Homogenization of Neuman boundary data with fully
nonlinear operator
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Abstract

We study periodic homogenization problems for second-order nonlinear pde with oscillatory
Neumann boundary conditions, in domains with general geometry. Our results are new even
for the linear PDEs with non-divergence structure. The key observation in our analysis is the
continuity property of the linear approximation of the problem in half-space domains whose

normal belongs to “irrational” directions.

1 Introduction

In this paper, we are interested in the homogenization in the second order, uniformly elliptic PDEs
of non-divergence form with oscillating Neumann data. To be precise, let S™ be the normed space

of symmetric n x n matrices and consider the function F(M) : 8™ — IR which satisfies

(F1) F is uniformly elliptic, i.e., there exists constants 0 < A < A such that

AIN|| < F(M + N) = F(M) < A|[N|| for any N > 0;

(F2) (homogeneity) F(tM) =tF(M) for any M € 8™ and ¢ > 0. In particular F'(0) = 0;

(F3) F is continuous with respect to M.

Typical examples of operators which satisfy (F1)-(F3) are the Pucci extremal operators:

PHDu(x) =A D  wi+A > i P (Du(@) =AD>  pmi+A D>

wi<0 wi>0 wi<0 pi>0

where p1,- -+, pu, are eigenvalues of D?u(x).
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Figure 1
Let g(x) : IR™ — IR be a holder continuous function, which is periodic with respect to the orthonor-
mal basis {ey,...,e,} of R"™: i.e.,

glx +ep)=g(x) for x € R" and k =1,...,n.

Next, let 2 be a domain in JR" which contains a compact set K. (See Figure 1.)
Our goal is to describe the limiting behavior of u. as € — 0, where u, satisfies
F(D?%u.) =0 in Q-K
(P) v-Duc=g(%) on 0Q.
u=1 on K.

Here v = v, denotes the outward normal vector at x € 9Q with respect to 2. See [7], [8] and [9] for
discussion of existence and uniqueness properties of (P.).

Remark 1.1. 1. Our method can be applied to the operators of the form F(D?u,z) = f(x) with
F and [ continuous in x, but we will restrict ourselves to the simple case discussed in (P.) for the
clarity of exposition.

2. The fized boundary data on K is introduced to avoid discussion of the compatibility condition on

g.
3. The homogeneity condition (F2) can be relaxed (e.g. see (F4) of [2]).

Homogenization of elliptic equations with oscillating coefficients is a classical subject. For the linear,
divergence form operator of the form

V- (AZ)Vu) =0, (1)
with the Neumann (co-normal) condition

v (A(z/e)Vu)(z) = g(x,z/e), x € 09, (2)



the problem has been widely studied and by now has been well-understood (see [3] for an overview),
via the energy method. Here two cases must be distinguished: if 9€2 does not contain flat pieces
whose normal vectors belong to IRZ", then u¢ converges weakly to the solution of

—V - (A°Vu0)(z) =0 for x € Q,
v (A'Vul) =< g > (z) for x € 00

where < g > (z) = f[o 1 g(x, 2)dy. On the other hand if JQ does contain a flat piece whose normal

vector belongs to IRZ", then g(x, z/€¢) may have a continuum of accumulation points as € — 0, and
thus u¢ may have different subsequences converging to different Neumann boundary data. We refer
to [3] for details.

On the other hand, for the non-divergence type operator, little is known for the homogenization of the
oscillating Neumann boundary data partly due to the lack of energy method. Most available results
concern half-space domains with its normal parallel to a vector in Z". In [12], Tanaka considered
some model problems in half-space whose boundary is parallel to the axes of the periodicity by
purely probabilistic methods. In [1], Arisawa studied special cases of problems, again in half-space
type domains going through origin, under rather restrictive assumptions, using viscosity solutions
as well as stochastic control theory. Generalizing the results of [1], Barles, Da Lio and Souganidis
[2] studied the problem for operators with oscillating coefficients, with a series of assumptions which
guarantee the existence of approximate corrector.

In this paper we extend above results to the setting of general domains. Before stating the main
theorem, let us introduce some notations.

Definition 1.2.

1. v € 8" is a rational direction if v € RZ".
2. v € 8" is an irrational direction if v is not a rational direction.

3. The domain € is irrationally dense if OQ is C% and if OQ does not contain any flat piece
which is normal to a rational vector.

Now we are ready to state the main results in this paper. We begin with studying half-space type
domains.

Theorem 1.3 (Main Theorem I). Let u. solve
F(D*u)=0 in Y:={z:-1<(x—p)-v<0}
v-Du=g(%2) on To:={z:(x—p) v=0}

u=1 on Tp:={z:(x-p) v=-1}.

Then the following holds:



(i) If v is irrational, then there is a unique constant u(v) € [ming, maxg] such that u¢ locally
uniformly converges to the solution of

F(D*u) =0 in X
v-Du=u(v) on Ty

u=1 on I'j.

(ii) p(v) : (8"~ ' — RZ"™) — IR has a continuous extension ji(v): S"1 — IR.

(iii) For rational directions v, if Ty goes through the origin (that is if p-v = 0), then the statements
in (i) holds for v as well.

Moreover, we have the following (rough) error estimate: for = a/4
|u¢ —u| < € in Q, (3)
where 0 < a < 1 is the constant given in Theorem 2.3.

Remark 1.4. 1. As shown in [3] for (1) -(2), for a rational direction v € S*~1 with p-v # 0, u®
can have different subsequential limits converging to different Neumann data.

2. The error estimate (3) is not sharp: we suspect that more careful scaling argument would yield
error estimate of up to the order of €*. Of course, since the estimate is based on the reqularity result
(Theorem 2.3), further studies on the reqularity properties of u. may produce better estimates. Also
see [3](linear case), [5] (nonlinear elliptic PDEs in periodic media) and [6](in random media) for
relevant results and discussions on the error estimates.

Theorem 1.3 (ii) as well as viscosity solutions theory enables the following result in the general
domain:

Theorem 1.5 (Main Theorem IT). Let u. and fi(v) be as above and suppose Q) is irrationally dense.
Then the solution ue of (P.) locally uniformly converges to u solving the following PDE:

F(D*u) =0 in Q
v-Du=ja(v) on 0Q
u=1 on K.

Remark 1.6 (Open questions). While our results extend the results of [2] in the case of homo-
geneous F, the arguments presented here cannot handle the case where the operator F depends on
the oscillatory variable £: the proof for the continuity property of the limiting slope (Theorem 1.3
(ii)) seems to fail in this case. It remains open to handle oscillation of the operator as well as the

oscillation of the boundary data at the same time, in the general domain.



2 Preliminary results

Let Q and K be as before, and let f(z,v) : IR" x S"~! — IR be a continuous function. Let us
introduce a definition of viscosity solutions for the following problem:

F(D?*u) =0 in Q-K;
(P)f v-Du= f(z,v) on 0
u=1 on K

The following definition is equivalent to the ones given in [7]:

Definition 2.1. (a) An upper semi-continuous function u : Q — IR is a viscosity subsolution of
(P)f if u cannot cross from below any C? function ¢ which satisfies

F(D?¢)>0in Q—K; v-Dé> f(z,v) ondQ; ¢>1 on K.
(b) A lower semi-continuous function u : Q@ — IR is a viscosity supersolution of (P); if u cannot
cross from above any C? function @ which satisfies

F(D*p)<0inQ—K; v-Dp> f(z,v) ondQ; ©>1onkK.

(c¢) w is a viscosity solution of (P)y if u is both a viscosity sub- and supersolution of (P);.
The existence and uniqueness of viscosity solutions of (P)y follow from the comparison principle we
state below:

Theorem 2.2 (Section V, [9]). Let F,K,Q, v be as given in the introduction, and let f : S"™1 — IR

be a continuous function of v in S""1. let u and v respectively be sub- and supersolution of (P);y.
Then v < wv in .

Next we state some regularity results that will be used in the paper.

Theorem 2.3 (Chapter 8, [4]: modified for our setting). Let u be a viscosity solution of
F(D*u) =0

in a domain Q. Then for any 0 < a < 1 and a compact subset ' of 1, we have

||u||ca(9/) < CdiaHUHLoc(Q) < 00

for a uniform constant C > 0 depending on n, A\, A, where d = d(), 09Q).
Theorem 2.4 (Theorem 8.2, [11]: modified for our setting). Let

Bf =={lz|<1}n{x-e, >0} and T = {z e, = 0} N By.

Consider g € CP(B") for some 8 € (0,1). Let u solve F(D?*u) = 0 in B andv-Du = g in T.

Then u is C’l’a(Bf'/Q) where a« = min(ayg, ) and ag = ap(n, A\, A). Moreover, we have the estimate

||UHCLQ(?/2) < C( |u”C(B7;f) + ||gHCB(F))a

where C' is a constant depending only on n, A\, A and a.



Weyl’s criterion gives us the following Weyl’s lemma.

Lemma 2.5 (Weyl’'s Lemma). (i) Let a be an irrational number. Then, ka (mod1), for k € Z,
is uniformly distributed on [0, 1].

(ii) Let o, = 1 and (o, -+ , ) be an irrational direction. Then,

Z kia; (mod1),
i=1

for k; € Z, is uniformly distributed on [0,1], which means for any subsinterval A C [0,1] and
In={meZ": |kj|<N,i=1,---,n},

1
m Z Xa(k-a) — [A]

keln
as N — oo.
3 In the strip domain

Let us begin with the base case which we will apply to address the general domain.

Fix p € IR" and v € S"~! such that p-v # 0. Let

N=Q, ={zeR":-1<(z—p) v <0} (4)

and let u. be a bounded solution of

F(D?%u.) =0 in Q
(PSe) Ouc/Ov =g(xz/e) on Tg:={x:(x—p) -v=0}
ue = 1 on Tyi={z:(zx—-p) -v=-1}

Existence and uniqueness for bounded solutions of (PS.) can be proved via a blow-up process,
equi-continuity properties as well as the comparison principle. In fact the following result holds:

Lemma 3.1 (Measurement of side effect). Suppose F(D?*w;) = F(D?*ws) =0 in
Y =0n{lz—pl <R}

for R > 2, with Qw1 /0v = Ows /Ov on Ty, w1 =we on Ty and wy = 1, we =2 on QN {|x —p| = R}.

Then
1+3C

wy < wp < wy + 2

in QN Bi(p),

where C = %



Proof. Without loss of generality, let us set v = e,, and p = 0. The first inequality directly follows
from the comparison principle. Hence let us show the second inequality.

Let w = wp + ]’Ll + hg, where

1 C
hy = ﬁ(\wlf + ..+ |znl?) and Ry = @(1 —|znl?)

for C' = % Note that
F(D?%) = F(D?*w; + D%hy + D?hy)
< F(D?wy) — & (CX—nA) < F(D*wy).

Moreover, {z, = 0}, & satisfies
81,1‘:} = &anl = anwQ.

Lastly, on the rest of the boundary of ), @ satisfies wy < @. Hence by Theorem 2.2 we have ws < ©
and we can conclude.

O

In the rest of the paper, we will repeatedly use the fact that linear profiles as well as constants solve
F(D%u) = 0.

Lemma 3.2. Let 0 < e < 1. Suppose that wy and ws solve the equation
(P) F (D*w;) =0

i Q with
|wy —ws| <€ on I

Owy /Ov — Qwy/Ov =A on T\.

Then in By /2(p) N Q2
|wy —we| > Cy —€
where C'4 > 0 is a constant depending on A.
Proof. Let w := wa + h, where h(z) = A(x —p)-v+ A —e. Then & satisfies the same Neumann data

with wy. Further, on I'; we have @ < w;. Hence we conclude that we + h < wq. Since h > A/2 — ¢
in By/2(p), we conclude. O

Lemma 3.3. For xg € Q, let H(xg) be the hyperplane, which contains x¢ and is parallel to I'y. Let
0 < e < dist(zg, o).
(i) Suppose that v is a rational direction. Then for any x € H(xq), there is y € H(xg) such that
o~y < Myes y— 20 € 22"

where M, > 0 is a constant depending on v.



(ii) Suppose that v is an irrational direction. Then for any x € H(xq), there is y € Q such that
|z —y| < Mye'/?; y—aocez™
and
dist (o, To) < dist(y, Tg) < dist(zo, Do) + €/2

where M,, > 0 is a constant depending on v.

Proof. (i) follows since for any rational direction v, there exists an integer M > 0 depending on v
such that Mv € Z". Next, let v be an irrational direction and let * € H(zg). Then by Weyl’s
Lemma, there exists an integer M > 0 depending on v such that B, 1/2.,,(x) N H(zg) contains a
point z satisfying

|zo — 2| < €'/2%¢, mod eZ".

Hence we can find a point y satisfying the conditions in (ii).
O

Lemma 3.4. Let ) = Q +av for some 0 < a < e3/2. Let ue and @, solve (PS.) in Q and Q,
respectively. Then in Q N,
|ue — te| < Ce/?.

Proof. 1. Let ve = G.(x + av) so that ve and u. are defined in the same domain €. Since g is
continuous, |0v. /v — du./dv| < €'/ on T.

2. On I'y, ue = ve = 1. So now you are talking about two solutions with very small difference in
Neumann data. In particular one can compare u, & €'/?(x — p) - v with @, to obtain [ue —ve| < Ce'/2.

Also by Holder regularity, v, — .| < Ce®/2. Hence we conclude |u, — .| < Ce®/?.
O
Lemma 3.5. Let v and w solve (P) in Q. Ifv=w on Ty andv —w > A >0 on Ty, then
v v
vip—=)—wp—=)>Cs>0.
2 2
Proof. Due to the boundary condition, v > w + A((z — p) - v+ 1). So we conclude. O

The next lemma follows from the C1'® estimates (Lemma 2.4).

Lemma 3.6. Let v; be a solution of (PS.) with a constant Neumann condition g(x) = p;. If
W — 1, then v; converges to v such that Ov/Ov = p on Iy.

4 Proof of the theorem in a strip region

Here we prove the statements in Theorem 1.3.



4.1 Proof of Theorem 1.3 (i) and (iii)

Suppose 0 € Q = {—1 < (z — p) - ¥ < 0}, which is a point of reference. Recall

Io={z:(x—p)-v=0} I'r={z:(x—p) - v=—-1}.

Due to the interior regularity (Theorem 2.3) along subsequences u.; — wu uniformly on compact
subsets of 2. Note that there could be different limits along different subsequences ¢;, and here we
consider one of the subsequential limits.

Denote ue; = uj. Then for each j, there exists a constant y; and a function v; in € such that
F(D?*v;)=0 in Q
Ovj/ov=p; on Ty

’UjZszl on F[

Vj = U at x=0.

Claim 1. p1; — p for some p as j — oo. (u may be different for different subsequences {e;}.)

Proof. Suppose not, then there would be a constant A > 0 such that for any N > 0, |t — pn| > A
for some m,n > N. Then by lemma 3.2, |v,,(0) — v,(0)] > Ca, which would contradict v;(0) =
u;(0) — u(0) as j — oo. O

Claim 2. Away from the Neumann boundary Ty, u. is almost a constant on hyperplanes parallel
to Tg. More precisely, let xo € Q with dist(xg,Tg) > €'/4. Then there exists a constant C > 0
depending on v, such that for any x € H(xo)

Jue(x) — ue(xo)| < Ce/* (5)

where 0 < a < 1.

Proof. First, let v be a rational direction. Lemma 3.3 implies that for any x € H(z¢), there is
y € H(z) such that |z —y| < Mye and u.(y) = uc(xo). Then by Lemma 2.3,

[ue(z0) — ue(x)] < Ce (M, e)™ < Ce*/?.
Next, we assume that v is an irrational direction and z € H(xo). By Lemma 3.3, there exists y €
such that |z —y| < M,e'/2, y — zo € eZ" and

dist (o, To) < dist(y, To) < dist(zq, o) + €/2.



Then we obtain

[ue(z0) — ue(y)| + [ue(y) — ue(w)]
Ce'? + Juc(y) — uc(x)|

Ce'/? + C’efo‘/Ll(Muel/Q)'JK

Ceoe/4

[ue(20) — ue(w)]

(VAN VAN VAR VAN

where the second inequality follows from Lemma 3.4 and the third inequality follows from Lemma 2.3.

O
By Claim 2 and comparison, we obtain the following estimate: For = € €,
fue(@) — ve(@)] < Ce/? (6)

where C' is a constant depending on v.
Claim 8. limv; = limu; and hence Ou/0v = p on Ty.

Proof. Observe that v; solves (PSc,) with g = ;. Let xo be a point between I'g and H(0). Then
by Claim 2, applied to u; and vj,

|(uJ(x) - Uj(x)) - (uj(l‘o) — Uj(.i?o))| S Ce?/4

for all x € H(xo), if j is sufficiently large. Since u;(0) = v;(0), the above inequality and Lemma 3.5
imply that

|uj(zo) — vi(zo)] — 0 as j — oo.
Hence we get v; — u in each compact subset of 2. By Claim 1 and Lemma 3.6, the limit v of v;
satisfies du/0v = p on Ty. O

Claim 4. If v is an irrational direction, Ou/O0v = p, for a constant u, which depends on v, not on
the subsequence €;.

Proof. Let 0 < n < € be sufficiently small. After translations, we may let w.(z) := Ue(€x)

o uy (nz)
wy(x) = p

€

be defined on the extended strips

Qo:={x:—=<(x—p)-v<0}

o | =

and 1
Qn::{x:—ag(x—p)q/gO}.

By Weyl’s lemma, we can make translation so that dw./0v = g(z) and dw,/0v = §(x) := g(x — 2o)
on Iy, where |z9| < 7. Observe |g — g| < &, for some &, — 0 as n — 0.

10



£
Y
1 - w
— w -
n
Y
Figure 2
By Claim 2,
ve(ex),  e/*
lwe(2) — ——[ < —.
€ €

Recall that v, is a solution of the problem (P) with constant Neumann data, which coincides with
ue at the reference point 0 and on I';. Note that v, is simply a linear profile with slope p..

In particular

< h(x) where h(z) := ¢*/*((x — p) - v + 1/¢). (7)

2. (7) means that the slope of w, in the direction of v (i.e. v- Dw,) is between that of . +€*/4 and
e —€**on {z: (x—p)-v= —%} Now let us consider linear profiles I and Iy, whose respective
slope is e + €*/* and p. — €*/*, and
h=lb=wy(zx) on {z:(x—p)-v= —5}
3. Now we define
l(z) in {-1/n<(z—p) v<-1/e}
w(z) =
we(x)+ep in {-1/e<(x—p)-v <0}
and
lo(x) in {-1/n<(z—p) v<-1/e}
w(z) =
we(z)+ec2 n {-1/e<(z—p) -v<0}
where ¢; and co are constants satisfying Iy = w. + ¢; and ly = we +co on {(x —p) -v = —1/€}. (See
Figure 2.)

11



Then due to the observation made in step 2, @ and w are respectively super- and subsolution of (P).
Let us define

hi(z) =n((z —p)-v+1/n).
Then @ + hy and w — hy are also super- and subsolution of (P). Since |g — g| < 7, by comparison,

w—hy <w, <w+hy in L. (8)

Hence we conclude
|/~L77 - /~Le| < 6a/4 +n,

where p,, is the slope of v,,. O

Claim 4. If the Neumann boundary Ty passes through p = 0, then Ou/0v depends on v, not on the
subsequence ;.

Proof. 1t can be proved by parallel argument as in Claim 4. Since . and 2, have Neumann
boundary passing through 0, dw./0v = g(x) = Jw, /0v without translation. O

Remark 4.1. As mentioned in the introduction, if v is a rational direction with p-v # 0, the value
of g(-/€) on 0 and 0K, may be very different under any translation, and in that case, the proof
of Claim 4 fails. In this case ue may converge to solutions of different Neumann boundary data
depending on the subsequences.

4.2 Proof of Theorem 1.3 (ii)

Proposition 4.2 (Theorem 1.3 (ii)). The homogenized limit u(v) along irrational directions in S™~*
has a continuous extension ji(v) over S"71.

Proof. Let us fix a unit vector v € S~ 1. Given § > 0, we will show that there exists ¢ > 0 depending
on the choice of v such that for any irrational vy, vy € S?1,

(1) — p(v2)| < C6Y? whenever |vy — v, o — V| < e, (9)

where C' depends on the choice of v.

1. For simplicity of proof, we first present the case n = 2. Without loss of generality, we may also
assume that v = e,, = e3 and p = 0. We point out that in the proof presented below it does not make
any difference in proof if v were irrational, because here we do not use periodicity of the boundary.
Indeed, as we will see, more delicate proofs are required when v is a rational direction.

Then we have
Qo= = {(z,y) € R*: =1 <y <0}

Let us define 2 := Q,, for k = 1,2, and define the family of functions (see Figure 3)

gi(x1,22) :=g(x1,0(i — 1)), where i = 1,...,m := [%} + 1

12



&S | |
b

Figure 3

Before moving onto the next step in the proof, Let us briefly discuss the heuristics in the proof.

Proof by heuristics:

Since the domains ©; and 5 point toward with different directions 1y and vy, we cannot directly
compare their boundary data, even if 97 and 9 cover most part of the unit cell in R"/Z". To
overcome this difficulty we perform a two-scale homogenization.

First we consider the functions g; (¢ = 1,..,m), whose profiles cover most values of g (up to an order
of §). Note that most values of g are taken on 9y for k = 1,2 since v;’s are irrational. On the
other hand, since v;’s are very close to v which may be a rational direction, the averaging behavior
of a solution u. would appear only after € gets very small as v approaches v.

If |11 — v| is chosen much smaller than 0, we can say that the Neumann data g;(-/¢) is (almost)
repeated N times on 99 with period €, up to the error O(J). (See Figure 4.) Here N is a sufficiently
large number depending on § and |v; —v|. Similarly, on the next piece of boundary go(-/€) is (almost)
repeated N times and then gs(-/€) is repeated N times: this pattern will repeat with g, k = 3,4, ....

Since N is sufficiently large, the solution u. will exhibit averaged behavior, Ne-away from 0.
More precisely, on the hyperplane H located Ne-away from 091, u. would be homogenized by the
repeating profiles of g; with an error of O(J). This is the first homogenization of u. near the boundary
of 21: we denote the corresponding values of homogenized slopes of u. on H by u(g;).

Now a unit distance away from 0€);, we obtain the second homogenization of wu., whose slope is
determined by p(g;), i = 1,..,m. Note that this estimation does not depend on the direction vy, but
on the quantity |v1 —e,|. Hence applying the same argument for v», we conclude that |pu(v1) — p(rv2)|
is small. O

A rigorous proof of above observation is unfortunately rather lengthy: it is given in step 2.-7. below.

1)
2. Let n:= |1y —e,|%7 and N = [ /5], define
n

I =[-Nn,Nn]| x R

13
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Figure 4

and
I = [~kNn,kNn] x R— UL, ke N,

Note that gy is (almost) repeated N times on I N9;. This and the Lipschitz continuity of ¢ yields
that

Ty T
— ) —gi(—) <dondN NI 10
‘g(n 77) gk(n)l 1 k (10)

where k € [0,m — 1] denotes k in modulo m.

3. Let w, solve (P) in Qo with

6{;1;" (,0) =gz (7) for (2,0) €L}

wy =1 on {y=-1}.

Next let u,, solve (P) in ©; with

Ou,
81/11 (1’70) :g(%a%) on {(xay)'yl :0}7

up, =1 on {(z,y) -1rn=-1}.

Then by (10)
' [(wy) — pluy)| < C6, (11)

where p(w;,) is the slope of the linear approximation of w;,, as given in Claim 3. Note that p(w,) is
unique since v; is irrational.

14



4. Next, we will approximate aau; 1. Nn-away from 08, using its linear approximation v, which we

will define below. Let

H :=00¢ — Nnv =000 — Nnex = {(z,y) : y = —Nn}.
Then for any z,y € H with |z — y| < Nnd~/2, we can find z € H such that

x = z modulo nZ?* and |z — y| < 7.

Then as in Claim 2, for « given in Lemma 2.3

|wn (2) = wy(y)] < Jwn(z) = wy(2)] + |wy (2) = wy(y)]
< 8%+ Cn® (N~
/8
<§/? 4 C(75-)" < o2 (12)
if n is sufficiently small compared to §.

On the other hand, there exists a constant u, and a linear solution v, such that

vy = wy(=Nnw) = wy(=Nnez) on  H ={y=—-Nn}

oy = Hn on 0Qy={y=0}

Now (12) and Lemma 3.1 imply that

1 .
vy — wy| < C((N)a/4 +6Y%) < C8'% in By,5-1/4(0).

Let p11/n(g1) be the slope of the linear approximation of a solution whose Neumann data is 1/N-
periodic with profile g;. By a parallel argument as in (7)

ow
pn(g1) — cot/? < 371/77 < piyn(g1) + Ccs'?on HNI,. (13)

Similarly arguments applies to gx to yield the following:

ow
pyn(gp) — C82 < TV" < piyn(gp) + C6Y2 on H N I, (14)

5. Parallel arguments as in step 2. 4. applies to the other direction vy: if we define 7, N and H by

0, and B = {y = —Nn),

vy —eo| =05, N = [ﬁ7/8

then we have

p(ge) = C8Y2 < % < pa(gr) + G52 on H N I, (15)

L
N
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6. By Claim 4,
1 1
1 — 1 )/ —
g (ge) = mg (ge)] < ()7 + 5 <9 (16)
if 7 and 7 are sufficiently small compared to 4. Let us denote p s (9x) = e, and let us consider h

and h solve
—Ah=1 in {-1<y<-—Np}

%:/‘LIE,N on HNI

and _
~Ah=1 in {-1<y<-Nq}

h=1 on {y=-1}

%:N’EA_] on HNIy

Let p(h) and p(h) be the respective linear approximation for h and h. Due to (16), it follows that

|u(h) — u(h)| < Co (17)

Lastly, observe that by (14) and (15),
() — p()] < C8Y2 and |u(wy) — p(F) < O3V,

yielding
(wy) — plwg)| < CoV2.

Then we conclude from (10) that
() = plug)| < C8Y/2,
proving our claim.
7. For the general dimensions, let us define g; : R" ! - R by
9i(Z1y ey 1) = g(x1, ooy Tno1,0(i — 1))
for i =0,1,...,m = [§71].

Let us also define
I = [an,Nn]"fl x IR,

and for integers k > 1
I := [~kNn, KNy"~ ! x R — UM T,

Then parallel arguments as in step 1.-6. would apply to yield the lemma for v = e, and p = 0.
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5 Proof of main theorems in general domains

In this section we will use the results obtained in the strip domains as well as stability properties of
viscosity solutions to derive the main theorems.

First we show that the solution in € near a point p € 92 can be approximated by corresponding
solutions in strip domains. Let © be a bounded domain with C? boundary. Suppose p € 9§ and Q
has the irrational normal direction v at p. Let

Lo:={z:v-(x—p)=0}and L, = Ly — ",
where 0 < k < 1 is to be determined.

For the domain
Y =Qn{z: - <v-(z—p) <0},

Let w, solve
F(Dw?) =0 in X

Owe/Ovy = g(%£) on QNI
we =1 on I
where v, is normal to 09 at 2 € 9Q. Note that ¥; has width €*.
Next, let ik be the thin region between Ly and L; and let v, solve
F(Dv?) =0 in %
Qve/Ov = g(£) on Lo
ve=1 on I
Since Q is C2, we may assume that Lo is contained in the €**/3-neighborhood of 9Q in B, zk/3(p).
Then for x € Ly and y = x + av € 92, we have
o —y| < /5. (18)
Lemma 5.1. If k is sufficiently close to 1, then there exists 0 < 8 < 1 such that

|we — ve| < kth

in Xk N Bekss(p).

Proof. Let p = 0 for convenience. First note that w. and v. will oscillate at most of order €* in
their respective domains ¥ N B.x/2 and ¥, N B.x/2: This can be checked by comparison with linear
profiles, because the strip is €* -close to the domain in B,x /2 and g oscillates with unit size. Let

w(z) = we(ex)/e and ¥(x) = v (ex)/e.

17



Then Theorem 2.4 as well as the fact that g is Lipschitz continuous and w and v oscillates up to
€1 yields that
[l [Fllore < Ce!

in their respective domains %Zk and %Ek.

Observe that, due to (18), the Neumann boundary of 1¥; is €%/4~1 close to that of 1, in Besk/s1.
Therefore we conclude that v, can be extended to satisfy the Neumann boundary data

g(g) + O(ek_1+ %—1)04) on 90N Besk/s-

€
Let us choose k sufficiently close to 1 so that k — 14 (3£ — 1)a > a/6.
Let 8 = «/6. Now by comparison principle we have

|we(z) — ve(z)] < (v - (x —p) + ) + h(z) in Tp N Beswss,

where h(z) is the parabola ¢ */4(z — 2 - v — p)? introduced to control the side effects at X NOB si/s.

Hence we conclude by evaluating above upper bound in ¥ N B.ak/s.

O

We are now ready to show the main proposition. Let us define
lim sup™u®(z, t) := lir%(sup{ue(y,s) cy€Q,s>0and |z —yl, |t —s| <e})
€—

and
liminf,u®(z,t) := lin(l)(inf{ue(y,s) cy€Q,s>0and |z —yl, |t —s| <e}).

Proposition 5.2. Let ji(v) : S"~1 — IR be the continuous extension of u(v) obtained in Proposi-
tion 4.2. Then

(a) @ :=limsup® u® is the viscosity subsolution of (P);

(b) w:=liminf, u® is the viscosity supersolution of (P).

Before proving the proposition, let us first prove the main theorem.

Proof of Theorem 1.5. Due to above proposition and Theorem 2.2, we have @ < w in . The
locally uniform convergence of u. then follows from the definition of w and w. a

Proof of Proposition 5.2
1. We will only prove (a), since (b) can be proved via parallel arguments.

2. It follows from standard viscosity solution theory that F(D?%) < 0 in ©Q in the viscosity sense.
Also due to interior regularity of w, it is straightforward to show that © < 1 on K. Therefore if @
fails to be a subsolution of (P), then there exists a smooth function ¢ which touches @ from above
at a boundary point zy € 92 and satisfies, for some § > 0,

F(D?)(x0) > 0 and %(zo) >y + 26 (19)
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where v = nug,. Let us decompose ¢ into ¢ = @1 + ¢2 where

$1(x) = (z = x0) - (D§ — v(v - Dg))(x0).
Then
v Dé1(xo) = 0 and Dea(20) = v(v - Dg2)(wo).

Observe that since ¢, is a linear function, ¢ still satisfies (19) instead of ¢. Furthermore, since ¢
is smooth, we may choose € sufficiently small to replace ¢, (with an error €**/3) by a linear profile
¢ with normal v and

v-Dyp >, +20 — 2> p, 46

in Bkss(zg).

3. Case I: when vy, is a trrational direction

To illustrate the idea, first assume that zy points toward an irrational direction. Let us consider v,
solving
F(D%*v.) =0 in Yi={r:—"<(x—z0) <0}

v-Duve=g(%)—Cie"? on Tg:i={z:(z—mz) v=0}

Ve = @ on F[t:{l‘;(gj—xO).V:_ek}

where C; is the C? norm of ¢ near xy. Note that ¢ is a constant in the inner strip. From the
homogenization result on the strip domain pointing towards an irrational direction (see the proof of
Claim 4 in section 4) and a re-scaling argument, it follows that for e sufficiently small depending on
6, we have

ve < ¢ — €°6/2 4+ C1PF in Bawss (o). (20)

Here 0 < 8 < 1 is the constant obtained in (8).

Therefore
ve(xo) < P(xo) — ce®d/2 (21)
Next consider w,: the viscosity solution of
F(D*w,) =0 in XNQ
(P) v-Dwe = g(%) — C1€¥/2 on 99
We = @ on Tr:={z:(r—z) v=—c}

Let us define @, := ue — ¢ —C1¢*¥/3 Then @, satisfies F(D%*u,) = F(D?*u) =0in Q, @i < ¢po—Ce* <
© in QN B2y, and

v Dii. = g(Z) —v-Déi(x) < g(2) + Cre?’? on 9Q N By (x0)
€ €
Therefore 4. is a viscosity supersolution of (]5)7 and due to Theorem 2.2 we have

We < Ue in XN
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Hence it follows that
we(z0) < Pag) — Cet/3, (22)

Now (21) and (22) contradicts Lemma 5.1 if € is sufficiently small.
4. Case II: General case

Finally we discuss the general situation. Due to the fact that € is irrationally dense, one can find
yo € O0f) pointing toward an irrational direction in arbitrarily small vicinity of a boundary point
o € 0f). Below we will to divide 02 into small neighborhoods of different sizes to argue as above,
but with yo in place of zg.

Let us pick a § > 0 and any given boundary point yo € 9€2 whose normal v,, = p is an irrational
direction. Then there exists €y(yo) = €(d,p) such that (20) will hold in B.2k/3(yo) for 0 < € < €
and we will run into a contradiction with smooth ¢ satisfying (19) and touching u, from above at a
point x( € %B€2k/3 (yo).

Since € is irrationally dense, the union of r(yo) := 3 (eo(yo))?*/3-neighborhood of yo over all yo € IQ
whose normal is irrational covers all of the 9Q. Let us call this covering N (9).

Now suppose @ fails to be a subsolution of (P). Then as before, there exists a smooth function ¢
which touches @ from above at a boundary point zy € 92 and satisfies, for some ¢ > 0,

0
F(D%6) > 0 and 90 > u, +25 in B (30). (23)

Now due to above discussion, there exists yg € OS2 such that
T € Byyy)(yo) € N(9). Now proceeding as in step 2.-3. would yield a contradiction. O

Remark 5.3. All the argument in the general domain, with little modification, extends to the Neu-
mann boundary data g(x,x/€) and the elliptic operator F(D?u,x) with F being continuous with
respect to each variable.
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