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SPECTRAL GAP FOR ZERO-RANGE DYNAMICS

By C. LANDIM, S. SETHURAMAN AND S. VARADHAN!
IMPA and CNRS, Courant Institute and Courant Institute

We give a lower bound on the spectral gap for symmetric zero-range
processes. Under some conditions on the rate function, we show that the
gap shrinks as n~2, independent of the density, for the dynamics localized
on a cube of size n?. We follow the method outlined by Lu and Yau, where
a similar spectral gap is proved for Kawasaki dynamics.

1. Introduction and results. One of the basic estimates required for
the hydrodynamical limit of nongradient systems is a sharp lower bound
on the spectral gap of the finite coordinate process [13]. What is needed is
that the gap, for the process confined to cubes of linear size n, shrinks at a
rate n=2. Up to constants, this is heuristically the best possible lower bound,
in view of a comparison with random walk which prevents larger bounds.

Another application of such a bound is to establish an invariance principle
for conservative particle dynamics [11]. In that article, the bound is used to
estimate the rate of convergence of the canonical to the grand canonical en-
semble. Among the models discussed there are the zero-range processes. Our
intention in this paper is to prove the required lower bound for this type of
dynamics.

The symmetric zero-range processes consist of infinitely many particles
moving on the lattice Z¢ according to a Markovian law. The evolution of
the particles may be informally described as follows. Denote by N the set
of nonnegative integers, fix a nonnegative function ¢: N — R_ such that
¢(0) = 0 < ¢(i) for i > 1 and fix a symmetric transition measure p(:) on
Z<. If there are k particles at a site x of Z%, one of them jumps to y at rate
c(k)p(y — x). This happens independently at each site. To fix ideas, we shall
consider in this paper only nearest-neighbor interactions: p(x) = 1/2if |x| =1
and 0 otherwise.

At this point some notation is required. The sites of Z?¢ are denoted by x,
y and z, the state space NZ° by the symbol 3 and the configurations by the
Greek letters n and £. In this way 7, stands for the total number of particles
at site x for the configuration 7.

These so-called zero-range processes are Markov processes with infinitesi-
mal generator L defined by its action on cylinder functions ¢:

L)) =3 Y cn)(d(n™?)—d(n)),

[y—x|=1
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where

n,—1, ifz=ux,
"), =ymy+1, ifz=y,
., ifz£x,y

provided 7, > 1 and x # y; otherwise, n*¥ = 7.
To ensure that the process is well defined on the infinite lattice N 2% we
shall assume throughout this article a Lipschitz condition on the rate:

(LG) supg|c(B+1)—c(k)| <a; < oo.

We refer to [1] for the details on the existence of this process.

As a conservative system where particles are neither created nor destroyed,
it is expected that the process possesses a family of invariant measures sup-
ported on configurations of fixed density. In order to describe these measures,
define the partition function Z(-) on R by

k

2 = 2 iy ey

It is clear that Z(-) is an increasing function. Let o* denote the radius of
convergence of Z:

o = sup{a; Z(a) < oo}.

In order to avoid degeneracy we assume that the partition function Z diverges
at the boundary of its domain of definition:

(1.1) lim Z(a) = co.

a—ao*

For 0 < o < o*, let Pa be the translation invariant product measure on N z4
with marginals u, given by

1 ak

= Z(@) (1) e(h) for k>0, x € Z%.

(1.2) Mein, = k}

The family {P,, 0 < @ < «*} is a one parameter set of reversible measures
for {n,, ¢t > 0}.

A more intuitive parameterization is through the particle density. Let p(«)
be the density of particles for the measure P,,

p(a) = E,[nq],

where E, refers to expectation with respect to P,,.
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From assumption (1.1) it follows that p: [0, «*) — R, is a smooth strictly
increasing bijection. Since p(«a) has a physical meaning as the density of
particles, instead of parameterizing the above family of measures by «, we
parameterize it in terms of the density p and write for p > 0,

P,=P
Under this convention it follows then that for p > 0,

a(p) = Ep[c(nO)L

where E , refers to expectation with respect to P,. Moreover, a simple compu-

tation shows that

a(p)*

oy alp)
9 Y= )

where o(a(p))? stands for the variance of n, under P,: o(a(p))? = E,[(ng —
p(a))?].

The associated Dirichlet form D, (¢) = —E [¢(n)(L¢)(n)] is defined by its
action on the test function ¢:

D,(d)=1 Y E,[c(n)(d(n™?)— d(n))?]

[x—y|=1

We now describe more precisely what we mean by the term “spectral gap.”
Consider the finite volume, finite particle zero-range process. This model gov-
erns the behavior of K particles jumping about in a finite cube, say to fix
ideas, A, = {1,2,...,n}%. The state space is then given as X, x = {n €
N o A, M = K}. For configurations n € %, g and test functions ¢, the
generator of this finite process takes the form

(Lod)m) =35 > c(n)le(n™?) = ¢(n)].

lx—y|=1
x, yeA,

The process defined by the generator L, on the state space X, x is an
ergodic, reversible finite state Markov chain possessing discrete real-valued
spectrum. The operator L, in L%(P, g) is negative definite and its largest
eigenvalue is 0. The absolute value of the next largest eigenvalue is the so-
called spectral gap of the process.

It is easily calculated that the ergodic measures P, x are equal to the
conditioned measure of the infinite volume invariant state on the restricted
hyperplane X, g:

Pos)=P,( | = = K).

Note that these definitions are independent of p.
The measures P, g, as alluded to earlier, are reversible and a simple cal-
culation yields

c(r+1)P, g{n; n,, =r+1, my, =1} =c(l+1)P, g{m; m,, =1, Mg, =1+1}
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or, what will be used later,

Pn,K{nel =T‘+1}
Pn,K{nel :r}

for every x # y in A,. Here E, x denotes expectation with respect to the
measure P, x and {e;, 1 <i < d} stands for the canonical basis of R?. The

density of the measure P, g is denoted by p = K /n?.
The Dirichlet form for the finite process is defined as

D, x(¢) = —E, k[¢(L,$)]
=1 Y E, x[cn)(d(n™?) - d(n))?].

lx—y|=1
x,y€A,

(1.4) E, gle(n)lny =r]=c(r +1)

Consider now the quantity W(n, K) appearing in the Poincaré inequality

(1.5) E, k[(f = E, k[fD?] = W(n, K)D, k(f)

for every f: 3, g — (—o0,00) in L*(P, g), where W(n, K) is a constant
depending only on n and K.

This inequality gives another way to evaluate the spectral gap of the finite
volume process. In fact, as the inequality deals with mean-zero functions, the
smallest possible value of W(n, K) is the reciprocal of the gap.

We are interested in establishing the bound W(n, K) < W n? for a constant
W, independent of n and the total number of particles K. This would then
imply that the spectral gap is of O(n~2).

Similar uniform O(n?) spectral gap estimates have been found for the sim-
ple exclusion process by Quastel [10], and for more general exclusion processes
by Lu and Yau [8]. The aim of this article is to determine for a class of zero-
range processes the spectral gap bound W(n, K) < Wyn?, where W, is a
uniform constant. Such a demand rules out many zero-range processes, as
shown by the following example.

ExXAMPLE 1.1. Let ¢(r) = I(r = 1). By a clever transform in dimension
d = 1 [4], the corresponding zero-range process is mapped onto the simple
exclusion process where the gap is well known [10]. Inverting back, we deter-
mine that the zero-range process possesses a spectral gap of order (n + K) 2
which is clearly dependent on the density p.

Another illuminating example is the zero-range process where particles
evolve independently.

ExAMPLE 1.2. Consider ¢(r) = r, the identity function. With this rate, the
corresponding zero-range dynamics are nothing more than a collection of mu-
tually independent symmetric random walks on {1, ..., n}?. For this process,
the n~2 spectral gap estimate, independent of p, is well known.
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To establish a spectral gap bound with constant W, independent of n and
K we will impose a second assumption that rules out Example 1.1.

(M) There exists k) € N and ay > 0 such that c(k) — c¢(j) > a, for all
k> j+ kg

Notice that, under assumptions (LG) and (M), o* is actually infinite. We are
now in a position to state the main theorem of this article.

THEOREM 1.1. Given the conditions (LG) and (M), there exists a constant
W, independent of n and K such that (1.5) holds with W(n, K) = Wyn? for the
corresponding nearest-neighbor zero-range processes. This implies a spectral

gap of at least {Wyn2?}~! on a cube of volume n?.

We conclude this section with a few comments on the method of proof.
The approach we present here to prove a spectral gap independent of the
total number of particles is easily adapted to generalized exclusion processes
introduced in [6]. For attractive systems, a simpler proof can be given based
on coupling and positivity (cf. [3]). On the other hand, for the rate described in
Example 1.1 and for similar rates, we do not have yet methods to determine
a sharp spectral gap estimate. The difficulty arises in that the spectral gap
depends on the total number of particles and our approach is not adapted to
this situation.

To prove Theorem 1.1, we adapt Lu and Yau’s method [8] to the context
of zero-range processes where, by a clever induction argument, the Poincaré
inequality on f, ostensibly a function of n¢ coordinates, is reduced to an es-
timate involving a function of only one coordinate. At this point we prove a
spectral gap for functions that depend only on one site. This one site spectral
gap reduces the problem to the estimation of two terms. The first will yield
the desired Dirichlet form, while the second will give a smaller variance to be
absorbed into the variance on the left-hand side of (1.5).

Section 2 develops Lu and Yau’s basic ideas. Section 3 details the estimates
of the first and second terms and specifies the iteration. In Section 4 we prove
a spectral gap for functions depending only on one site. As a consequence
Theorem 1.1 is established for the initial case with two sites only. In Section 5
we prove some estimates on the one site marginal of the grand canonical zero-
range distribution important in the induction step of the proof and necessary
to obtain local central limit theorems uniform in the density. This last question
is the main theme of Section 6.

2. Proof of the main estimate. For simplicity we will prove Theorem 1.1
for dimension d = 1; the extension to higher dimensions is not difficult (cf. [5]).
We will employ an iteration aided by an induction. We will assume that we
have a spectral gap independent of the total number of particles for intervals
of length m <n —1: W(m) = supg W(m, K) is finite. Our efforts now will be
to use this hypothesis to set up a recursive equation for W(n). For n large,
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say n > ng, we will give such a relation for W(n). However, for n < n slightly
different arguments are used to establish a recursion for W(n). The results of
these two relations are then combined, giving that W(n) < Wyn? is valid for
all n. The initial induction case n = 2 is a consequence of the one site spectral
gap and is further discussed in Section 4.

STEP 1. Let us write the identity

[ =E, glf1=(f = Ey g[fIm]) + (Ep g[Flm] = En k]

Through this decomposition we may express the variance given in (1.5) as

E, x[(f — E, x[f])?]
— E, x[(f = Eo. lfIm)*] + En. c[(E.. k[ FIm1] — E, [ £])?]-

The first term on the right-hand side is easily analyzed through the induc-
tion assumption and a simple computation on the Dirichlet form. We write

E, k[(f = E, k[fIm])’]
= E, [E, c[(f — E, k[fIm])* | m]]
=E, kB 1,k n[(f(n1, ) = Ep g g, [F (01, D11

By the induction assumption this last expectation is bounded above by

(2.1)

K
> Py x{m=r}Wn-1)D, 1 x_.(f(r, ) = W(n—1)D, g(f).

r=0

STEP 2. The second term in (2.1) is nothing more than the variance of
E, k[fIm:1], a function of one variable. For each fixed K and n, let P,lu x be
the one site marginal of the canonical measure P, g:

P}L,K(r)zPn,K(n1=r)=Pp<nl:r| Zﬂx=K>-

x=1

Expectation with respect to P,ll, x 1s written E',ll X%
On {0, ..., K} consider the birth and death process which jumps from r to
r £ 1 with rates p(r,r = 1) given by

p(r,r—1)=c¢(r) and p(r,r+1)= Erlzfl,Kfr[c(WO)]'

Denote the generator of this process by ./, g. It is elementary to check that
P,ll, x is reversible for 7, x. Moreover, if H : %, ¢ — R is a function of only
one site [say H(n) = H(n;)l, then

D, x(H)=—(1/2)E, x[H 4, xH]=:D, x(H).
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In order to estimate a spectral gap for zero-range processes, our method re-
quires that the associated birth and death processes with generator ./, x ex-
hibit a spectral gap with magnitude independent of n and K. We shall prove
in Section 4 the following one site spectral gap lemma.

LEMMA 2.1. There exists a constant By = By(ay, aq, ky) such that
E, x[(H - E, x[H])’] < ByD, x(H)
foralln>1, K >1and H in LZ(P,IL’K).
This lemma applied to the function E, g[f|n;] shows that the second term

of (2.1) is bounded above by BOD}L, x(E, k[fIm1]). A few calculations simplify
the one-coordinate Dirichlet form:

LEMMA 2.2. For every H = H(m;) in L*(P, g) we have

K-1
D, g(H)=(1/2) 3° P, g{ny =r+Lye(r + 1)(H(r + 1) — H(r)).
r=0

PRrROOF. Recall P,ll, x(r) = P, g{n; = r}. A simple computation shows that
the Dirichlet form 4D}, ,(H(n,)) is equal to

E, g[e(n)(H(ni=1)=H(n))*]|+E, k[ En, klc(n2)mi](H(n1+1)— H(n1))?]:
In addition, taking advantage of the reversibility relation (1.4), we have that
c(r+ 1)P}I’K(r +1)

Prlz,K(r) '

Now, substituting this last identity into the previous formula, we obtain that

(2.2) E, kle(ng)ny=r]=

K-1
D, g(H(my)) = (1/2) 3° P, gx(r+De(r + 1)(H(r +1) — H(r))*.
r=0

The lemma is thus proved. O
STEP 3. Recall that our intention is to apply Lemmas 2.1 and 2.2 to the

one variable function H(7n,) = E,, g[f|n;]. In this respect, we derive a simpler
expression for the difference

E, g[flm=r+1]-E, glflm =r],
taking advantage of the reversibility of P, .
LEMMA 2.3. Let M(n) be the function defined by

P} x(m1) 1 Z
1 ; 1 Z c(nx)'
P, g(n+Dec(n+1)n—-1 5

M(n) =
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Then, for every 0 < r < K — 1, the difference
E, klflni=r+1]-E, glflm =r]

is equal to

1 1z o1 B
23 Pl er+DariDn-1 xX::zEn,K[C(nx)(f(n )= F()I(ny =r)]

+E, g[M(n); f(n)|ln =r],

where E, glg; hlny = r] is the covariance of g and h with respect to
E, k[lm=r]

PROOF. Notice first that due to the reversibility criterion (2.2),
(2.4) E, gf[M(m)[n,=r]=1

for every 0 < r < K — 1. On the other hand, exploiting again the reversibility
(1.4), we obtain that

1
Pl x(r+1)c(r+1)

for every 2 < x < n. Adding and subtracting an appropriate term and then
averaging over x, this expression may be rewritten as
: LY B () — F)etn Iy = 1)

+E, g[f(m)M(n)|n, =r].

The observation (2.4) concludes the proof of the lemma. O

E, klflm=r+1]= E, klf(n™"e(n)I(ny = 1)]

STEP 4. From Lemmas 2.1 and 2.2, the second term on the right-hand side
of (2.1) is bounded above by

K-1
3Bo - P x(r+ De(r + I{E, glflm =r+ 1] - E, g[fln = r]}*.
r=0

From Lemma 2.3 and the Schwarz inequality, this last sum is bounded
above by

K-1 1
B
° Zo Pl (r+1e(r +1)

. {EK[nil z:z e(n)(F (™) = F(m)I(ny = rﬂ }2

K-1
+By Y. PL x(r+1e(r+1)(E, x[M; fln, =r])>
r=0

We denote the first line by ByA(n, K, f) and the second by ByAq(n, K, f).
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In Lemma 3.1 of Section 3 we establish that
Ay(n, K, f) = (n/2)D, g(f).
In Lemma 3.2 we prove under assumptions (LG) and (M) that
Ay(n, K, f) < a}ByW(n —1)D,, k(f).

This inequality shall be used to perform the iteration for small values of n. On
the other hand, using extensively the uniform Edgeworth expansion presented
in Section 6, in Proposition 3.1, under assumptions (LG) and (M), we prove
that for all ¢ > 0, there exist finite ny(¢) and C(¢) such that

Ay(n, K, f) < C(e)D,, k() + en ' E, k[(f = E, (f))’]

for n > ny(e).
In conclusion, from Step 1 and these estimates, the variance of f satisfies
the following relation:

E, k[(f — E, ()] <{[1+aiBj]W(n — 1) + (nBy/2)} D, x(f)
for n > 2 and

B (7 = En x(F)P1 = {Wen = 1)+ (252 4 BuC(@) | Dy ()

+ TP0E, k(B x(F))

for n > ny(e). In other words, we have the following recurrence relations for
the sequence W(n):

B
W(n) <[1+alB3]W(n — 1)+ % for n > 2,

W(n) < (1 - SnBO)l{W(n -1+ <n2BO> + BOC(S)} for n > ny(e).

This yields immediately that W(n) < W,n? for some universal constant W,.
This concludes the proof of Theorem 1.1. O

3. Technical bounds. The aim of this section is to estimate the two terms
A, and A, and thereby establish the iteration stated in Section 2. The first
term will be bounded by the full Dirichlet form multiplied by a factor of n.
This is accomplished in Lemma 3.1. The second term will be estimated by the
full variance multiplied by en~!, where ¢ is an arbitrarily small number, and
the Dirichlet form. This takes place through several lemmas below. With this
bound, this “small” variance may be absorbed into the original variance. We
first estimate A,(n, K, f).

LEMMA 3.1. For every n > 2 and positive integer K,
Ay(n, K, f) = (n/2)D, g(f).
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PrOOF. Recall the definition of A;(n, K, f). It is equal to

K-1 1 1 n 1 2
S b o i B e = et = ||

By the Schwarz inequality this sum is bounded above by

K-1 1 n
> EK[ S e )(Fn™Y) = F()? (s = r)}
x=2

o n—1:=

- By k| g Xm0 = )

since by reversibility we have that

E, glc(n)I(ny =r)]= P, g(r+1)c(r+1)
for every 2 < x < n, 0 < r < K — 1. Straightforward computations show

that the last sum is bounded above by n/2 times the Dirichlet form of f. This
completes the proof of the lemma. O

We now turn to the proof of an upper bound for A,(n, K, f). The naive way
to approach this estimate is immediately to apply the Schwarz inequality to
Ay(n, K, ) and then try to bound the object [recall the definition of M =
M(m)]

Prll’ g+ De(r+1)

P }L,K(r )

uniformly on r. The Edgeworth expansion gives a bound on this quan-
tity of type C(a;)n~! and consequently A,(n, K, f) is bounded above by
C(a;)n'E, g[f; f]. This is not enough to ensure that the iteration in the
previous section produces the estimate W(n) < Cn2. In order for the iteration
to succeed, an inequality such as Ay(n, K, f) < Con™'E, g[f; f], where Cy is
a small universal constant, is required. The naive approach is not successful
as there is no a priori smallness condition on the constant C(a,) arising from
the Edgeworth expansion. A more subtle analysis is therefore needed. This is
facilitated by the next two results. To carry this out we rewrite Ay(n, K, f)
more appropriately.

Notice that by reversibility (2.2), M(n) may be rewritten as

n
: LY em)

Enfl,Kfnl[c(nl)] n—-1:=

En,K[M; Mn, =r]

and Aq(n, K, f) as

&b E"’K[Enl, Klm[c(m)] (Brrnn £ 50 é“"’“’]ﬂ'

We shall first estimate Ay(n, K, f) for n small using asumptions (LG) and
(M).
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LEMMA 3.2. Under conditions (LG) and (M) we have, for n > 2,

Ay(n, K, f) < aiBeW(n —1)D,, k(f).

PROOF. By the Schwarz inequality

1z ?
(Enl, K—m |:f> m Z C(nx)i|>
x=2
- E ) E 1 n ) 1 n
= By kol FIE g X enr 2 2|

A simple computation exploiting Lemmas 2.1 and 2.2 shows that for every
m>1land L >0,

m m

B e 3005 o0 3 0] = B 1l(cCn1) = B, 1[6)

x=1 x=1
< 5 BoBy tleCn)(eCms = 1) = e(n))

Now by assumption (LG), |c(n;) — ¢(n; — 1)| < a;. Therefore Ay(n, K, ) is
bounded by

%a%BOEn,K[Enfl,Kfnl[f; f1l

By the induction assumption, E,_; x_, [f; f] is bounded by W(n — 1) x
D, i g_y,(f) Since E, x[D, 1 g_n,(f)] < D, g(f), the lemma is proved. O

We now turn to the case where n is large enough that Edgeworth expansions
can be used to estimate expectations involving the canonical measures. Recall
the alternative formulation (3.1) for Ay(n, K, f). To keep notation simple, we
shall fix m = n—1 and L = K — n; and bound the expression inside the
expectation.

PROPOSITION 3.1. For every ¢ > 0, there exists nyin N and a finite constant
C(¢) so that

1 1 m 2 .
Em,L[C(m)]<E’”’L[f’ mlec(””x)D < C()Dp, L(f)+ — B I3 f]

for all L and m > n,.

The proof of this result is divided into several lemmas for purposes of clarity.
We first single out the case of small density.
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LEMMA 3.3. For each ¢ > 0, there exists a positive integer n, and a density
po such that

m m

1 1 1
(3.2) MEm,L[mgc(nx% mxglc(”flx)} =

for all m > ny and L/m < p,.

&
m

PROOF. First we compute the left-hand side in (3.2) using the reversibility
relation (1.4) and obtain that it is equal to

Em, L-1le(m)] — Em,L[C(”’h)] + %Em,L—ﬂC(”’h +1) —c(m)]-

The lemma follows from Corollary 6.3. O

It remains to consider the case when the density is away from 0. Let n, be
as specified in Corollary 6.4.

LEMMA 3.4. For each p, > 0, there exists a finite constant C(py) and
nq1(pg) € N such that the scaled square of the covariance

W(Em,L[f; nlzﬁ:lc(”ﬁx)})z

1

< o) En sl F1+ U+ DWA+ DD, 1P

for each L/m > py, ny <l < /m and m > n;.

PROOF. Our strategy is to decompose the scaled covariance into two terms,
the first of which will produce the Dirichlet form multiplied by a controlled
factor; the second will yield the original variance with a small coefficient. In
order to take these factors and coefficients as universal numbers, required by
our iteration scheme in the previous section, we will need to use our assump-
tions (LG) and (M) on the rate c(+).

In what follows, we abbreviate L/m by p. For a fixed positive integer [, we
divide the interval {1, ..., m} into [m/!] adjacent intervals of length / or [+ 1.
We denote by B, the (th interval, by | B,| the total number of sites in B, and by
v, the density of particles in B,: y, = |B,| ' 3 ,c B, Mx- To keep notation simple,
we denote by E g , the expectation with respect to the canonical measure
on |B,| sites and y,|B,| particles.

By the Schwarz inequality, we have

(Busfr: 2 S en]) =2(Bas[r: 15 S tetno By 1en])

x=1 =1 xeB,

+2(Bai[ s LS IBIBiny 0e1])
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Let I, be the first term on the right-hand side and let I, be the second.
We may estimate the first term through the elementary inequality 2ab <
£ 1a? + b? and the induction assumption as follows. Taking conditional ex-

pectation with respect to y,, rewrite \/ 1 /2)I ; as

e DIBIEw [ B[ 5 15 T eno]|

x€B,

3.9) < 5= LIBIW(BEy, 1[Djs), 5, ()]

+;;2L:|BL|E [<|B|z e(n,) a(p)ﬂ,

xeB,

Here, the inequality follows from the induction assumption.
On the one hand, a straightforward computation shows that

> E, t[Dg),, ()]

is bounded above by D,, 1(f). In particular the first term on the right-hand
side is bounded by (! +1)W({+1)(2m)~'D,, (f). On the other hand, by the
Schwarz inequality, the second term is bounded above by

(26) ' E,y, Ll(c(m1) — a(p))?].

Since the density L/m is assumed to be bounded below by p, > 0, Corol-
lary 6.1(c) is invoked and the previous variance is bounded by

Ey(2¢) " E,[(c(m1) — a(p))’] < E5(2¢) 'ara(p)

for some universal constant E, because by (5.1) the variance of ¢(7;) is dom-
inated by a a(p). Therefore the second term on the right-hand side of (3.3) is
dominated by (2¢) ' Eya,a(p). Minimizing in &, we have that I, is bounded
above by C(ay, po)(l + 1)W(l + 1)m~ta(p)D,, 1(f).

Finally, by Corollary 6.4 and (5.2), E,, ;[c(n;)] is bounded below by
C(po)a(p) for some positive constant C(p,) provided p > p,. This shows that

I, < C(ay, po) + W (L + 1)m ™ E,, 1[c(n1)]D,, (f).

We turn now to I,. We may rewrite this expression as

2801 L 1B Bt ) -] )

For 1 < ¢ < [m/I], let F(y,) = Ejp ,[c] — a(p) — «(p)[y, — L/m]. By the
Schwarz inequality this last expression is bounded by

3.4 25,417 1B, (L 2 1BIFG) |

To conclude the proof of the lemma it remains to show that the the second
expectation is bounded by emE,, [c(n,)] for sufficiently large .
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Assume, to keep notation simple, that |B,| = [ for all .. In this case the
expectation is equal to

B PGP+ (1= ) B [ FODF ()

Since, by assumption, the density L/m > p,, we have that by Corol-
lary 6.1(b), E,, 1[F(y1)?] and E,, 1[F(y1)F(y;)] are, respectively, dominated
by

35) ELnlFo 1+ 22 g, (R
and
36) (Bl FO) + 2PV gy (G021,

Notice that E,[F(y;)] = 0. In particular the second variance in (3.4) is
bounded by

E(po)l?

(3.7) o

E,[F?]+

E(py)!
b (B, [F}2.

We shall consider these two terms separately.

Recall from (1.3) that o/(p) = a(p)/o(a(p))?. We prove in Section 5 [cf.
(5.2)] that a(p)/o(a(p))? and therefore o/(p) is uniformly bounded on R,.
Moreover, we show in Corollary 6.4 that |E; , [c] — a(y;)| is bounded by

Cyl7'\/1+ a(y;) for some universal constant C;. Therefore we may bound
F by C(| s P~} Tyt — p)| + €111/ T+ a(p) and obtain that

E,[F*] = O/, po> a3) gy r((p))’

because, by Lemma 5.2, o(a) *E [(1o—p(a))*] is bounded for @ away from the
origin and, by (5.2), o(«)?/a is bounded below by a strictly positive constant
and above by a finite constant. In particular the second term in (3.7) is bounded

by C(po)lm=2a(a(p))*.
We turn now to the first term of (3.7). By the Schwarz inequality the ex-
pectation is bounded above by

(3.8) 2E,[(E, y [c] - a(y1))’] +2E,[((y1) — a(p) — & (p)[y1 — p])].

Again by Corollary 6.4, we may bound the first term in the last expression by
C
“H1+a(p) + B la(y) - a(p)]}.

Much in the same way we estimated the second term in (3.7) we can prove
that this last expression is less than or equal to

C(ZZO){l +a(p) + a(a(p)l?} < @{1 + o(a(p))?}.

The second expectation in (3.8) is slightly more complicated.
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Denote 1! Y1 _.i(n. — p)/o(a(p)) as Z, and a(y;) —a(p) —'(p)[y1—p] as
F,. We shall decompose the second expectation in (3.8) according to the value

of Z,. Fix some small parameter 8. On the set where |Z | > B, since |F| is
bounded by 2||¢/ ||| Z |, the expectation is less than or equal to
Cyo(a)’E,[Z%1 <0," g (741 <
20(a) p[ o |zg|>5] = 27 p[ +1 < C(po)
because o(a) *E,[(ny — p(a))*] is bounded for « away from the origin by
Lemma 5.2.
On the set |Z | < B, by Taylor’s expansion, F(y) is bounded by

(1/2)o(a(p))?Z% sup |a"(9)]-
ly—pl<Bo

o(a)?

1232

We will prove below in Lemma 3.5 that for all p; > 0, sup,.., o(a(y))le’(y)| <
C(p;) and that

sup sup  o(a(p))o(a(y) ™ <2
pzp1 |y—pl<Bo(alp))

for B = B(p;) small enough. In particular, on the set |Z,| < B the expectation
of F? is bounded above by

C(po)a(a(p))’E,[Z3] < Cpo)o(a(p))’l™

because, by Lemma 5.2, o(a)*E,[(n, — p(«))*] is bounded for « away from
the origin.

In conclusion, we have shown that the second expectation in (3.8) is bounded
above by C(py)o(a(p))?l=2. Therefore the first expectation in (3.7) is bounded
above by

C(po)

ml

In particular, (3.7) is bounded by C(po)(ml) {1 + o(a(p))?} for m > 2.

Since by Corollary 6.1(b) and (5.1), E,, 1[c(n;)] is bounded below by
C(po)a(p) and since by (5.2), o(a(p))?/a(p) < C, we have now demonstrated
that I, is dominated by C(po)(ml)E,, 1[c(m){f; f)m - This concludes
the proof of the lemma. O

{1+ a(a(p))’}-

LEMMA 3.5. (a) For all p; > 0, there exists C(p;) < oo such that

sup a(a(p))|a"(p) | < C(py).

pP=pP1
(b) For all p; > 0, there exists a positive constant B = B(p;), so that

w s TEE)
=1 |y-pl<Bo(a(p)) T((¥))
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PROOF. A simple computation shows that

o' (p) = {o(a(p))* — my(a(p))}ta(p)
o(a(p))®

provide ms(a(p)) stands for E, [(n, — p(«))?]. The first part of the lemma
follows therefore from inequality (5.2) and Lemma 5.2.

To prove (b), notice that d,0(a(p)) = ms(a(p))/20(a(p))®. By Lemma 5.2
this last quotient is bounded by C;(p;) for p > p;. In particular, on the set
|y — p| < Bo(a(p)), o(a(y)) is at least (1 — C(p1)B)o(a(p)). It remains to set
B=(2C(py)". O

4. One site spectral gaps. In this section we will examine a one-
coordinate process and show that assumptions (LG) and (M) imply the one
site spectral gap for this model. The dynamics of the model are defined
implicitly by the Dirichlet form D, x(H) acting solely on functions of the
type H = H(n;). After a few calculations we can recover the generator:

D, x(H(m))=—E, g[H(n)(L,H)(n1)]
= —3E, xle(n)(H(ny = 1) = H(ny))H(ny)]
— 3 En kle(n)(H(ny +1) — H(ny))H(ny)].
The second term is then computed as
E, glc(n2)(H(ny+1) — H(ny))H(ny)]
=E, [E, klc(n2)mi](H(n1+1) — H(n1))H(n1)]
=E, klE; 1, k-, [c(n)I(H(n1 + 1) = H(n1))H(ny)].

We conclude from these calculations that the generator specifies a biased
nearest-neighbor random walk, a birth—death process X,, on the state space
{0, 1, ..., K} with rates

(1/2)En—1, K—r[c(')] for jumps r—r+1,
(1/2)c(r) for jumps r > r —1,
and associated Dirichlet form D,ll’ x given by
D, x(f) = (1/2)E; g[c«(X)[f(X - 1) = F(X)P].

In the same way, if instead of the canonical measures P, x we consider the
grand canonical measures P,, we obtain a birth and death process X, on N
with rates

(1/2)a(p) forjumpsr —r+1,
(1/2)e(r) for jumpsr — r—1,

and associated Dirichlet form D}J given by

D,(f) = (1/2)Ej[e(X)[f(X = 1) = F(X)P].
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Here E}) indicates expectation with respect to the one site marginal of the

product measure P,,.
The purpose of this section is to prove a spectral gap independent of n, K
and p for birth and death processes with the stated rates.

LEMMA 4.1. Under assumptions (LG) and (M), there exists a universal con-
stant By = By(aq, aq, ky) such that

E) x[(H—E, x[H])*] < ByD, x(H)
foralln>1, K >1and H in LZ(P,IL’K).

LEMMA 4.2. Under assumptions (LG) and (M), there exists a universal con-
stant B, = By(ay, as, ky) such that

E,[(f(m) - E,[f])*] < ByDy(f)
for all functions f: N — R in Ly(P,).

Our proof relies on the following two general propositions. The proof of the
first one can be found in Lemma 3.11 and Lemma 3.12 of [12]. Consider a
continuous time Markov process Y, on some countable set &. For a site r in
&, denote by 7Y the hitting time of r for the process Y.

PROPOSITION 4.1. Let there exist ryin & and A > 0 such that E,[exp()w};)] <
oo for all r. Then the spectral gap is larger than A.

PROPOSITION 4.2. Denote by L the generator of Y,. Fix some ry in & and
suppose u,v: & — R are functions satisfying Lv + uv = 0. If u(r) > A for
r#ryand v(r) >y forall rin &, then Ex[exp()\rzg)] < v(x)/y.

PROOF OF PROPOSITION 4.2. Define the martingale
t

m(e) = oY exp( [ (¥, ds ),
0

with respect to the usual o-fields. By Doob’s stopping theorem, E,C[m(q-}:J At)] <
v(x) for all ¢ > 0. The result follows from the inequality Ex[m(T}; At)] =
vE [exp )\(1'}; A t)] and Fatou’s lemma. O

We shall prove now a spectral gap for birth and death processes on N with
death rate equal to ¢(-) and some birth rate b(-) that we shall assume to be
Lipschitz.

From hypotheses (LG) and (M) we have that

e(k) — e(j) = a2[

for every k > j. Here [r] denotes the integer part of r. Denote ay/ky by J;
and ay + a1 kg by e,.

J a .
ko j|_a1k02k(2)(k_.])_a2_alk0
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LEMMA 4.3. Let Y, be a birth and death process on N with death rate
c(-) and birth rate b: N — R_. Assume that sup, |b(k + 1) — b(kR)| < Jy <
J 1. The spectral gap M\ is bounded below by a strictly positive constant C =
C(Jg,aq,aq, ky, ¢*), where ¢* = min, c(k).

Notice that Lemma 4.2 follows from this proposition since the birth rate is
constant.

PrOOF OF LEMMA 4.3. Denote by D(r) the inward drift at r:
D(r)=c(r) — b(r).

Notice that D(0) = —b(0) < 0. Let ry be the first integer with nonnegative
inward drift: 7y = min{r € N; D(r) = 0}. For r > r,, we have that

D(r) =c(r) — c(ro) + D(rg) + b(r¢) —=b(r) = (J1 — Jo)(r —ry) — ey

because D(ry) > 0 by definition of ry. For r > rq = ry+2ey/(J, — J3), D(r) >
I,(r—ry), provided I; = (J{—<J5)/2. Moreover, for ro < r < ry, b(r) < c(ry)+1,
and c(r) > ¢(ry) — I3, where Iy = Jo(rg — rg) and I3 = J(ry — ). Of course
c(rg) — I3 could be negative. In this case we have the alternative lower bound
c(r) = c*.

In possession of the above estimates, it is not difficult to find functions u
and v satisfying assumptions of Proposition 4.2 for some y > 0 and some
A = My, aq, ay, kg, c*). We leave the details to the reader and just indicate
that v can be chosen to be quadratic on {r, ..., r9} and linear on {ry, ..., co}.

A similar argument applies to the set {0, ..., ry}. Proposition 4.1 concludes
the argument. O

PrOOF OF LEMMA 4.1. Set J, = J;/2. By Proposition 4.3, there exists n,
in N so that |E, g .1[c(n9)] — E, g[c(n)]| is bounded by J, for n > n,. In
particular, in this case Lemma 4.1 follows from Lemma 4.3. For n < n, and
K > K, the proof of Lemma 4.1 is similar to the proof of Lemma 4.3 and
relies on the following inequality proved in Corollary 4.2:

E, klc(no)] < E, kiplc(no)] + By(c)

for all B > Byn. We leave the details to the reader. Finally, since there are
only a finite number of cases for n < ny and K < K, and since for each fixed
n and K the birth and death process is a finite state ergodic Markov process,
the lemma is proved. O

We conclude this section with some estimates on the birth rate E, x[c(n,)]
that were used above.

PROPOSITION 4.3. There exists a constant Bs = Bs(aq, aq, ky) such that

B, kale(mo)] - B, xle(no)l] = 22

foralln >1and K > 0.
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We first show that the difference is bounded in absolute value by a constant
independent of n and K. The proof of this statement relies on a coupling
argument.

LEMMA 4.4. There exists a constant B; = By(ay, aq, ky) such that
P, k<P, g,p forall B> Binand K in N.

PrOOF. To clarify the proof, we shall assume that c¢(k)—c(j) > 0if k—j > 2.
It is not difficult to adapt this proof to assumption (M).

Fix n, K and some positive integer B. Consider the zero range process on
{1,...,n} where particles jump to any site with rate c(-). Its generator L,
acts on functions as

L,H)= Y cnf(n™?) = f(n)].

1<x,y=<n

Notice that the canonical measures P, g are ergodic and reversible for this
Markov process.

Fix two configurations 7 and ¢, respectively, on %, x and X, g, p such that
1 < &. The proof consists of finding a coupled process (7(t), £(¢)) with three
properties. We require that n(0) = 7, £(0) = &, both marginals to evolve as
zero-range processes with generator L,, and that n(¢) < &(¢) for all ¢ > 0. This
can be easily done in the case where the jump rate c is a nondecreasing func-
tion (cf. [1]). We extend here the coupling for processes satisfying assumptions
(LG) and (M).

It is enough to show that for any two configurations (7, £) in 2, x x3, k,p
such that n < £, we may couple the n-particles’ jumps with the &-particles’
jumps for the order to be maintained after any possible jump.

Fix therefore two such configurations. Denote by b, (b;) the total number
of sites where the number of n and ¢ particles differ by 0 (1). Since n < ¢,

Since particles jump indifferently to any site and since ¢(k) —c¢(j) > 0 as long
as k > j+ 2, by assumption (LG), the rate at which an uncoupled 7 particle
appears is bounded above by byb;a;.

To conclude the proof it remains to show that for B > B;n, the rate at which
one uncoupled ¢ particle in the remaining b = n — b, — b; sites jumps to one of
the b, sites is bounded below by byb,a;. Denote by uq, ..., u; the number of
uncoupled & particles in the remaining b sites. Notice that > °,_,_, u; = B—b;.
By assumption (M), the rate at which one uncoupled ¢ particle jumps to one
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of the b, sites with equal numbers of 1 and ¢ particles is bounded below by
b u; b u;
bOZ Qg kf —alko > bOZ kf -1 —alko
i=1 0 i=1 0
“250 9290 B _ b,) — aybby — aykybb,

a b
> 2003 bon{a2+k —i—alko}

We just have to take By = ajay kg(kg+ 1)+ ky+ 1. O

COROLLARY 4.1. There exists a constant By = Bqy(ky, a;, as) such that

iEn, k+1lc¢(mo)] — E,,. K[C(”’Io)]i < B,
foralln >1and K > 0.

PrOOF. Let B; be the constant given by the previous lemma. Set K, =
Bin + 1. The absolute value in the statement of the lemma is bounded by
|En,K[C(770)] - En, K+K0[C(TI0)]| + iEn k+1le(ng)] — En, K+K0[C(no)]|-

We concentrate on the first expression. The second one is estimated in the
same way.

Since P, x < P, .k, there exists (cf. [7], Theorem II.2.4) a coupled mea-
sure P, g g, on the product space N x N" with first marginal equal to P, g,
second margmal equal to P, g.g, and concentrated on the conﬁguratlons
(m, £) above the diagonal: P, g KO{(n &), n < &} = 1. With this notation, we
may bound the first expression in the last formula by

En, K, K0[|C(Tlo) —c(é)l] = alEn, K, K0[|770 — &ol]-

Since the probability measure P, g g, is ordered, the last expression is equal
to

a{E, ki, é0]l — Ep k[nol} = a Kon™*
The corollary is thus proved because Ky = B;n+ 1. O

COROLLARY 4.2. There exists a finite constant By such that

E, kle(no)] < E, kislc(no)] + By
for all B > Bn.

PrOOF. By assumption (LG) and (M), the jump rate ¢(-) may be decom-
posed as ¢ = ¢; + ¢9, where c¢; is a nondecreasing function and ¢, is a bounded
function. Take for instance c;(k) = c([k/ko]kq). Since by Lemma 4.4, P, g <
P, k.p for B> Byn, we have that

E, glem)] < E, glex(n)] + llezllo < En, ksple(n1)] + 2llea o o
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We are now ready to prove Proposition 4.3.

PROOF OF PROPOSITION 4.3. The proof consists of three different parts. We
first consider the case of a large number of sites and bounded density, then
the case of a large number of sites and densities bounded away from 0 and
finally the case of a small number of sites.

Fix some density p; > 0. By Corollary 6.4 there exists n, > 0 such that

1By, kaleno)] = E,, cleno)ll < n7{ sup [a'(p)] +2E5y/ T+ a(r)|
=p=p
for all n > ny and p = K/n < p; because «(-) is an increasing function. Since
by inequality (5.1), &' (p) [that is equal to a(p)/a(a(p))?] is bounded above by
a1, this estimate proves the proposition for n > ny and p < p;.
We turn now to the case p > p;. From identity (1.4), we have that

Piime=K-1]
Pp[zgclzl Nx = K]
We may therefore rewrite the difference E, x.1[c(ng)] — E, g[c(no)] as

(VPO me = K —1])* = P,[Y0_ m, = K — 1J(AP,)[Y"_; m, = K]
PYi  m,=KIP,[Yi n, =K +1] ‘

In this formula V and A stand, respectively, for the discrete derivative and
Laplacian and are applied to K, the total number of particles (cf. notation
introduced just before Theorem 6.2). It follows from Theorem 6.2, taking &, =
3, that there exists n, and a constant E = E(ng, p;) such that this ratio is
bounded by En~lo(a(p))~2 for n > ny and p = K/n > p,. This proves that the
difference E, g.1[c(n9)]— E, x[c(no)] is bounded above by C(p;)n~! because
a(p)o(a(p))? < a; by inequality (5.2).

It remains to consider the case where the total number of sites is bounded,
but this follows from the estimate stated in Corollary 4.1 provided we take By
large enough. O

E, xle(no)] = a(p)

a(p)

5. Properties of the zero-range marginal. We prove in this section
some properties of zero-range distributions used in the previous three sections.
For each k& € N, denote by 7y,(«a) the kth cumulant of the probability P,; the
kth cumulant is a polynomial in the normalized moments m;(«) for 0 <i < &,
where

m;(a) = Ea[(”flo - P(a))i]'
We shall abbreviate y,(a) by o(a)?.
We start proving that o(a)?a~! is bounded above by a finite constant and
below by a positive constant uniformly on R, . By a change of variables and
assumption (LG) we have that

E [{c(n9) — a(p)}*] = a(p)E [c(ng + 1) — c(np)] < a1e(p),
E [{c(ng) — a(p)H{mo — p}] = a(p).

(5.1
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Therefore, by the Schwarz inequality,

a(p) = E,[{c(n0) — a(p)Hmo — p}] < a1’ o(a(p))a(p)?
< ay02(a(p)).

The reverse inequality follows from the one site spectral gap for the birth
and death process on N associated with the grand canonical measure.

LEMMA 5.1. Let By, be the constant given by Lemma 4.2. Then

o*(a(p)) _ 1

olp) =20

N |

PrROOF. Apply Lemma 4.2 to the function 1; and notice that the variance
of 1, is 0%(a(p)) and that its Dirichlet form is (1/2)a(p). O

In conclusion, there exist constants C; and C, depending only on a;, a; and
ko such that

2
(5.2) 0=, <7 ¢, -0
o

for all « in R, . Notice that the zero-range processes described in Example 1.1
do not satisfy the upper bound.

The second main goal of this section is to derive some estimates required in
the proof of local central limit theorems that are uniform in density. Denote by
v,(t) the normalized characteristic function associated with the distribution
P,

o

va(t) = E,[exp{it(ng — p(a))/o(a)}].

In the next section we shall prove uniform Edgeworth expansions under
the following set of assumptions. For each @ > 0 and % in N, let the following
statements hold:

(CL1) There exists a finite constant K, such that

sup myy(a)/o(a)®* < K, for 1<k<k.

(CL2) For every 6 > 0, there exists C(8) < 1 such that

sup  sup  [u,(t)] = C(5).

aza §<|t|<mo(a)

(CL3) There exists k > 0 so that

sup v, ()| dt < C < oo.

aza “|t|<mo(a)
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Notice that these hypotheses are satisfied for all @ > 0 as soon as they
are satisfied by any positive parameter &, > 0. It is also a simple task to
verify that both zero-range processes defined in Examples 1.1 and 1.2 satisfy
(CL1)—(CL3).

We now deduce assumptions (CL1)—(CL3) from hypotheses (LLG) and (M). We
start with (CL1). Recall that y,(«) denotes the kth cumulant of the occupation
variable with respect to the probability P,.

LEMMA 5.2. Assume hypotheses (LG) and (M). For all k > 1, there exists a
finite constant C(k) such that

map(a) < C(k)o(a)™
for all a > 1.

ProOF. To keep notation simple, denote p(«) simply by p. We shall prove
this lemma by induction on k. Notice that by the Schwarz inequality and
Lemma 4.2,

man(@) = Eo((ng — p)* = my(@) + my(@))?]
< 2B)DY((n - p)*) + 2C(k)20(a).
The Dirichlet form in the first term is equal to
Di((mo = p)*) = (/2)E,[((no — p)* = (mo — p+ DM)?].

Computing the kth power inside the expectation and applying the Schwarz
inequality and the induction assumption, we obtain that the right-hand side
is bounded above by

-1
C(k)a Y. a%(a).
=0

On the one hand, we have by (5.2) that a < C7'o(a)? and on the other 02/(a) <
CUZ(k_l)(a) for 0 < j < k — 1 and some finite universal constant C because
a>1and o(a)? > Cia. O

We turn now to assumptions (CL2) and (CL3). For p > 0, define

1 a(p)*
Z(a(p)) c(1)-- - c(k)
Most of the time we will omit the index p to keep notation simple. We begin

with an estimate which provides a bound on the characteristic functions of
the occupation variable.

p,(k) = for ke N.

LEMMA 5.3. Under assumption (LG), for every p > 0,

Va1
E+1) - k)| < —.
gom,,( +1) = p,( )l_\/a(p)
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PROOF. First note that p(k+1)— p(k) is equal to p(k){a(p)c(k+1)"1—1}.
In particular the above sum is equal to

Eﬂc(»:o(i)n 1H Py ‘”) o)~ H

By the Schwarz inequality this last expectation is bounded above by
a(p) 1 E,[(c(no) — a)?]*%. By inequality (5.1), this expression is less than or

equal to a}’a(p)V2. O

Recall that we denoted v, as the normalized characteristic function of the
occupation variable under P,,. The previous lemma implies a certain decay
of v,(¢), uniform over «.

LEMMA 5.4. Assume hypothesis (LG). There exists a constant C, depending
only on ay, ¢(1) and C, such that

eal0)] < 3

for each @ > 0 and 0 < |t| < mo(a).

PROOF. Fix 6 <1 and a > 0. Define i,(t) = E, [exp{it(n, — p)}],

0°(t) =Y 8% p(k) and S(k) =) 8.
k=0 >k

Notice that the absolute value of S(k) is bounded by |1—8 exp(it)|~!, uniformly
on k. Summing by parts we write

Oa(t) = 2{S(k) — S(k + 1)} p(k)

k>0

=8(0)p(0) + > _{p(k+1) — p(k)} S(k +1).

k>0
Therefore,
. 1
5201 = s PO+ X Iak+ 1) - o).
k>0

Notice that Z(a) > 1+ ac(1)7L. In particular, Z(a) > Ca'/? for some constant
C that depends on ¢(1) only and

C
W e
Hence, by the previous lemma, we have for each § < 1 that
1 C(ay, (1))
1-osc| Ja

p(0) =

|oa(t)] <
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Since |1 — €| > (m/2)|t| for 0 < ¢ < =, allowing & 1 1, we obtain that
C(ay, c(1))
|t/

To conclude the proof, we need only comment that v,(¢) = 7,(¢0~!) and that
o%a~! is bounded above by C, by (5.2). O

[0.(8)] <

Assumption (CL3) now follows from the estimate obtained in the previous
lemma and the fact that absolute value of the characteristic function is always
bounded by 1. It remains to deduce hypothesis (CL2). We turn to a series of
lemmas devised to bound the characteristic function v,(#) near the origin. We
start with a general result.

Consider a density function f: R — R_ on the real line and a cosine wave
function W: R — [—1, 1] with period / and amplitude 1. Let I = [a, b] be an
interval and assume that the following statements hold:

ASSUMPTION (a). There is y > 0 such that [, f(x)dx > v.

ASSUMPTION (b). There is a finite constant Cg such that sup, ,.; f(x)/f(y)
<Cs;.

ASSUMPTION (c). The period [ satisfies 100/ < b — a.

LEMMA 5.5. Under Assumptions (a), (b) and (c) there is a strictly positive
constant 6 = 8(vy, C3) such that

[f(x)W(x)dx <1-6.
PROOF. Since f is a density, it is enough to show that
/ f(x)(1— W(x))dx > 6.
I
Let E be the closed set defined by E = {x: 1—W(x) > 1/10}. Since there are

at least 98 full periods in I, there exist universal constants 0 < A;, Ay < 00
such that

|ENI|
< < .
V= EenT| 2

(5.3)

In this formula, for a measurable set B, |B| stands for its Lebesgue measure.
It is now easy to obtain a lower bound for the previous integral. Since W is
bounded above by 1 and 1 — W > 1/10 on E, we have that

/If(l—W)dx z/mEf(l—W)dx > %/MEfdx.
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To complete the proof we replace the last integral by [, f dx and take ad-
vantage of Assumption (a). In order to perform this replacement, we rely on
Assumption (b) and on inequalities (5.3). Indeed, by Assumption (b),

[ fdx > C3'f(a)INE|
INE
By inequality (5.3) and Assumption (b), this last expression is at least
C3'A,f(a)|INE°| > ngAI/ f dx.
INE®
In conclusion,

_17-1 -1
[ fdxz{1+C347) /Ifdxzy{1+c§A11} :

This completes the proof with § = 10-1y[1+ CZA;!]™1. O

A version of this lemma for discrete probabilities on the integers is valid
provided the amplitude [ is not too small, say [ > 100. Our intention is to
apply this result to bound the characteristic function v,(¢) near the origin.

LEMMA 5.6. Under assumptions (LG) and (M), for every R, > 0, there exists
ay > 1 with the following property. For every ¢ > 0, there exists a strictly
positive constant & = 8(¢&) such that

sup v, () <1-6.
e<|t|<27R,

for all o > «.

Before we prove this lemma, we show how to derive (CL2) from (LG) and
(M).

COROLLARY 5.1. Assumption (CL2) follows from hypotheses (LG) and (M).

PROOF. Fix & > 0. We wish to bound sup, ;< [U.(?)| by a constant strictly
smaller than 1. In Lemma 5.4 we bounded |v,(¢)| by Co|¢|~! uniformly over
the parameter «. In particular, for |¢| > 2C, |v,(¢)] < 1/2 for all « > 1. It
remains to consider the interval [e, 2C,]. Take R, = 7~ !C, in Lemma 5.6. By
this result, there exists «, independent of ¢, and 6 = 8(¢) strictly positive so
that

sup |v,(¢)| <1-6.
e<|t|<2C,

This concludes the proof. O

We conclude this section by proving Lemma 5.6.
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PRrROOF OF LEMMA 5.6. Rewrite v,(¢) as |v,(t)| exp{i6(¢)} for some real con-
tinuous function 6 (that may depend on the parameter «). Then

lva(8) = 3_ p(k) cos (t{k — p(a)}o(a) " — 6(2)).
k

Fix ¢ such that ¢ < |¢t| < 27 R, and let W(x) = cos(t{x — p(a)}o(a)~! — 6(t)).
Denote by [ = 2ma|t|~! the period of W(.). Since |¢t| < 27 R,, the period [ is
bounded below by o(a)R;?. In particular, [ is bounded below by 100 provided
ay = ap(Ry) is chosen large enough and « > «. Fix such parameter «.

Let b, = max{50, 2R} and define the interval I by

I = [p(@) = bol, p(a) + bol].

Assumption (c) is obviously satisfied. It is now a matter of verifying the first
two assumptions. This is the subject of the following three lemmas. O

LEMMA 5.7. There exists a strictly positive constant y = y(R,), independent
of a, such that

Y p(k)=y

kel

for all |t| < 27w R,.

Proor. This follows from Chebyshev’s inequality, the fact that |¢| is
bounded above by 27 R, and that 2R, < b,. This argument gives y = 3/4. O

For the next lemma we will linearly interpolate the jump rate c(-) to the
positive real line.

LEMMA 5.8. Assume hypotheses (LG) and (M). There exists a constant Cy
depending only on ay, ay and k, such that

|c(p) = a(p)| < C4y/a(p)
for all p > 0.

PROOF. By the Schwarz inequality and assumption (LG),
la(p) — c(p)| < E,[|e(no) — c(p)l] < a1 E,[Ing — pl] < ayo(a(p)).
Inequality (5.2) completes the proof. O

LEMMA 5.9. Under assumptions (LG) and (M), there exists a finite constant
Cs, depending only on ¢, Ry, a;, as and kg, such that

sup plx) < Cs.

x, yel p(y)
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ProoF. Fix x < y. Since log(1+u) <u for all u > —1,

p(x) Iopk) p(k)
log 5 =loe [ p<k+1>‘21°g<”{ p(k+ 1) 1}>

k=x k=x

S )
St 1"

From the definition of p(k) = p,(k), p(k)/p(k + 1) is equal to c(k + 1)a L.
Therefore, since x and y belong to the interval I and the linearly interpolated
function ¢: R — R, is a;-Lipschitz continuous, this last sum is bounded above
by

bl

2

i=—byl

Cg Yo

c(p+i) z—i—l

o

a
—1‘+1<
o

In the last inequality, we have used the previous lemma to bound the difference
le(p) — a(p)| by Cy4i/a. Since @ > oy > 1 and |t| > &, the last sum is bounded
by Co?(as?)™! + C for some constant C which depends only on R, and a;.
By inequality (5.2), 02a~! is bounded above by some constant C,. Therefore
the last sum is dominated by the expression Cs(a;, ay, ky, Ry)e 2. A similar
argument follows for x > y. O

6. Uniform local central limit theorem. This section is devoted to the
study of local central limit theorems for zero range distributions uniformly in
the parameter a. As a by-product we will also derive a few results important
for the induction step in the proof of Theorem 1.1.

Diaconis and Freedman [2] considered uniform Edgeworth expansions up to
the second order for exponential families under slightly different assumptions,
not verifiable for zero-range marginals corresponding to small values of the
parameter «. More precisely, recall that m,(«) and vy, («) denote, respectively,
the kth moment and the kth cumulant of the distribution P, and o(a)? =
v9(a). For « close to 0, a simple computation shows that m,(a) = c¢(1)!a +
O(a?) and, therefore, y,(a)/o(a)* diverges as a approaches 0 for £ > 3. In
particular, the Edgeworth expansion with an error uniform in the parameter
a cannot be correct close to the origin. In fact, as we shall see below, these
errors are of order (no(a)?)~*.

To state the main theorem of this section we recall several classical defini-
tions. For m > 0, denote by H,,(x) the Hermite polynomial of degree m:

[m/2] xm—2k

H,(x)=(-1" exp( Z)ddmm XP<_2xQ> =m! ké%) (—1)km-

Let go(x) denote the density of the normalized Gaussian distribution and, for
j>1,let

1 —x2 Il Y2 i
qj(x)zﬁexl) 9 ZHJ+2a(x) l__[lkim' W ’
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where the summation is carried out over all nonnegative integer solutions of
ky+2ky+---+ jkj=jand ky + ky+--- + k; = a. We are now ready to state
the main result of this section.

THEOREM 6.1. (a) For all ay > 0 and kg € N, there exist finite constants
Ey = Ey(ag, ky) and A = A(ay, ky) such that

\/72_ n ko—2 1 EO
R P b T e e e
1= J=

uniformly over all parameters a < o such that o?(a)n > A. In this formula x

stands for (K — np(a))/o(a)/n. .
(b) Assume hypotheses (CL1)~(CL3) with & = a; and k = [k1/2] + 1. There
exist a constant Ey = Ey(kq, a1) and ny = ny(kq, aq) such that

\/ _ n k1—2 EO
2 — - —q. ——
no Pa[g n; = Kj| ;) il q_](x)‘ = n(ki-1)/2

sup
(03
for all n > ny where the supremum is taken over all a > «;.

The proof of this theorem is omitted since it follows closely the classical
arguments given for instance in Petrov (Theorem VII.12 of [9]). There is only
the slight problem of controlling the integral I in this theorem. In part (a) this

is not difficult since, if 7, (¢) = E,[exp{it(X —p(a))}] denotes the characteristic
function of 1y — p(«) under P,, we may write

5o(O)[° =1 < P[0 = 0]P,[n, = 1}{cos t — 1}
< C(ag)afcost — 1}
for some universal constant C(«) because
P,lno=0]=1+0(a) and B,[ny=1]=c(1)'a+ O(a?).

These estimates permit us to bound the integral I5.
On the other hand, for part (b), hypotheses (CL2) and (CL3) are built to
take care of the integral I3.

Denote by V and by A, respectively, the discrete derivative and Laplacian
(VOO =G+ -f@), @AHE={fC+1)+fE-1)-2f@1)}
for each f: Z — R. In the next theorem we use the notation
(Vpa)[Zm- =K] =Pa[2m =K+1] —Pa[Zm =K],
i=1 i=1 i=1

L) o ()

and similar notation with A replacing V.

(Vg,)(x) = qj(
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THEOREM 6.2. Under the assumptions of Theorem 6.1(b), there exist con-
stants E{y = E((ky, ay) and ny = ny(ky, ay) such that

k-2

o B n 1 1 E
2 C— _ _ . =0
'J”" P ‘*)Ll"’ -] 2 n V)| = e

and

n ky—2 1 E
2(A P I _ = . -0
IJ”" (35 [21” B K] R B

for all n > ny and all « > ay. In these formulas the discrete derivatives and
Laplacians are applied to K.

The proof of Theorem 6.2 follows closely that of Theorem 6.1 and is therefore
omitted. Notice that the estimate improves as the parameter « increases since
o%(«) behaves as a by inequality (5.2).

We conclude this section by stating several corollaries important to the proof
of the spectral gap result, Theorem 1.1.

COROLLARY 6.1. Fix f: N* — R for some fixed positive integer (.

(a) There exists a constant E{ = E{(«y) such that

|, &lf1- E,I1]
¢ {1
o?(a(p))
uniformly over all n and K such that n > 2¢, K/n < p(ay) and o?(a(p))n >
A(ay, 3), where A is given by Theorem 6.1(a). In this formula p stands for the
density K/n. _
(b) Assume hypotheses (CL1)-(CL3) with k = 5 and & = «,. There exists a
constant E; = E(ay) such that

B, k1= E,i7] < 22 B, (1), 2]

uniformly over all n > max{2¢, ny(3, a;)} and K so that K/n > p(a;).
(¢c) Under the same assumptions of (b), there exist a universal constant E,
and ny = ng(ay) so that

~ n

o
B If = 1,1+ 5oy ElF = ()

E, klf1= EsEg[If]]
for all n > ny(a;) and all K so that K/n > p(ay).

The proof is left to the reader. It is a simple consequence of the Edgeworth
expansion up to the second order.

To keep notation simple, we will denote the variance of a function f with
respect to the probability P, as Uf(a)Q. Completing the Edgeworth expansion
up to the third order we obtain the following corollary.
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COROLLARY 6.2. Fix f: N* — R for some fixed positive integer (. There
exists a constant E1 = E (¢, ay) such that

Boslf1- B - g | B{r 2o ) = A1 S]]
’ 8 2n | ot i=1 p O° i=1 p
- Eio0;
= (no?)32
for all n and K such that n > 20, K/n < p(ay) and o?(a(p))n > A(ay, 4),

where A is given by Theorem 6.1(a). In this formula p denotes the density K /n
and (f; g), stands for the covariance of f and g with respect to P,,.

Allowing £ = 1 and f(n) = ¢(n,) in Corollary 6.2, we obtain the following
result.

COROLLARY 6.3. For every ¢ > 0, there exist ny > 0 and ay > 0 such that

| | .
iEn, k-1lc(no)] — E, glc(no)] + %En,Kfl[c(TIO +1) - C(no)]i = o

for all n > ny and K/n < p(ay).

PrOOF. Fix some parameter o, > 0 and ¢ > 0. For n large enough and K
such that o?(a(p))n > C(ay, €), the estimate follows from the previous corol-
lary. On the other hand, o2(a(p))n < C(ay, ¢) implies that the total number
of particles K is bounded by some constant C; = C{(«y, €). It is therefore easy
to complete the proof by inspection. O

With similar arguments we obtain from Corollary 6.1(a) and (b) the follow-
ing result.

COROLLARY 6.4. There exist a universal constant E5 and ny > 0 such that

By, kle(mo)] = Exnle(no)ll < %\/1 +a(p)

for all n > n,.
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