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LOCATING THE FIRST NODAL SET IN HIGHER DIMENSIONS

SUNHI CHOI, DAVID JERISON, AND INWON KIM

ABSTRACT. We extend the two-dimensional results of Jerison (2000) on the
location of the nodal set of the first Neumann eigenfunction of a convex domain
to higher dimensions. If a convex domain €2 in R"™ is contained in a long
and thin cylinder [0, N] X Bc(0) with nonempty intersections with {z1 = 0}
and {z1 = N}, then the first nonzero eigenvalue is well approximated by the
eigenvalue of an ordinary differential equation, by a bound proportional to e,
whose coefficients are expressed in terms of the volume of the cross sections of
the domain. Also, the first nodal set is located within a distance comparable
to e near the zero of the corresponding ordinary differential equation.

1. INTRODUCTION

Let © be a bounded convex domain in R™. Let u be an eigenfunction for €
associated with the smallest nonzero eigenvalue A of the Neumann problem for €,
that is,

(1.1) Au = —Auin Q, u, =0 on 01,

where u, = v - Vu and v denotes the outer normal unit vector at each point on
0. The purpose of this paper is to locate the first nodal set A = {u = 0} and to
estimate the first nonzero eigenvalue A. We show that A is near the unique zero
of the first nonconstant eigenfunction of a certain ordinary differential equation,
and we estimate the difference between A and the first nonzero eigenvalue of the
corresponding ordinary differential equation.

Assume

(1.2) Qc{(z,y1,-,Yn—-1) : © € [0, N], (Y1, --»Yn—1) € Bc(0)} CR"
and suppose further that
(1.3) Q(s) := QN {xz = s} is nonempty for 0 < s < N.

Let u be the first nonconstant eigenfunction for 2. Denote by ¢; the first non-
constant eigenfunction with the smallest nonzero eigenvalue pq for the Neumann
problem on [0, N] given by

(1.4) —(we}) = prwey on (0, N); w(s)pj(s) = 0ass— 0" ors— N,
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where w(s) is the (n—1)-dimensional volume of 2(s). Let s; € (0, N) be the unique
zero of ¢1, i.e., ¢1(s1) = 0. The main results of this paper are as follows.

Theorem 1.1. If u is the first nonconstant Neumann eigenfunction of Q and
satisfies (L2)) and ([L3), then there is a dimensional constant C' such that

(a) u(z,y1, ...y yn—1) = 0 implies |z — s1| < Ck,

(b) (1—=Ce/N)p1 <A<,

where s1 and w1 are given in (L4).

Theorem [[.T] was proven by Jerison ([JI]) for n = 2. By taking a new coordinate
system, he bounds the first eigenvalue A from below by a formula whose coefficients
are expressed in terms of the width of the cross section Q(x) = {y : (z,y) €
}. (Here y-axis is chosen so that the projection of €2 onto the y-axis has the
shortest possible length.) Using ODE eigenvalue estimates, he first locates the
nodal set, and then, using the location of the first nodal set, he estimates the first
eigenvalue. However for n > 2, a parallel approach leads to a weaker result mainly
due to the fact that we do not have a proper coordinate system (s,t1,...,tn—1) —

(@, Y1, -, Yn—1) satisfying
N
(1.5) / |0syjlds < Ce, j=1,...,n—1.
0

(See the Remarks at the end of this section.)

In this paper we extend results in [JI] to higher dimensions, with a different
approach to the problem. We first estimate the difference between the eigenvalues
of the original PDE and the corresponding ODE by taking a one-dimensional test
function and using a sharp result of Kroger on the upper bound of a gradient of
a Neumann eigenfunction and also by using a new coordinate system which will
be constructed in section 4. (We will only need a pointwise estimate (see (II') in
section 4) weaker than (LI).) Based on these estimates, it turns out that we can
find a bound on the width of the first nodal set. Once we prove that the nodal set
is thin, i.e., the diameter of the nodal set is comparable to €, then we are able to
locate the nodal set near the zero of the eigenfunction of the corresponding ODE.

First, we derive the second inequality of (b). Recall that 4 minimizes the Dirich-
let integral

(1.6) J(v) = /Q |Vol?

among all functions v on 2 satisfying

(1.7) /91)2:1, /Qv:o.

The minimum value of J is the eigenvalue A. If we consider functions of x alone,
ie, v(x, Y1y .y Yn—1) = ¢(x), then

N
(18) () = 1(9) == / &/ (5)2w(s)ds

and the constraints (7)) become

N N
(1.9) /0 #(s)?w(s)ds = 1, /0 o(s)w(s)ds = 0.
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As in [J1] we observe that the minimizer of (I.8) under the constraints (I9) is the
first nonzero eigenfunction ¢, given in (IL4) and I(¢1) = u1. Hence

(1.10) A< .

Remark 1. If we normalize N = 1, then by [L] and [ZY], C; < X for some absolute
constant C7 > 0, and by plugging in the test function ¢(x) = sin 7wz, we get A < Co
for some dimensional constant Cs.

Remark 2. In the case of the Dirichlet problem on a planar convex domain, Jerison
[J2] obtained results corresponding to Theorem [IIl Later Grieser and Jerison
(IGT1], [GJ2]) showed that the nodal line is in an z-interval of much shorter length
Ce/N (possibly at distance Ce from s1). We expect that there is an analogous
bound in the Neumann problem.

Remark 3. An analogous approach to the method in [JI] for higher dimensions, by
modifying the methods in [J1], [J2], leads to a result weaker than Theorem [I]T] i.e.,
with elog(/N/e) instead of e.

2. PRELIMINARY RESULTS AND COROLLARIES

Throughout the paper we normalize €2 such that N = 1. As mentioned in the
Introduction, a key ingredient in the proof of Theorem [[1] is Kroger’s comparison
theorems on the gradient of eigenfunction u, which we state below.

Theorem 2.1 (Kroger, [K1|, [BQ]). Let Q be a convex domain in R™ with smooth
boundary. Let u be the first eigenfunction for the Laplace operator on Q with the
associated eigenvalue X > 0, under Neumann boundary conditions. Let v be a
solution on some interval (a,b) of the differential equation

(2.1) v (z) + - 11/(:5) = —Xv(z) on (a,b) v'(a) =2'(b) =0

such that v # 0 on (a,b) and [minu, maxu] C [minv, maxv]. Then
V(v tou)| < 1.

Theorem 2.2 (Kroger, [K2]). Let Q, u and X be given as in Theorem 2.1l Suppose
maxu > —minu. Let b be a positive number such that X is the first nonzero
etgenvalue of

(2.2) " (z) + Y () = = p(x) on [0,b], ¥'(0) ='(b) =0.
If ¢ is the corresponding eigenfunction with ¥(0) > 0, then

n—1

max u max
< Y

—minu ~ —miny’

Corollary 2.3. Let Q and u be given as in Theorem 21l If N =1 and max |u] = 1,
then |Vu| < C for some dimensional constant C'.

Proof. First, we claim that if 0 < a < b, then the solution v to (21]) satisfies
(2.3) max |v| < VA|v(a)|.
To see this, multiply v" to both sides of (2] to obtain

_nfl(v,)2 <0

1
(2.4) V' + X' = 5((1}’)2 + M%) = ”
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for x > 0. Hence,
(v")%(2) + Ao (z) < (v')%(a) + M (a) = \?(a),

and the claim follows.

Now, for sufficiently large M > 0, consider an interval (a,b) C (M, o) such
that A is the first nonzero eigenvalue of the Neumann problem (Z1I). Let v be the
corresponding eigenfunction. If M is large enough, then v is close to a constant
multiple of cos vV Az, and thus we can normalize v so that 1 < —minv < 2 and
1 <maxv < 2.

Then, by Theorem 2.1 we get

sup |Vu| <sup [v'| <C
where the second inequality follows from Remark 1 and the above claim. (]

Corollary 2.4. Let Q and u be given as in Theorem 2l Suppose that N = 1 and
1 = maxu > —minu. Let k(e) be the smallest integer such that 2-k(e) < ¢. For
integers 1 < k < k(e), let

Io=12"%1 27 MUl —27% 1271

and let Tio) = [0,275E]U[1 — 275 1]. Then there exists a dimensional constant
C > 0 such that

(2.5) sup |Vu| < C27F for 1 < k < k(e).

zely,

Proof. Suppose u < 0 on 2(0) and u > 0 on ©(1). Denote m = — minu. We claim
that

(2.6) max u < —m + 3Moe,
z€(0)

where My is the upper bound for |Vu|. To see this, let

So = min{x : minu = —m}.
o = min{a : min )
By Corollary 23]
(2.7) IVl < Mo

with a dimensional constant My, and thus maxq, ) u < —m +2Mpe. Assume that
maxq) u > —m + 3Moe; then {u > —m + 2Mye} has a component A such that
|Al >0 and A C {x < sp}. Let

- Ju for ze€Q-A,
YT —m+2Mpe  for T € A;

then ) ”
f97 [Vl S st Vi
Jo_ v? Jo_@ "
and we get a contradiction. A parallel argument yields
(2.8) min u > 1 — 3Mye.
z€Q(1)
Now we show (2] using Theorems 2T and [Z2] First, consider the case k = k(e)
on the interval [0,27%()] C [0,¢]. Recall that m := —minu < maxu = 1 and

u < —m + 3Mpe on ©(0). Let ¢ be the first eigenfunction of (22) with ¢’ # 0
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on (0,b), ¥(0) > 0 and —minty = m. Observe that ¢ is decreasing and thus

P(b) = —m.
By Theorem 2.2] max 1) > maxu, and thus

[minu, max u] C [min ¢, max1)].

Also, since v satisfies ([2.4]) with v replaced by v,

v = 220Dy awayar

= 2D g A (),
Hence for x € J := {¢p < —m + Ce}

1 N2 b2(n—1)
wp < R

Assume that 1'(x)? = Me for the first time in [z,b] C J. Then by the above
inequality

Y/ (t)2dt + 2Cme.

b
Me < Me-2(n—1)log — + 2Cme,
x

1— M~1C(2m))

. Therefore if we let M := 4CmA, then we
2(n—1)

which yields log% >
obtain z < e~ 1/4(n=1)p,
Choose a sufficiently small-dimensional constant ¢y > 0 such that if € < ¢g, then
J={¢Y < —m+Ce} C [e”V/4=Dyp p).
It follows that if € < ¢g, then
)| < C1v/e, C1 = V4CmA on J.

By Theorem 2] and the above argument with C' = 3Mj, we obtain that if € < g,
then

(2.9) |Du| < Myv/e in {u < —m + 3Mye},

where My = 2v/3MomA.
Using the improved gradient bound (2.9) instead of (2.1), (2.0) improves to

(2.10) u < —m+ 3M;e/? on {0 <z <e}.
Next we repeat the argument with the improved bound (ZI0), i.e., with {¢p <
—m + Ce} replaced by {¢ < —-m + 3M1€3/2}. It follows that for € < ¢q
|Du| < Moe/2H1/4 oy < —m 4 3Myet t1/24H1/4 on {0 <z <e},

where

3My = 6(6(3MomA)Y>mA)/? = 611230 A (mA) /24,
Iteration of the above argument will yield that if € < ¢g, then

|Du| < 36mAe < Cpe on {0 < z < €},

where Cy is a dimensional constant.
For other intervals [27%=1 27%] (k < k(e)), a similar iteration can be applied
with the first step

(2.11) max u < —m 4+ 4My2~F,
z€[0,2—F]
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which follows from (Z6]) and (Z7). Then a parallel argument with e replaced by
27" proves ([ZF) on [27%71,27*] for k such that 27% < ¢g. Note that, other than to
derive (2.0)), we do not use the fact that € is the specific constant depending on €.

For intervals near z = 1 (i.e., for [1 — 27% 1 — 27%~1]) the proof is divided into
two cases. First if maxu = 1 = —minu, then for w:= —u(l — 2, y1, ..., Yn—1),

—minw =maxw =1, w<0on {z=0},and w>0on {x=1}.

Therefore the argument for w on intervals near z = 0 gives the result for v on
intervals near x = 1.

Secondly if maxwu = 1 > —minwu, then as in the proof of Corollary 23] choose
sufficiently large constants a and b such that A is the first nonzero eigenvalue of
@) and the first eigenfunction v satisfies

maxv = 1 and — minv > — minu.
Since [minw, maxu] C [min v, maxv] and

minu > 1 — 3Mye = max v — 3Mye,

(1)
a similar reasoning as in the interval [27%71 27*] yields the result for the interval
[1—27%1—27%"1 near z = 1. a

From Corollary 23] we obtain Corollary 225 which states that the first nodal set
is located in the middle part of 2. Later in section 4, Corollary and Theorem
2T will be used along with a new coordinate system to estimate the first nonzero
eigenvalue A. Based on the bound on A, the width and location of the nodal set are
derived again by using Theorem [2.1]

Corollary 2.5. Let Q and u be given as in Theorem 21l Suppose N = 1 and
sup |u| = 1. Then there exist dimensional constants ¢y > 0 and co > 0 such that

co <lu| <1 forzel0,c1]U[l—eq,1].

Proof. Without loss of generality, we may assume max |u| = u(Z,7) = 1 (§ € R""1)
and u > 0 on {z = 1}. By Corollary 23] there exists a dimensional constant ¢; > 0
such that u(z,y) > 1/2 if | — Z| < ¢1. Since the Courant nodal domain theorem
[CH, p. 452] implies that 2, and Q_ are connected, u > 1/2 in {& > & — ¢1}.
On the other hand, since / uT = / u™, Corollary 23] implies — minu > ¢y
Q_ Q
for some dimensional constant ¢ > 0. Hence we obtain Corollary by a similar

reasoning for u_ as in u. ]

3. ODE EIGENVALUE ESTIMATES

In this section we prove several lemmas on ODE eigenvalue estimates, which
will be applied to the one-dimensional eigenfunction ¢; in section 4. In particular
Lemma will be used to locate the nodal set in section 4, and Lemma yields
the bound on the width of the nodal set. The proof for Lemmas 3.1, [3.2] 3.3 and
[3.4] are parallel to those of the corresponding lemmas in [J1]. The only difference
in the proof is that, instead of the concavity of the height of the cross-section h(x)
for n = 2, we have the concavity of w'/”~1(z) by the Brunn-Minkowski inequality
for the volume of the cross-section w(zx).
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Lemma 3.1. Fora <1/2,
a 2
in f0a¢ (z)w(z)dx > 1 .
{¢:6(a)=0} [ p(x)?w(x)dx ~ 2"~2a?

Proof. The proof is the same as that of Lemma 4.2 of [J1], using the fact that
w(z) <27 lw(t) for 0 < <t < a. O

Lemma 3.2. There exists a constant C > 0 depending on n such that

0 f; &' (z)*w(z)dz - C
{o:0(a)=0} [* g(2)2w(x)dx ~ (b—a)*

Proof. Take a test function ¢(z) = z. We need to show that

1 1
/ w(z)dx < C/ r*w(z)de,
0 0
where C' depends on n. Multiply w by a constant so that fol w/ =D (H)dt = 1.
Due to the normalization and the concavity of w'/("~1) | the arguments in the proof
of Lemma 4.3 in [J1] yield that
1
/ w/ V(@) dt > (1 — )2 for 0 <z < 1.
By Holder inequality,
1 1
(/ w(t)dt)/ V(1 = g)(n=2/ (D) > / wt/ Y (4)dt > (1 — z)?,
x x
and thus W(x) := fml w(t)dt > (1 — x)™. Therefore by integration by parts,

/0 ' Pw(w)ds = /O W) = /0 T ()

> /0 2¢(1 —z)"dz =2/(n+ 1)(n+2),

where the second inequality holds because z2W (x) = 0 for z = 0, 1.

On the other hand, since w!/ =1 (t) is concave with w'/"~1(0),w'/"~1(1) > 0,
the graph of w'/ (=D (¢),0 < t < 1, is above the triangle generated by (0,0), (1,0
and (to, w™™ 1(ty)), where w(ty) = maxw. It follows that

1 1
/ w(t)dt < w(ty) < (2/ wt/ =D () d)nt = on L
0 0
. 2"
and our lemma holds with C =C(n) = ———— d

(n+1)(n+2)

Lemma 3.3. Let s be the zero point of ¢1 given in (L4)). Then there exist con-
stants ¢; > 0 and co > 0 depending on n such that

c1 < 51 < cCa.

Proof. The lemma follows from Lemmas [3.1] and the proof of Lemma 4.4 in
[T1]. O
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For a € [0, 1], define

1 /( 2
Bloi]— inf M.
{¢:¢(a)=0} f (x)?w(x)dz

Lemma 3.4. Suppose that co < a < 1—c¢y for some 0 < cg < 1. Then there exists
a constant C > 0 depending on n and cy such that

(0/0a)E[a,1] > C.
Proof. Normalize w so that

(3.1) Ogcangw(x) =1

By the concavity of w!'/(»~1 and @), w ™ Y(cy) > ¢o. Let ¢ be the unique
nonnegative minimizer for Ela, 1] with the normalization

1
(3.2) / o(2)?w(x)dr = 1.

Following the proof of Lemma 3.4 in [J1], we only need to prove that
(3.3) |p(z)| < CE™ fora <z <1,

where E = Ela, 1] and C' is a constant depending on n and cy.
Observe that since ¢ satisfies —(w¢') = Ew¢ and ¢'(1) =

| / Fuw(t)s(t)d
/¢2 t)dt 1/2(/;w(t)dt)1/2.

In particular, (31 and (3:2)) imply that |w¢’| < E for a < z < 1. Since ¢(a) =
we have

(3.5) (t) < E / w‘i)

On the other hand, by concavity of w'/?~1(t), for a < s <t < 1, w'/""1(s) is
above the line I(s) = as +  connecting (co, o) and (¢, w'/"~1(t)). Without loss
of generality, we may assume that ¢y > w'/""!(t) and a < 0. (Other cases are
better.) For n >3

(3-4) |w'|(x)

IN

IN

tods t ds C C
(3.6) / (s = / (st A1 = (@l 1 B2~ oo i)
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Hence by (34), 33) and (3.6

1
¢(@) < ufm / w(t)o(t)dt

E? ! b
< i L w0 g
- CE? /lwl/(”l)(t)dt

w(x)
2 (1-2)
s O ()
1
(3.7) < CE?

w3/ (=1) (1)’

where the fourth and fifth inequalities follow respectively from

(3.8) W’V (1) < C(n)w/ "V (z) fora <z <t <1
and
(3.9 w/ ™V (z) > min{l — z, ¢} for a < z < 1.

Equations (3.8) and (3.3) are due to the concavity of w'/(»~1) and the normalization

BJ). (For (B8), see Remark 4.1 (b) in [JI].)
Equations (3.7) and (B8] yield that

(3.10) |</|¢) )|dt < ng)/nl)()foragxgl,

where C is a constant depending on n and ¢g. We go back to the first inequality

of B1) and apply BI0) and then ([B.8) and B3] to obtain
CyE? [ CoE3
\¢/($)\ < 1 / w(t)Q/(n—l)dt < 2

w(z) w(z)—H/(n=1)

where Cj is a dimensional constant. Now by similar reasoning as in (BI0), the
improved estimate on |¢| holds:

C3E™
[p(x)] < W.

We repeat the above process (n —4) more times to obtain |¢p(x)| < C(n)E™. O

Lemma 3.5. Let ¢1 and s be given as in (L) and suppose N = 1. If ¢ is a
function on (0,1) such that ¢(sy) =0 and

1, N2q0d 1, ,/\2 d
Py L6
f5’1 d2wds f51 dwds

then s} < s1 + Ce for some constant C depending on n and M.
Proof. The lemma follows from Lemmas [B.3] B.4] and from the fact
J,, (9)*wds

E[Sh 1] = ,U/1 = 1 .
f81 P2wds
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Next we show that if the energy associated with ¢ is bounded by (1 + Me)uq,
then sup |¢| is bigger than e on any interval of length Ce.

Lemma 3.6. Let N =1 and uy be given in (L4). Suppose ¢(s) is a function on
(0,1) such that fol owds =0, sup |p| =1, sup |¢'| < C; and

1
< fo E¢')2wd5

Jy P*wds
If for some 0 <a<b<1andCy >0

(3.11) o <A+ Meu.

1 1
sup |¢| < 2C1e and | | Pwds| > C’g/ wds,
0

[a,b] a
then b — a < Ce for some C > 0 depending on Cq, Co and M.
Proof. Let ¢y and s be as given in (I4). Suppose that

sup |¢| < 2C1e and b = a + Ce,
[a,b]

for some a and sufficiently large C' > 0. Without loss of generality we may assume
(3.12) a>s1+ Ce/dorb<s;—Ce/d

(If a < s1 < b, then s1 —a > Ce¢/2 or b—s1 > Ce/2. If b— s1 > Ce/2, replace a
with (s1 4+ )/2. If s —a > C¢/2, replace b with (s; + a)/2. Lastly if a < b < s1
or s1 < a < b, by replacing a or b with (a + b)/2 we get (3.12).)

Changing the sign of ¢ if needed, we also set

|/a1 puods| = /a1 puods.

- f0a¢2wds B _ fal d*wds
fol P2wds’ ¢ fol P2wds

Define

(3.13) A¢, R A¢, =+ B¢ =1.

By our hypothesis,
1 a 1
fo (¢')*wds 4 fo (¢')*wds . /. (¢')*wds
fol P2wds ¢ foa P*wds ¢ fal P2wds
If C is sufficiently large, then Lemma [3.4] and the above inequality imply that

Jo(@wds o (&) Pwds
Jo #*wds [, #*wds

(3.14)

We will construct a test function ¥ such that fol Ywds = 0 and
fol(w’)des _ fol(qb’)des
fol P2wds fol ¢*wds

which contradicts our hypothesis.

(3.15) (1+ Me)
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First, construct a continuous function ¥ such that ¢ = ¢ on the left interval
[0,a] and ¢ = ¢ + C2(b — a)/10 on the left interval [b, 1]. For o = C3/10, let

¢(s) for 0<s<a,
P(s) =< d(s)+al(s—a) for a<s<b=a+Ce,

o(s)+alb—a) for b<s<1.

From a straightforward calculation, it follows that the energy of ¢ on [a,1] gets
smaller than the energy of ¢ on [a, 1] by some amount. More precisely

fal ¢"?wds

1 72
d
Jo 07wl ) oo
[, $*wds

3.16 =
( ) fal P2wds

for some Cjy > 0 depending on Cy and Cs.
Next we perturb ¢ and get 1 such that fol Ywds = 0, and will show that

satisfies (B.I5). Set

Bli(s) = ¢(a) + ¢la) for a<s<l,
where 8 > 0 is chosen to satisfy fol Ywds = 0, i.e., fal Ywds = fal ¢wds. Then

fal wds

B=1—alb—a|t——
| |falq§wds

+O(é?).

Since

517 [ v < ¢ [ ¢zwds¢ [ v

it follows that

T fl wds 1
P2wds < (1 + 2a|b — a| 22— + Cs€? p>wds.
1
a fa ¢wds a
Therefore
1 1
/ P?wds < (1 + 0362)/ p*wds
and

(3.18) By < (1 + C3€%) By,
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where By, is defined as in (B13) (Recall that Ay, =1 — By,.) Therefore,

fo Vwds fo V2wds B fal(W)des
f wads - fo w2 ds Y [TyRwds
Jo (@")2wds f;(¢’)2wds
v o ¢*wds By fl Y2wds

" Loy2
Jo (@) wds+B [, (@) wds

2
= O s T s
/ ’ d
< (1+0362)(A¢%T125 (1006)%)
0
a ir\2 d 1,2
< A¢% 4 By(1— 0006)% + Cye(1+ My
0 a
Lo 2wd L\ 2wd
% — ByCyCe - m 4 O3eX(1+ Me)u,
0 a

where we obtain the first inequality from Ay+By = Ay+ By = 1, (318)) and BI14),
the second inequality from (BI6]), and the third inequality from (BII]). From the
hypothesis fal Pwds > Cy fol wds and [BI7), one can observe that By is bounded
below by a constant depending on Cs. Hence if we choose a sufficiently large C'
depending on Cy, C5 and M, and if € is sufficiently small compared to C, then

(3I5) holds. O

In the next lemma, we show the nondegeneracy of ¢; near the zero s.

Lemma 3.7. Let ¢1 be the first nonzero eigenfunction of (L4) with N =1 and let
s1 be the zero of ¢1; note that ¢y < s1 < cg by Lemma B3l Normalize ¢1 such that
¢1 >0 on (s1,1] and max¢y = 1. Then ¢} > 0 on [0,1]. Moreover there exists a
dimensional constant ¢ = c¢(n) such that

¢y > c(n) on [s1—c1/2,81 + (1 —c2)/2).

Proof. By the normalization ¢; > 0 on (s1,1] and ¢; < 0 on [0,s1). Hence from
(T3) we observe that w¢] has its maximum at z = s; and we¢] is increasing on [0, s1]
and decreasing on [s1,1]. From the boundary condition it follows that ¢{ > 0 on
[0,1] and thus ¢;(1) = 1. We will only prove that ¢} > ¢(n) on [s1,s1 + (1 —c2)/2]:
a parallel argument leads to the rest of the claim.

Observe that from (L4) we have

f paw(t)ey (t)dt

w(x)

(3.19) ¢$1(z) =

We will use (3.19) to find lower bounds on ¢’ respectively near ¢ = 1 and then near
t = s1, using the fact that w¢’ has its maximum at s;. Note that forc; <z <t <1,
the concavity of w'/("~1(z) implies

(320) (1 — t)wl/(nfl)(x) < wl/(nfl)(t)'
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(See Remark 4.1 (a) in [J1].) Thus 38) and B20) imply that
1

(3.21) Ci(1 —z)"w(z) < / w(t)dt < Ca(1 — z)w(z),

x

where C7 and Cy are positive-dimensional constants. Let ¢1(s2) = 1/2 for so €
[s1,1]. Then by BI9) and B21)), it follows that for = € [sq, 1],

(3.22) Crpn (1= 2)"™ < ¢y (x) < Copn (1 — ).

Since ¢1(1) = 1, (B22) implies that ¢1(z) > 1 — Csur(1 —2) > 1/2 if x € [A, 1],
where C3 and A are dimensional constants. Therefore s < A and

(3.23) ¢ (s2) > Crpn (1 — 52)" " > Oy,
where (4 is a dimensional constant. Now we have, for 51 <t < s9,
5400 2 " (02) 2 Oyl (52) 2
w(t)
where the second inequality is due to ¢t < s; < A and the last from (323). For
t € [s1,81 + (1 —c2)/2], B22) implies ¢ (t) > C7, and our claim is proved. O

4. A NEW COORDINATE SYSTEM

In this section, we define a new coordinate system for €2 satisfying certain prop-
erties, which will enable us to use Fubini’s Theorem when we construct a one-
dimensional test function with small energy. For the proof of the main lemma
(Lemma FLT]), first we will prove Lemma for general dimensions. Then we con-
struct in detail coordinate systems for n = 3 and n = 4 satisfying the properties
given in the main lemma. We will then discuss the general dimension based on the
three- and four-dimensional cases.

Lemma 4.1. Let Q be a bounded conver domain in R™ satisfying (L2) and (L3).
Suppose N = 1. Then there exists a coordinate system (s,t1,...,tn_1) € [0,1]x B1(0)
to (z, Y1,y Yn—1) € Q such that the following statements hold:
1) s==,
(I) |0sy,| < Cemax{1/s,1/(1 — s)} for a dimensional constant C,
(IIT) the mapping f : ($,t1, s tn—1) — (S,91, .-, Yn—1) has a constant Jacobian
anw(s), where w(s) is the volume of cross-section Q(s) and a,, is a dimen-
sional constant.

Here we denote by 0sy; = 0y, /0s the partial derivative of y; with t1,..., t,_1
held fixed. For the proof of Lemma F.J] we need the following lemma.

Lemma 4.2. Let D be a planar bounded convexr domain. Suppose (0,€¢) € 9D,
(0,—C1e) € D (Cy > 0), and (*e,0) € D. Further suppose that the length of
projection of D on the y-axis is less than Cae for some Co > 0. If

(rcosf,rsin@) € 9D and (scos(d — AB), ssin(6 — AB)) € 9D,
then there exists C' depending on Cy and Cy such that
lr —s| < Cr?Af/e
for sufficiently small AG.
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Proof. Suppose 0 < 6 < 7/4. Consider a line | passing through (0, ¢) and (r cos 6,
rsinf). Let

(Scos(6 — AB),5sin(0 — AB)) €
and
(scos(f — AB), ssin(f — Af)) € 9D.

. . - . . rsinfg — e
Since (1 is convex, s < 5. The equation for [ is y = ————x + ¢, and thus

rcosf

gsnma-Ae)::fiégigfgcoqa-A9)+e.
T S

If Af is sufficiently small,

3 1 A
s<i< T(1+2(r0059 n rsmﬁtanﬁ)Ao) < r(1+Cﬂ).
€ € €

On the other hand, if [ is a line passing through (0, —Cie) and (rcos 6,7 sin 0),
by a similar reasoning
Af
r<s(1+ 020
€
for C' depending on C1, and the proof is done for 0 < 6 < 7/4.
Next, suppose /4 < 6 < 7/2. From the hypothesis on (2, the angle between
the tangent line to 99 at (rcosf,rsinf) and the line connecting the origin to
(rcosf,rsinf) is bounded below by an angle depending on Cs. Hence,

r2 A6

€

s —r| < CrAg < C
for some C' depending on Cs, where the second inequality follows from r < Ce. O

Using Lemma 2] we prove Lemma 1]
Proof of Lemma Il Without loss of generality, we may assume that

(0,0,...,0), (1,0, ...,0) € 9,

since if I = {(z,11(x), ...,[,—1()) : 0 < @ < 1} is a line segment connecting a point
on QN {z = 0} to a point on 2N {z = 1}, then 1 <length(l) < 1+Ceand |Ij| < Ce
for 1 < j <n—1 and C depending on n.

Denote a; =27% b; =1 —27% (a; = by). For i > 1, set
I = (ait1,0i), I-i=(bi,bit1).

With this notation, the condition (II) of Lemma [l becomes equivalent to the
following statement:

(Ir') |05y;] < C2%€ for s € I,

which will be verified in the proof instead of (II).

Recall that Q(s) = QN {x = s}. Denote by h1(2(z)) the minimum length of pro-
jection of Q(x) C R"~! on aline I[; C R"™!, and denote by h;(Q(z)),j =2,...,n—1,
the minimum length of projection of €2(z) on a line I; which is perpendicular to I
for 1 <k < j—1 (see Figure 1). Since © is convex, each ©; := QN {z € I;} has
orthonormal basis

n—1
€i15€i25 ..y €in—1 € R
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I
T - 4 — —
I

FIGURE 1

such that for xz € I;,
pe., ()] &~ by (Q(z)) = h1(Q(as))
(4.1) '

Pesn— (Q22))| = b1 () & hp1(Q(ai)),
where [pe,; (©(z))| denotes the length of projection of Q(z) on a line parallel to e;;.
Denote
€1 = hl(Q(aZ)), ey €Ein—1 = hn_l(Q(CLi)),
so that Q(x) has dimensions comparable to €;1, ..., €;,—1 for z € I;, where ¢;; <
€;2 § § €in—1-
For a domain D € R"™, define the center of mass of D as

1
— d
|D|/D‘” ””’

where |D| denotes the volume of D. Let (z, L(z)) be the curve in  that is linear
on each interval I;; and equal to the center of mass of the cross-section at each
endpoint of I;. In other words, L(a;) is the center of mass of Q(a;), and similarly
for b;. On I;, denote

L(z) = Li(z)ess + ... + Lp—1(x)ein—1, € I;.
Since the line segment connecting (0,0, ...,0) and (1,0,...,0) is contained in £,
(@i, 0,...,0) € Q(a;) and (a;+1,0,...,0) € Q(a;4+1), which imply

|Lj(ai) — Lj(air1)| < |Lj(ai)| + [Lj(ai1)] < Ceiy
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and hence
(4.2) |L ()] < C2'; for x € I.

4.1. n = 3. First, when n = 3, we define a new coordinate system (s,t1,t3) €
[0,1] x B1(0) to (z,y, 2) € Q as follows:
(i) z=s, (y,2) = f(s,t1,t2),
(ii) f(s,0,0) = L(s), f(s,1,0) — f(s,0,0) is parallel to e;; for every s € I,
(iii) the mapping f : (t1,t2) — (y, z), with s held fixed, is linear on every line
segment from (0, 0) to 9B (0),
(iv) the mapping f : (t1,t2) — (y, z), with s held fixed, has a constant Jacobian
w(s)/m, where w(s) is the area of (s).
Note that with s held fixed, f(¢1,t2) is defined so that B1(0) N {0 < 6 < a} is
mapped onto a sector Q(s) N {0 < Z(e;, (y1,y2) — L(s)) < b} with volume V
satisfying
a V
2r  [Q(s)]
(Here, Z(v1,v2) denotes the angle between vy and v9; that is,

(U],UQ)
[ ]|va]

Z(v1,vq) = arccos(

Observe that if g1(s) is a function on I; such that
{(s,91(s)e;1) : s € I} C 09,
then by the convexity of €2,

(4.3) 191(5)| < Clgi(s)|/]s| < C2%€; for s € I.

Similarly, if {(s, g2(s)e;2) : s € I;} is a curve on 9f2, then

(4.4) lg5(s)| < C2%¢s5 for s € I,.

Equations [@3)) and (@4) imply that if z € I; and h > 0 is sufficiently small,
(4.5) |Q(z) — Q(z + h)| < C2'hesr €40,

where

Qz) = Qz+h) = (QUz)UQ(x+ h)) — (Qz) NQx + h)).
Now to prove (II') for = € I;, fix (t1,t2) € 0B1(0). Since VL(z) satisfies (£.2)
and €;; < €, we may assume L(xz) = L(x + h) without loss of generality. Denote

0. = Z(eq, f(x,t1,t2) — L(z))
and
re = |f(x,t1,t2) — L(z)].
Change the coordinates in R? so that L(z) = L(z + h) = 0 and

f(z,t1,t2) = (ry cos 0y, 1, 8in6,,).
Fix a sufficiently small h > 0, and denote
flx+ht1,ta) = (raaen cosOpip, Torn sinbeip).
Since f has a constant Jacobian, (5] implies
(4.6) 721001 n — 0] < C2'hejiei
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since
Q@) N{0<0<0,}—Qz+h)N{0<60<6,} 1Q(z) — Qx + h)|
C2'he; €0
Let s > 0 be a number such that (scos 8y, ssinb, ) €0Q(x). Then Lemmald2]
implies
(4.7 |s — 72| < Or20psn — 02/€i1,

which yields

<
<

Crr‘0x+h - 91‘ + |5 - rz|
CQihEiQ,
where the last inequality follows from (G), (@) and €; < Cr,.

On the other hand, since

|(ry cosOp, 1y sinl,) — (scosOpqp, ssinb,ip)| <
<

A= (scoslpqn,ssinb,qp) and B := (ryqp coSOyip, ropnsinbyyp)

are points on 9Q(x) and 9Q(z+h) with the same angle from e;1, a similar argument
as in ([A3)) and [@4)) yields
|A — B| < 02'hs < C2'hejo.
Hence we conclude
|f(z,t1,t2) — f(x + h,t1,t2)]

= |(ry o8Oy, 75810 0,) — (Tygh COSOpih, Toyn SN0 i)

< C2%hegn < C2he,
and this implies (IT') by sending A to 0.
4.2. n = 4. Next we consider n = 4. Recall that for x € I;, p.,; ((7)) = ¢;; with
€1 < €2 < €3, and

(z,L(z)) = (z, Li(z)ea + La(z)es + Ls(z)ess)

is a line segment connecting the center of mass of Q(a;) to that of Q(a;41) on I.
To define a new coordinate system, we first divide Q(z) into two parts with the
same volume as follows. Let Ls(x) be a number such that

{yrein + ya€in + yseis € Qx) 1 ys > La(2)}| = |Q(x)]/2.
Let (r,01,02) be a polar coordinate in Q(z) with r =0 at
(4.8) L(z) := Li(x)eir + La(x)ein + La(x)ess.

Let g, be a density function on 0Q(x) with total mass 1, i.e., for any
0< a/17a/27b17b2 <27

{(r,01,02) € Qx) : a1 < 01 < by,as <0y <bo}

(4.9) — |0()] / God6rd0s.
0Q(z)N{a; <0, <b;,j=1,2}
(Note that
r(y)® =
9z(y) =C , r(y)=ly— Lz
) )] (y) = ()|

where C' > 0 is a dimensional constant.)
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Now we construct a coordinate system (s, t1, t2,t3) € [0,1]x B1(0) to (z,y1, Y2, y3)
€ Q as follows:
(i) ==s, (y1,y2,93) = f(s,t1,t2,t3),
(i) f(s,0,0,0) = L(s), f(s,1,0,0)—f(s,0,0,0) is parallel to e;; for every s € I,
(iii) the mapping f : (t1,t2,t3) — (y1,¥y2,v3), with s held fixed, is linear on
every line segment from (0, 0,0) to 9B1(0),
(iv) the mapping f : (t1,t2,t3) — (y1, Y2, y3) satisfies the following properties:
(a) f maps the half sphere

BI9M(0) := {(ty, b2, t3) € By1(0) : t3 > 0}
onto
Q9 (1) = {yreqa + yaeiz + yseis € Ux) : ys > La(x)}.
(b) f maps the half cone
B(0) := {t € B{""(0) : L(t,e;) < 0}
onto
Qz, ¢(2,0)) = {y € Q9" (2) : L(¥ ., en) < ¢(2,0)},
where 7/ is a vector from L(z) to y, and ¢(z,0) is the angle such that
BO)| _ 12,6(.0)]
| BT ()] |Qright (z)[
(¢) Let B(#) = {t € dB"9"(0) : L(t,e1) = 0} and
Oz, ¢(x,0)) = {y € 00" (2) : L(Y, 1) = $(x,6)}.
Then the mapping f : B(A) — Q(z, ¢(x,0)), with s and 0 held fixed,

satisfies
g
/f<A> C 4

/ . 1BO)
Q(z,¢(,0))

for any A C B(6).
(d) f satisfies parallel properties for B'®/(0) := B;(0) — B{""(0) and
Qleft(z) == Q(z) — Q9" ().
(f might be discontinuous on the intersection of B"%9"*(0) and B'*/*(0).)

The conditions (i)-(iii) are parallel to those when n = 3, and the only difference
between n = 3 and n = 4 is the condition (iv). In fact, when n = 3, there is a
unique map f : (s,t1,t2) — (y,2) with a constant Jacobian on each cross section,
if we fix one direction e;; (see condition (ii)). However when n = 4, there are
infinitely many maps f : (s,t1,t2,t3) — (y1,¥2,y3) with a constant Jacobian, even
if we fix any two directions. In other words when n = 4, the properties stated for
the three-dimensional case do not suffice to construct a function f which satisfies
(II'). Hence when n = 4, we construct a (unique) map f with a constant Jacobian,
under the constraint (iv) that f maps a two-dimensional surface in B;(0) with a
fixed angle 6 from e; to a two dimensional surface in (z) with a fixed angle ¢(z, )
from e;;. Then the map f, with 6 fixed, is two-dimensional and area-preserving
with respect to the normalized density function g, /| [ g,|. Hence we can proceed

(4.10)
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Q(x,0(x,0))

left

Q (x)

FIGURE 2

as in the case n = 3. Here we divide  into two parts Q79" (z) and Q'/*(x), so
that the shorter arcs of

{y € Q($> : Z(yaeil) = ¢(I79)}
are mapped to the shorter arcs of
{y € Q(‘%) : é(yveil) = ¢(‘%79)}
by fzo f. !, where f, and fz denote the map f with s = 2 and s = &, respectively.

Now to prove (IT'), let z € I; and fix a sufficiently small A > 0. Translate Q so
that (ZIJ, L(Q?)) = 0. Let z1 = a1e;1 + aze;p and zo = bie;; + boe;z be points on

Oz, d(x,9))

(see Figure 2).

In other words, z; € 99Q(x) is a point on the e;;e;o plane such that the angle
between e;; and z; equals ¢(x,8). Similarly, zo € 9€Q(z) is the point on the e;1e;3
plane such that the angle between e;; and 25 equals ¢(z,0). Denote by d; the
distance from z; to e;;-axis and by 0o the distance from zo to e;;-axis. Since
€;1 < €95 < €;3, one can observe that d; < Cdy for a dimensional constant C. Also
denote r; = |2z1| and 9 = |22]; then 11 < Cry. Observe that since Q(x, ¢(x,0)) is
convex,

(411) €i16152/0 S \Q(z, ¢($, 9))| S 061'15152

for a dimensional constant C.
On the other hand, by similar arguments as in (£3]) and (£4)

(4.12) 1Q(z) — Q(z + h)| < C2°h|Q(z)|
for x € I; and a small h > 0. This implies
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and thus

where the second and third inequalities follow by the same argument as in ([@2).
Recall that by definition of ¢(x,0) and ¢(z + h, §),

2z, ¢(z,0))| _ |1BO)] _ [z +h ¢(x+h,0))

Q)] [Bi(0)] |2z + h)]
The above equality and ([@I2]) imply
(4.14) 192z, 6(x,0)| — |z + h, é(z + h,0))|| < C2'hIQ(z, ¢(x,0))].

To simplify notation, denote
Qo = Qz, ¢(x,0)), Q2 =Q(x+ h,¢(x+ h,0))
and let 1 be an intermediate region such that
Q= Q"M ()N {y: LY en) < ¢plx+ h,0)}.

(Note that £ is an intermediate region in the sense that g and 1 are contained
in Q(z), but the angle from €;; to 99 is the same as the angle from ¢;; to 995.)

Then by similar reasoning as in ([@3]) and [@4]) and by @I3)),
01 — Qo] < C2RIQL| < C2h|0|
if h is sufficiently small so that |¢(z,8) — ¢(x + h, )| is small enough. Hence

10 — | =1|Q] — [ull < Q0] — Q]| + [|2:1] — [Q2]]
< 190 = [Q2]] 4 Q21 — Q]
< C2°h|Qy|
< C2'he;j16169,

where the first inequality is due to the fact that either Qo C Q1 or 1 C o,
the third inequality follows from ([@I4]), and the last equality follows from (@IT]).
Denote

A¢ = [¢(x +h,0) = ¢(z,0)];
then by the above inequality
|A|r3d1 < |Qo — | < C2'he;16102,
which yields
(4.15) |A¢| < C2he; 62 /73.

Fix t = (t1,t2,t3) € 0B1(0). Without loss of generality, we may assume to,t3 >
0. Denote by z and w the points on Q(z) and Q(x + h) such that

z= f(z,t), w= f(z+h,t).

(Note that Z(e;1, 2') = ¢(x,0) and Z(e;1, w) = ¢p(x + h,0) for the angle 6 between
e1 and t.) For the proof of (IT'), it suffices to show

(4.16) |z —w| < C2he;z < C2%he.
To prove ([@I0), introduce intermediate points z; and 2z on 99(z) such that
_ _ —_ —_—
Z(eir, z1) = Z(ein, 2),  Z(eia, p(21)) = £(eiz, p(w))

and
= =

4(61'2,19(2’2)) = 4(61‘2,]9(21)), 4(€i172—2>) = 4(61'1, E))a
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where p is a projection on the e;e;s-plane.  Using the bound ({ID) on Ag,
Lemma implies

< C(rA¢ +r2A¢/epn)

< C2'héor?/r3

< C2he;s,

|21 — 22

(4.17)

where r = |z, — L(z)|, the second inequality follows from €;; < Cr and the last
inequality follows from r < Cry and 05 < Ce;3. Moreover, since zo and w are points
on Q(z) and Q(z + h) with the same angles from e;; and e;o, (£13) and a similar
argument as in ([@3)) yield that

|22 - w| S CthQg

Hence it suffices to prove |z — Z| < C2%he;3 for the proof of ([AIH).
To simplify notation, denote

O2(2) = 4(61‘2,1@)’

where p is a projection on e;ze;3-plane. Also let

So = {yedUx): Llea,y) = ¢(,0),0 < b2(y) < 7},

S = {y€dUx): L(en,y) = d(2,0),0 < b2(y) < 02(2)},

Sy = {y€dx+h): Llen,y) = d(z +h,0),0 < ba(y) < 7},
St = {yedz+h): Llew,y) = ¢l +h,0),0 < by(y) < Oz(w)}

Then ([{I0) implies

/ 9z / Jx+h

S1 _ St

/ 9z / Jdz+h
So Sh

We claim that the denominators in (£I])) are very close to each other, more pre-

cisely,
|/ 9z _/ g:z:+h| < CQih/ gz
So Sk sk

To prove the claim, recall that

92(y) = Cr(y)*/|z)],

where 7(y) = |y — L(z)| and C is a dimensional constant. If y € Sy and 3’ € S? are
points satisfy 02(y) = 62(y’), then

(4.18)

(y)3 _Cr@)®

_ o 7‘( ) i
czlhagr( )2

( TZT( ) + CQih)gw(y)

CQZhgm( ),

IN
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where the first inequality follows from (£I2), the second inequality follows from
a similar argument as in the second inequality of (£IT), and the last inequality
follows from dy7(y) < r3. Thus

| 9z _/ gx+h| < C2'h LD
So sk

X
and due to (LI8]) :
\/ gz_/ Joth] < CQih/ 9z
5y sh 5
i r(y)®
- Q(<:z>| 2
i vy
< 2 hr(z)/SI IQ((:E)
C2ihr(z)?r,  C2hr?r
(4.19) s P = e

where r = r(z) = |z — L(z)|. Here the second inequality is from the fact r(y) <
Cr(z) on S; (see Figure 2). Thus

r3]02(2) — Oz (w C2thr2r

(1.20) a0l o [ < S0
which yields
(4.21) Aby = |02(2) — O2(w)| < C2%hry /7.
By applying Lemma .2 on 9Q(z, ¢(x, 0)) with e = ry, we get

|z — 21| < CrAby +1r2Aby/r1)

< C2hr

(4.22) < C2%heis.

Combining (£22) with the bounds on |21 — 22| and |22 — w|, [@I0) is proved.
Remark. Observe that in the construction of f we divided Q(z) into Q79" (x) and
Qleft(z) in a way that any point y on
o0 (x) N A" 9M () N oNtet ()
has the shortest distance from the center L(z) among the points on
{2 €0Q(z) : Llen, Z) = Lleir, ¥)}

In fact, if the shorter arcs were not fixed by f, then our bound in (@21]) would be
C2th# /r for some 7 > r1, which is not strong enough to obtain the second inequality

of (£22).

4.3. n > 4. As in n = 4, in each I; we fix an orthonormal basis e;q,...,€;n_1 as
before (with €;; < ... < €;,—1) and construct a one-to-one map f(s,t1,...,t,—1) with
a constant Jacobian, under the constraint

f(sv ) : Bl(o) N {tn—l > 0} - Q(l‘) N {yn—l > -Z/n—l(x)}a
and f(s,-) maps the (n — 2)-dimensional surface
{t € B1(0) : £(t, ex) = du(y,0)}
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to
{y € Q) : L(z, eix) = dr(x,0k)}-

Then with 64, ...,0,_3 fixed, f is a one-to-one map between two-dimensional sur-
faces, with shorter arcs (of length r1) being fixed, and area-preserving with re-

Gz
| [ gz
9Q(x) € R"! defined similarly as in (53).

Then parallel arguments as in n = 4 would yield the corresponding inequality to
(61):

spect to the normalized density function where g, is a density function on

|A(,Z5k| S CQihqlcsn_g/ri_Q,
where
Ay = op(x,0k) — d(x+ h,0) and 1 <k <n—3.
Thus we get ({I7) with 2’ replaced by Zj, and €;3 replaced by €;,—1, where
Z(2,er) = dr(a,0k), L(Z,eir) = dr(z + h, O)

and 1 <k <n-3.
Similar arguments as in ([@20) would yield that

r"‘1|9n,2(2) — Op—2(w)| C2thr™2r,
<C gz — / Goth| < ——————,
) o, 97 Jg 9= o)

which would yield (£21)) and thus [@.22) with ;3 replaced by €;,—1. Combining
these inequalities as in n = 4, we obtain (II').

5. PROOF OF THEOREM [L.1]

Throughout the proof, all dimensional constants will be denoted by C'. We start
with assuming that 2 has a smooth boundary - we will consider the general case
at the end of the proof. Normalize v and €2 so that 0 < —minu < maxu = 1 and
N = 1. In the first part of the proof, the difference between the first eigenvalues
A and p of (ILI) and (T4) will be estimated by a bound Ce. From this bound, the
nodal set will be located in an z-interval of length Ce, which is also near the zero
s1 of the first eigenfunction ¢; of the corresponding ordinary differential equation
).

Let (s,t1,...,tn—1) be the new coordinate system constructed in Lemma 1] Us-
ing Fubini’s Theorem with this new coordinate system, we can choose (f1, ..., %, 1)

such that
/ |Vul|? / |Vu|?anw(s)ds...dt,
Q 0,1]x B1(0)

/ IVu(s, (5,1, tn1))|*w(s)ds.

Based on (B.1J), we will construct a one-dimensional test function 1) to compare
with ¢; as follows. Let ko be the smallest integer such that 27%° < ¢ and let

Ji=[27" 27 ful —271 27" Y for 1 <i < k.

(5.1)

Y

Define a function ¢ in Q such that
(i) q:ﬁ(z) = p(w) for z, w € Q(m) 0<z<1,
(ii) ¢ =won {(s, f(5,t1, .y tn_1)) :27F0 < s <1 —27ko},
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(111) Q% = %(2_]60’ f(2_k0at~1a "'afn—l)) for 0 <z < 2_k0a
(iv) ¢ =o(1 —27Fo f(1—27ko ¢ ... %, 1)) for 1 — 27k <2 < 1.

Observe that ¢Z is continuous on J; and may have a jump discontinuity at endpoints
of .J;. But since

|Vu| < C27% on J;
due to Corollary 24] and since ©2(x) has a diameter less than 2e,
(5.2) u(z) — u(w) < C27 "% for z,w € Q).

Equation (5.2) implies that there exists a continuous function ¢ such that for 1 <
1 < ko

¢=¢+d;on[27°71 277 d; is a constant with |d;| < Ce
and similarly on [1 —27% 1 — 27%"1]. In other words, ¢ is constructed so that ¢ is
continuous, V¢ = V¢ on J; and

ER
(5.3) 1Ce§/ﬂ~§1+06.
[ 1o

Now we will obtain an estimate on the first eigenvalue A ((b) of Theorem [LT])
using a function perturbed from ¢. On J;,

Vol = V|

06/0z|
(1+ 105y, ) [Vuls, £(5,E1, oy En))]

<
< (14 C2%)v(s),

where v(s) is a one-dimensional function in 2 such that

v(s) = |Vu(s, f(s,t1, . tn_1))|-

Hence
[ver = [ Vo
Q Q(U1§i<k0 Ji)
ko—1
< v? 4 C’eZi/ v?
/Q ; Q(J;)
ko—1
< /v2+C 62—1'/ 1
Q kZ:l Q(Js)
(5.4) < /|Vu|2+ce\9|
Q
<

(1+ Ce)/ |Vu|2,
Q

where Q(J;) := QN {x € J;}, the second inequality follows from Corollary 2.4 the
third inequality follows from (B.J]) and the last inequality follows from the Remark
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and the normalization maxu = 1. On the other hand, by (52), Corollary and

E.3)

L
(5.5) 1-Ce< 282

Q

<1+4Ce.

Therefore (£.4) and (55) imply

/| Vol [ 1w
(14 Ce) .
e
Q
Since ¢ does not satisfy the constraint / ¢ = 0, we construct 1) by perturbing

¢, which satisfies / ¥ =0 as well as (&0). From (&2]) and / u =0,
Q

Q

(5.6)

6.7 [ ¢l < cag.
Q
Let z = (21, ..., 2,) be a point on

{(s’ f(s’ f(s’t~17 "'7£n—1))) : O S B} S 1}
such that u(z) = 0. (Note that z = (z1,...,2,) € A.) Then by Corollary 25
¢1 < z1 <1— ¢ for a dimensional constant ¢; > 0. This bound on 2; and (5.7)
imply that there exists ¢y such that () := ¢(x) + coe(z — 21) T satisfies / P=0

Q
with |co| < C for a dimensional constant C. Observe that (.6 also holds for ,
and thus

(5.8) //Vi2 (14 Ce) //Wz (14 Ce)A,
(0
Q

which proves part (b) of Theorem [[11

For the proof of part (a), we first show that the projection of the nodal set A
of u onto the z-axis is contained in an interval of length Ce and then we locate A
near the zero of ¢;. Let p be a projection on the z-axis. Then p(Q,) and p(Q_)
are intervals because the Courant nodal domain theorem [CH| p. 452] implies that
Q4 and Q_ are connected. Hence p(A) = [a, b] for some a < b. By (5.2)),

max |u| < Ce,
[a,b]

and since max [¢p — u| < Ce,

(5.9) sup 9] < Ce.
[a,b]
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1 1
By Corollary 2] | / pwds| > C / wds for a dimensional constant C' > 0. Hence

a 0
Lemma B0 with (5.8)) and (G.9) implies that b — a < Ce for a dimensional constant
C. In other words, the nodal set A is contained in an z-interval of length Ce.
Now, observe

1
/1//2wds /¢’2wds /\Vu|2
z1 Q

(14+Ce)Z2t—— < (14 Ce)

e
/¢2wds /¢2wds //uQ
| v
Q4
L
Q4

where ' = QN{z; <z <1}, ¥(21) = ¢(21) = 0, the second inequality follows from
a similar argument as in (5.0) and the third inequality follows from b — a < Ce,
|u] <1 and |Vu| < C. By Lemma B0l z; < 51+ Ce. By a similar argument on the
interval [0, z1], we obtain s; — Ce < z;. Since the length of the projection of the
nodal set on the z-axis is less than Ce, part (a) is proved.

Lastly we discuss the general case. For a general domain Q, let {Q}x be an
increasing sequence of smooth domains which converges to €2 uniformly on each
cross section Qp(z1). Let uy be the corresponding first nonzero eigenfunction of
Q. with sup |ux| = 1. Then by Kroger’s theorem (Theorem ), supg, |Vug|
is uniformly bounded. Hence there exists a subsequence {uy,}; which converges
uniformly to v and {Ax, }; converges to A as j — oo. On the other hand, since the
volume wy(x) of Qx(x) uniformly converges to w(x), we may assume that {¢x, };
converges uniformly to ¢; and {ju,}; converges to p as j — oo. Now by the
nondegeneracy of ¢, (Lemma [3.7) and the nondegeneracy of uy; in the scale e
(Lemma [B.6]), we obtain Theorem [Tl for u and A.

IN

IN

(14 Ce) =(14+Ce)A < (14 Ce)uq,
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