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We give a construction of the zero range and bricklayers’ processes in
the totally asymmetric, attractive case. The novelty is that we allow jump
rates to grow exponentially. Earlier constructions have permitted at most lin-
early growing rates. We also show the invariance and extremality of a natural
family of i.i.d. product measures indexed by particle density. Extremality is
proved with an approach that is simpler than existing ergodicity proofs.

1. Introduction. Baldzs [2, 5] introduced a stochastic deposition model
named the bricklayers’ process. This process represents a wall formed by adja-
cent columns of bricks, where each column grows with a rate that depends on the
relative heights of the neighboring columns. There are other representations that
show close connection to interacting particle systems; the details will be given
later. The process with exponentially growing rates is of special interest because
this case possesses shock-like product-form invariant distributions, as discovered
in [5]. In the present paper we address the rigorous construction and the ergodicity
of the process which were assumed but left open in the earlier work.

In the area of interacting particle systems there are two main situations where
construction methods are available. In the first situation the total rate of change at
a site is bounded. As described in [8], in this case the construction can be based on
functional analytic properties of the infinitesimal generator and the Hille—Yosida
theorem. This way existence of dynamics can be proved for stochastic Ising mod-
els, the voter model, contact processes, and simple- and K -exclusion processes.

In the other situation the rate is bounded above by a linear function of the lo-
cal state space. The most-studied example is the zero range process. The state of

Received November 2005; revised October 2006.
1Supported in part by the Hungarian Scientific Research Fund (OTKA) Grants TS49835 and
T037685 and NSF Grant DMS-05-03650.
2Supported in part by NSF Grant DMS-05-05030.
3Supported in part by NSF Grant DMS-04-02231.
4Supported in part by NSF Grant DMS-05-04193 and NSA Grant H982300510041.
AMS 2000 subject classifications. Primary 60K35; secondary 82C41.
Key words and phrases. Zero range, bricklayer’s, construction of dynamics, ergodicity of dynam-
ics, superlinear jump rates.

1201


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/009117906000000971
http://www.imstat.org
http://www.ams.org/msc/

1202 BALAZS, RASSOUL-AGHA, SEPPALAINEN AND SETHURAMAN

this process is a configuration of occupation numbers (w;). When the number of
particles at site i is w;, one particle is moved to another site at rate r(w;). As-
sume the Lipschitz condition |r(k + 1) — r(k)| < K for all k > 0, with some con-
stant 0 < K < oo. This of course implies that r(k) grows at most linearly. Under
this condition, the zero range process can be compared to a multitype branching
process to get stochastic bounds on the evolution. This way Andjel [1] constructed
the zero range process, generalizing earlier work of Liggett [7].

The approach of Andjel can be extended to more complicated systems, but
(sub)linearity is still an essential condition of the proof of existence. Booth [6]
and Quant [10] apply these ideas to the bricklayers’ process. But neither approach
mentioned above works for the bricklayers’ process with exponential rates which
is the process studied in [2] and [5].

Let us also mention convexity, which naturally appears together with superlin-
earity in certain rate functions, such as polynomials or exponentials. Convexity
plays an important role in hydrodynamical limits and arguments that involve sec-
ond class particles. For examples, see [3] and [11].

In the present paper we consider the bricklayers’ process with unbounded jump
rates and relax the linear growth condition to an exponential one. We use attractiv-
ity and couplings to construct the infinite system as a limit of systems on finitely
many sites. Then we develop some properties of this process. We associate with
it the natural generator suggested by an informal description of the dynamics, and
we prove ergodicity and extremality of a family of i.i.d. probability measures on
the configurations.

For the case of linearly bounded rates, [1] introduced a norm and a state space
precisely tailored to the rates. The evolution of the norm could be controlled suit-
ably, and then a semigroup constructed on the space of bounded Lipschitz func-
tions on the state space. By contrast, in the present case we did not find a suitable
norm, so we take as our state space < the space of configurations whose asymptotic
slopes are Cesaro-bounded in a sense to be made precise. The attractive feature is
that a single state space works for all choices of rates. The drawback is that we
have no useful topology on €2, and we regard it only as a Borel subset of the prod-
uct space Q = Z% of all configurations. As a consequence, the analytic properties
we prove for the semigroup and the generator fall short of what can be achieved
for bounded and linearly bounded rates.

Two basic tools we utilize throughout the paper are the following: (1) a condi-
tional coupling, where we condition two coupled processes on a favorable event
at time zero, and (2) bounds on the probability that a large block of adjacent sites
all experience a jump in a given time interval. The conditional coupling is used
to bound processes started from arbitrary initial states with processes started from
conveniently chosen initial distributions. The bounds on propagation of jumps al-
low us to bound the motion of second class particles. Such bounds are needed for
analytic properties of the semigroup and for the proof of stationarity and ergodic-

ity.
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Our paper treats explicitly only the bricklayers’ process. The arguments work
also for the totally asymmetric zero range process. Hence, we obtain a construction
of this process for monotone rates that are bounded by an exponential. We empha-
size that only the totally asymmetric version of the zero range process is covered
by this paper.

2. The process and the results. We now define bricklayers’ process pre-
cisely, address briefly the application of this paper to the somewhat simpler zero-
range case, and then describe the results. Subsequent sections of the paper develop
the proofs, beginning with definitions of processes on finitely many sites.

2.1. Formal description of the bricklayers’ process. Before we define a re-
stricted state space for the process, the states are simply elements of the product
space 2 = Z”. In other words, a state is defined by attaching to each site i € Z an
integer w; € Z. Let r : Z — R be a strictly positive function. Given a configura-
tion

w={w;eZ:iel}e,
define another configuration w-!+1 by

. wj, for j#i,i+1,
(Q(l’l+l))j: w; — 1, for j=1i,
wi+1 + 1, for j=i+1.

The informal description of the evolution is this: conditioned on the present
state w, the jump @ — @+ happens independently for each site i with rate
r(w;) + r(—wjt1). A pictorial interpretation of this jump follows below.

We assume four conditions on the rate function r:

e r is a strictly increasing function. A nondecreasing » makes the process attrac-
tive, which is useful for coupling arguments. A strictly increasing r is required
only for the ergodicity arguments in Section 7. The remainder of the paper needs
only a nondecreasing r.

e To have product invariant distributions, we require

(2.1 riz)-r(l—z =1
for each z € Z. Note that now the rates for positive z’s determine the rates for

negative z’s.

REMARK 2.1. In the totally asymmetric zero range process r(z) = 0 for all
z < 0. Hence, the right-hand side of (2.1) is zero. In Section 2.2 below we introduce
briefly the zero range process.
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e The condition
(2.2) lim r(z) = o0

77— 00

is needed for fast enough tail decay of the invariant distributions.
e Finally, the exponential growth condition that is the key point of the paper: there
is a constant 8 > 0 such that

2.3) r(z) < eP? for all z > 0.

The informal description of the dynamics suggests the following formal infini-
tesimal generator that acts on test functions ¢ : 2 — R:

Lo() =Y [r(@) +r(—oi+ )] [p(@" ") — p(@)].
ieZ
L is well defined for bounded cylinder functions.

Next we describe a picture associated with the dynamics that motivates the
name “bricklayers’ process.” Imagine a wall consisting of side-by-side columns of
bricks. Each column occupies the width between two consecutive integer sites. The
variable w; is the negative discrete gradient of the wall at site i, in other words, the
difference between the heights of the columns to the left of i and to the right of i.
The jump @ — @D corresponds to the growth of the column over [i,i + 1];
see Figure 1.Thus, the growth rate for each column consists of two additive parts
depending on w of the left-hand side and on w of the right-hand side, respectively.
The process can be represented by an infinite row of conditionally independent
bricklayers. Each bricklayer occupies his own site i and lays bricks to his right
with rate 7 (w;) and to his left with rate r (—w;).

It is convenient to work with the heights because they increase monotonically,
so let us introduce notation for them. The height of the column between sites i and

Yo :
feis r(w;) +r(—wit1)
i i+1 i i+1

FIG. 1. A possible move.
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i + 1 is denoted by 4;. The connection with the increment variables is

i
ho—ij, for i >0,
(2.4) hi = =1

0
ho+ > wj,  fori<0.
j=i+1

The jump w — w*1 is associated to the jump h; — h; + 1. Once the processes
are well defined, the variables w; (¢) and h; (¢) satisfy (2.4) for all later times ¢ also.
When we are only interested in the increment process w(t), it is convenient to
normalize the heights initially so that #¢(0) = 0. But, in general, arbitrary height
configurations i = (h;) are permitted. The attractivity, which follows from the
monotonicity of the function r, has an especially natural meaning for the height
process: the higher the neighbors of a column, the faster this column grows.

We finish this subsection with a definition of the measures that will be shown
invariant. Define

n

r0)!:.=1, r(n)! = l_[r(y), neN.

y=1
For a real parameter 6, define
Z(0) .= .
= (D!
The series converges by (2.2). Hence, we can define the probability measure
1 eGZ
(2.5) @)=
Z©) r(zD!

on the space Z of integers. On the product space Q = Z% define the i.i.d. product
measure E(Q) with marginals

(2.6) 1 Nw:w =20 = 1”@,

Expectation w.r.t. E(G) or 1® will be denoted by E. A formal computation with
the generator L suggests that the product measure () is stationary for the process.
We prove this in Section 7. Some properties of these measures have been relegated
to the Appendix.

2.2. The totally asymmetric zero range process. The increment process w(t)
of the bricklayers’ process can be given a particle description. Suppose w; repre-
sents the number of particles at site i. Then we have a nearest-neighbor process,
where particles (w; > 0) jump to the right, antiparticles (w; < 0) jump to the left,
and the two types annihilate each other upon meeting.
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The totally asymmetric zero range process is quite similar to the bricklayers’
process, but without the antiparticles. So now Q2 = (ZHZ, that is, w; > 0 for all
i € Z. The formal infinitesimal generator is

(Lo)(@) =Y (@) - [p(@ ) — p(w)].
i€Z
Instead of (2.1), we require (0) = 0. Then w; > 0 can never be violated. The
measure ,u(e), now a product of the marginal measures (2.5) restricted to Z™, is
(formally) stationary for the process. Throughout the paper we show the arguments
only for the bricklayers’ process. Often these arguments will work for the zero
range process with little or no change. One simply neglects all terms of the type
r(—w;i), r(=¢), r(=&), r(—n;), e ¥, e, ¢% We shall remark on points that
need different treatment for the zero range process.

2.3. Results for bricklayers’ process. We now discuss the rigorous results.
First we introduce a process over a finite number of sites. Fix integers £ < t, and
define the infinitesimal generator L!**! acting on functions of w:

t—1

27 L") =>"[r@) +r(—wir)] - [p@" ™)) — p()].
i={

This generator defines a countable state space process evolving over the sites
¢,...,t: the jump w — w®*D happens with rate r(w;) + r(—w;+1), indepen-
dently for different sites i, but only for £ <i <t — 1. Columns outside the interval
[£, t] are frozen for all time. We show in Section 3.1 that this process, denoted
by w!®(r), is well defined for any initial state @ € 2. We call this process the
[£, t]-monotone process, and we justify this name in Section 3.4. The bricklay-
ers’ process will be produced as the infinite volume limit of the [£, t]-monotone
process as £ — —oo and t — oo:

THEOREM 2.2. Fix w € Q. Consider the family (o (1): —00 < £ <t < 00}
of all [£,t]-monotone processes with the common initial state @ € 2. The height
of column i of ol&¥ (1) at time t is denoted by hl[g’t](t), with the initial normaliza-
tion h([)g’t] (0) = 0. Then there is a coupling such that, for all L <€ <0<t <R,
hl[-z’t] (1) < hl["ﬁ"m(t) foralli € Z and 0 <t < co. Consequently, the monotone
nondecreasing limits

. £,x] [£,x]
i) = lim A%@) = sup wl4Y)
' ez " [e,qu '
exist a.s. for alli € Z and 0 <t < 00. Since we do not restrict the initial state w,
h;(t) = oo is possible at this point.
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This theorem is basic for everything that follows: throughout our paper, unless
otherwise stated, the height process h(-) = (h;(t):i € Z,t > 0) is constructed by
the limit in the above theorem. The increment process w(t) is defined in terms of
the height process by w; (¢) := h; _1(t) — h;(t) whenever the heights are finite.

Naturally, next we seek to restrict the initial states w in order to get well-defined,
finite-valued, infinite-volume processes. First we consider initial states distributed
according to certain special measures. Recall the definition (2.6) of (@), Let us say
that a probability measure 77 on 2 is a good measure with parameters ) < 0, if the
stochastic dominations 11®) > 7 > @) hold. Equivalently, there is a coupling of
three random configurations N

QNM(QI)a {~m and 5’\’&(92>

such that
N <& <& almost surely for all i € Z.

If r is a product of marginals 7z; on Z, then this is equivalent to the corresponding
stochastic domination for the marginals at each site i. An obvious example of a
good measure with parameters 6; and 6 is ,u(e) for 6 € [0, 6>] (Lemma A.2 in the
Appendix). N

THEOREM 2.3. Let the initial state w be distributed according to a good mea-
sure T with parameters 01 < 6, and consider the processes (1) started from
the common initial configuration w. Then the height process constructed in Theo-
rem 2.2 satisfies

Elhi(t) —hi(O) <t-(?+e™ )  foralli € Z andt > 0.

Once we have control over processes with good random initial states, we can
turn to control processes with suitably restricted deterministic initial states. Define

- 1<
(28)  Ke:=max{limsup— > |wj|,limsup - > |w;|t €0, o0].

- i——00 | j=i+1 i—00 j=1

Our state space for the increment process will be
(2.9) Q:={weQ:K, <}

We could call this the space of configurations with Cesaro-bounded slopes. We
endow Q with the product topology and product o-algebra it inherits from the
product space 2. It is simple but important that w@(Q) =1 forall 6 € R. Let us
denote expectation (probability) for processes wl*(¢) or w(t) started from initial
state w by E¢ (P2, resp.).
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THEOREM 2.4. Suppose the initial state @ € Q. Then there are finite con-
stants A% and B2 that depend on the initial state w such that the height process
constructed in Theorem 2.2 satisfies

E4[h;(1)] < A%t + B2|i| forall0<t <ooandalli €.

In the settings of the above two theorems we have well-defined, finite-valued,
infinite-volume processes /(1) = (h;(t));ez and w(t) = (w;(t));ez for all time ¢ €
[0, 00). The next theorem justifies calling < of (2.9) the state space. Let Dg denote
the space of cadlag functions from [0, co) into Q, endowed with the o -algebra
generated by the coordinates.

THEOREM 2.5. Suppose the initial increments satisfy o € Q. Then P2-almost
surely w(-) is a Markov process with paths in Dg. Furthermore, we have this
uniformity for the asymptotic slope: there is a finite real K, such that

l

P“{ sup limsup sup l > w0 < Ko{=1.

neZy i—oo teln,n+1]1 j=—i

In other words, we cannot show that the constant K, in (2.8) of the initial state

is preserved by the evolution, but another larger constant I’(\Q is preserved. Ele-

ments of Dg will be denoted by w(-). There is no need to distinguish notationally

between the process and elements of its path space. By similar abuse of nota-

tion, P denotes also the path measure on Dg for the process w(-) with initial

state w. Along the way, it will be verified that P£ is measurable as a function of w,
in the sense that an expectation

E2F]= [ Flo()P2de)
Dg
of a bounded measurable function F' on Dg is a measurable function of the initial
state .
A semigroup of linear contractions acting on the space of bounded measurable
functions on € is defined by

S f (@) =E*[f ()]

As usual, the semigroup property means that S(0) =1 and S(s + ) = S(s5)S(¢).
These operators are contractions if functions are normed by the sup-norm. The
approximation in Theorem 2.2 will have the property that w;(t) = a)l[e’t] (t) for
large enough —¢, v when (i, t) are restricted to a compact set and the initial state
is from €2. This is used throughout the proofs.

The height process A(-) is also a Markov process with paths in a D-space. In
fact, in the construction A(-) comes first, so we shall have more to say about the
height process in later sections.
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Theorems 2.2-2.4 above are simple consequences of a series of coupling argu-
ments contained in Sections 3 and 4. Theorem 2.5 requires slightly more involved
estimates and is proved in Section 5.

Section 6 turns to analytic properties of the semigroup constructed above. Here
is a summary of the results. Throughout, ¢ is a bounded cylinder function on Q,in
other words, a bounded function of some finite set (w;)—q<;<q Of variables. Also,
the starting state o lies in 2.

THEOREM 2.6. The function F(t, w(:)) = |Lo(w(t))| defined on [0, T] x Dg
is integrable under the measure dt @ P2, for any 0 < T < o0o. Thus, S(t)Lo(w) =
E2[Lo(w(t))] is well defined for almost every t > 0 and integrable over any
bounded time interval [0, T]. For all t > 0, we have the integrated forward equa-
tion

t
S(¢(@) = pw) + /0 S(s)Lo(w) ds.

The integrated backward equation and the differential equation are only proved
for a short time that depends on the initial state.

THEOREM 2.7. There exists T > 0 such that, for any t € (0, T%], the follow-
ing statements hold:

(i) LS(t)p(w) is well defined and the integrated backward equation holds:

t
S(¢(@) = (@) + /0 LS()p(w) ds.

(i1) S(¢t)Le(w) is well defined, and there is a continuous derivative

d
75 W@ =50 Lelw) =LSN)¢@).

In particular, (d/dt)S(t)¢(w)|i=0 = Le(w).

The approximation w!®*/(r) — w(r) and Theorems 2.6 and 2.7 are valid over
the entire state space rather than only locally, if the dependence on the spatial tails
is weak enough. For example, if we define a norm on Q by lloll =2 icz el |w;il,
then w!®"(t) — w(¢) is valid in this norm, and so are Theorems 2.6 and 2.7 for
bounded functions ¢ : & — R that are Lipschitz continuous in this norm. We omit
the details of this generalization since we have no further use for it. (These details
can be found in the first version of this paper on ArXiv.)

We conclude the results with the invariance and ergodicity. Andjel [1] and
Sethuraman [14] characterized the invariant and extremal invariant measures of the
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zero range process. Our present goal is only to prove the invariance and extremal-
ity of the product measures E((’) defined in (2.6) for the process w(-) constructed
by the limit in Theorem 2.2. Let

P’ = /@ P21 (dw)

denote the path measure on the space Dg with initial distribution E(@)‘ As usual,

. . . . © _ ©) . .
stationarity means the invariance P~ o o, U'= PX" under time shifts defined
by (orw)(s) = w(s + t). Ergodicity means that the shift-invariant sets are trivial:

pn” (A) =0or 1 for events A on Dg that satisfy 0,_1A =Aforall 0 <t < oo.

©® . .
THEOREM 2.8. For each 6 € R, the path measure PL " is stationary and
ergodic under time shifts.

Of the various equivalent characterizations of ergodicity, we verify that har-
monic functions in LQ(E(G)) are a.e. constant. This is done in Section 7 with

a fairly simple approach. “Extremality” of ﬂ(e) above refers to the fact that ex-

tremality of E(e) among invariant distributions is one equivalent characterization
of ergodicity. For more about this, we refer to [12] and [14].

2.4. Open problems. Our estimates are such that many bounds hold only for
a time range that depends on the initial state. A better approach should be found.
This should enable one to derive better analytic properties of the semigroup.

Since our columns only grow and never decrease, this model corresponds to a
totally asymmetric particle system. (In particular, only the totally asymmetric case
of a zero range process is treated.) It would be of interest to see if the arguments
generalize to systems where bricks are both added and removed.

3. The process on a finite number of sites.

3.1. The [, t]-monotone process. We begin by observing that the finite-
volume process ottt generated by L& of (2.7) is well defined. Such a count-
able state space Markov process is well defined for all time if the process avoids
explosion for each initial configuration w(0) (see Chapter 2 of [9]). We achieve this
by showing that the corresponding height process A (t) is stochastically dominated.
Since the heights never decrease, upper bounds suffice. Let

H(t) :=Z<r§1g§_1hj(t) and J:={{<j<t—1:hj(t)=H(@)}

Then we have two possibilities:

1) H(@) <hg—1(0) =he_1(¢t) or H(t) < he(0) = h(¢) (these are the heights
of the closest columns to the origin which do not grow), or
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(i1) foreach j € J, wj <0and w;11 >0, since h(z) is by definition maximal.

In the first case H(t) is trivially dominated. In the second case, by monotonic-
ity of the rates r, for each j € J, the column between sites j and j + 1 has
a growth rate dominated by r(0) + r(0). This implies that whenever H(t) >
max(he—1(0), h:(0)), it grows according to a continuous time jump process with
rate dominated by (vt — £) - (r(0) 4+ r(0)). This bound is good for each fixed [£, t]
but useless for the limit [£, ¢] /' Z.

3.2. The (£,t,0)-process. To develop equilibrium bounds, we introduce an-
other finite-volume process whose rates are adjusted at the boundary. For integers
¢ <vand 6 € R, the generator is

t—1
G 9(w) =Y [r(@) +r(—wi+D] - [p(@"" ) — p()]
i=¢

3.1) +1e? +r(—wp] - [p(@“P) - p(w)]
+e™ +r (@] [p(@"P) - p(@)].

In contrast with L&t in GE59) the bricklayer on site £ works also to his left,
not only to his right, and similarly, the bricklayer at site v also lays bricks to his
right. Additionally, there are two “virtual” bricklayers. One at site £ — 1 lays bricks
on [£ — 1,£] at the mean equilibrium rate ¢’ independently of the surrounding
configuration. The other at site t 4 1 lays bricks on [t, t 4 1] at rate e~?. These
rates are the expected r(£w;) rates under M(g), hence, they can be called mean
equilibrium rates.

By the argument of Section 3.1, the height of any column in the growing area is
dominated by a Poisson process of rate (v — £) - (r(0) + r(0)) + 2r(0) + e/ +e7
(we do not even need to consider the nongrowing columns, as this process is not
sensitive to its surrounding environment). We call this process the (¢, t, 8)-process.

PROPOSITION 3.1. The product-measure

T
(32) w0 (@) =[] i)
i=t
is stationary for the (£, ¢, 0)-process, where the marginals are of the form (2.5).

PROOF. Since the growth rates only depend on w; for £ <i <, it is sufficient
to show that, with the expectation w.r.t. E(E’t’e) of (3.2),

E(é,t,&)((G(E,t,0)¢) (g)) — 0
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holds for any function ¢ depending on wy, @w¢+1, . . ., w:. We begin the computation
of the left-hand side by changing variables in the (product-)expectation in order to

obtain only ¢(w):
E(@,t,@)((G(Z,t,Q)(p)(a)))

t—1
_ gr) {Z[r(wi) +r(—wi+D] - [p(@™ ) — p(w)]
i=0

+ [ +r(—w)] - [p(we +1,...) — g(@)]

+ e +r(@)l-[9(..,0— 1) — go@)]}

t—1
=g { [Z(mwi +1)

i=t
@i + 1) p P ipr = 1)
n® (@) - 1@ (wiy1)

+r(—wi+1+ D]

o) — r(—wi+1>)

© (g — 1
1 (e + D] AT Dy )
@ (we)
M(e)(wc +1) .

+le? +r(we+1]- e + r(wt)]:|

M(e) (wy)

X w(g)}-

We can continue by using the special form 2.5 of 1(*) and then 2.1 of r:
E(Z,t,@)((G(ﬁ,t,B)(p) (Q))
t—1
=g [ |:Z<[V(0)i + 1)+ r(—wit1 + ]
i={

x % . —r(—wim)

+[e” +r(—we + D1 r(:f) —[e” +r(—wp)]
0
-0 . € 1.t .
+ e +r(wc+1)] St D [e +r(wr)]} w(&)}
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t—1
=E&w9) i [Z(r(a)H_l) + r(—w;) — r(wi) — r(—wit1))

i=¢

+r(@) + e’ =& —r(—wp) +r(=w)
+ef —e™ — r(wo} -w(g)} =0,
which completes the proof. [J

3.3. An explicit construction. For some arguments it is convenient to have an
explicit construction of the finite-volume processes in terms of initial configura-
tions and Poisson clocks. By taking a limit, we can then define the infinite process
as a measurable function of these ingredients. Let N = (N;);cz be an i.i.d. collec-
tion of homogeneous rate 1 Poisson point processes on Ri. A generic point of ]Ri
is (¢, y). The first coordinate ¢ represents time and the second coordinate y repre-
sents intensity of rate. As usual, we discard a null set of realizations N so that we
can assume N;(B) < oo for all bounded Borel sets B C Ri and for all i, and

YN} xRy <1 and Y NiRyx{yh=<1 forall (r,y) eR].
i€Z i€Z

Fix —o0o < £ <t < 00, and consider initial states w € Z” and h ={h;}icz such
that (2.4) holds. The growth rate for column i as a function of the increments w is
given by

r(w;) +r(—wit1), forl <i<r,

(3.3) ri(w) = 0, otherwise,

for the [£, t]-monotone process, and

e + r(—wy), fori=4¢—1,
34 () = | T(@i) +1(=wit1), forf <i <r,
( ) rl (Q) 6—9] +r(wt)’ forl- =t,

0, otherwise,

for the (£, ¢, 0) process.

The processes are now constructed by the standard Markov chain scheme that
proceeds from jump to jump. We illustrate briefly for the process w!®(r). Set
70 =0, @) = w and

t—1

T = inf{t >0:Y Ni((0,1] x (0, ri (@) =1¢.

i=t
Define the first segment of the process by w!©¥(r) = w ) for 7o <t < 71, and then

) = gé(jﬁ’jl“), where j; is the index for which N;, ((0, 71] x (0, rj, (@))) = 1.
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Continue inductively, with
t—1
T, =infit > 11 :ZNi((Tk—l’ ] X (0, ri(g(kfl)))) =1y,
i=¢

o) = Oy for 1 <t <, Wy = QE,{"_’{")H), and ji the index for which

N ((tk—1, ] X (0, rj (@k_1)))) = 1. We already showed that these finite-volume
processes are well defined for all time, so no blow-up happens.

For the future we observe a regularity property of the construction. For this
purpose, let us discard another null set of realizations of N so we can assume

(3.5) > Ni(Ry x {r(k) +r(D}) =0.

ieZk,leZ

With this assumption, w!©71(.) is a continuous Dg-valued function of (w, N). For
this claim, put the product topology on €2 and the product of vague topologies on
the point measure configurations N. Dg denotes the standard space of Q2-valued
cadlag paths. To see this continuity on a fixed time interval [0, T'], fix (w, N) and
suppose («’, N') is close enough to (@, N). Then a): =w; for £ <i <, and in
a large enough bounded set of R%r points of Ni/ and N; (£ <i < t) correspond to
each other bijectively and are only a small ¢ > 0 apart. By considering each jump
in turn, we see that the same sequence of states D0)> D1y D(2)s -+ - is produced,
and the jump times differ by at most €. How small ¢ must be taken is determined
by how close together the original jump times t are up to time 7', and how close
to the boundaries r;(®,) the Poisson points of N; appear up to time 7. This
argument works because no Poisson point appears exactly on a boundary. This
was the purpose of assumption (3.5).

3.4. Coupling the processes. In what follows, we will use a common realiza-
tion of the Poisson processes for different monotone or (¢, t, 8) processes. Then the
construction, together with attractivity of the processes, gives the following cou-
pling. Fix integers £ < £ <t < R and any initial configurations ¢ (0), w(0) € .
Process ¢ () evolves either according to generator LILR (2.7) or GEERD) (3.1).

The other one w(-) evolves according to LI“*!. The coupling that results from using
common Poisson processes in the construction is summarized in rate tables, rather
than by writing explicitly the complicated generator for the coupled process. In
these tables, we assume generator LILR] for ¢, rather than G &R0 the modifi-

cation needed for G(£+®-9) is indicated before Lemma 3.2.

As remarked in Section 2.1, it is enough to describe the rates for individual
bricklayers standing at the sites. Given configurations { and w, the move of lay-
ing a brick to the left is independent of laying one to the right for each brick-
layer, hence, we give separate tables for these steps. We also distinguish between
sites where both ¢ and @ grow, and sites where only columns of ¢ grow. We de-
note the height of the column between i and i + 1 by gi(¢) [or h;(t)] for the ¢
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TABLE 1
Rate for bricklayers at sites L <i <l ortv<i <R
to lay brick to their right

With rate h; gi d; ditq

r(&;) t | 0

process (or the w process, resp.). We introduce the notation d; := ¢; — w;. As we
are essentially interested in this quantity, we give separate columns in the tables as
well to describe its behavior. Finally, let 1 () mean that the corresponding quan-
tity increases (decreases, resp.) by one. For example, h; 1 represents the jump
w — @it

Marginally, the processes ¢ (-) and w(-) evolve according to generators L[£®]
and L&t respectively. We say that d; second class particles are present at site i
if d; > 0, and —d; second class antiparticles are present at site i if d; < 0.

In case ¢ evolves according to G£-®-9) then Table 1 is also valid for i = R,

but with rate r({r) + e~?, and Table 2 is valid for i = £ with rate r(—<¢e)+ el

LEMMA 3.2. Fix £ <{ <t <R and couple an [L, R]-monotone process
or (L, R, 0)-process ¢ with an [£, t]-monotone process w. Assume that initially

h;(0) < gi(0) for eachi € 7. Then hi(t) < gi(t) foralli e Z andt > 0.

PROOF. Let us see how the condition stated could be first violated. The step
which first violates h; < g; must be a growth of &;, in a situation when h; = g;
holds. This step implies the growth of d; and the decrease of d;41, that is, an
(1, }) change in (d;, d;11). In the previous tables, only the second line of Table 3
and the first line of Table 4 contain such a move. However, we are after the first
case when the condition would be violated, thus by

hi—1 <gi—1, hi =gi, hit1 < 8i+1,

we have ¢ > w; and ¢;j4+1 < w;+1. Under this condition, both moves mentioned
above have zero rates, hence, the condition can a.s. never be violated. [

TABLE 2
Rate for bricklayers at sites L <i <Lort<i <R
to lay brick to their left

With rate h;j_1 gi—1 di_1 d;

r(=¢;) 0 \ 0
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TABLE 3
Rates for bricklayers at sites £ <i <t to lay
brick to their right

With rate h; gi d; di+1
[r (&) — r(wp]™ t \ t
[r(@) =)™ 1 o

min[r(§;), r(w))] 1 t

LEMMA 3.3. Fix £ < £ and ¢. Let hi(t) be the heights of a process w(t)
evolving according to the [£, t]-monotone evolution, and g;(t) the heights of ¢ (t)
evolving according to the [ £, t]-monotone evolution, coupled as described above.
Assume also h;(0) = g;(0) for each site i € Z. Then for all later times, in addition
to Lemma 3.2, we also have

(3.6) wi (1) < &i(t)

foreach t <i <r.

PROOF. Clearly, the statement holds initially. Steps which could violate it are
the ones containing d; |, in the coupling tables. These steps do not apply to sites
£ <i <vin Tables 1 and 2. While (3.6) holds, such steps only apply in Tables 3
and 4 when w; < ¢;. However, in this case, (3.6) will not be violated. [

LEMMA 3.4. Fix £ and v < R. Let h;(t) be the heights of a process w(t)
evolving according to the [£, t]-monotone evolution, and g;(t) the heights of ¢ (t)
evolving according to the [£, R]-monotone evolution, coupled as described above.
Assume also h;(0) = g;(0) for each site i € Z. Then for all later times, in addition
to Lemma 3.2, we also have

(3.7) w;i(t) > &i(1)

foreach t <i <r.

PROOF. Clearly, the statement holds initially. Steps which could violate it are
the ones containing d; 1 in the coupling tables. These steps do not apply to sites

TABLE 4
Rates for bricklayers at sites £ < i <t to lay brick to their left

With rate hi_1 gi-1 d;_q d;
[r(—wi) —r(=g)IT 1 1 I
[r(=¢) — r(—o)]™ J 0

- -

min[r(—w;), r(=&;)] 1
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£ <i <tvin Tables 1 and 2. While (3.7) holds, such steps only apply in Tables 3
and 4 when w; > ¢;. However, in this case, (3.7) will not be violated. [

4. The infinite volume limit. In this section we make use of the connec-
tion between the monotone process and the (¢, t,8)-process. While we have
monotonicity described in Lemma 3.2 for the monotone process, we have sta-
tionarity for the (£, r, 8)-process, which gives us stochastic bounds for its growth.
Since these bounds are independent of the size v — £ of the (¢, t, 8)-process, our
goal is now to construct and then to dominate the limit of the monotone processes
by these bounds.

PROOF OF THEOREM 2.2. For each ¢ and t, we use a common realization of
the Poisson processes in the construction of Section 3.3. Then Lemma 3.2 shows
that hl[e’t] (t) is monotone increasing with the extension of the interval [£, t]. Hence,
the limits exist a.s. for any initial configuration. [J

4.1. Starting from good distributions. Recall the definition of a good measure
from Section 2.3.

LEMMA 4.1. Let ¢ (0) be distributed according to a good measure 7w with pa-
rameters 0; < 05, and let it evolve according to the (£, ¢, 01)-evolution. Then there
are processes 1(-) and & (-) with the following properties: 1;(t) < ¢;(t) <&;(t) for
each site £ < i <. For each time t, the variables {n; () }e<i<v are i.i.d. with com-
mon marginal w | and the variables {& (1) }e<i<¢ are i.i.d. with common mar-
ginal 192,

PROOF. By the coupling assumed in the definition of r, we couple ¢ with the
(¢, v, 82)-process & started from initial distribution E(GZ), and the (¢, v, 01)-process
n started from p®), such that & (0) > ¢;(0) > 1;(0) holds initially for each site
¢ <i <. Then the basic coupling between these processes, in a very similar way

as in Section 3.4, takes care of the inequalities. We show the detailed coupling
tables Appendix B. [J

LEMMA 4.2, Let {(0) be distributed according to a good measure w with
parameters 01 < 6>, and let it evolve according to the (£, ¢, 01)-evolution. Then the
columns satisfy

Elgi(t) —gi(O)]<t-(”?+e ™)  forallt —1<i<vand0<t < oco.

PROOF.  Consider the growth rate r; () for column i, defined as (3.4) in the
(¢, ¢, 01)-process ¢ . Then

@.1) M;(t) = gi(1) — g:(0) — /O ri(c(s)) ds
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is a martingale w.r.t. the filtration generated by (£ (s))o<s<; with M;(0) = 0. By the
previous lemma, ¢; (¢) is bounded from below and from above by n; (¢) and &;(¢),
respectively. Due to monotonicity or r, this means

e + r(—ne), fori =4¢—1,
4.2) ri(§) < Ri(m, &) := 1 r &) +r(—nit1), fort <i<r,
et + r (&), fori =r.

Hence, by (4.1),
t
M;(t) > gi (1) — i (0) —/0 Ri(n(s),&(s))ds.

As n;(t) and &; () has (stationary) distributions w® and 02 respectively, taking
expectation value of this inequality leads to

0>E[gi(t) — gi(0)] — - (" + ™)
for columns £ — 1 < i <, where we used

ED@@E) =2 EW@(—n)) = 0

For later use, we prove here a similar bound for the second moment of g. More
details about this quantity in equilibrium appear in [3].

LEMMA 4.3.  Let {(0) be distributed according to a good measure 1 with
parameter 01 < 0>, and let it evolve according to the (£, ¢, 01)-evolution. Then we
have finite constants A, B, C independent of £ and v such that

E([gi(t) —gi(0?) <A> + Bt +C  forallt —1<i<tand0<t < oo.

PROOF. We introduce
gi() :==gi(t) — gi(0).
With the notation of (3.4), the quantity
t
Ni(0) =30~ [ 2F) 1) +ri(s)]ds

is a martingale. Hence,

t
EZ2 ()] = fo (2E[5: (5) - ri ()] + Elri (s)]) ds

t
< [ RGO EIZ 001+ Bl ds.

Using the bounds given in (4.2) and stationarity of n and &, the second moments
of the rates can be dominated, and we can write

t
E[22()] < 2,/E[R?] /0 JEI@()1ds +1 - EIR;].
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The quantity E[Riz] contains second moments of the rates w.r.t. 1@ or (%2 (2.5).
The existence of these moments can easily be shown, but we do not obtain an ex-
plicit formula for them. The left-hand side of the previous equation can be bounded
from above by a solution of

d
ZX(0) =2\/EIRF]- Vx()) + EIR;].

Whenever the increasing function x(¢) reaches value 1, its further evolution is
dominated by a solution of

d . 9
Ty =3JEIR?]-\[y(),  thatis, y(t) = JEIR?] (t — 10)?

for some ty, which proves the statement. [

PROOF OF THEOREM 2.3. By Lemma 3.2, for each starting configuration of
the [€, t]-monotone process w(7), there is a bounding (¢, t, 01)-process (1) with

column heights g!**, for which ¢ (0) = »(0) and

m =g, Ao =g 0

holds (£ <i < v). If w(0) and thus ¢£(0) is distributed according to m, then
Lemma 4.2 leads to the inequality

@.3)  E[R"T@) —r5T0)] <E[g T @0) — g 0)] <1 (% + ).

Taking liminf of (4.3) leads to similar bounds for 4;(¢) via Fatou’s lemma. [J

4.2. Conditional coupling: starting from a fixed state. So far we showed sto-
chastic bounds for the process started from good distributions. Here we apply these
bounds to processes started from deterministic initial states w € Q of (2.9).

Throughout the rest of the paper, we will use the following conditional coupling
construction. Fix an initial state @ € . Then by Lemma A.1, there are parameters
6, > 61 such that

(4.4) E(z) < —K, < K, <E®(2).
Let  be the product of marginals
) (z) fori <0
4.5 (@) =11, =%
*) i@ {MW@L fori > 1.
Let ¢ have initial distribution 7, with initial height go(0) = 0 at the origin. We
define the set

(4.6) ©:={{ €Q:8 > h; foralli € Z)

with column heights 4; of w and g; of E Here (2.4) describes the connection
between the 4;’s and w, and a similar relation is assumed between the g;’s and E
With o fixed, the event ¢ € A% might or might not happen when distributing the ¢
process initially according to 7. B
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LEMMA 4 .4.
w{f € A®} >0

foreach w € Q.

PROOF. By the assumption on w, there is a bound K and a number N > 0
such that

K>— Z wj= i fori < —N,
il

K>—Z( wj)_— fori > N.
j=1

It is clear that, with positive probability, g; > h; happens for all —N <i < N.
We show that, with positive probability, this also happens simultaneously for i <
—N and i > N. For positive i’s, due to the previous inequalities, it is enough to
show that, with positive probability, g; — K - i > 0 for all i > N. But the latter
is a random walk with drift, of which the increments —¢; — K are i.i.d. random
variables and have expectation —E® () — K >0 by (4.4). This random walk
has positive probability of never returning to zero. A similar argument works for
i<—N. O

We can now consider the measure (7 |A%), which is the measure 7 conditioned
on the event { € A“. Probabilities and expectations w.r.t. this conditional measure
will be denoted by PEI*®) and E@IA®) | respectively.

Let ;(‘3 w00 start from ¢ in distribution 7, and let it evolve according to the

(¢, t, 01)-evolution, while a)[e *l started from the fixed state w, evolves according
to the [£, r]-monotone evolutlon. We couple these two processes as described in
Section 3.4. Then:

e the marginal evolution of w!®*! is not influenced by the occurrence of the event
fe A2, since the initial state w was fixed,

e if { € A® happened initially, then, by Lemma 3.2, hl[z’t] (1) < gi(g’t’el) (t) holds
for each site i and any time ¢ > 0.

We call this construction a conditional coupling.

PROOF OF THEOREM 2.4. By the conditional coupling described above, we
have the following:

EQ(hl[_f,t] (t)) — E&lA®) (hl[ﬂ,t] (t)) < E@IA) (gi[g’t] (t))
— E@A) (g1 (1) — ,(0)) + ET4) (g,(0))
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_ B2y 0 —gi0)] HE € A2) | E2(lgi(0)] - 1E € A2

w{¢ € A2} w{¢ € A%}
_Elg" 0 - 5O EdgOD
n{; € A2} n{¢ € A2}

For the first term, we can apply Lemma 4.2 and finally write

e’ +e7  E(g(0)])

w (7 [0.t] .
E¢(h; (1) <t T CRETT TN

Note that this bound does not depend on £ and t as long as £ <i < t. As in The-
orem 2.3, we can finish the proof by monotonicity of hl[e’t] in £, v and by Fatou’s
lemma. In the second term, |g;(0)| is bounded from above by the sum of |i| ma-
ny |£(0)[’s, initially in i.i.d. distribution, hence, the expectation is linear in |i|. [J

4.3. A Markov process of heights with cadlag paths. We finish this section by
establishing that when the initial increment configuration w lies in the space Q of
states with Cesaro-bounded slopes, then the infinite-volume height process Aa(-) is
a Markov process with cadlag paths. We extend these properties to w(-) after we
have shown that the space Qis actually closed under the w-evolution.

PROPOSITION 4.5. Leta<binZ,0 < T < oo a fixed time, and h an initial
height configuration whose increments satisfy w € Q2. Then there is an a.s. finite
positive random variable R = R%(a, b, T) such that

hl[e’t](t):hi(t) fora<i<band0<t<T,

if { < —R < R < t. In particular, the 7= valued path t — {h;(t)}a<i<p Of the
limiting process is a.s. a cadlag function on [0, T].

PROOF. For all i and ¢ < t, hl[.e’t](t) < h;(t) a.s. and these are both non-
decreasing in t. Therefore, for ¢ € [0, T'],

ol =@ = nE ) < by () = BETO0) < hio (1) = hi(0) as,

and the last bound is a.s. finite. A similar estimate works for —a)l[e’t] (¢). Thus,

[¢.x]

L (M]ta<i<b,rel0,T],—oo<l<t<o00}<o00 almost surely.

sup{|w

Consequently, the rates r; (@7 (1)) of (3.3) are a.s. bounded, uniformly over the
relevant range of indices and time. In the coupling construction of Section 3.4 we
used common Poisson processes N for the [¢, t]-monotone processes. The uniform
bound on the rates then implies that the family of height processes {hl[-z’t] t):a<
i <b,t€l0,T], —oo <€ <t < o0} is constructed with a single realization of the
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Poisson processes {N; :a <i < b} restricted to a bounded (but random) rectangle
[0, T] x [0,A] C Rﬁ_. So this entire height family has a fixed finite (but random)
set of possible jump times. Since the limiting heights are now finite as proved
above, for each fixed (¢, i), the convergence implies that hl[g’r](t) = h;(t) for large
enough £, v. If we take ¢, v large enough to have the equality on the set of possible
jump times and at the endpoint 7', then the equality must hold throughout the
time interval [0, T']. And finally, since each path ¢ — hl[z’t] (t) is a nondecreasing
integer-valued cadlag function, this conclusion follows for the limiting path. [

PROPOSITION 4.6. Let h be an initial height configuration whose increments
satisfy w € Q2. Then the height process h(t) is a Markov process.

PROOF. We can represent the construction of Section 3.3 in terms of a family
of measurable mappings CIDEZ’r] defined on initial height configurations and the sub-
set of well-behaved point measures on R, so that A&t (r) = QDEZ’t] (h, N) for all
h € Z”. The action of this mapping could be characterized by “freeze the columns
outside [£, t] and evolve the columns over [£, t] as functions of {h;, N; : € <i <t}
as described before.” Then as explained, monotonicity gives the existence of lim-
iting measurable mappings

4.7) h(t) = ®;(h, N):= lim ®“T(n, N).
—{,t—>00

The Markov property follows from showing
(4.8) h(s +1) = ®,(h(s),0;N)  fors,t>0,

where 6, translates the Poisson points on ]R%r by (—s, 0) (in other words, moves
the time origin to s and “restarts” the Poisson processes). Since the initial incre-
ments w are assumed to lie in €, the height configuration A(s) is finite a.s. and,
consequently, the values ®;(h(s), 6;N) are well defined by the limiting procedure.
Fix an index i. We will show

(4.9) hi(s +1) = @i (h(s), OsN),

where ®; ; is the value of the mapping in the ith column. Starting from the right-
hand side of (4.9), by the definitions,

i (h(s),6N) = lim  &;7(@(h, N), 6;N).
—£,t—>00 ’
The mapping @E’@i’ﬂ reads its input ®; (&, N) only on the sites in [£, t — 1]. Again by

the definition of the limiting mapping and the finiteness of the limit, for each ¢, «,
there exist integers a = a({,t) < £ <t < b(£, r) = b such that

Py, (b, N) = D0, Ny for b= j <.
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Consequently,

Jim @@y, N, ON) = lim ST (@, M), 6 N).
Since [£,t] € [a, b], monotonicity and the Markov property of the processes
hE() and A1PI() give

@, i (h(s),6N) < lim @%@l (p, N), 6, N)
—£,t—>00 ’

[a,b]

= Ilim st

—£,t—>00

(h,N) =hi(s +1)

and

@, (h(s),6N) > lim  d“I (@l (R, N), 6,N)
—{,t—>00 K ;

= lim %, N)=his +1).

Ll 00 s+t,i

This verifies (4.8). [

Utilizing the jointly measurable representation (4.7), we can define a semi-
group S(t) of operators acting on bounded measurable functions f by integrating
away the Poisson clocks:

S f(h) = / £(®,(h, N)P(AN).

The semigroup property S(s +¢) = S(s)S(¢) follows from (4.8).

5. Regularity properties. In the previous section we constructed the pro-
cess w(-) as a limit of the monotone processes. In the remaining sections we
study this process more closely. The first order of business is to show that the state
space Q (2.9) is closed under the dynamics. For later use, we also show that the
growth rates of the process are in L? for any 1 < p < oo, at least until some time
T =T%(p), and that it is exponentially unlikely for each column in an interval to
grow in a small time-range.

The goal is achieved in several steps by first proving these properties for the
(¢, ,0)-process ¢, and then using the conditional coupling construction of Sec-
tion 4.2. The relationships between various statements are illustrated by the dia-
gram below. The boxed statements are the main outcomes of this section and will
be used subsequently to study the semigroup and ergodicity (see Figure 2).

5.1. Markov process of increments. 1In this section we complete the basic de-
scription of the process w(-) by proving Theorem 2.5.
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State space 143 Def. and
of w L52  coupling of ¢
L 5.6
L5.2 Ls1

Exp. tail Cor 5.5 Non-growing cor 5.8 Exp. moments of

of ¢ averages L34  columnsin ¢ L?37 columns of ¢
Exp. tail 5.4 Non-growing Lso Condit;lional
of w averages Cor5.10 | columns in w coupting
Cor 5.10
Exp. moments of Exp. moments of
w averages L59 columns of w
Cor 5.11
Moments
of w-rates

FI1G. 2.

LEMMA 5.1. Let {(t) be an ({,x,6)-process started from distribution
of 4.5. Then there exists a function C (K) that depends on 61 and 6>, but not
ont,f,t,suchthaté(K)/’ooasK/’oo,andforallﬁ— 1<i<O0O<k<r,

1 2 S 1k ~
Py > gl =K <em N and Pi§§:|§j(1)|2K}§€C(K)k-
U .= X
j=i+1 j=1

PROOF. By the coupling in Lemma 4.1, n;(¢) < ¢;(¢) <&;(¢), and the bounds
follow because at a fixed time the variables {n;(¢)} and {§;(r)} are i.i.d. with all
exponential moments. [J
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LEMMA 5.2. Let w(t) be the limiting process started from w € Q. Then there
is areal 0 < K2 < 0o such that

1 _
Pglsuplimsup sup - Z lwj(t)] < K*p =1.

n>0 i—oo te[n,n+1]! =i

PROOF. Fix an initial state w € Q and consider the [£, t]-monotone process
ol®" with £ <i < —1. Let the process ¢ (£%.01) be as in the conditional coupling
in Section 4.2. Start with the inequality

0 0 0
(5.1) Z |a)5.6’t](t)| < Z |a)5.€’r](l‘)—{;Z’t’el)(t)|+ Z |§;€,t,91)(t)|.

j=i+1 j=i+1 j=i+1

The first sum on the right is the number of second class particles between ¢ (%1
and wl®, at sites i + 1,7 +2,...,0, at time 7. For any £ <i < 0 < t, this num-
ber can only increase by second class particles jumping over the edge [i,i + 1]
and [0, 1]. Any such jump requires at least one of the columns g“-%%0) of ¢ (¢:61)

or W16 of @& over the corresponding edge to grow. Therefore, also taking into
consideration go(0) = hp(0) =0 and (2.4),

0
Z |a)5.£’t](t) . é_}i,t,el)(t”

j=it1

0
< Y [wj0) — ;O] + g5 (1) — gi (0) + A1) — ki (0)

j=i+1
n g(()e,r,el)(t) — g0(0) + h{f’t] (t) — ho(0)
0 0 7.0 7 £,t,0
- Z ;)] 42 Z |§j(0)|+g,~( 3 1)(l)+hl[ ’t](t)-i-g(() )T 1)(1‘)
j=it1 Jj=itl

+hly o).

Now consider a range fy <t < t1 of times. By the monotonicity of the heights,

0
sup Y [0 — ¢ M)

fy=t=nh j=i+1

0 0
<2 ) lwiO]+2 > 1£0)
j=i+1 j=i+1

£,¢,0 s 0,¢,0 s
+ g )+ 1T 1) 4 g (1) + T @),
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The sum of ¢-increments in (5.1) is handled by introducing

0
v(t) = Z ’;J@,t,&)([)‘_ (t@])(t) (ﬁtgl)(t).

j=i+1

Considering the rates of the jumps that increase the quantity, v(¢) reveals that the
increment v(fy +s) — v(fp) is bounded stochastically by 2Y (s), where Y (-) denotes
a Poisson process with rate 2(Ji| — 1)r(0). We have the bound

sup Z [S0]

fo=I=n j_j11

< sup v(@)+ g @) + g (1)

Io=t=r

0
< sup (v(to+s)—v())+ Z |C;e’t’91)(to)| - g,-(g’t’gl)(to)

0<s<t—fp j=i+1

— g (1) + 8T (1) 4+ g8 (1)

< sup (v(to+s) —v(to)) +2 Z |¢<“91>(Z), 2685 (1)
0<s<t1—19 o

+ ¢ @) + g ).

Combine the estimates to write

sup Z @) <2 Z |; (0)] +2 Z 12;(0)]

l‘0<t<t1] =i+1 j=i+1 Jj=i+1

0
+2 3 5|+ sup (vlto +5) — v(t))

j=i+1 053‘52‘1—1‘0
(52) ¢, 0,¢,0 0,10
+ @) + 285 () + 2650 (1)

(Et@l)(t )—{-h[z t](t)

We now observe for each term on the right-hand side a bound on the probability
of exceeding K |i| that is independent of ¢, v and summable in |i|, once K is fixed
sufficiently large. Then Borel-Cantelli concludes the proof.

By the assumption w € Q, the first term > |lw;(0)] is deterministically less
than K |i| for a large enough K and i, independently of ¢, t.

To the second and third terms (sums of ¢ -variables) apply Lemma 5.1.



EXISTENCE WITH SUPERLINEAR RATES 1227

As observed above, the fourth term is stochastically dominated by twice a Pois-
son variable with mean 2(|i| — 1) (0)(#1 — #o).
For the term & l[g’t] (71) use conditional coupling. With the event { € A defined
in (4.6),
P2{rl ) > K - i
i (0 il}
=PTAN BT gy > K i)

{g“ 1) > K- i)

45,0 . .
P 157 el = K720 1il) . P{g“ ") > (K/2) - 1il}
- n{; € A2} n{f € A2} '
As m{{ € A®} > 0 and independent of ¢ and v, this bound is taken care of by
the already existing terms in (5.2). Also, the last inequality shows how the term
gl-(e’r’el) (1) is reduced to g((f’t’gl)(tl) and another sum of ¢ -terms.

The term g(()z’t’el)(tl) of (5.2) is of bounded second moment, uniformly in ¢
and t, by Lemma 4.3. Hence, by Chebyshev’s inequality,

E(sq " ()?) _ A} +Bin+C

(£,c,01)
Plgg ™" () > K -Jil} = =0y = S o

which is again summable in 7, uniformly in £ and ¢. The term g(g w61 (tp) is treated
similarly.

Finally, for h([)e’t] (t1) repeat the conditional coupling argument to reduce it to

(€,r,6)

80 (t1).

The estimates above can be summarized as follows: there exist quantities
0 < K<ooand0 <aqj < 1fori <0, independent of £ and t, such that ) aj;| < 0o
and

P2y sup Z |a)[e t](t)| > 15K { <ay.
fo<t<t |l| fart

Both K and aj;| depend on w, but we leave out the dependence from the notation.
By Proposition 4.5, for any fixed i < 0 and #; < oo,

Jim P o) = WU fori+1<j<0andref0.n] )=
—£,t—

So we can pass to the limit to obtain the bound for the limiting w-process:

1 O
P2l sup — Y Jwi()] > 15K § <ay.

n<r=n lil 57,
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The first Borel-Cantelli lemma implies that

limsup sup Z lw; ()| < 15K almost surely.

i——o0 Ig=<t=t |l|J —it1

Looking back, we see that K depends on time only through the increment #; —#g,
and this only to bound the fourth term on the right of (5.2). So fix the size of the
time increment to t; — fg = 1, and let 79 run over nonnegative integers. A similar
argument works for positive i-values. [

PROOF OF THEOREM 2.5. In Section 4.3 we constructed path measures
P~ on Dy for the height process when the initial configuration s has incre-
ments » € . Here Dz is the space of Z”-valued cadlag paths. To be some-
what formal about this, we can now define the path measure P of the increment
process as the distribution of the process w(-) := 6_1k(-) — A(-) under the measure
P&O@). Here 0; shifts spatial index by (6_1h); = h;_1, and ho@) is the height
configuration associated to w via (2.4) normalized by #g = 0. Then one can de-
duce the Markov property and the cadlag property for w(-) and the measurability
of w > P2 from the corresponding properties of 4(-). Lemma 5.2 completes the
proof of Theorem 2.5. [J

5.2. Further regularity properties of the ¢ process. In this section we derive
exponential moment bounds for ¢ (¢). The key tool is a bound on the probability
that a large interval of neighboring columns all grew in a short time. In some lem-
mas we use the notation w(¢) for both the (¢, ¢, 8)-process and the [£, t]-monotone
process to avoid unnecessary duplication.

The first lemma states an elementary counting argument. We encode an upper
bound z on the magnitude of the left and right increment of a column /4 ; as mem-
bership j € D(z), as defined below.

LEMMA 5.3. Fix real numbers 0 < b <1 and 0 <o < 1 — b. For integers
i<0,z>0, andforQeZZ,deﬁne
(5.3) D@ =D, i,b,w):={i+1=<j=|bi]l-1:|wj|<zand|wji1| <z}

Then there exists an integer ig = ig(b, @) < 0 such that the following statement
holds for any real K > 0. If i < iy and

(5.4) — Z lwj| <K,

j =i+1

then
. 3K
D ()| = |alil] forallz> ——.
1—-b—«

The same holds for i > 0 with the obvious changes.
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ProOOF. Fix
3K
Z == —7
1—-b—«

and define
Di(x):={i+1=<j=<|bi] —1:|lwj| <z} and
Drz):={i+1=<j=|bi] —1:|wjt1] <z}
We show that

a—b+1

(5.5 |D1(2)| = |2

: 12
whenever [i| > —— .

By contradiction, assuming
a—b+1

|D1(2)] < >

li]
implies
. . . , l—a—-0b .
Loi] = 1+ il = 1D1(@)] = bi =2+ [i] = | D1 (D) > ————-[i[ =2

many indices j with |w;| > z in the discrete interval {i + 1---|bi| — 1}. The
contribution of these to

1 0
Il > oyl
j=itl

is larger than

l—a—0>b 2 3 6K
—'Z—fZ:—K—'—>K
2 li] 2 lil(1—b—a)
whenever [i| > %, contradicting (5.4).

Since (5.5) holds also for D, (z), we have

|D(2)] = [D1(z) N D2(2)| = |D1(2)| + [D2(2)| — |D1(2) U D2(2)|
> (a— b+ Di| — (Lbi] — 1+ |i]) > «li]. O
The next lemma quantifies this idea: if we have some control of the increments
at time ¢, then we also have some control of the growth of columns during an

immediately preceding small time interval. The argument is the same for negative
and positive indices. We work with negative indices i, and define the event

(5.6) }”ib(t) :={h;(t)>h;0)+1forall je{i,..., |bil]}}
forareal b € [0, 1).
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LEMMA 5.4. Let C: Ry — R be a function such that E(K) — 00 as
K — o0. Then for each b € [0, 1), there exists another function Cp : Ry — R such
that Cp(t) — oo as t — 0 and the following claim holds.

Let —00 < £ <0 <t < o0, and let w(t) be either an [£, t]-monotone process
oran (£,t,0)-process. Fix a set U C 7 and a time t € (0, 00). Assume that for all
K>0andieU,

1 F Ol
(5.7) Pil— 3 o] =K <e “HON,
i 5
Then for b € [0, 1), there exists an integer iy = io(b) < 0 such that, for all i < iy
inU,
(5.8) P(F (1)) <e Ol
The corresponding statement holds under the corresponding conditions for i > 0.
The conclusion is independent of £, t. Moreover, the statement is also true for the
limit of the monotone processes, provided condition (5.7) holds uniformly for the
[£, t]-monotone processes.

PROOF. For this proof always i € U. Consider first the [£, r]-monotone or the
(€, v, 0)-process. For a given K, define the event

1

0
Ki(t) := > lwj| <Ky

il 5
By assumption (5.7),
P(FL (1)) < P{FL (1) N K (1)) + e RN,
On the event 57ib (t) each column indexed i,i + 1, ..., |bi] grew by at least one
during [0, t]. Let 51 denote the time when column j last grew, and s, the last
growth time of that column before s;. If there is no such time, then s, = 0. By the
monotonicity of columns and the rate function r, for any 52 < s < 57,
wj(s)=hj1(s) —h;j(s)<hj_1(t)—[h;@) —1]l=w;@{) +1,
(59)  —wj1(8) = hjs1(s) = hj(s) < hjp1 (1) = [hj (1) = 1] = —wja1 () + 1
and
rloj)l+rl—wjp )] <rlwj) + 11+ rl-wj1 (1) + 11.
On the event K; () we can apply the previous lemma to w(¢). Fix 0 <a <1 —b.
Then as long as

3K

Zzﬁ and i <ig(b,a),
—b—«
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on the event {F; b(t) N K;(t)} at least |«|i|] indices j lie in £ (z) defined by (5.3).
For any such index j, we have by (5.9) this uniform bound on the rate of column
h j+

rlwj)]+rl—wjp )] <rlo;@®) +11+r[-wj1 @)+ 1]l <r(z+ D) +r(z+1).
In other words, in the time interval [0,¢], at least |«|i|] columns grew dur-
ing a period when the rate was bounded by 2r(z 4+ 1). This is true whenever
i <ig=1io(x, b). There is no dependence on ¢ here, for indices j < £ do not
present a problem. In the [£, t]-monotone process columns outside {£, ..., t — 1}
do not grow, while for the (£, v, 8)-process, the leftmost and rightmost constant
rates ? and e~ are also bounded by r(z + 1) if we take z is large enough.

We turn these considerations into a bound:

PLF (1) N K (1))
< P{at least |«¢|i|] columns ini,..., |bi] grew during a time
period when the rate < 2r(z + 1)}

< Z P{columns in O grew during a time

DCli,...,[bi]}
|D]=leli]]

period when the rate <2r(z + 1)}
bi] —i+1 _=2tr(z+ )y Lelil)
= (M) e

< plbil+lil+1 (1- e—2tr(z+1))La|iU.

Therefore,
P{?’ib(t)} < plbilHIIHT (1- e—2zr(z+1))La|ilJ +e—6(1<)|i|

whenever i < ig = ig(a, b) and z > _35 Move i further to i < min{—2/«,

io(e, b)} so that |«|i|] /|i| >« — 1/|i] > «/2. Then for all K > 0 and z > 3K

T-b—a’
P(F )y <2-[2-(1- e_2f’(2+1))a/2 +e—C(K)]\1|.

The parameter « is fixed for us, so define ig(b) = min{—2/«, ig(«, b)}. From the
bound above we indicate how the function Cy is constructed. Let A > O be arbi-
trary:

e Fix K =K(A) large enough that e=CK) < %e‘A.
o Fixz=2(A) > ; b .
e Define § = 8(A) >0 by the equality

7. (1 _ efzsr(erl))a/Z _ %efA.

This defines a function Cp(8) := A(S) /" 00 as § \( 0. [Actually, Cp(5) is now
defined for some finite range § € (0, dg). Put C;(6) = 0 for § > &p.]
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After these choices, if t = § € (0, §g), the earlier bound turns into (5.8):
P{ff‘\;b(t)} S 2 . (%E—A _|_ %e—A)li‘ S e—Cb(l‘)|i|.

For ¢ > §¢, (5.8) is trivially true because Cp(t) = 0.

The extension from the [£, t]-monotone process to the case of the limiting
process follows by monotonicity of the event }‘ib (¢) in £, v and the fact that our
bounds were independent of these parameters. [

COROLLARY 5.5. Let (1) be the (£, , 01)-process, started in distribution
(4.5), 0 < b < 1 a real number, and

El-h(t) :={each column g; withi < j < |bi| of { has grown
(5.10) -
by at least one by time t}.

Then there is an integer iy = io(b) and a function C(t) = Cp. g, 0,(t), both inde-
pendent of £, ¢, such that C(t) — oo as t — 0 and

P{EP (1)) <e €O foralli <iy.

The corresponding statement holds under the corresponding conditions for i > 0.

PROOF. Whenever £ — 1 <i <t, Lemma 5.1 and, hence, Lemma 5.4 apply.
For i outside of this interval, the probability above is simply zero. [J

We now bound exponential moments of column gg in the ¢ process. We let
—L =R >0 and take ¢ as an (L, R, 61)-process. We first derive a naive bound
that depends on the size £ of the process, and then improve it to an estimate inde-
pendent of L. In an (L, R, 61)-process g1 is the leftmost and gx the rightmost
column to grow. The boundary increments {1 and {41 are outside the spatial
range that couples with stationary processes (the coupling of Lemma 4.1). How-
ever, we can still take advantage of the product-form initial distribution.

LEMMA 5.6. Let ¢(t) be an (L, R, 01)-process with L = —R started from
initial distribution 0? (4.5), with go(0) = 0. Then there are finite constants A
and B that depend on K, 61 and 6>, but not on L and t, such that, for any K > 0,
L <0andt >0,

E(eK900)) < olLIAr+B),
PROOF. Utilizing increments as in (2.4) with go(0) = 0 gives

R
1)< (1) < (1) — (0 (0)].
go® < _max gi()< max gi()— miax g >+J§C|g( )

.....
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Next apply Holder’s inequality:

< CLGILHDr O+ lexp@K)~11t | ,C'1 L],

The last inequality comes from the Poisson bound on the growth of the maximum
explained above Proposition 3.1, and from the initial product distribution. [

LEMMA 5.7.  Let {(t) be an (L, R, 01)-process with L = —R, started from
initial distribution w of (4.5), with go(0) = 0. Then for K > 0, there exists a finite
strictly positive time T = T (K, 01, 62) such that

E(eK go(t))
is bounded uniformly in £L <0and 0 <t <T.
PROOF. Fix b =0, and recall the definition (5.10) of SZ-O(I) fori <O0. Let 8?(0
be the probability one event. Define also
gjo(t) = 8i0(t) N {column i — 1 of ¢ has not grown by time 7}.

Since column £ — 1 is frozen in this process, precisely one of the events E;;? ®),
88(1‘), e 82—1 (t) happens. Write

1
(5.11) E(eX&0®) = 3" E(eX00 . 1{E0(1)}) + E(eX 0O . 1{E)_, (1)}).
i=L

For the first term, under the event g’? (1), we use the following estimate [with the
convention go(0) = 0 and that empty sums are zero]:

0 0
go(t) =gi—1(t) — Y _ ¢ (1) =gi—1(0) = > _¢;(0)
(5.12) = =

0 0 0 0
=60 =D ¢ =D 50 = > n;@).
j=i Jj=i j=i j=i

Hence, with the convention that empty products have value one,

1 0 0
E(ng()(l‘) . l{gal()(t)}) < E(l_[ ngj(O) l_[ e—K’Ij(t) . l{gblo([)}>
=L

1
i=L i Jj=i j=i

IA

1 . o 1/3
[(l—[ E3K¢ (0)) (l—[ Ee 3Kn; U))P{Sio(t)}}
LL\j=i

i= Jj=i

0
i=L
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The second inequality comes from Holder and the independence of increments in
the configurations 7(¢) and ¢ (0). The last inequality comes from finite exponential
moments of equilibrium increments [see (A.1)] with C = C(K). We apply Corol-
lary 5.5. Take ig corresponding to » = 0 in Corollary 5.5, and split the summation
as

1
E(ngo(t) . l{gbio(t)})
i=dL
ip—1 . 0 ]
<1+ 30 U PP+ 0 AU Pl '
i=dL i=igVdL

The first and the last term on the right are bounded uniformly in «£. Apply Corol-
lary 5.5 to the second term to write

iop—1 iop—1
Z e2C(\l|+1) . [P{8lo(t)}]1/3 < Z €2C(|l|+1) . e—C(l‘)|l|/3’
i=L i=L

which is uniformly bounded in £ if ¢ is taken small enough to guarantee
6C < C(t). The function C(¢) only depends on b, which is 0 now, and 6; and 6,.
Hence, the time T only depends on (K, 61, 6»).

The second term of (5.11) cannot be handled in a similar fashion since an esti-
mate using (5.12) under the event 50%_1 () would involve the variable ¢ ¢_1(¢) for
which we have no convenient bound. Here we use the naive estimate of Lemma
5.6:

E(eX80®  1{0_ (1)) <E(eX0® . 1% _,(1)})

< [E(*¥®®) . pgY_ 1)]'?
< e|£|(At+B)efC(t)|£71|/2’

with constants A, B, and a function C(t) — oo as t — 0, each also depending
on K, 01, 6 by Corollary 5.5 and Lemma 5.6. There is a T, depending on K,
01 and 0;, such that, foreach O <t <T,2Ar + 2B < C(t). For such t’s, the above
expression is bounded from above uniformly in /£, which finishes the proof. [

COROLLARY 5.8. Let ¢(t) be an (L, R, 01)-process with L = —R, initially
distributed according to 7w of (4.5), with go(0) = 0. Then for any K > 0, there
exist a time T > 0 and constants D and E , each also depending on K, 61 and 6
but not on L, such that

E(cX8i0) < (D+EI|

forany L—1<i<Rand0<t<T.
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PROOF. Fori <0, (2.4) reads as

0 0
gi()= Y i +g@) =< Y &) +go)

Jj=i+l Jj=i+1

by the coupling of ¢ and §. Hence, by Holder, we have
E(eK40) < [E(2X Z(}=i+1€j(f))E(€2Kgo(t>)]1/2 < eElil (D

up to some time T, with some constants £ and D by the product equilibrium
of §(¢), by (A.1), and Lemma 5.7. A similar argument comparing —¢;’s with —n;’s
proves the statement for positive i’s. [

5.3. Further regularity properties of the w(t) process. Now we refine Le-
mma 5.2 to get exponential moment bounds on sums of w;(¢)-variables. Con-
sequences include moment bounds on w-rates and bounds on growth of adjacent
columns.

Note that while Lemma 5.2 was valid for all time, the exponential moments we
proved for ¢ and use below are valid only up to some time T = T (61, 62) > 0. We
still use the conditional coupling of Section 4.2. Recall the definition (2.8) of Ky.
The main point is again to get estimates independent of £, v so that we can go to
the limit and get estimates for the infinite-volume processes.

LEMMA 5.9. Let w(t) be either an [£, t]-mogotone process or the limit of
these processes started from an initial state w € Q2. Let K > 0. Then there is a
finite constant C = C (K, w) and a positive time T =T (K, K,,) such that, for any
t<T,

E2(cX Y 00l < (Clil
holds whenever £ <1i <0, and
EQ(eK > |w_,~(r>|) < oCi

holds whenever 1 <i <.

PROOF. Consider first the [£, t]-monotone process o). Fix £ =—-R
such that £ < ¢ <t < R. In the conditional coupling argument, we can couple
ol&(1) with the (£, R, 61)-process ¢. The arguments of the proof of Lemma 5.2
remain valid with this setting. Take (5.2) from that proof with fg = r = ;. We show
that each term of the right-hand side of (5.2) has the stated exponential moment,
and then Holder’s inequality leads to the proof.

The first term with the sum of terms K |w;(0)| is simply smaller than K |i| for
some K since wE Q.
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For the second and third terms, we write, both for time O and time ¢,

E(eX Zi=in1 1651y < E (K Zi=in (i 141D
< [E(eXX Tiint M E (2K Tiaivt i1)]1/2 < (€l

by the coupling n; < {; <&; and the product equilibrium of 7 and §.
The fourth term is now zero.
For the term hl[e’t] (t) we again use conditional coupling:

EQ(eKh,[Lt] ([)) _ E(ll"‘*’g) (eKhl[l.t](t))

(5.13)
K gl LR
@) < E(E i

T m{ieA?)

(L.R.07) ()
Kgi 1 )

<ETA49)(

and a similar argument applies to the last term h([)ﬁ’t] ().
All that is left is to bound the exponential moments of gl.(”c"ﬂ’gl)(t) and

g5E7%(¢). This is done by Corollary 5.8 up to a finite time T = T (K, 61, 6).
The parameters 6; and 6, are chosen according to (4.4), hence, T acquires a de-
pendence on K.

Holder’s inequality now together with (5.2) proves the statement for i < 0 and
finite ¢, v. A similar argument works for i > 0. Notice that none of our bounds
depends on £ and vt as long as £ <i < v holds. Fatou’s lemma therefore extends the
result for the limit £ - —o0, t — oco. [

From these moment bounds we get hypothesis (5.7) for controlling the growth
of a large number of adjacent columns. Recall definition (5.6).

COROLLARY 5.10. Let w(t) be either an [{, t]—nzonotone process or the limit
of these processes started from an initial state w € Q2. Let b € [0, 1). Then there
exist a time T® > 0, an integer ig = ig(b) < 0 and a function C%:RJr — R with
these properties: Cbg(t) — oo ast — 0, and forall i < iy,

(5.14) P EL (1)} < e~ Ch Ol

whenever t < T%. The corresponding statement holds under the corresponding
conditions for i > 0. Note again the independence of the estimates of ¢, ¢.

PROOF. We need to verify that (5.7) holds. For £ <i <0 and ¢t < T, we write
0
po ﬁ 3 ()] 2 K | < e KR (D 0:0l) < (€Ki
i| .=
Jj=i+1

by Markov’s inequality and Lemma 5.9. For i < ¢, PQ{fFib (¢)} is simply zero.
A similar argument holds for positive i’s. Notice that C on the right-hand side
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above depends on m{{ € A®} of the conditional coupling used in Lemma 5.9.
This dependence is then transferred to C (K) in (5.7), and from there to Cp(¢). [

‘We derive one last estimate for the next section.

COROLLARY 5.11. Under the hypotheses of Lemma 5.9, for any 1 < p < 00,
there exist T =T (p,w) >0, A= A(p, w) and B = B(p, w) constants such that

Ew[ sup r(|wl~<r>|>f’} < eATBI
0<t<T

PROOF. By the exponential bound (2.3) on the rates and by monotonicity of
columns, forany 0 <¢ < T,

r(lwi ()P < ePPIwi O] — ,Bplhi—1 () —=hi(?)]

< BPURi-1©)=hi -1 Q)+1hi )i () | (Bphi-1(T) | ,Bphi(T).

Take expectations, apply the Schwarz inequality, apply the conditional coupling as
in (5.13), then Corollary 5.8, and finally let —¢, v — co. [J

6. Analytic properties. Fix a bounded cylinder function ¢ on €. For each
finite-volume process w1 (), we have the integrated forward and backward equa-
tions

ST (e — plw) = f 165l (5) LT () ds
(6.1) ’

- / "L (5145 (5)p) (@) ds.
0

where S'¢%1(z) is the semigroup of the process. The generator L“*! may involve
exponentials of the unbounded variables (a)l[g’t]), so an argument is needed to jus-
tify the existence of the right-hand side of the first line of (6.1). But it can be
checked that the process

T T
Y PO Y ()]

i={ i={

is bounded by twice a Poisson process of rate 2r(0)(£ — v).

In this section we seek to let —¢,t — oo in (6.1) to capture corresponding
equations for the limiting process w(-). The left-hand side of (6.1) converges to
S(t)p(w) by the definition of the process as a limit. The right-hand sides need
some work and restrictive assumptions. Throughout the section the initial state
satisfies w € Q.
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6.1. Integrated forward equation. Since ¢ is a bounded cylinder function,
there is an integer a < oo such that

a
(6.2) ILp(@()| < C Y ri(w(s)).
l=—a

Together with the moment bound of Corollary 5.11, this suggests that we can
verify the equations up to a time 7% that depends on the initial state w. Time
integration enables us to do better in the forward equation.

Note that LI¢" g = Lg as soon as —¢, ¢ are large enough. Write, with (3.3), the
right-hand side of the forward equation in (6.1) as

/0 "SI (5) Lo (@) ds

— Z /(;’ Egri (Q[e’t](S))[(p(g[e’t](i’i+l)(s)) _ (P(Q[e’t](s))] ds.

l=—a

Fix i, and think of the integrand

foe =ri (@) [ (@D (5)) — g(w!“T(s5))]

as a function of (s, N), integrated with respect to ds ® P, where P is the distribution
of the family N of Poisson processes. [Recall the construction of the processes
!®¥(.) and w(-) as measurable functions of N when the initial state is given.]
Almost everywhere convergence as —¢, t — oo to the desired limit

f=ri@s) @) — p(@(s))]

follows from the construction. We will apply the generalized dominated conver-
gence theorem (e.g., Proposition 18 from Chapter 11 of [13]). The domination is
done by

| foxl < gexi=Cri(@“V(s)) — Cri(w(s)) =:g.
—£,t—>00

The key help from the integration of the time variable is that the forward equation
of the finite-volume height process 4'%¥1(-) gives the bound

(6.3) /O B2y (@9(5)) ds = B2[A"(0) — hi ()] < A% + B2 + s )],

where the last inequality came from Theorem 2.4. It only remains to check that

1t t
(6.4) /0 E2r; (w!“(s)) ds — /0 E®ri (w(s)) ds.

We take advantage of the freedom in the order of convergence. Lemmas 3.3 and 3.4

gave the monotonicity
o) =0l ) and  @f"T(s) 2 w0l ()
(6.5)
forany £ <i <.
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By (3.3), the integrands are sums of two terms of the form r(-) for all large v and
large negative £. Monotonicity of the rate function r gives similar inequalities for
these terms separately, we show how the limit (6.4) is done for the first term:

t ? !
/0 E2r (0" (s)) ds =2, E<r (w0} (s)) ds e—t)oo_/(; E®r(w;(s)) ds.

The first limit uses the dominated convergence theorem with the bound (6.3)
for each fixed ¢. The limit w[©>®l(s) is by definition the configuration of in-
crements of the height configuration Q[Z'oo] (s) which itself is the well-defined

and finite monotone limit of A (6] (s) as t — oo. The variable a)l[e’t] (s) does not
change once v is large enough, and so the other monotonicity from (6.5) becomes

wl[z’oo] (s) < a)l[efl’oo](s). Now the second limit above comes from monotone con-

vergence. The limit of r(—a)l[ﬁ’i] (s)) is treated similarly.
We have proved the convergence

| S () Lo(w) ds
0

=2 fo B2 (0 96) (@ () — (0 (5))] ds

i=—a

a t -,
— 3 [ Er@e)lp(@ ) - ()] ds

i=—a

_ /Ot S(s)Lo(w) ds.

The integrability of Le(w(s)) over [0, T'] x Dg is contained in the estimates above:
apply Fatou’s lemma to the left-hand side of (6.3) to get an inequality that shows
the integrability of the upper bound in (6.2). This completes the proof of Theo-
rem 2.6.

6.2. Integrated backward equation. To see that S(s)p(w) is a function to
which the infinite generator L can be applied, we need some bounds.

LEMMA 6.1. There is a function A(s, ) / oo as s \ 0 that depends on the
function @, but not on [£, t], such that

(6.6) |S[€’t](s)(p(g(j’j+1)) _ S[E’t](s)(p(gﬂ < Ce A0l

forall |j| > jo. C and jy are fixed constants independent of w, £ and . This bound
also holds in the limit £ — —o0, vt — 00 for the limiting process.

PROOF. We consider j < 0 and omit the symmetric argument for j > 0.
We couple two [£,t] processes «'(-) and w(-) started at ' (0) = w7+ and
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w(0) = w. The difference between the processes can be represented by a second
class antiparticle Q| and a second class particle Q4+ added to the process w(-) at
time zero. The (Q, Q) pair annihilates each other if they meet. After this they
are no longer in the system and we set Q| = —o0 and Q4 = o0. No other second
class particles are created in the process.

As before, [—a, a] represents a bounded interval of sites that determine the
value ¢(w). Suppose £ — 1 < j < —2a < —6. (If j <€ — 2, the extra brick over
[j, j + 1] does not affect an [¢, t]-process.) Since ¢ sees the difference between
@' (s) and w(s) only if it sees a second class particle,

ST (5)p (07D — ST (5)g ()|
<E[lp(@"“"(5)) — (0“7 (5))[l10"10) = 07+, 041(0) = w]
<CP2-a<Q(s)<aor —a=<Q4(s) <alQ,(0)=j, 04(0)=j + 1}
< CP2{—a < 04(s) < 00| Q,(0) = j, 04(0) = j + 1}.

The last event above implies that all sitesin {j 4+ 1, ..., —a — 1} have experienced
a jump by time s. The coupling keeps the columns of the process «'(-) at least
as high as those of the process w(-). Consequently, process @’(-) has experienced

event F; ﬁ (s) of (5.6), and the last line in the calculation above is bounded by

J
G+ 23/4
cPe N (9)).

Next we argue that

6.7) P () < exp(—AGs, @)1 j])

for a function A(s, w) with the properties claimed in the statement of the lemma.
Since the system contains at most one second class particle and antiparticle,
| () — a),/( ()| <1 for each site k and all time 0 <t < co. Therefore, the bounds
of Lemma 5.9 hold for o'(r) if t € [0, T(K, K,,)] and C(K, ) is replaced by
C(K,w) + K. The function C(K, w) + K in turn determines the function that
appears in the exponent on the right-hand side of the estimate (5.14). Hence, the
statement

+1)

petii {?’ib(t)}se_cb&(’)m

from Corollary 5.10, with an adjusted C bQ(t), is valid for all j as long as t < T%
and i < ig(b). Take the case b =3/4,i = j + 1, restrict further to j <io(3/4) — 1,
and adjust the exponent slightly to get (6.7). The lemma is proved for negative j.

g

Assumption w € Q implies the existence of a constant B(w) such that

B(o)li|

ri(w) <e for all i.

Fix T% > O so that A(t, w) > B(w)+1for0 <t < T%. Then estimate (6.6) guaran-
tees that L(S(¢)p)(w) is well defined for 0 < ¢ < T%. We show that the right-hand
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side of the integrated backward equation for § L& (1) converges to that of S(¢). Let
t € (0, T4]:

t t
6.8) / LS(s)¢(@) ds — / LIS (5) () ds
0 0
69) - " LS(s)e(@)ds — i LIS (s)p(w) ds
0 0

t t
(6.10) + / LIS ()o(w) ds — / LIEE 8T (6o (w) ds.
0 0

Line (6.9) is bounded in absolute value by
t Z rj(Q)Ce(_B@)_l)U| —0 as —¢,t — 00.
J¢lt,r—1]

Line (6.10) equals

t .. ..
S rj@liesj=n [ (S@p(@ ) = s s)p( )

JEZ
+ S () p(@) — S(s)p(@)) ds.

Each term in the sum vanishes as —¢, t — 0o, and (6.6) enables us to apply domi-
nated convergence to the entire sum.

We have shown that (6.8) vanishes in the limit and thereby proved the first
statement of Theorem 2.7.

6.3. Differentiating the semigroup.

LEMMA 6.2. There exists a time T > 0 depending on w such that t —
S(t)Lo(w) and t — LS(t)p(w) are finite, continuous functions on [0, T*].

PROOF. For each finite-volume process and index j, a)[/e -t (s) —> a)y’t] (1) as.
as s — t because these are well defined jump processes and the probability of a
jump at time ¢ is zero. By Proposition 4.5, this convergence w;(s) — w;(t) as
s — ¢ is valid for the limiting process. Now apply these limits to

St Lp(w) = Z E2ri () [p(@ (1)) — p(w ()]

i=—a

and recall the moment bounds in Corollary 5.11.
For LS(t)p(w), each term of the sum

LS($)p@) =Y ri@[S)e(@" ) = S()p(w)]

i€



1242 BALAZS, RASSOUL-AGHA, SEPPALAINEN AND SETHURAMAN

converges to the right limit as s — ¢. Use estimate (6.6) to apply dominated con-
vergence to the sum as in the previous proof. [J]

Theorem 2.6 and the part of Theorem 2.7 already proved imply that for
1 €[0,T%],

t t
Sp@) — p(w) = /0 S(s)Lo(w) ds = /O LS(s)o(@) ds,

and by the lemma above, the integrands are continuous in s. This proves the re-
maining part of Theorem 2.7.

REMARK 6.3. The results of this section can be repeated for a pair of
processes, coupled via the basic coupling as described by Tables 3 and 4, pro-
vided that both processes are started from a state in Q of (2.9), or from a good
distribution of Section 2.3.

7. Invariance and ergodicity. We show the invariance of ;@ first. An ar-
gument is needed because while Proposition 3.1 showed the invariance of the
product measure for an (¢, ¢, 8)-process (without the boundary increments), the
process w(-) we investigate is a limit of a different finite-volume process, namely,
the [¢, t]-monotone process. To simplify notation, throughout this section we

write E and P for EX” and L.
LEMMA 7.1. Let ¢ be a bounded cylinder function on Q, in other words,
@ depends on only finitely many w;-values. Then
Elp(w(®)]=Elp(@(0)]  for0=<t <oc.

PROOF. Consider the limiting process w(¢), the [£,tr]-monotone process
wl®¥(r) and the (¢, t, 6)-process ¢ (£5.0) (1), all started from the same initial state

w(0) = (0) ~ p@. Write

(7.1)  [Elp(@()] — Elp(@0)]] < [Elp(@()] — E[p(®)]|

72 + [E[e (@1 0)] - E[e (¢ P 0)]]
(7.3) +[E[p(c "7 0)] - Elp 0)]].

We show that, for some 7" = T'(0) > 0, the terms on the right-hand side above tend
to O for each r € [0, T] as —£, v — oo. Invariance in a fixed time interval [0, T]
suffices for then the Markov property extends it for all time. [J

For the term on the right-hand side of line (7.1), this follows for any ¢ from
the construction. Specifically, by Proposition 4.5, the probability that w(¢) and
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(1) differ on the support of ¢ vanishes as —¢,t — oo. The last line (7.3)
vanishes for all # as soon as —¢ and v are large enough. The reason is that, except
for the boundary increments {éf’f’g)(t) and g“t(f_f ’9)(t), the configurations ¢ &0 (1)
and ¢ (0) are equal in distribution.

The term on line (7.2) needs bounds on second class particles. Apply the basic
coupling of Section 3.4 between (1) and {(Z’t’g)(t). Define the event

B = {C;K’t’o)(t) #* wg-g’t](t) for some [£/2] < j < [t/2]}.

Once the interval [£, t] is large enough, ¢ will depend only on w’s over sites in the
range |£/2] +1,...,[t/2] — 1, and we can write

[E[p(w'“7@)] - E[p( " 0)]| < CP{8!“T (1)}

The event B%t1(r) implies that there is at least one second class particle in
I ={l¢/2] +1,...,[r/2] — 1}. It is a property of the coupling that no second
class particles or antiparticles are created in the interior [£ 4+ 1,t — 1]. Second
class particles can come into / only from site £, and second class antiparticles can
come into / only from site v. If a second class particle moves from £ to [£/2] + 1
by time ¢, then each intervening site has experienced a jump during [0, #]. The
coupling also keeps the columns of ¢“ %% above those of w!®¥ (Lemma 3.2),

hence, the columns of ¢ (£.v.9) must have all increased in the range ¢, ..., [£/2].
In other words, event 8; / 2(t) of (5.10) happened. By the same token, if a second
class antiparticle came from t to [t/2] — 1, event 83 /2 (t) happened.

By Corollary 5.5, 8(11 /2 (t) and é“tl / 2(t) have exponentially small probability in
£ and ¢, respectively, until some time 7 depending on 8. Consequently,

Jim_Elp(e“0)] - Elp(c“*0)] =0

forallt <T.

We have shown that the terms on lines (7.1)—(7.3) vanish as —¢, t — o0, and
thereby proved the lemma.

The lemma above implies the stationarity, and we turn to ergodicity. First an
auxiliary lemma.

LEMMA 7.2. Fixw € Qandi € Z. Define § := @t that is,

wj, for j#£i,i+1,
(7.4) (=10 —1, for j =i,

wj+1, for j=i+1.
Let the two processes w(t) and { (1) start from initial states w and ¢, respectively,
and evolve together according to the rules of the basic coupling. Then

P2w () = (1)} >0 forallt > 0.
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PROOF. The statement is that a neighboring second class antiparticle and sec-
ond class particle will annihilate each other by time ¢ with positive probability.
Intuitively this is obvious because one way for the annihilation to happen is that a
brick is placed on column i of @ before any other jump in the vicinity of site i.

To make this rigorous, first note that the event {w(#) = ¢(¢)} is increasing in
time. Let d denote the height configuration of the initial £ configuration, normal-
ized so that dy = 0. The height processes of w(¢) and g‘_(t) are denoted by h(¢)
and g(¢) as usual, with initial states (&, g) = (k(0), g(O)),_ but the distinct symbol d
makes this next definition understandable. Define a bounded cylinder function ®d
on pairs of height configurations (&, g) by

@i(h,g):=Uhj=gj=d;fori —1<j<i+1}
Observe these two properties that follow from assumption (7.4):

o the function vanishes at time zero: g4 (h, g) =0,
e at time zero the coupled generator applied to this function is positive:

(SOO)Lpg)(h, 8) = (Lpa)(h, 8) =r(wi) —r(&i) +r(—wit1) —r(—=i+1) >0
by (7.4) and strict monotonicity of the rates r.

By Lemma 6.2, 1 > (S(¢) Lgg)(h, g) is continuous up to some positive 7. (We
are actually using the version of Lemma 6.2 that could be proved for a pair of
coupled processes; see Remark 6.3.) Hence, by Theorem 2.6,

P2h (1) = g;(1) = g;(0) fori — 1 < j<i+1)
(15) = B2, (h(1). §(1))

t
= (S®)¢pa)(h, g) 2/0 (S()Lpa)(h, g)ds >0

for some time t < T%. The event in (7.5) implies that the second class particle and
antiparticle have annihilated each other because among the columns {4, g;:j =
i —1,i,i+ 1} it permits only one jump in column /; and no other move during
time [0, #]. I

We are ready to prove ergodicity. According to Proposition 2.1 in [14], ergod-
icity is equivalent to the property that harmonic functions in L*(11) are a.e. con-
stant. See also Corollaries 2 and 5 in IV. 2 of [12] for the same discussion in a
discrete time setting. The next lemma completes the proof of Theorem 2.8.

LEMMA 7.3. Let ¢ € L>(u®) satisfy S(t)y = for all t > 0. Then  is
M(G)-a.s. constant.
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PROOF. M (¢) := ¢ (w(t)) is an Lz—martingale. By stationarity,

0=EM(1)*) —EM(0)*) =E[(M(t) - M(O))Z] =E[(¢ (x(t) - 1lf(Q(O)))Z]-
Consequently, ¥ (w(t)) = ¥ (w(0)) a.s. This we can express as

0=E[|¥ (@) — ¥ (@0))]]
= Y EllY (1) — ¥ (@O0)|lw;(0) =y, wi+1(0) = z1uP ()@ (2).

v,2€Z

Hence, for any y, z € Z,

(7.6) E[|[Y (@) — ¥ (@0)|w;(0) =y, wi+1(0) =z] =0.

Let £ (r) be another process, initially coupled to @(0) according to (7.4). Let the
pair (w(7), §(¢)) evolve according to the rules of the basic coupling. Then by the
product structure of the initial measure and by (7.6),

E[ly (1) =¥ @ ONGO0) =y = 1, &i11(0) =z 4 1]
=E[[¥ (@) — ¥ (@0)|[0i(0) =y — 1, w;11(0) =z + 1] =0,
which implies
E[|v (£ (1) — ¥ (£ (0)]]
= > E[[Yy @) —yCO)|50) =y —1,

v,2€Z
Civ100) =z 4+ 1@ Hu®(z) = 0.

Thus, remembering (7.4), we also have ¥ (£ (1)) = ¥ (£(0)) = ¥ (0(0)*D) as.
And now follows invariance of ¥ under deposition of a brick:

f [ (@) — ()] - Po() = £ (0} dpn® ()

= / E2{|y(£(0) — ¥ (@(0)| - Ho(t) = ¢ (O dp? (w)
=E[|y ) — ¥ (@) - Ha) = (1)} =0.

By the previous lemma, P{w(7) = {(¢)} > 0 forall w € S~2, and so w(g(i’i”Ll)) =
V(@) p@-as.

We have shown that w(g(i’i Dy = Y (w) w@-a.s. for all i. But invariance of v
under deposition of bricks implies invariance of ¥ under removal of bricks. By
adding or removing bricks in the column /;, we can interchange w; and ;.
Thus, ¥ is invariant under finite permutations, and then 1(?)-a.s. constant by the
Hewitt—Savage 0-1 law. [J N
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APPENDIX A: THE MEASURE (@)
We establish here some properties of @), Assumption (2.2) implies that
(A.1) E@eCll < 50 for any constant C.

In particular, E©r(|z])? is finite for any 1 < p < oo.

LEMMA A.1. E©(z) isa strictly increasing function of 6, and E? (z) — +o0
as 0 — too.

REMARK A.2. E©(z) represents particle density if particles and antiparticles
are counted with opposite signs. By the lemma, the family {&(9)}9@1@ could also be
indexed by density, rather than by the parameter 6.

REMARK A.3. In the zero range process occupation numbers are non-
negative. Consequently, E©@ (z) > 0 and the lemma is valid only for  — co. In
the proof below consider only 6 > 0 and restrict the sums to z > 0.

PROOF OF LEMMA A.1. First, by (2.3),

00 6z 00 e@z+e—92 el@lz

e = -
200= 2 = Tl e Z;(z)'z;W

7Z=—00 z=1

o0 o0
= c1/DQI01z=B27=p2) _ ,(B/2(01/p~1/2) 3 o~ (B/DG@—1601/B+1/2)*

z=1 z=1

The sum is uniformly bounded from below by e ~?#/3 as 7 will eventually get close
to |0|/B. Now we proceed by

2 0 2€/(r(I2)Y

d =—o0 _r®

75 In(Z2©0) = Z@) =E?(2),

d* XX 22 (DN ZO) — (2 ze/(r(1z]))?
202 MZO) = 7(0)?

=Var?(z) > 0.

The last line shows that the derivative E©(z) of In Z(9) is strictly increasing.
Since In Z(0) is bounded below by the parabola % B61/8 — %)2 —9p/8, the deriv-

ative E®@ () cannot be bounded either above or below. [

LEMMA A.2. For any 01 < 6, there is a coupling measure E(91,92) on Q2 of
which the first marginal is E(OD’ the second marginal is E(GZ), and

1O (@, 8) w; < ¢ foralli € Z) = 1.
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TABLE 5
Rates for bricklayers at sites £ <i < ¢ to lay
brick to their right

With rate gi fi d; dit1
r&) —r) 0 | 1
r(&;) 0 0

PROOF. By the product structure, the lemma follows from the corresponding
statement about the site-marginals, that is, about ©©@ and ). It is enough to
prove that for any nondecreasing, nonnegative function f on Z (for which the
expectations exist), we have

(A.2) E f(z) <E® £ (),

see, for example, [8]. (A.2) is equivalent to showing that E© f is nondecreasing
in 6. To this order, we consider

dgorm=9 5 jol
a6 T a0 & T 70) !
00 e@z
-2 f(Z)% (2!

e@z 00 eey

Z_Zoof(Z)Z(eﬂ r(lzh! Zooy’r(|y|)!

=E9(z f(2)) —E? f(z) - E?z.

The previous display is nonnegative because f is nondecreasing, hence, z and f(z)
are positively correlated. [

APPENDIX B: THE BASIC COUPLING

We describe the basic coupling of the finite-volume (£, t, )-processes in this
section.

TABLE 6
Rates for bricklayers at sites £ <i <t to lay
brick to their left

With rate gi—1 fi-1 di—1 d;

r(=¢)—r(=&) 1 T
r(=&) 1 1
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TABLE 7
Rates for the bricklayer at site ¢ to lay brick to his right

With rate g fe dy dey1

r(e) —r(Ce) 1 ! 1
1 U

e~ — =02
r(ge) +em

- =

THE COUPLINGS FOR LEMMA 4.1. We show the coupling which preserves
& (t) > ¢i(t) on sites £ < i <t for all times ¢ > 0. We denote the height of ¢ and &
by g and f, respectively; the number of second class particles is d; := & — ¢;. We
do not have antiparticles when starting the processes. We rewrite Tables 3 and 4
for inner sites to Tables 5 and 6 with the present notation. For sites £ and t, where
we modified the rates, the processes are coupled according to Tables 7 and 8.

These tables are valid while & > ¢; holds for all £ <i < t. However, they pre-
serve this condition as no antiparticles are created according to these tables. De-
crease of d; can only happen where &; > ¢;, that is, for sites where there is particle
to jump from.

Now, by the same method, we couple ¢ and 7, where the initial distribution
of nis 1@, and both processes evolve according to the (¢, t, 6;)-generator. Writ-
ing 1 instead of ¢, ¢ instead of & and ; in place of 6, as well makes us possible
to repeat our arguments and to conclude ¢;(t) > n;(¢) for all sites £ <i <t and
t > 0. Hence, we see that n; (t) < ¢;(t) <&;(t), where n;(¢) and &;(¢) have distrib-
utions 1@ and 1 ®?), respectively, as these are processes started and evolving in
their stationary distributions. [
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TABLE 8
Rates for the bricklayer at site £ to lay brick to his left

With rate gi-1 fo—1 do_q dy
r(—=&g) —r(—&p) ) t \:
O~ S

- —

r(—€) + e t
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with partial proofs, appeared in [4]. The present paper delivers the complete proofs
and further results anticipated in [4].
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