has a nonzero boundary values 1;4(-, t) only on the inner boundary
8B(1_ae)r(t) (0) x {t} of X'. Now let

w = w1 + ws in .
Then w = ¢ <won {t =t;,} and w = wy +1;4 < won 0B(1_aeyp(1) (0) x {t} since
w1 —1—1;4 is caloric in 21 N {tio <t< ti0+2} with wi + 154 <y on 01 U {t = tio}-

Hence by comparison
w<wuin Y.

Next to construct a supercaloric function v > u, we modify the boundary of
w on the time interval [t;,+1,%i,+2] and also modify the values of w in the new
region so that it is a supersolution of (P) with larger boundary values than u.
Let f(t) be the linear function defined on the interval [t;,+1, ti,+2] such that

f(tigr1) =1 - C1Ka

ftigy2) =1 —2C1Ba

where C; = Ci(n, M) is a sufficiently large constant which will be determined
later. Here we assume K > 20 since otherwise the lemma would hold with
Cy = 2. For afixed t € [tig+1, tig+2], let g(z,t) be the harmonic function defined

in Br(t)/f(t)(o) - B(l—oﬁ)r(t)/f(t)(o) such that
g(z,t) =1 for =z € 8Br(t)/f(t) (0)
g(x,t) =1- ClKa for S GB(l_ae)r(t)/f(t)(O).

Let II be a space time region constructed on the time interval [t; 11, tj,+2] such
that its time cross-section

Iy = Bty 1(1)(0) = Baa—ae)yr(t)/£(t)

for t € [tiy+1,tt+2]. Now construct a function v in II as follows
v(a,t) = gz, hw(f({t)z, t).
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We will show that v is a supersolution of (P) satisfying v > w on the parabolic
boundary of II.

1. To prove that v is supercaloric in II, we find some bounds on |f'(t)], |g:|,
Vg, w, [Vw| and |wy|.

(1) Since f is linear and t;,42 — tip+1 ~ 72(tjg+1) (Lemma 3.1)

C’(n, M)ClKOé
72 (tig+1)

1f'(t)] < (7.1)

(2) Since g(-,t) is harmonic on the annulus B,(¢),¢+)(0) — Bi—ae)r) /() (0)

c(n)Ch1Ka

C(n)C1 K«
acr(t) ’

< <
SIS acr(t)

(7.2)

(3) From the construction of g

0l < max| Vgl o0 +'0)
< max|Vg|C(n, M)(r%fi(f) +7'(1))

CiKa+1

T(ti0+1)
C(n,M)Ch Ka(C1 Ka + 1)

acr?(tigy1)

IA

max |Vg|C(n, M)

(7.3)

where the second inequality follows from (7.1), the third inequality follows
from the Lipschitz property of €1 (Lemma 3.2) with Lemma 3.1, and the
last inequality follows from (7.2) with Lemma 3.1.

(4) Since max ¢(-,t) ~ maxu(-,t) = r(t),
max wi (-, t) = r(t). (7.4)
(5) Since w; is a caloric function vanishing on the Lipschitz boundary 9; N
{ti, <t < tiy+2}, wi is almost harmonic near 9 N{ti,+1 <t < t;42} by

Lemma 2.1. Hence (7.4) implies that for (z,t) € ¥’ N {tig+1 <t < tig42}

c(n, M)dist(x, 0B, (0)) < wi(z,t) < C(n, M)dist(z,0B,)(0)). (7.5)
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(6)

Applying Lemma 2.3 to the re-scaled w1 (/Ti;+2, tiy+2t), we obtain that
for t € (tig+1,tig+2) and x € Br(t)(()) — B(l—oﬁ)'r(t) (0)

c(n, M) < |Vwi(z,t)| < C(n, M) (7.6)

and

Cn, M)r(tip+1) _ Cn, M)

io+2 = r(tig+1)
where (7.6) and the first inequality of (7.7) follow from (7.5) and the
second inequality of (7.7) follows from Lemma 3.1.

0w /0t] < (7.7)

From the construction of 1[}4,

max iy = max u < C(n, M)Kar(t;
Vi O N{tig<t<tigta} ( ) (o)

where the last inequality follows from |Vu| < CoM (Lemma 2.5) and the
condition (b). Hence by Lemma 2.4,

max V@h z,t)] < C(n, M)Ka!~¢
8B<1_ae>,~<t>(0)| (z,8)] < C(n, M)

and

max %(m,t)\ <
OB(1—ac)r(n)(0)  OF r(t)
Recall that the caloric function wy vanishes on the Lipschitz boundary
0 and on {t = t;,}, and it has nonzero boundary values 4 only on
the inner boundary of ¥', i.e., on 0B(1_qe)1)(0) x {t}. Since the inner
boundary of ¥’ is also Lipschitz in a parabolic scaling, the above bounds
on | V14| and |8i4/0t| yield that

C(n, M)Kal=2¢

r(t)

Combining (7.5), (7.6), (7.7) and (7.8), we obtain

|Vws| < C(n, M)Ka'™¢, |0wy/dt| < inY. (7.8)

c(n, M)dist(z, OB, ;) (0)) < w(z,t) < C(n, M)dist(z, 0B, (0)  (7.9)

c(n, M) < |Vw(z,t)| < C(n, M) (7.10)
and
owjor] < S0 M) (7.11)
7 (tig+1)

(Here recall that € = 2/3 and o < a(n, M) for a sufficiently small a(n, M).)
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Now we prove the supercaloricity of v in II.

Av—v; < 2fVg-Vw+ gf?Aw — gow + g|Vw||f'||z] — gw;
< 2fVg-Vw — gow + g|Vwl||f'||z| + 201 K ag|w]
< =C(n, M)|Vg||Vw| + |gelw + g|Vw|| f']|z] + 2C1 K aglawy|
—C(n,M)C1Ka C'(n,M)C1 K«
< + <0

ar(tio+1) r(tip+1)

where the first and second inequalities follow from the construction of v, the
third inequality follows from the monotonicity of wi, i.e., from Lemma 2.2
applied for w; with the gradient bounds (7.6) and (7.8) of w; and wsy (note g is
radial and increasing in |z|), the forth inequality follows from (7.1), (7.2), (7.3),
(7.9), (7.10) and (7.11) for constants C(n, M) and C’'(n, M) depending on n
and M, and the last inequality follows if o < a(n, M) for a sufficiently small
a(n, M) > 0.

2. For x € 8Br(t)/f(t) (O) and t € [ti0+1,ti0+2],

|VU($,t)‘ = ‘w(f(t)xvt)VQ(xﬂt) + g(xvt)f(t)vw(f(t)xvt”
= |g(@,t)f(t)Vw(f(t)z, )]
< (1-2C16a)|Vw| <1

where the second equality follows since w = w1 +wa = 0 on 9B, 4)(0), the first
inequality follows since f < 1—2C 8a and g = 1 on 9B, (;)/4(1)(0), and the last
inequality follows since w < u and 9€; and 99 (u) intersect on each small time
interval. Hence v is a supersolution of (P) in II.

3. We show u < v on IIN{t = t;;+1}. Recall that w; = ¢ for t;, <t < ;41
and w; is not necessarily equal to ¢ at time t = ¢;,41 since ¢(-, t;,4+1) is defined
to be the maximal radial function < u(-,¢;,4+1). However by a similar argument
as in the proof of Lemma 6.1, we can show that if the assumptions (a), (b) and
(c) of Lemma 6.1 hold for i = ip and C' = 3 then

u('v tio-i-l) < wl('? tio-i-l) + O(nv M)Kar(tio-‘rl) (7‘12)

on BT(ti0+1)(O) - B(l,ae)r(tioﬂ)(O) where C'(n, M) is a constant depending on n
and M. To prove (7.12), recall that

u =11+ Y2+ Y3+ Yy

in O N {ti, <t <ti+1}, where 1; are the caloric functions constructed in the
proof of Lemma 6.1 with ¢ = i5. From the construction of %1, we can observe
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w1 (-, tig+1) = Y1, tig1). Also on By, ,,)(0) x {t = tip41}

Yo+ sty < ol P+ 3+

260" Y1 +

2By + C(n, M)Kar(tiy+1) (7.13)
where the first inequality follows from the construction of 1 and w9 and the
condition (a) with ¢ = ip and C' = f3, the second inequality follows from (6.10)

with C' = 8 and with v in place of ¢, and the last inequality follows from (6.12)
and Lemma 3.1. Hence on B"'(tio+1)(0) = B1—ae)r( zo+1)( ) X {t =tig+1}

w1 + P2 + Y3 + Py

(1+ 2ﬁa1_5)w1 + C(n, M)Kar(tiy+1)
wy + C(n, M)(Bar(tiy+1) + Kar(ti+1))
w1 + C(’I’L, M)Kar(tioJrl)

<
<

u

VARRVARNVAN

where the equality follows from 11 = w;, the first inequality follows from (7.13),
the second inequality follows from (7.6), and the last inequality follows since
K > 2(3. Hence we obtain (7.12).

Now on ITN{t = tis+1} (= Byt 1)(0) = Ba—ae)r(tiy+1)(0) X {t = tig+1})

v(x,tigr1) > (1 —CiKa)wi((1 — C1Ka)x, tiy+1)
> (1 -Ci1Ka)(wi(z,tig+1) + c(n, M)C1 Kar(tiy+1))
> wi(z,tig1) — C(n, M)C1K o 0 (tig41) + C(n, M)CrKar(tig41)
> wi(x,tigy1) + C(n, M)Cr1 Kar(tiy+1)
> u(z,tig+1)

where the first inequality follows from the construction of v, the second in-
equality follows from (7.6) with the monotonicity of w; (Lemma 2.2), the third
inequality follows from (7.6), the forth inequality follows if @ < a(n, M) for a
sufficiently small a(n, M) > 0, and the last inequality follows form (7.12) if we
choose a sufficiently large constant C; depending on n and M.

4. We show v > w on the inner lateral boundary of II, i.e., on the set
OB(1—aeyr1)(0) x {t} for t € [ti;11,tig+2]. By the construction of w,

w = w1 + by on OB(1_qey(1)(0) x {t}. (7.14)

Here recall that wy + 1/;4 is a caloric function in Q3 N {t;, < t < t;,42} with
boundary values u on 094, and ¢ on {t = t;,}. Then by a similar argument as
n (7.13),

u— (w1 4+ 14) < 28w, (7.15)
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in Q1 N {tiy+1 <t < tjy+2}. Combining (7.14) and (7.15) we obtain that on
aB(l_ae)T(t) (0) X {t} and for t € [tio+1atio+2]

u < w4 260wy < (14 260 )w. (7.16)

Now for z € aB(l,ae)T(t)(O) and t € [tio-i-l? tz‘o_,_g],

v(z,t) > (1-CiKa)w((l—2C1pa)x,t)
> (1-Ci1Ka)(w(z,t) + C(n, M)CyBar(t))
> w(x,t) + C(n, M)CyBar(t) — C(n, M)C1Ka T r(t)
> w(x,t) + C(n, M)CBar(t) — C(n, M)Cla%ﬁal"'er(t)
> w(z,t)+ C(n, M)CiBar(t)
> (14280 w(x,t)
> u(x,t)

where the first inequality follows since w is decreasing in |z, the second and third
inequalities follow from (7.10), the fourth inequality follows from the assumption
(6.1) with C = §, that is K < a(=1/243, the fifth inequality follows since
e = 2/3, the sixth inequality follows from (7.10) if C; = Ci(n,M) is chosen
sufficiently large, and the last inequality follows from (7.16).

5. Conclude from 1, 2, 3 and 4 that v is a supersolution of (P) in II such
that v > w on OII N {t = t;,+1} and on the inner lateral boundary of II. By
comparison, v > u in II. Recall that w < u in ¥’. Hence the free boundary
I't(u) of w is trapped between I't(v) and I't(w) for t;,41 < t < t;j,+2. Now let
d(t) be the distance between I't(v) and I'y(w). Then by the construction of v,

1
dit) = (B 555~ )

Since 0 < f(t) < 1 increases in time on the time interval [t;,+1,%i,+2], the
function 1/f(t) — 1 decreases in time on [tj,+1,%i,+2]. Hence we can obtain
an improved estimate on the location of the free boundary at the later time
t= ti0+2- Since f(ti0+2> =1- chﬁa,

d(tigr2) < 3C1Bar(tiy12).

We conclude that the condition (b) holds with K replaced by 3C 3 for a constant
(' depending on n and M.

6. Lastly, if (b) holds for K = 3C15 and ¢ > ig + 2, i.e.,

Ti(u) C Bi43c,gayr() (0) — By (0)
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for t > t;,42, then since |Vu| < CoM,
u—¢=u<C(n,M)Bar(t)
on 091 N {t > ti0+2}. O

Remark 5. Note that in the proof of Lemma 7.1, we use the condition
K > 1 only for (7.13), i.e., for (6.12).

Corollary 7.2. Fori > 2, the conditions (a), (b) and (c¢) of Lemma 6.1 hold
with C replaced by h'C' for constants 0 < h < 1 and C > 0 depending on n and
M. In other words,

u(-,t;) < (14 Chia'=)¢(-, ;) on Bi—aeyr()(0), (7.17)
I'y(u) is contained in the
Chlar(t)- neighborhood of 0B, (0) (7.18)
fort € [t;, tit1], and

e+1

Bt (7.19)

u(-,ti) < gb(, ti) =+ C’h’oz

on Br(tz)(()) - B(lfaf)r(ti)(o)'

Proof. As in the proof of Corollary 6.2, the conditions (a), (b) and (c) are
satisfies with constant C' = K = C(n, M) > 1 for ¢ > 2. Let m be the integer
as in Corollary 6.2 and let € = 2/3. Then for t > ¢,,14, the constants C' and
K can be replaced, respectively, by § = a'7°C and C13 (see Corollary 6.2
and Lemma 7.1). Here C is a constant depending on n and M. Then by the
condition (b) with the improved constants, for t > t,,4,

Li(u) C Bgoypayre) (0) — By (0). (7.20)

for a constant C; > 0 depending on n and M. Fix i > m+4. Decompose [t;,t;+1]
into subintervals of length Bar™(t;)? and let 7, ¥ and ¥ be given similarly as
in Lemma 3.2, so that X = Byin(-y(0) X [7,7], 7 — 7 = Bar™(t;)* and Viz - <
C(n,M)/r™(t;). Recall that Vjz . is the average velocity of 90 on [7,7]. Then
using the upper bound on Vi -,

() — ' (T) < r(F) — (1) < C(n, M)Bar™(t;). (7.21)
for all t € [7,7]. By (7.20) and (7.21) with |Vu| < CoM,

max  u(-,t) < C(n, M)Bar™(t;
B g 150 £ Ol M) 1)
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for all t € [T, 7]. In other words,
u < C(n, M)Bar™(t;) on O%. (7.22)

Let 9 be a caloric function in ¥ constructed as in Lemma 3.2, then by (7.22)
and the improved condition (c),

(-, 7) > ul-,7) — C(n, M)Bar™(t;) > (1 — C(n, M)\/Ba)u(-,7)  (7.23)

on 0B(1_./gayrin(,)(0). Using (7.23) instead of (3.24), the construction of {4
can be improved so that Q1 N{t; < t < t;41} is located in the C(n, M)Bar™(t;)-
neighborhood of 90, for i > m+4. Then using the bound |[Vu| < CoM again,

max u(-,t) < C(n, M)Bar(t).
s ) < Clon, M) ar(r)

Note that the above inequality gives (6.12), (6.15) and (7.13) for K = C16 < 1
and ¢ > ty,44. Then as mentioned in Remarks 4, we iterate Lemma 6.1 and
Lemma 7.1 for K < 1, improving the approximating region {2; at later times. [J

8 Asymptotic behavior of u; Regularity of I'(u)

(7.18) of Corollary 7.2 says that the free boundary of u is asymptotically spher-
ical. Using this result, we approximate u by radially symmetric functions wy
supported on 1 N {tx <t < T} such that wy is caloric and its gradient is close
to 1 on 021. Then u turns out to be asymptotically self-similar by Lemma 2.8,
and we also obtain the regularity of I'(u) by Lemma 2.9.

Proposition 8.1. Let0 < h = h(n, M) < 1 be as in Lemma 6.1 and let e = 2/3.
Then for k > 2, there exists a radially symmetric caloric function wy defined in
O N{ty <t <T} such that

(i) Fort > ty, Ty(u) is located in the ChFar(t)-neighborhood of T'y(wy)
(ii) Fort >ty
wi (-, t) < ul-t) < wp(-,t) + ChFa ¢ maxu(-, t) (8.1)
where we let wi = 0 outside Q(wy)

(11i) On 0Q(wy,)
1 — Ch**afe < |V <1 (8.2)

where A = A(n, M) > 0 is a constant depending on n and M.
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In (i), (ii) and (i1i) C denotes a constant depending on n and M. By (i), the
free boundary T'y(u) is asymptotically spherical and by Lemma 2.8 with (i), (ii)
and (iii), u is asymptotically self-similar.

Proof. Recall that u is well approximated by a radial function ¢, which is caloric
on each time interval (¢;,¢;4+1). However ¢ does not solve a heat equation on
(tx, T) since it is discontinuous at each ¢; (¢(-,¢;) is defined to be the maximal
radial function < u(-,t;)). Hence we construct another radial function wy < ¢
which is caloric on (tx,T). Using Corollary 7.2, we show that the values of wy
are close to the values of w and the gradient of wy, is sufficiently close to 1 on
its vanishing boundary.
For k > 2, let wy, solve

Awy, = 8wk/8t in Q1N {t > tk—l}
wy = ¢ on {t=ty_1}

wr =0 on 01N {t > tkfl}
and let wy, solve

Ay, = a’lf)k/at in 1N {t > tkfl}

W, = U on {t=tg_1}
w =10 on 001N {t > tk—l}'
Then for t > tg,
wy < Wy < (1+ ChPal =Yy, (8.3)

where C = C(n,M) > 0 and the second inequality follows from (7.17) and
(7.19) with e = 2/3. For i > k — 1, let v; be a caloric function defined in
QN {t > ty_1} with the following boundary condition

v;=0 on {t=tg_1}
v;=u on O0Q1N {ti <t < ti+1}
v; =0 on 9N {tk;—l <t<tjort> ti+1}.

Then in O N{t > tx_1}

00
U = Wk + Z (7 (8.4)
i=k—1
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Throughout the proof, let C' denote a positive constant depending on n and M.
Then by (7.18) with |Vu| < CoM (Lemma 2.5),

v; = u < Chlar(t;) (8.5)
on 091 N {ti <t < ti+1}. Hence in 2 N {t > tiJrQ},
v; < Chau. (8.6)

Combining (8.3), (8.4), (8.5) and (8.6), we obtain that in Q; N {t > tx}

(1+ ChFar=)wy, + Z Chiou+ Ch*amaxu(-,t)

u <
i=k—1
< (14 Ch*a' 9wy + ChFamax (-, t) (8.7)
< wy + ChFal~ maxu(-, t).

Also for t € (t;,ti11), i >k, and = € Qy(u) — Q(wy),
u(z,t) < Chiar(t;) < ChFar(t;) < ChFal = maxu(-,t)

where the first inequality follows from a similar argument as in (8.5). Hence we
obtain the second part (ii) of the lemma. Observe that the first part (i) follows
from Corollary 7.2 since I'y(wy) = 0B,.;)(0) for t > ;.

Next we prove (iii) that |Vwyg| is sufficiently close to 1 on 024 N{t > t}.
Since wy < u and the free boundary T';(wy), that is 0B, ;)(0), intersects I';(u)
at each ¢, we obtain the upper bound

|Vwk| <1on o N {t > tk}.

To obtain the lower bound of |Vwg|, i.e., for the first inequality of (8.2),
we compare wyg with some harmonic functions near the vanishing boundary
0B, 1)(0). Fix a dyadic interval (t;,2;11] C (t,T). Fort € (t;,ti1], let Hy)(-) be
the harmonic function defined in B, (0) — By _pr/24¢),(1) (0) with the following
boundary data

H(t) =0 on OBT(t) (0)

H(t)() = wk(-, t) on 83(1_hk/zae)r(t)(0).
Then by Lemma 2.1 applied to wy,

Hyy () < (14 20wy, t) (8.8)
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on B,.;)(0) = B _pr/2q6),(1)(0) where a > 0 is a constant depending on n and
M. This implies
IVH | < (1 + h*/20%) | Vwy| (8.9)

on 8Br(t)(0) Let
A= A(n, M) =min{a/2,1/2} > 0.

Then by (8.9) it suffices to prove
IVHy| > 1 — ChFate (8.10)

on 0B,;)(0) for t € (t;,tiy1] C (tg, T).
First we show (8.10) for time ¢ in some subset {si,..., S} of the interval
(ti, ti+1]. Recall

(a-1) By Lemma 3.2, the inner-radius r(t) is Lipschitz on [t;—1,t;y1], i.e
r(t) —r(s)] < CJt —s]/r(ti)
for t,s € [ti—1,tit1]
(a-2) By Corollary 7.2, the outer-radius r°%(t) satisfies
r(t) < roU(t) < r(t) + Chlar(t;) < r(t) + ChFar(t;)
for t € [ti—1,tit1].

Also recall that r°“(¢) is not necessarily Lipschitz on [t;_1,%;11]. However using
the properties (a-1) and (a-2), we can construct a Lipschitz function R(t) on
[ti—la ti+1] such that

(b-1) |R(t) — R(s)| < C|t = s|/r(t:) for t,s € [ti1, tiya]
(b-2) roU(t) < R(t) < r(t) + Ch*ar(t;)

(b-3) R(t) rout(t ) for ¢ in some subset {s1, ..., s} of [t;, t;+1] such that
t; 0 <81 <..<8m<Smt1 =tiy1 and

s; — 51 < hFar?(t;)

for1<j<m+1.
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Now let  be a space time region on the time interval [t;_1,;41] such that
Q4 = Bp(;)(0)
for t € [ti—1,tiy1]. Let 4 solve

= th in Q

Ad
uU=1u on {t:ti_l}
a=0 on IAN{ti1 <t<ti1}.

Then by the construction of R(t),
u < i< u+ChFar(t;) (8.11)

where the first inequality follows from the first inequality of (b-2) and the last
inequality follows from the last inequality of (b-2) with |[Vu| < CyM.

Fix t € {s1,...,8m}. Then I';(u) intersects I'y(1) since ['y(%) = O Byout(4)(0).
Let xg € T'y(u) NT'y(a), then by (8.11)

Vii(zo, t)| > 1. (8.12)

On the other hand, let H(-) be the harmonic function defined in Biout(1y(0) —
B(1_pkr2q6)r(1)(0) with the following boundary data

H=0 on aBrout(t) (0)

H=m on 0B;_pk2q0)r()(0)

where
m = max{u(z,t) : @ € OB(1_pr/200),1) (0)} + ChFar(t;).

Then by Lemma 2.1 applied to @ with (8.11),
H(-) > (1 — h*/209)q(. 1) (8.13)
in Brout(1)(0) = By _pk/2q¢)r1)(0) Where a = a(n, M) > 0. Hence on 9B, out(1)(0),
IVH| > (1 — h®™*/20%)|Va(xo, t)] > 1 — h@*/2a% (8.14)

where the last inequality follows from (8.12).
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Now we compare the harmonic functions H;) and H by comparing their
boundary values wy(-,t) and m on 9B(;_pk/2q6),1)(0). (Recall t € {s1,..., sm}
iS ﬁXGd.) FOI' T € 8B(1—hk/2a5)7’(t) (O)

(1 + ChFal = wy(x,t) + Ch*ar(t;)

m <

< (14 CR* 2 =)y (x, t) (8.15)
where the first inequality follows from (8.7) with the construction of m and
last inequality follows since (8.7) and the almost harmonicity of wy, imply that
wy, = h¥2afr(t) on OB (1_pk/206yr(1y(0). Then on 0B,;)(0)

wk|oB L0
VHp| > (1-Ch*al)——0t ey

> 1-—Cht*aAe (8.16)

where the first inequality follows from the constructions of H ) and H with
(b-2) and the last inequality follows from (8.14) and (8.15) with the constants
A =min{a/2,1/2} and € = 2/3. Hence we obtain the desired inequality (8.10)
for time ¢ in the subset {s1, ..., sy} of (¢, ti+1].

Next we show (8.10) for t € (sj_1,5;), 1 < j < m. Since ¢ is decreasing in
time on each dyadic time interval and the region €2; is shrinking in time, wy is
also decreasing in time. Hence on 63(1_hk/2ae)r(sj)(0)

wk(')ﬂ > wk('asj)' (817)
By (a-1) with |t — sj| < 55 — sj_1 < hFar?(t;),
0 < r(t) —r(sj) < Ch*ar(t). (8.18)
Then by (8.17) and (8.18) with the almost harmonicity of wy,
k/2 1—e¢
W D)los, ua,© = (L= ChH%a JOkC 8108 12, @ (8:19)
Hence we obtain
k/2 1—e
IVHloB,0 = (1—Ch a IVHs)las, )0

> 11— ChAkaAe

where the first inequality follows from the construction of H(y with (8.18) and
(8.19), the last inequality follows from (8.16). Since t € (sj_1,s;] for 1 < j <m,
we can conclude that (8.10) holds for all t € (sg, S| = (i, Sm] C (ti, tir1]. Then
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by repeating the above argument with ¢;;; replaced by ¢;;2, we can obtain
(8.10) for all ¢t € (¢;,ti+1]. Recall that (8.10) implies the first inequality of (8.2).
Hence we obtain the properties (i), (ii) and (iii) of the proposition for the radial
function wy, for k > 2.

Observe that by (i) and (ii),

sup s t) = (s flloo/llu(s Dl = 0 (8.20)
and
t s<1£T dist(Ty(u), Ty (wg)) /r(t) — 0 (8.21)

as k — oo where r(t) = diameter of I';(wg)/2. On the other hand, (iii) implies
that the radial function wy is a supersolution of (P) and also the function
(1 + Ch**aA)wy, is a subsolution of (P), both of which vanish at time t = 7.
Hence for some constant 1 < 3 < 1+Ch4*aA¢, a radial solution v of (P) vanishes
at time ¢ = T' if v has an initial condition v(-, tx_1) = Swi (-, tk—1) = BP(-, ti—1)-
Then by a similar argument as in the proof of Lemma 3.1, we can show that
the free boundary T'y(v) is located in the C(n, M)hA*aA¢r(t)-neighborhood of
Iy (wy) since v and wy, otherwise, would have different extinction times. Then
using the upper bounds of |Vwyg| and |Vv| (Lemma 2.5),

(-, 1) — wi(-, )] < C(n, M)h*ar(t) (8.22)

where 7(t) = ||wk(-,t)||co- By Lemma 2.8, v is asymptotically self-similar and
hence we can conclude from (8.20), (8.21) and (8.22) that u is asymptotically
self-similar. O

The next corollary follows from Lemma 2.9 and the flatness of I'(u). Note
that it was proved in [W] that a limit solution of (P) is also a solution in the
sense of domain variation.

Corollary 8.2. Let 0 < h = h(n,M) < 1 be as in Lemma 6.1. Then there
exists a constant co > 0 depending on n and M such that if h*a < co for some
k> 2, then T'(u) N {ty <t < T} is a graph of C*7Y function and the space
normal is Holder continuous.

Proof. Let o1 be the constant as in Lemma 2.9. Let
(y,7) eT(u)N{tr <t <T}

where k is a sufficiently large integer which will be chosen later. Without loss
of generality, we assume that y = (0, ...,0,y,) with y, > 0 and 7 € (tg, tg41].
Let

p=6r(r)
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where 6 > 0 is a sufficiently small constant depending on n, M and o1, which
will be chosen later. Let w; be the caloric function constructed as in the proof
of Proposition 8.1. Recall that I'(wg) = 091 N {tx—1 <t < T'} is Lipschiz in a
parabolic scaling (Lemma 3.2). Then by (i) of Proposition 8.1 and the Lipschitz
property of I'(wy),

u=0 in Q,(y,7) N {z:2n > Y +o1p} (8.23)

if § = d(n, M,o01) > 0 is chosen sufficiently small and k = k(n, M, h, o, 01,0) is
chosen sufficiently large so that

Clhka

a1

S 1) S 020'1 (8.24)

where C; = Ci(n,M) > 0 is sufficiently large and Co = Ca(n, M) > 0 is
sufficiently small.
Next we show
|Vu| <1+ 0} in Q, (y,7).

Let Q C R™ x [tk—1,tk+1] be the Lipschitz region constructed as in the proof
of Proposition 8.1, which contains Q(u) N {tx—1 < ¢t < tx41}. Then since
max{|Vu|? — 1,0} is subcaloric in Q(u) N {tx_1 <t < tpi1},

Vu|> =1 <w (8.25)
where v solves
vy = Av in Q
v=20 on NN {tp_1 <t <tp}

v=max{|Vu? -~ 1,0} on {t=t, 1}
Observe that by Lemma 2.5

maxv < (CoM)2.
Q

Also by Lemma 2.1, v(-,t) is almost harmonic near its vanishing boundary o0,
for t € [(tg—1 + tr)/2,tr+1]. Hence we obtain that for ¢ € [(tx—1 + tx)/2, tk+1],

v(z,t) < ob if dist(z,dQ) < 3p = 30r(7) (8.26)

where § = §(n, M, 01) > 0 is chosen sufficiently small.
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On the other hand, we can observe from the construction of Q that its bound-
ary 0€); is located in the ChFar(ty)-neighborhood of T'y(u) for t € [ty_1,tpy1].
Hence for (z,t) € T'(v) N Q, (y,7),

Cooyr(r)

dist(z, 0Q;) < Ch*ar(ty,) < C
1

<or(t)=p (8.27)

where the second and the last inequalities follow from (8.24) with a sufficiently
large C1 = Cy(n, M). Then by (8.26) and (8.27),

\Vu|2 —1<v<o? in Q, (y,7) (8.28)

where the first inequality follows from (8.25).

By Lemma 2.9 with (8.23) and (8.28), we conclude that I'(u) N {ty <t < T}
is a graph of C'™7 function and the space normal is Holder continuous, where
k is an integer satisfying (8.24).

O
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