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ABSTRACT. With respect to a class of long-range exclusion processes on Z¢, with single
particle transition rates of order | - |~(@+®) starting under Bernoulli invariant measure Vp
with density p, we consider the fluctuation behavior of occupation times at a vertex and
more general additive functionals. Part of our motivation is to investigate the dependence
on &, d and p with respect to the variance of these functionals and associated scaling limits.
In the case the rates are symmetric, among other results, we find the scaling limits exhaust
a range of fractional Brownian motions with Hurst parameter H € [1/2,3/4].

However, in the asymmetric case, we study the asymptotics of the variances, which
when d = 1 and p = 1/2 points to a curious dichotomy between long-range strength pa-
rameters 0 < o < 3/2 and o > 3/2. In the former case, the order of the occupation time
variance is the same as under the process with symmetrized transition rates, which are
calculated exactly. In the latter situation, we provide consistent lower and upper bounds
and other motivations that this variance order is the same as under the asymmetric short-
range model, which is connected to KPZ class scalings of the space-time bulk mass density
fluctuations.

1. INTRODUCTION

Informally, the exclusion process is an interacting particle system consisting of a col-
lection of continuous-time dependent random walks moving on the lattice Z?: A particle
at x waits an exponential(1) time and then chooses to displace to x + y with translation-
invariant probability p(y). If, however, x + y is already occupied, the jump is suppressed
and the clock is reset. The process 1, = {n,(x) : x € Z¢} € {0, I}Zd for t > 0 is a Markov
process which keeps track of the occupied locations on Z¢. These systems have been much
investigated since the 1970’s when they were introduced as models of queues, traffic, fluid
flow etc. In particular, the model has proved useful and fundamental in the context of
statistical physics [16], [17], [29].

The exclusion model has many invariant measures, being ‘mass-conservative’ with no
birth or death. In fact, there is a one parameter family of Bernoulli product invariant
measures Vp, indexed by the ‘mass density’ p € [0,1] (cf. Chapter VIII in [16]). Here,
under Vp, particles are placed at lattice points x € 7% independently with probability p.
Throughout the paper, we fix a density p € (0, 1) and begin the process under v,.

The study of the fluctuations of occupation times of a vertex, or a local region, or more
generally that of additive functionals in exclusion particle systems on Z¢, starting from an
invariant measure V,, has a long history going back to [11] and [13]. When the infinitesimal
interactions are ‘finite-range’, that is when p is compactly supported, several interesting
dependencies on the dimension d, the density p, and the type of underlying single particle
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transition probability p = p(-) have been found . In particular, for the asymmetric exclusion
model, when p = 1/2, connections with ‘Kardar-Parisi-Zhang’ (KPZ) class variance orders
of the space-time bulk mass density of the process have been made (cf. Subsection 1.4
below).

The purpose of this article is to ask what happens if the system has ‘long-range’ inter-
actions, that is say when p(-) has a long tail, proportional to | -|~@+® for o > 0. Such
systems are of interest in models with anomalous diffusion, a subject of recent interest (cf.
[6], [1] and references therein). In the particle systems context, symmetric long-range ex-
clusion processes have been studied with respect to tagged particles [10]. However, in the
asymmetric context, there appears to be little work on long-range processes. We note the
‘long-range’ systems considered in this article are not those systems, with the same name,
where at rate 1 a particle hops to the nearest empty location found by iterating a random
walk kernel (cf. [2]).

What are the variance orders and scaled centered limits of the occupation time at a vertex
or more general additive functionals, and how do they relate to d, p, & and the structure
of p? In particular, one wonders under asymmetric long-range infinitesimal interactions if
there are still connections with‘KPZ’ exponent orders, and if so how to interpret them. Can
one infer the notion of ‘long-range KPZ’ exponent orders, which to our knowledge have
not before been considered?

To discuss these questions and to put our work in better context, we first develop con-
nections with ‘second-class’ particles and H_; norms in the setting of occupation times at
the origin, and then discuss previous ‘finite-range’ literature afterwards.

Let 15(0) be the indicator of a particle at the origin at time s with respect to the process,
and let T'(¢) = [§ f(ns)ds with f(1) =n(0) — p be the centered occupation time up to time
t. Leta? = E, ([['(¢)]?) be the variance starting from v,.

1.1. Connection with a ‘second-class’ particle. The variance may be computed from a
standard argument. By stationarity of v, and changing variables,

@ = 2 [ ["Eplrm)sim)duds
- (1= /1) Ep £ (1) (no)]ds.

Now, the covariance, or ‘two-point’ function as it sometimes called, as p = P, (1,(0) = 1)
for s > 0, and by Bayes’s formula,

Ep [f(ns)f(10)] E, [1n:(0)10(0)] — p>
P{Ep[n5(0)|n0(0) = 1] =B, [n,(0)]}
= p(1=p){Ep[ns(0)|n0(0) = 1] = Ep[ns(0)|10(0) = 0] }.

From the basic coupling, which compares two exclusion systems starting from 19 and 7,
a configuration which ‘flips’ the value at the origin, that is 1}(x) = 1o(x) for x # 0 and
15(0) = 1 —no(0), we can track the location of the discrepancy R;, initially at the origin,
for times s > 0. The dynamics of the discrepancy, or ‘second-class’ particle, is that it
moves from location x to x +y at time s with rate p(y)(1 — ns(x+y)) + p(—=y)Ns(x + ).
The interpretation is that it jumps as any other particle in the system, corresponding to the
part p(y)(1 — ns(x+y)); but, also it must move if one of the other particles jumps to its
location, corresponding to the part p(—y)ns(x+y). Hence,

Ep[15(0)[10(0) = 1] = Ep[n5(0)[n0(0) = 0] = Pp (R, =0)
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where ]P’p is the coupled measure. See Section VIIL.2 in [16] for more discussion on the
basic coupling.
Putting these observations together, we have

t —
al = 2¢/ (1—s/t)Py(Ry =0)ds,
0
roughly ¢ times the expected occupation time of the second-class particle at the origin.

1.2. Connection with ‘H_;* norms. Instead of dealing directly with >, one might con-
sider the Laplace transform L; = [;° e *'a’dt and its behavior as A | 0. By a formal
Tauberian ansatz, t’lLtq ~ ! fé aﬁd U~ a,z. Moreover, the object L; , after two integra-
tion by parts, may be written as

L, - % /()Me”“Ep[f(nz)f(no)]df

- %Ep [/ (10)uz (10)]

where uy () = [57e T, f(n) = (A —£)~' f(n) and T, and . are the process semigroup

and generator respectively. The term {E,[f(1)(A — f)’lf(n)]}l/z is well defined for
fe Lz(vp) and can be written in variational form, in terms of H; and H_; (semi-)norms
and the symmetric and anti-symmetric decomposition of . = .¥ 4 &7, which may be
leveraged in bounding L, . Moreover, a useful test for when a? = O(t) is that the H_; norm
|l £1l=1 < eo. See Subsection 3.1 for a more comprehensive treatment.

1.3. Finite-range models: Symmetric and mean-zero transtitions. When p is symmet-
ric, p(-) = p(—-), the transition rates of the second-class particle from x to x 4y reduce to
p(y»)(1 —ns(x+y))+ p(—=y)ns(x+y) = p(y). Hence, marginally, the second-class particle
moves as a symmetric random walk. In this case, P, (R; = 0) can be explicitly estimated.
When p is finite-range, along similar lines, it was shown in [11] that

o(r*?) ind=1
a> = { O(tlog(r)) ind=2
O(t) ind>3.
Moreover, in the above scales, the functional CLT in the uniform topology was shown
in [11], [23]:
B3 4(l) ind=1
B() ind>2. (1.1)
Here, By is fractional Brownian motion with Hurst parameter H and B = B, /; is standard
Brownian motion.
We remark similar claims on the Laplace transform L, hold when p is finite-range,
asymmetric and mean-zero, Y xp(x) = 0 by different methods. Also, corresponding CLT’s
and scaling limits have been shown [9], [23], [30].

1
—TI'(Np) —>{
an N—roo

1.4. Finite-range models: Asymmetric transitions and KPZ exponents. When p is
finite-range and has a drift, m = Y xp(x) # 0, although the second-class particle R is not
a random walk, it has a mean drift of (1 —2p)m under I@p (cf. [3] and references therein).
In analogy with random walks, the second-class particle should be transient exactly when
p # 1/2. Partly based on this intuition, it was proved for p # 1/2 ind > 1 that a> = O(t),
and also the functional CLT N’1/2F(Nt) = B(z) (cf. [7], [22], [23]).

However, now fix p = 1/2 for the remainder of the subsection. This case interestingly
connects with ‘Kardar-Parisi-Zhang” (KPZ) behavior and exponents of driven diffusive
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systems. In this situation, the process macroscopic characteristic speed (1 —2p)Y xp(x)
vanishes. By the same sort of calculation presented above in Subsection 1.1, the variance
of the second-class particle can be written in terms of the ‘diffusivity’ of the system:

= 2
p(1=p)Ep|R|” = Y B [(m:(x) — p) (1m0(0) — p)] =: D(1)
which in d = 1 is related to the variance of the ‘height’ function for an associated interface
which is in the KPZ class (cf. Chapter 5 in [29] and [21] for definition of the height
function and more discussion).
In [5], it was formulated that

o(t*?) ind=1
D(t) = { O(t(log(r))*?) ind=2
O(r) ind>3.

This has been proved, in Tauberian form, by various techniques and discussed in more
detail in [4], [8], [15], [20], [21], and [31].

Then, allowing a Gaussian ansatz, B,(R, = 0) should decay as O(t>/3) in d = 1,
O(t~'(log(t))'/?) in d = 2, and O(t~%/?) in d > 3. Although these local limit type es-
timates have not been shown, they would imply that the occupation time variance should
satisfy the same estimates as for D(¢) above. However, in d > 3, when p = 1/2, the con-
clusion a? = O(t) is known [23], [26].

Although the conjecture in d < 2 for the order of a? has not been substantiated, the
following H_ estimates have been found in [7] and [25]: As A | 0,

CA % < L, <C'A? ind=1
CA log|log(A)] < L < C'A72|log(A)| d=2 (1.2)

with an improvement in the second line lower bound of CA~2|log(A)|'/? when the p-drift,
Y xp(x), lies on a coordinate axis. These Tauberian bounds formally imply that

't < @ <c'P? ind=1
Ctlog(log(r)) < a* < C 'tlog(t) ind=2.

1.5. Finite-range models: General additive functionals and H_; norms. Besides the
occupation function, one can consider the additive functional T's(¢) = [; f(n,)ds for a
general class of ‘local’ mean-zero functions, E, [f] = 0. That is, by ‘local’, we mean f is
compactly supported: f(7n) depends only on the variables 7 (x) for x € A C Z¢ and A is a
finite set. Let 07 (f) =E, (Ff(t))z.

One may ask for which functions f is 62 (f) = O(t), that is the variance is of ‘diffusive’
order. When p is finite-range, there is a dimension dependent characterization of such
f’s depending on the ‘degree’ or ‘smoothness’ of the functions (cf. Proposition 2.1). In
particular, for the symmetric process, we have seen (1) = n(0) — p in dimensions d < 2
is not smooth enough.

When o7 (f) is not ‘diffusive’, divergence orders have been found for symmetric and
mean-zero processes (cf. Proposition 2.2) and bounds for the asymmetric model (cf.
Proposition 2.3).

Functional CLT’s in diffusive scale, converging to Brownian motion, for Ff(t) when
6’ (f) = O(t) have been shown (cf. [19], [13], [27], and [25] and references therein for
statements and more discussion). When p is mean-zero and f is a degree 1 function (such
as the occupation function f(n) = n(0) — p), in d = 1, a functional CLT in anomalous
scale has been proved [9]. Otherwise, characterizing the fluctuations of I"¢() is open.
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1.6. Long-range transitions and main results. We will take p to be ‘long-range’ if its
symmetrization 2~ (p(x) 4+ p(—x)) is proportional to |x|~“+® for a > 0. This natural
choice introduces the parameter ¢&¢ which controls the order of moments allowed. We also
consider several types of asymmetries, both ‘short’ and ‘long’, detailed in the next section.

When a > 2, p has two moments; in this case, we show that the asymptotics of the
occupation time I'(-) behaves as if p were finite-range (cf. Theorem 2.4). Also, when
0 < o <1 ord >3, the random walk generated by p is transient [28]; in this case, we
prove that the long time behavior of I'(-) is diffusive (cf. part of Theorems 2.6, 2.11, 2.12).

Our main interest is when 1 < @ <2 and d < 2. When p is symmetric, one of our main
results is to derive a fractional Brownian motion scaling limit in d = 1 for I'(+) in scale
a; = O(tl’(zo‘)f1 ), corresponding to Hurst parameter H = 1 — (2a)~!. This microscopic
derivation of a collection of fractional BM’s, in a range of Hurst parameters, generalizes
the H = 3/4 limit when p is finite-range. In d < 2, other additive functional variance
divergence orders and CLTs are also found (cf. Theorems 2.8, 2.9, and 2.11). We also
observe that most of these results also hold for a class of long-range mean-zero processes.

However, when p is asymmetric with a ‘drift’—an example is when p(x) is proportional
to 1(y~0:1<i<a) |x| =4~ %—other new phenomena appear. In particular, in d = 1 when p =
1/2, we observe a curious transition point at o = 3/2. When o < 3/2, we show the
variance a? is of the same Tauberian order as if p were symmetric. In particular, when
o = 3/2, we prove a> = O(*/3) in the Tauberian sense (cf. Theorem 2.14).

However, as o increases, the process is less heavy-tailed and one feels less mixing,
more volatile and more susceptible to ‘traffic jams’. In fact, we propose for a large class
of exclusion systems that L, and a? should increase as « increases. In support, we verify
this intuition for mean-zero type processs (cf. Theorem 2.18).

Moreover, we conjecture, from (1) this intuition, (2) the statement atz = O(t4/ 3), in the
Tauberian sense, when @ = 3/2 and p = 1/2, (3) the result a? is of the same Tauberian
order as for finite-range processes when o > 2, and (4) the belief for d = 1 finite-range
processes with drift that also > = O(t*/3), that we have a? = O(t*/3) in the Tauberian
sense for all &« > 3/2 in d = 1 (cf. Conjecture 2.17). We note superdiffusive lower and
upper bounds, consistent with this conjecture, are given in Theorem 2.14.

We remark the apparent dichotomy in the behavior of a> when variously o < 3/2 and
o >3/2ind =1 for p = 1/2 suggests a novel extension of the scope of the KPZ class
behavior to long-range models. This topic and supporting results are discussed more in
Subsections 2.5, 2.6.

In dimension d = 2 when p = 1/2, analogously, we show for a < 2 that a,2 is of the
same Tauberian order as in the symmetric case (Theorems 2.12, 2.15). Here, it seems,
the KPZ class behavior does not extend below @ < 2. As in the finite-range case, what is
expected for o > 2 is that a> = O(t(log(1))*/?).

In addition, when p = 1/2, since the process characteristic speed drifts away from the
origin, one expects a> = O(t). This is indeed the case and stated in Theorem 2.12 for
almost all values of ¢ and d < 2.

We also consider the variance I'y(¢) for general local functions f, and find an «, p,
d-dependent characterization of when a?(f) = O(t) (Theorems 2.6, 2.12), and also excep-
tional orders (Theorems 2.14, 2.15). Corresponding functional CLT’s are also given for the
symmetric model (cf. Theorems 2.11) and remarked upon for the asymmetric process (cf.
Remark 2.13).

The methods of the article make use of a combination of martingale CLT, ‘duality’, and
H_1 norm variational formula arguments. In particular, part of the arguments nontrivially
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generalize, to long-range models, the works [11], [7], [23] in the finite-range setting. On
the other hand, some new tools such as the sector inequality in Lemma 4.2, which may be
of interest itself, are developed.

1.6.1. Notation and plan of the article. The canonical basis of R? and coordinates of a
vertex x € R? are denoted by ¢; and x; for 1 < i < d respectively. The usual scalar product
between x and y in R? is denoted by x - y and the corresponding norm by [-].
Define the relations ¢ &~”, ~’, ‘X’, ‘=" and note usual conventions ‘O(-)’ and ‘o(-)’

between sequences a(s) > 0 and b(s) > 0:
a(s) = b(s) when 0 < liminfs_,a(s)/b(s) and limsup,_,., a(s)/b(s) <

a(s) ~ b(s) when limy_.a(s) /b(s) exists and 0 < lims_a(s)/b(s) <

a(s) = O(b(s)) when limsup, ... a(s)/b(s) <
a(s) = o(b(s)) when limsup,_, . a(s)/b(s) =0,
a(s)

)

a(s) < b(s) when a(s) = O(b(s)), and

e a(s) = b(s) when b(s) = O(a(s)).
Sometimes, the parameter s will denote the time ¢ which tends to infinity. At other times,
s = A, a parameter we will send to 0, and the relations above are defined accordingly.

In the next section, we more carefully define the model, and discuss the results. In Sec-
tion 3, we give notions of H_; norms, ‘duality’ with respect to the (asymmetric) exclusion
process, ‘free particle’ approximations, and other basic estimates useful in the proofs. In
Section 4, finite and long-range H_; norm comparison results, as well as the monotonicity
result Theorem 2.18 are proved. In Sections 5 and 6, we prove the main results for symmet-
ric and asymmetric long-range exclusion processes respectively. Finally, in the Appendix
A, some more technical computations are collected.

2. DEFINITIONS AND MAIN RESULTS

Let & > 0 and let p(-) be a transition function on Z¢ such that for any y € Z¢,

p(y) = Jlf,yﬁa, -¥ zb“

o=+

and p(0) = 0. Here, c is a normalization constant and {b"(y) : 1 <i <d,y € Z?} are
nonnegative real numbers, which are bounded b (-) < b, such that (p ( )+p(—))/2is
irreducible.

The symmetric and antisymmetric parts of p are denoted respectively by s and a where
s) = (p()+p(=y))/2 and a(y) = (p(y) — p(—y))/2. The mean of p, equal to the mean
of a, is defined by m = ¥ c7a yp(y) € R? if it converges.

We now distinguish several types of natural asymmetric long-range probabilities:

(LA) (Long asymmetric range) There are constants b7 > 0 such that b7 (y) = b?,

min b Ab; >0 and Z|b+ b |>0.

1<i<
i=

(SA) (Short asymmetric range) There is an R < o0 and b; > 0 such that b} (y) = b; (y) =
b; for [y| > R, ¥yj<ryp(y) # 0. Here, a is finite range, but jumps of all large sizes
are supported by p.
(NNA) (Nearest-neighbor asymmetry) A particular case of the short asymmetric range
probability is when R = 1 and the asymmetry is nearest-neighbor.
(MZA) (Mean-zero asymmetry) Another case of the short asymmetric range probability
is when Y <r yp(y) = 0, but p is not symmetric.
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We will on occasion make comparisons with respect to the more studied ‘finite-range’
jump probability, for which symmetric, mean-zero asymmetric and asymmetric versions
can be analogously defined.

(FR) (Finite range) There is an R < co such that for all 1 <i <d, b (y) = b; (y) =0 for
|y| > R. As before, to avoid sublattice periodicity, we assume the symmetric part
s is irreducible.
(FR-NN) (Nearest-neighbor) A case of the finite-range probability is when R = 1. Here,
necessarily s(e;) >0 for 1 <i<d.

Most of our focus, to make a choice, is on long asymmetric range model (LA), and
for the remainder of the article p denotes such a probability. However, some comparisons
with other types of probabilities are made in Subsection 2.2. In the following, quanti-
ties with respect to the different types of probabilities will be denoted with corresponding
superscripts; in this respect, (S) signifies the jump probability is s.

The corresponding d-dimensional exclusion process is a Markov process {1, ;¢ > 0},
with state space Q = {0, I}Zd, whose generator acts on local functions f: Q — R as

Zfm =Y pONE®1—nx+y)Veery (1),

x,yeZd
where V, o, f(1) = f(n**) — f(n) and
nx+y), z=x
nx,x+y(z) — n(x)’ z=x+y
n(z), z#xx+y.

We will denote by 7; the associated semigroup.

As mentioned in the introduction, for every p € [0, 1], the Bernoulli product measure
Vvp with density p is invariant for {1, ;¢ > 0}. Let P, be the law of the process {n,;7 >0}
starting from v,. We denote by E,, as it will be clear by context, the expectation with
respect to both v, and P,. We will also use the notation (f,g), := E,[fg].

One may compute that the ]Lz(vp) adjoint .Z* itself is an exclusion generator with
reversed jump probability p*(-) = p(—). When p =s, the L?(V,,) process generator . and
semigroup T; are reversible. The construction and basic properties of this Markov process
can be found in Chapter I, VIII in [16]; its extension to Lz(vp), with a core including local
functions, follows from the development in Section IV.4 in [16].

Recall the additive functional for this process

0 = [ s,

where f : Q — R is a local function, and its variance o,%(f) with respect to the stationary
measure V, with density p. We now define the ‘limiting variance’ o?(f) by

c*(f) = limsupr'c?(f).

A local function f such that 6%(f) < e or equivalently 6;*(f) < Ct for a constant C > 0
independent of ¢, is said to be admissible.

Define the Laplace transform of 62 (f) as Ly(1) = [ e *' 62 (f)dt. We observe that if
f is admissible then A2L¢(A) is uniformly bounded as A | 0.

The behavior of the variance 6(f) and L(A) are much related to the degree of f.
Define f(z) = [ fdVv, the mean of f with respect to v,. For i > 1, the i derivative of a
function g is denoted by g\,
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Definition 2.1. Ler deg(f) be the degree of the local function f, with respect to V,, that is
the integer i > 0 such that [,Lj(f) (p) #0and u}/)(p) =0forany j<i. Ifyf(.j)(p) =0 for all
0 < j € No we say deg(f) = oo.

For a finite subset A C Z¢ with cardinality |A|, let @4 (1) := [Tica (1(i) —p). Then,
@, is a degree |A| function and pe, (z) = (z— p)Ml. All local, mean-zero functions f,
Ep [f] = 0, can be decomposed in terms of {®, : A C Z?}: Since the occupation variables
are at most 1,

fm =Y Y c(A)@an),
n=1|Al=n
in terms of coefficients ¢(A) where all sums are finite. In particular, if f is a degree i local

function then pif(z) is a degree i polynomial.
Moreover, we may conclude,

if deg(f) =1, then Y4—;c(A) #0
if deg(f) =2, then Y4 —rc(A) #0and Yy —;c(A) =0 (2.1)
if deg(f) Z 37 then Z‘A|:1 C(A) = Z‘A|:2 C(A) =0.
It will be helpful, before stating our main long-range results in Subsections 2.2 — 2.6, to
state precisely some of the work on finite-range systems.

2.1. Previous work on (FR) models. Admissibility has been previously characterized for
exclusion with finite range probabilities p*®) in [7], [27], [23].

Proposition 2.1. Suppose p\F®) is mean-zero. Then, a local function f is admissible ex-

actly when
3 ind=1
deg(f) > { 2 ind=2
1 ind>3.

But when p<F R) has a drift, pr(F R) (x) #£0, then f is admissible exactly when

lifp#1/2ord >3
deg(f) > { 2ifp=1/2andd < 2.

In the exceptional cases, the following is known. We remark when p(F R) is symmetric,
L¢(A) and ~ below can be replaced by o7 (f) and ~ respectively; see [19], [27], [23] for

more details and refinements.

(FR)

Proposition 2.2. Suppose p is mean-zero and f is local. Then, ind =1,

A2 if deg(f) =1
Lp(A) = § A7?[log(A)| if deg(f) =2
A2 if deg(f) > 3.
Ind=2,

_f A72log(A)| i deg(f) =1
Lf(l)fv{ A~2 if deg(f) >2.

Ind >3,
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When p® has a drift, p = 1/2 and deg(f) = 1, the behavior of 62(f) will be of
the same conjectured orders t*/3 in d = 1 and #(log(r))?/? in d = 2 with respect to the
occupation time function fy(n) = 1(0) — 1/2 discussed in the introduction.

On the other hand, the bounds on L; = Ly, (1) givenin (1.2) extend to degree 1 functions
[71, [25].

Proposition 2.3. Suppose p*®) has a drift, ¥ xpF®) (x) # 0, p = 1/2, and f is local and
deg(f) = 1. Then,

1—9/4
A~ *log|log(2)|

A2 ind=1

<
< A7 2|log(A)| ind=2.

<
<

Also, in d = 2, when in addition pr<F R) (x) is on a coordinate axis, the lower bound can

be replaced by A~2|log(2)|"/2.

2.2. Finite/Long-range and other comparisons. We now compare Tauberian variances
Ly, with respect to (LA) long-range processes, and L}FR) when a > 2, that is when p has
strictly more than 2 moments. We remark the results of Theorem 2.4 hold also with respect

to comparisons between Ly

before, and L;FR).

, for all the types of long-range jump probabilities mentioned

Theorem 2.4. Let [ be a local function. Then, for a > 2 and d > 1, when Y yp(y) =
c Y ypFR(y) for a constant ¢ # 0, we have

Ly(a) ~ LYP Q).

We remark, in d = 1, the ‘parallel’ condition ¥ yp(y) = c¥.ypF®)(y) for a nonzero c is
the same as Y yp(y) = Lyp® (y) = 0 or both ¥ yp(y), EypF®) (y) # 0. When o > 2, the
long-range exclusion dynamics has similar properties as when the process is finite-range
and parallel. In particular, one may apply results for finite-range processes when o > 2.

However, when o > 0, Tauberian variances for long-range (MZA) models are compa-
rable with their symmetric long-range counterparts.

Theorem 2.5. Let f be a local function. Then, for oo > 0 and d > 1, with respect to
long-range (MZA) processes, we have

LYy ~ LP0).

2.3. Symmetric jumps. We now consider the symmetric process, when p(-) = s(-) cor-
responds to the symmetrization of a (LA) long-range jump probability. Results in this
section also for symmetrizations of (SA) jump probabilities, with similar proofs. We first
characterize admissibility of local functions.

Theorem 2.6. Consider the symmetric long-range exclusion process in dimension d. We
have the following characterization of admissibility.

e d =1: Every local function f such that:
1. deg(f) > 3 is admissible,
2. deg(f) =2 is admissible if o0 < 2,
3. deg(f) =1 is admissible if a < 1.
o d =72: Every local function f such that:
1. deg(f) > 2 is admissible,
2. deg(f) = 1 is admissible if o0 < 2.
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e d > 3: Every local function with deg(f) > 1 is admissible.

Remark 2.7. In terms of variance asymptotics, the following observation reduces the con-
sideration of a general local degree 1 function f to that of the occupation time function
n(0) — p. Indeed, note that g = f — ui(p)(n(0) — p) is at least a degree 2 function.
When d = 1, o < 2, we have 67(g) = O(t) by Theorem 2.6. Hence, if 67(n(0) —p))
is superdiffusive in growth, it is the dominant term with respect to the equation f =
g+Hur(p)(M(0)—p).

Similarly, noting (2.1), a degree k function f can be written as f = h+ % ,LL;-k ) (p)®4
where |A| = k and / is now at least a degree k + 1 function. Hence, one deduces 7(f) ~
6} (®4) when 67 (®4) dominates 67 ().

Next, the following results give the variance behavior for exceptional functions f in
terms of dimension d. As discussed earlier, when o > 2, the orders match those for the
symmetric finite-range model (cf. Theorem 2.4).

Theorem 2.8. Let f be a local degree 1 function. It holds that

e Ind=1
t, ifa<l
tlog(r), ifa=1

P (f) ~ 2Va if < <2
2 (log(r))~"?, ifa=2
32, if o> 2.
[} =

=2 r, ifa<2
o2 (f) ~ { tlog(log(r)), ifa=2
tlog(r), ifa>2.

o Ind>3,

c2(f) ~t, forall a.

Theorem 2.9. Let d = 1 and let f be a local degree 2 function. Then, as A | 0, we have
12| log(A
L) = { [log(4)|

A~*log|log(2)]
Remark 2.10. When deg(f) = 2, we expect variance asymptotics 67 (f) ~ tlog(t) if a >
2 and o7(f) ~ tlog(log(t)) if a = 2. In this respect, in the nearest-neighbor case, by
computing the Green’s function of a system of two interacting exclusion particles, which
seems more difficult when jumps are not nearest-neighbor, these asymptotics are shown in
[27].

ifa>2
if @ =2.

The following convergence results hold. Recall By denotes fractional Brownian motion
with Hurst exponent H, and B = B, ; is standard Brownian motion.

Theorem 2.11. i) If f is an admissible function then we have weak convergence in the
uniform topology:
1
——T't(tN) — B(¢).
on(f) f( )N%m (t)

ii) If f is a (non-admissible) function of degree 1, we have the following weak conver-
gences in the uniform topology



OCCUPATION TIMES OF LONG-RANGE EXCLUSION 11

o Ind=1
B(), ifa=1
71—‘f(l‘N)—> IB%]fl/Za(t)» fl<a<?2
GN(f) N=ve B3/4(t), if o > 2.

e Ind=2, forall o > 2,

1
mrf(t]v) E} B(I).

iii) If f is a (non-admissible) function of degree 2, i.e. o > 2 and d = 1, then for any
t > 0, we have the one-time CLT, convergence in law

LA(tN) — A (1)

N—soo

1
on(f)

where N (t) is a centered normal variable with variance t.

The last part is weaker than the previous lines in Theorem 2.11 as the exact asymptotics
of oyy(f) have not been found (cf. Remark 2.10).

2.3.1. Mean-zero (MZA) processes. We make a few remarks on (MZA) systems and note
all statements in Theorems 2.6 and 2.9 hold for these processes. In addition, statements in
Theorem 2.8, interpreted in the Tauberian sense, that is with respect to the asymptotics of
Lf(X) =[5 e Mo?(f)dt, also hold for (MZA) processes.

Indeed, by the bound 67 (f) < 101"1L§f5> (t~!)inthe H_; norm Lemmas 3.1 and 3.2, and
admissibility for the symmetric process in Theorem 2.6, the same admissibility statements
follow for (MZA) systems. Also, the Tauberian variance statements for the symmetric
process transfer to (MZA) processes by Theorem 2.5.

Finally, we remark, the statement in Part (i) Theorem 2.11 also holds for (MZA)-
systems, by the method in [30] for finite-range mean-zero systems, since a%4) is the
anti-symmetric part of a finite-range mean-zero jump probability. Otherwise, the fluctua-
tions have not been considered.

2.4. Asymmetric jumps. We now consider (LA) asymmetric processes with long-range
probability p, which require more delicate considerations than in the symmetric situation.

However, we remark all results of this subsection also hold for long-range (SA) models
with short-range asymmetries, with similar proofs.

Theorem 2.12. Consider the asymmetric long-range exclusion process in dimension d.
We have the following characterization of admissibility.

e d =1: Every local function f such that:

1. deg(f) > 3 is admissible,

2. deg(f) =2 is admissible if a # 2,

3. deg(f) = 1 is admissible if p #1/2 and o # 1,2 orif p =1/2 and o < 1.
e d =72: Every local function f such that:

1. deg(f) > 2 is admissible,

2. deg(f) = 1 is admissible

ifand only if p # 1/2 forall o or if p = 1/2 and o < 2.
e d > 3: Every local function such that deg(f) > 1 is admissible.

Remark 2.13. Cases left open, by our methods, are the boundary cases whend = 1, @ =
1,2, p #1/2 and deg(f) = 1 or when d = 1, o =2, deg(f) = 2 for which we conjecture
such functions are admissible. Moreover, we show later in Theorems 2.14 and 2.15 that
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functions not satisfying either the assumptions of Theorem 2.12 or the two cases above are
not admissible.

When all mean-zero local functions are admissible, thatiswhen ¢ < 1ind =1, @ <2 in
d =72, ord >3, the CLT display in Part (i) Theorem 2.11 holds by the same argument as for
Corollary 2.1 in [22]. Otherwise, the fluctuation limits for I'y have not been characterized.

The next results give upper and lower bounds on L¢(A) in exceptional non-admissible
situations. Formal estimates on 6/ (f) can be recovered by the formal Tauberian relation

o (f) ~ e Ly (7).

Theorem 2.14. Consider the asymmetric long-range exclusion process in dimension d = 1
with a > 1 and p = 1/2. Let f be a local function of degree one.

e Whenoo=1,as A |0,
Li(R) ~ A~2[log(A)].
When1 < a<3/2,as .0,
Li(A) ~ Ale=3,
When 3/2 < a0 < 2, there exists a constant C such that for all small A,
c iyl < Li(A) < cp Va3
When o = 2, there exists a constant C such that for all small A
1-5/2
VIlog(A)|
o When o > 2, let L(fFR> (A) correspond to p\FR) with a drift, ¥ xpF®) (x) # 0. Then,

by Theorem 2.4, L¢(A) =~ L;FR) (L), and the bounds in Proposition 2.3 hold.

CA o) < Lp(R) < €

Theorem 2.15. Consider the asymmetric long-range exclusion process in dimension d =2
with o0 > 2 and p = 1/2. Let f be a local function of degree one.

e Whenoo=2,asA |0,

Ly(2) = A *log(|log(2)]).
o When o > 2, let L}FR) (X) correspond to pFR) with a drift, ¥ xpF®) (x) # 0. Then,
by Theorem 2.4, Ly(A) =~ L;FR) (L), and the bounds in Proposition 2.3 hold.

Remark 2.16. We note all upper bounds in Theorems 2.14 and 2.15 hold in the Abelian

sense: That is, 67(f) < St’lLJ(fS) (t~1) by the H_; norm result Corollary 3.3, and the vari-
ance bounds for the symmetric long-range process in Theorem 2.8.

2.5. A conjecture and partial monotonicity argument. As remarked in the Introduc-
tion, with respect to finite-range asymmetric exclusion processes, when p = 1/2 and
Y ypFR)(y) # 0, it is believed that the occupation time variance 62(1(0) — 1/2)) ~ /3
ind = 1 and ~ t(log(t))*/? in d = 2. Given Theorem 2.4, these are the same orders con-
jectured for the variance, in the Tauberian sense, for the long-range asymmetric exclusion
process when ot >2ind =1,2.

Now, as & increases, the jump probability p becomes less heavy-tailed. Correspond-
ingly, because of the exclusion dynamics, particles which are bunched together disperse
slower and traffic jams are more likely to persist. In particular, it is known that the
occupation time at the origin has positively associated increments in time [23]. One
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feels consequently that the origin occupation time is more volatile as o grows, that is
a s Ep| i fo(ny)ds])® = 62(fo), and & — [ e ME,[foP, foldt = Ly, (A), in terms of
their orders, are increasing functions of o, where fy(n) = 1n(0) —p.

Recall, also, when & = 3/2 and p = 1/2, the order of the variance 6/ (fy), in both
the symmetric and asymmetric cases, in the Tauberian sense, is 0(t4/ 3), the same order
believed under asymmetric finite-range dynamics. These comments form the basis of the
following conjecture.

Conjecture 2.17. For p = 1/2, with respect to long-range asymmetric exclusion dynamics
such that m =Y yp(y) # O, the Tauberian variance satisfies

. Y ~ A3 ind=1and o0 >3/2
L) = /0 e "o (fo)dt ~ { A2[log(A)23  ind=2and > 2.

Correspondingly, when p = 1/2, this type of approximation would formally imply
62 (fo) ~t*3ind =1 for o > 3/2, and 62 (fy) ~ t(log())*/? in d = 2 for ot > 2.

In support of the conjecture, consider d > 1 long-range models, with short range mean-
zero asymmetries, where the jump rate p® is in form p* = s + a. Here, a is a finite-range
anti-symmetric mean-zero jump rate . ya(y) = 0, and s¢(y) = co1,20[y| " @+ where cq is
the normalization. For a local function f, let L;i‘ be the corresponding Tauberian variance.

Theorem 2.18. For 0 < a < f, p € [0,1] and A > 0, there is a constant C = C(d, a, 3,a)
such that L¥(A) < CLE (1),

Remark 2.19. We conjecture the same monotonicity statement holds for d = 1 short asym-
metric long range processes with nonzero drift, and f = fy, when p = 1/2, where the jump
rate p(SA)% = @ 4 4 and Y xa(x) # 0. Suppose indeed such a monotonicity statement

holds. Then, (1) LY*"*(4) > ¢iLEY*2(2) > C;A77/3 by Theorem 2.14, when & > 3/2

and p = 1/2, and (2) L%A)’a(/l) < C3L5‘iA)’2+£(k) < C4L(§R) (1), by Theorem 2.4, when

f
o <2 and € > 0. Recall also that (3) L;EA)’OC(A) R~ L;I;R)(QL) when ¢ > 2 by Theorem 2.4.

Then, by (1), (2) and (3), to show Conjecture 2.17 for (SA) processes with drift, it would
be enough to prove for p = 1/2 that L}I:R) () < CA~7/3, an estimate which is expected.

2.6. Role of oo = 3/2. Given Conjecture 2.17, it seems the long-range parameter value
o = 3/2 is a change-point for the occupation time dynamics with respect to d = 1 asym-
metric exclusion with jump probability p when p = 1/2. On the one hand, for @ < 3/2,
the occupation time variance behaves as that under the symmetric dynamics (cf. Theorems
2.8, 2.14). But, otherwise, it would seem, for a > 3/2, the variance acts as that under an
asymmetric finite-range (FR) model.

That the occupation time variance orders are computed exactly, namely 1 for 0 < o <
land 2— 1/ for | < @ <3/2in d =1 (cf. Theorem 2.14), in particular a power of
4/3 for a = 3/2, is one of the few exact calculations with respect to the fluctuations of
asymmetric particle systems across process characteristics. Technically, the symmetric
part of the generator . “dominates” the anti-symmetric part exactly when 0 < o < 3/2.
At oo = 3/2, they are of the same order, and exact computations can be made.

To try to understand a more physical basis for the phenomenon, one might consider
the hydrodynamic space-time scaling limit for the empirical particle density in d = 1. In
finite-range asymmetric processes, the empirical measure (1/N) ¥ c7 Nv: (x) 0,/ is known
to converge to the entropic solution of

ap+mV(p(1—p)) = 0; p(0,x) = po(x), (2.2)
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when the initial configurations have ‘profile’ py (cf. [12] for statements and details). When
the process begins in the invariant measure V,, fluctuations of the empirical measure should
be governed by an equation taking input from a Taylor expansion of (2.2) around the con-
stant density p (cf. [29]).

The first and second derivatives of the flux F(p) =mp(1 —p) are m(1 —2p) and —2m.
When p # 1/2, the first derivative is dominant, meaning there is an underlying drift of the
‘bulk’ of particles. In this case, particles do not return to the origin often. Accordingly,
one expects, as is known, that the finite-range occupation time fluctuations are diffusive.

However, when p = 1/2, the drift vanishes and the second order derivative is dominant.
This is the kernel of a physical ‘reason’ why the finite-range occupation time fluctuations
are in terms of KPZ exponents.

In the long-range asymmetric setting, when ¢ > 1, the mean m < co. A formal cal-
culation in d = 1, no matter the value of & > 1, gives again that (1/N) ¥ ez Nv: (x) O/
converges to the solution of (2.2). Then, if p # 1/2, one should expect, as is proven here,
that the occupation time fluctuations are diffusive. However, when p = 1/2, although one
can understand that the occupation time fluctuations should be different, without a more
refined scaling analysis, the role of o = 3/2 is not revealed by the above hydrodynamics
heuristics.

At this point, when p # 1/2 and d = 1, we conjecture the same scaling behavior, as
in Theorem 2.14 and Subsection 2.5, for the occupation time of the vertex in the moving
frame with process characteristic velocity [ (1 —2p)m], thatis for fg (ns(|m(1—2p)]s) —
p)ds, when one is observing occupation in the frame of the motion of the ‘bulk’ particles.
The H_| methods of the article should give (non-optimal) variance upper bounds, although
lower bounds seem to be more difficult to obtain.

One can also ask about the fluctuations of the occupation time at the origin, when start-
ing in ‘flat’ initial conditions, where say particles and holes are placed deterministically
in a repeating regular pattern. One suspects that the behavior should be the same as when
starting from v, where p is the asymptotic initial density of particles, although this is open
in the context of our techniques which use the invariance of v,.

Finally, it would be also of interest to explore more the proposed ‘extension’ of the KPZ
class to other long-range models when 3/2 < o < 2. One feels that it is perhaps a generic
feature of a large class of mass conservative particle systems.

3. TooLs

The goal of this section is to develop in the context of general (LA) long-range pro-
cesses, H_; norm estimates, generalized ‘duality’ decompositions, ‘free particle’ approx-
imations and other technical bounds useful in the sequel. We refer the reader to [14], [7],
[23] for more discussion of the material in the finite-range context.

3.1. Resolvent norms. Denote the symmetric and antisymmetric parts of .Z by . and
o, respectively:
P A N e
2 2
A straightforward calculation shows that . itself generates the symmetric exclusion pro-
cess with jump probability s: On local functions,

Sfm) = Y pO)[Fm™)—fm)].

x,yeZ4d
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The corresponding Dirichlet form (f, -2 f),, acting on local functions, after a calcula-
tion, is given by

1 2
fi=Zhp = = Pp = 5 L sOB|(F™ ) =fm)*| = 0. @)
x,yeZd
In particular, —.% is a nonnegative operator.
We now define the following resolvent norms. Fix 4 > 0 and consider (A —.%)~ ! :
L2(v,) — L2(v,) where, in terms of the semigroup 7,*)
ated by .7,

for the symmetric process gener-

(A=) = [T g,

Denote by H, ; the closure of local functions f such that Hf”%x =(f,(A=)f)p <eo.

Let H_; ; be its topological dual with respect to L?(v,) and let || - || _; 1 be its norm. One
has

1Aa = sup{(f,0)/191l1 ¢ local}
= <f>()t_y)71f>l3
— /oo e*lt <f7 7’;<S>f>p
0

Analogously, let H; be the closure over local f such that ||f]|? := (f,—7f)p < oo

Denote H_; as its topological dual with respect to L?(V,) and || - || its norm, namely
1£l-1 = sup {(f.)p/ll9]]1 : ¢ local}.
By the formulas, we have | f|; 2 > [/f]1 and so || f||-1 4 < [|f||-1. Moreover, as

Y}(S) is reversible with respect to v, (f, T,(S)f>p = <Tz(/52)f’ Tt(/Sz)f>P > 0. Hence, the limit
limy o || fll =12 = [|f]|-1 exists, which may be infinite.
The resolvent (A —.%) 1 : L?(v,) — L?(v,) is given by
(=)@ = [ M A

with respect to the (asymmetric) generator . and semigroup 7;, will be important in many
arguments. Observe that by a simple integration by parts and stationarity of the process, we
may relate the Tauberian variance Ly(A) to the quadratic form with respect to (A —.%)~!:

Lia) = /Owe*lfcj%(t)dz
- 2/0%(7”/0[/;(f,Ts_uf)pdudsdt

2
= 3 (LA=2)" 1. (32)
As discussed in [23],

-
-2yt 0| = 202 - 2) =0

the point being that one can symmetrize in the inner product (f, (A —.£)~! f), and inter-
pret it as the dual form with respect to the operator Q. Since (f,Qf)p = (A —2Z)f, (A —
L) HA = L) f)p > 0 for all local f, we see that Q and Q! are nonnegative symmetric
operators which admit square roots. Hence, we may apply Schwarz’s inequality to obtain

Lyig(A) < 2Lp(A)+2L(A). (3.3)
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We now recall a basic estimate, proved in [23].

Lemma 3.1. Fort > 0and f € L?(V,) such that E,[f] = 0, we have

E,,[(rf(t))z} < 100(f,(1/1—2) " f)p = 100 LY.

In [23], the following sup variational form for the quadratic form is proved. The inf
variational form is an equivalent relation.

Lemma 3.2. Let f: Q — R be a local function and let A > 0. Then,

=270 = s {2(7.8)~lglla ~ s

ir;f{\\f—&—%gHz_M + I\glliz}’

where the supremum and the infimum are taken over local functions g. In particular, by
taking g =0, we have

(FA=2)"f)p < (A=) ).

We remark, although these variational formulas are quite difficult to compute, by re-
stricting the supremum or the infimum over the class of degree one functions, that is linear
combinations of the functions {1(x) — p : x € Z?}, we can sometimes extract interesting
lower and upper bounds.

Putting things together, we obtain the following estimate which bounds the variance,
with respect to the process generated by .Z, in terms of the symmetric part .&.

Corollary 3.3. Fort > 0and f € L?(v,) such that E,[f] = 0, we have

£, [(r,0)] < 100112, = 576,

3.2. Duality. We now detail certain ‘duality’ decompositions which often help simplify
calculations. For finite subsets A C Z<, let ¥4 be the function

n(x)—p

\PA = ’
X€EA X(p)

where x(p) = p(1 —p). The collection {¥4 : A C Z¢} forms an orthonormal basis of
L2(vp).

Let &, = {A C Z? : |A| = n} be the class of subsets of Z¢ with n > 1 points. Let also 7%,
be the set of functions F : &, — R such that Z| Al=n F 2(A) < o0; when n = 0, %) denotes the
space of constants. Denote also, for n > 1, M,, as the space of ‘n-point’ functions f in form
f= ):‘A‘znf(A)‘PA with § € J,; for n = 0, as before, My denotes the space of constants.
We have thus the orthogonal decomposition

]LZ(VP) = @nEOMn-

Functions f in 4%, can be identified with a symmetric function § : x,\D, — R where
Xn = (ZH)" and D, = {(x1,...,%,) € (Z)"; Ji # j such that x; = x;} via f(x1,...,%,) :=
f({x1,...,x,}). In the sequel, we will use this identification implicitly.

We now decompose the generator .# on the basis {¥4 : A C Z¢}. Given a subset
A of Z4 and x,y € Z4 denote by Ay, the set A,y = A\{x} U{y} if x € A and y ¢ A, by
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Ary =A\{y}U{x} if x ¢ A and by A, , = A otherwise. Let also & := |J,~¢ &. Then,
ZLf = Y (LN)(A)¥a,

Aeé&
7f = Y(SHA)s,
Aeé&
df = Y (A)A)¥,
Aeé&
where
£=6+Aand S=2¢! A=(1-2p)L%+2/x(p)(L"—£),
and
€N = (1/2) Y, sO—2)[{(Any) —FA)],
x,yeZd
(L) = Y aly—x)[{(A) —FA)],
XEA,y¢A
(ENA) = Y ab—xfAufx}),
x¢A,y¢A
(£ = ) al—0fA\D}D.
XEA,yEA

The operator G, which generates the dual symmetric exclusion process, takes .77, to
4, for n > 0. Its restriction to 7%, is the generator of the set of n particles interacting
by the exclusion rule with the jump probability s. This property represents the classical
self-duality of the symmetric exclusion process [16].

Since the spaces {M,, : n > 0} are orthogonal and . is invariant on each M,, for f € M,
and g € My, with n # m, we have || f +g||} , = ||f||%;L + llgll3 ;- Similarly, from the sup-
variational formula in Lemma 3.2, we have ' '

If+8l2 0 = 1A 0 + gl a- (3.4)

Although self-duality is not valid in the asymmetric setting, the decomposition of the
generator gives an extension of the duality relations. Note that the operators £! and £2
preserve the degree of functions, but that £+ and £ respectively increase and decrease
the degree by 1. The operator 2( has a decomposition of the form

A = Z (Q[nfhl +Q[nn +ann+l)a
n>1
where 2l,,,, is the projection onto %, of the restriction of 2 to 77,.
Later on, we will primarily consider functions of degree 1 and degree 2. We note the
following action of the operators 2;; = (1 —2p)%B; and Aj2 =2+/x(p)B12:
(Buf)x) = Y ay—x)[O) -,
yezd

(Brf)({xy}) = aly—x)[fx)—FO)].

3.3. Approximation by free particles. We now discuss ‘free particle’ approximations
though which n-particle exclusion interactions can be estimated in terms of n-‘free’ or
independent particles. For a local function f =Y 4/, f(A)¥a € M,, the H; 3 norm can be
written in terms of the dual function f € .77;:

AR, =2 Y A+ Y Y stv—u)[f(Au) —FA)7 (3.5)

A=n uveZd |Al=n
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Similarly, the H_; 3 norm of f can be written in terms f.

Because of the exclusion interaction, it is not easy, even for simple functions, to com-
pute these norms. The idea then is to compare them to corresponding norms without the
exclusion, that is for a system composed of free particles. Observe there exists a positive
constant Ky such that

Ky 'so() < s() < Koso() (3.6)
where s is the symmetric probability, defined for y € Z¢ by

€0
so(y) = W,

where c¢( is a normalization constant.
The H free 2 -norm of the symmetric function F : ¥, — R is defined by

||F||lfrec}, A’ Z + Z Z ZSO X+Ze]) F(X)]z

lzezd X
where X+ze; = (x1,...,Xj—1,Xj +2,Xj+1,...,X,). If n =1, the formula reduces to
2
IFI freen = 2 Y, F2(0)+ Y solz—x)[F(z) = F(x)]°.
xezd z,x€Z4
When n =2, it is given by
2
HF”lfreel = 5 Z F 7y)+ Z SU(Z*x)[F(Zvy)*F(x,y)} .
x yezd zx,yeZd

The H_j free 2 -norm of the symmetric function G : x, — R is defined by

”GHflfree/l = sup { ZF ”]freek}
Fijtn—

To f € 7%, we associate a symmetric function f : y, — R which coincides with f outside
D,, and for (x1,...,x,) € D, by

F(x1,...,x) = E[fX1(T),...,X,(T))]

where E is the expectation with respect to the law of n-independent simple symmetric
random walks (X (t),...,X,(¢))>0 on Z¢ starting from (xi,...,x,) and T is the hitting
time of x,\D,. For example, if f € 5% then

N B ((652)) Lz,
flx,y) = { 2d)" 'YL, (F({x+e,x}) +f({x—enx}))  ifx=y. 3.7)

With respect to the symmetric function F : x, — R, we also associate the function
0, F : x, — R which coincides with F outside D, and is equal to 0 on D,,.

Lemma 3.4. Let n > 1. There exists a constant C, 4 independent of A such that for f € M,
and its dual function § € 6, we have

2 312
ndHﬂllfreek < Hle.,l < Cmdllle,frec,l'

It follows that

A

”sz—l,l = C’hdllmn‘fnz—l,frce,l'
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Proof. We only give the proof of the first claim for n = 2 to reduce notation; the argument
for general n > 1 is similar. The second claim is a consequence of the first one: Inputting

(£,0)p = (1/2) Ly yeza (W) (x,3)6 (x,y) and [|9][7 ; > C; 4lI9 |1} j 5 into the variational
formula for || f]|?, , given in Lemma 3.2, and noting the definition of || - ||271‘free ,, above,
the second claim follows. See the proof of Theorem 3.2 in [7] for more details. Let now C
be a positive constant independent of A whose value can change from line to line.

The first term in (3.5), noting (3.7), can be bounded by Schwarz’s inequality:

cl Y Py < YP{xyh < Y Py
x,yeZd x#y x,yeZd
With respect to the second term in (3.5), noting (3.6), by replacing § with f, we have trivially
= = 2

Y s [F{zy) —F{xy D Lgpesensy < C Y, solz—x) [fz.y) —Fx.y)]"
Z,x,yeZ4 7,x,y€Z4
On the other hand, to show

~ ~ 2 ~ = 2
Y s0z—x)[fzy) —Fxy)]” < C Y sz—x) [fzy) = Fu0)] Ltyoirasy

zx,yeZd zx,yeZd

it is enough to verify
% = 2

Y soy—x) [fO.y)—Fxy)] <C Y s ({20 }) = YD Ly

x#y 7%, \eZd

To this end, by Schwarz’s inequality, we have

Y so(y—x) [f0y) = Fey)]?
xAy

czl;voy ) {50+ ) = (P + (= ) ~ 1 sh)I P}

Since sup;_; _;SUp, g +.,50(z)/s0(z £ e;) < C and Y% 1 =d, the right-side above is
bounded by

C Z {Z y}> ({x>y})]2 lx;éy,x#az#ya

Xy, ZEZ"

as desired. O

3.4. Fourier estimates. Let T¢ = [0, 1)d be the d-dimensional torus. Denote the Fourier

transform of the function y € IL2(y,,) by ¥: For (s1,...,s,) € (T4)",
IT/(SI s ) _ L Z e2n’i(x1-51+...+xn~sn)w(xl X )
yer9Sn) = yeeey k)
m("lvusxn)eln

As the ‘free’ dynamics consists of independent random walks moving with jump prob-
ability so, the H fyo, 3 -norm of y is

2 _ 1 - . ~ 2
”WHI,free,)L - W/(Td)" l—’_izz]ed(Si’SO(.)) ‘W(51,~~~75n)| dsy...dsy.

Also, the H_j free 2 -norm of y is written as

1 P51, os0)]?
2 _
IWIIZ1 2 free, = 2y /(Td>n7L+Z?=19d(s,-;so(-))ds'"'ds"' (3.8)
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Here, for u € T¢, and symmetric transition function r : Z¢ — [0,1],
0,(u;r(r)) =2 Z s1n (mu-z). (3.9
z€74

When ‘free’ particle H1; norms are used in the sequel, r = so(-). However, in the proof
of the functional CLT in Theorem 2.11, r = s(-), the symmetric part of p given by
¥(2) Lbj by

S(Z) = ‘Z|d+05’ and ’}/(Z) = Z l 2 1Z'€j760'

Note that 59 is a special case of the more general formulation of s.
We now state an estimate used throughout the proofs. Let %, be the set of extremal
points of [0,1]¢,
(gd:{Gw]+...+Gd€d;6i€{0,1}}. (3.10)

We note that 6,;(u;s(+)) is smooth, even, positive on T¢\%; and vanishes exactly on €.

Lemma 3.5. Let yp = %Z‘}:l (b]+ +0b;). The function 65 = 04(+;5(")) is bounded above by

a positive constant. For u € T¢ and w € €4, 84(u —w) = 84(u) and, as u—w — 0,
B(u—w) = J(d,a)Fo(u—w)+o(Fy(u—w))

where
|x|* ifo<?2
Fo(x) = q |x|*log(|x]) fa=2
|)c|2 ifa>?2
and 5
sin” (7q1) .
€00 Jyerd S dg  ifa<2
2
T
J(d,a) = —C‘”;(l’ ifoo=2
2
coNT .
_ o> 2.
dla—2) U

Proof. By periodicity of 6,, we can restrict the proof to the case w = 0. Since sy is a radial
function, we can write 6, (u) as

Y(ulz) u
04(u) = colu|® |u\dZ e S sin? | w1 —-ulz | | .
2 Tjule) u

This is equivalent in order, as u vanishes, to

1 u 1
coy0|u\“/ —sin®(m—-q | dg = coyg|u|°‘/ 7sin2(nq1)dq.
lql=lu] |q|F® Ju| lql=luf |q|T®

Here, the second equality follows from the invariance of the Lebesque measure by the
orthogonal group.

If a0 < 2, the last integral is convergent. However, for @ > 2, the integral diverges as u
vanishes:
2

T
d(a—zz)

T
leog(|u|) ifa=2. O

1 , ul>*  ifa>2
sin“(7wq)dq ~
/q\>\u| |qd+e
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3.5. One point function lower bounds. The following lower bound will be useful in
the proof of Theorems 2.14 and 2.15, and may be skipped on first reading. We estimate
the variational formulas of the resolvent norms given in Lemma 3.2 with respect to the
occupation function Wyoy.

Recall the decomposition of the probability p = s+ a and the notation in Subsection
3.4. Let 6, = 6;4(-;50(+)) and
2 |d(”)|2
A+ 6,;(u)

|la(s) +a(u—s)?
JF?C(P)VEZ% /SEDV('O A+64(s) + 0(u—s)

Fpu) == [A+64(u)]+(1-2p)

Y

where
Dy(u) = {se[o,l)d, (u—s—i—V)E[O,l)d}, (3.11)
and

1
L) = [ (3.12)

» % du

Proposition 3.6. There exists a constant C, not depending on A, such that
(A=) W01, Piop)p > Cla(R,p).

Proof. The first step is to use the sup-variational formula in Lemma 3.2 to express

(A —2) "0y, Piop)p = sup{20P(01,8) gl 2 — 181}
8

The second step is to restrict the supremum over functions g =3 74 g(x)‘P{x} in M; to
get a lower bound. By orthogonality relation (3.4) and Lemma 3.4, we have

lglf, < Cligllf freen = Cllzgz(xHZSo(y—X)[g(y)—g(x)]ﬂ

2
17 81%1 4

A

| @)@, + 1 Y @) @)@,
|A|=1 |A|=2

< C {Hmlml,lgnz—l,ﬁeeﬂ + |\Qﬁ29{1,29||31,free,x} : (3.13)

Recall the operators T 1 := 2012(; 1 and ¥ > := 2012 » act on functions defined on 74
and (Z%)? respectively, and are given by

(Trag)x) = (1-2p) ) aly—x)[g(y) — ()],

yezd
(Ti20)(x,y) = Va(plaly—x)[glx) —a()].
It follows that
C{A—Z) "0, i0))p (3.14)
> sup{Zg(O) A Y P@W- Y sob—0[a0) - o)’
9 x€zd x,yeZd

T8I e — 1512812 e }

We now express the terms in this formula via the Fourier transform of g. The term
||g||%7free’x in terms of the Fourier transform g is given above (3.8). Also g(0) = [14 g(s)ds.
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In addition, as a is anti-symmetric,
Tagls) = —(1-2p)als)g(s),
Tiag(st) = —vxlp)lals)+a@)]a(s+1).
Recall 6 = {o1e1 +...+0geq; 6; € {0,1}} C Z%. Observe that the set [0,2)¢ is equal to

the disjoint union of the sets [0,1)¢ +V over V € €. Then, by periodicity of g, 6, and 4,
we have

. A(s) + au— )2
< gl / 2 / 4(s) ds| du.
%1260 e = 2(P) [o,1>d|g(u)| [vggd weny(w) A+ 0a(s) + 6a(u—s) | "

The term Hr~"1,1g||2_1 free2, 18 given in terms of the Fourier transform T ;g in (3.8).

Because g is a real function, §(u) = ¥, ¢>¥*~g(x) has even real and odd imaginary parts.
To obtain a lower bound of (3.14), we maximize, over the subset of such square integrable
complex functions ¢ : T¢ — C, with even real and odd imaginary parts, the following
expression

/Tdd”{z‘l’(u) —Ff,p(u)|(p(u)|2} du. (3.15)

Note that frs Im@(u)du = 0, and also, for A > 0, that sup, cp[2x —A(x* +)?)] = 1/A is
realized at x = 1/A and y = 0. Then, the supremum in (3.15) is attained at ¢ = l/Ff‘p and
the value of the supremum in (3.15) is I;(4,p). O

4. COMPARISON RESULTS: PROOFS OF THEOREMS 2.4, 2.5 AND 2.18

We first prove two preliminary results for (LA) long-range models, before proving the
main theorems at the end of the section. Denote by || - |11 (rr) and || - [|41,(rr—nw) the

H.-norms defined in terms of .”(F®) and . (FR=NN) respectively.

Lemma 4.1. For o0 > 2, and d > 1, there exist constants C = C(p,d),D = D(p,d) >0
such that on local functions @,

C el ery < ol < Cloli ) (4.1)
D! ||(p||31,(FR) < o2, < D”‘PHEI,(FR)'

AN

Remark 4.2. As the proof of Lemma 4.1 will show, the inequalities C~! || ||% (FR) < ol
and [|@[|%, <Dl (rr) Dold for all o > 0. Only the proofs of the other inequalities in

the display make use that o > 2.

Proof. The second display follows from the first in (4.1) and the definition of H_; norms.
To prove the first line of (4.1), we now give a reduction: As sUFR) ig irreducible, Lemma
3.7 in [24] states that || - || (pg) and || - [+ (rr—nn) are equivalent. Hence, we need only
to show (4.1) with respect to p(FR_NN).
Recall, the Dirichlet form [|@||? = Y yezd S(V)Dxxyy(@). Similarly, |\(p\|%7(FR7NN) =

ezt Ly sFN) (€1) Dy e, (9). Here, for u,v € Z%, Dy (9) = Ep (9(n*) — (1))
We now argue in d = 1, and remark later on modifications to d > 2. The left inequality
in (4.1) is trivial since s"R=MV)(1) =271 5(1) = 27! (b] +b;) > 0 and so ||¢||} >

s(1
W ”(p”%,(FR—NN)'

For the right inequality in (4.1), consider the bond (x,x+y) for y > 0. Rewrite n*** as
a series of nearest-neighbor exchanges. One exchanges in succession the values on bonds
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(x,x+1), (x+1,x+2) and so on to bond (x+y—1,x+y). In this way, the value at x is
now at x+y. Exchange now on bonds (x+y—1,x+y—2), and so on to (x,x+ 1). This
puts the value initially at x + y at x, also shifts back the values at intermediate points to
their initial states.

Then, the Dirichlet bond D, ,.,(¢), by invariance of v,, by adding and subtracting
2y — 1 terms and Schwarz inequality is bounded Dy y1y (@) < 2y¥ 3=~ 'D,.11(9). Since
a > 2, we have Y y?s(y) < oo and

x+y—1
H(p”% < ZZ)’S Z Z Dzz+l((p)
P
< ZZ)’ s(y ZDxxH < s(FR=NN)( 22)’ s(y ||9°||1FR NN
y

In d > 2, the proof of the left inequality in (4.1) is similar, as s(FR_NN) (ei),s(ei) > 0 for
1 <i < d. For the right inequality, an exchange over the bond (x,x+ y) is decomposed by
nearest-neighbor exchanges first on bonds (x,x+e;) to ((x1 +y1 — 1,x2), (x; +y1,x2)), and
then from ((x; +y1,x2), (x; +y1,%2+ 1)) to x+ y. Then, as before in the d = 1 argument,
exchanges are made on the vertical and horizontal lines to bring the value at x +y to x, and
shift back other values. The analysis is now analogous with more notation (cf. Appendix
3.31in [12]). O

We will say the “drift” of an exclusion generator .%p with transition function po(-) on
74 is the vector Yyez4 YP0 (y). Let . denote an (LA) long-range generator with jump
probability p(-), and let .#! generate a nearest-neighbor finite range (FR-NN) exclusion
process where

(Z'Hm) = ¥ Z [min (z+ sgn(mi)ei) (1 =1 (2)) Ve zrsgnimpe S (M)-

z€Zd i=

Note that the drifts of . and .Z’' equal m = ¥ yp(y) and —m respectively.

Lemma 4.3. Suppose o> 2, d > 1 and consider the exclusion process generated by L=
L+ L. Then, £ satisfies a sector condition: There exists a constant C = C(p,d, )
such that on local functions @,y : Q — R we have

(=2D)p.w)p < Cllollirr-nm W1, (FR-NN)- 4.2)

Remark 4.4. We remark (4.2) is a generalization, to the long-range setting, of the finite-
range sector inequality in Lemma 5.2 of [30]: Let .Z be the generator of a finite-range
mean-zero process.

(=)0 w)p < Clollr 1Vl r)- (4.3)

Proof. We will prove the result in d = 1 and will assume that p(-) is ‘totally asymmetric
to the right’, that is p is supported on integers z > 0. The same proof will hold when p is
‘totally asymmetric to the left’, that is p supported on negative integers. Since a general
transition function p is a linear combination of such probabilities, the desired inequality in
Lemma 4.3 would also hold.

In d > 2, a similar but more notationally involved argument, decomposing a jump from
X to x+y into jumps parallel to axes, will also hold.

The idea is to show that .Z can be decomposed into a finite sum of operators, corre-
sponding to smaller jump sizes, where each operator satisfies a sector inequality as in (4.2)
with the same right-hand side. With such inequalities in hand, (4.2) would follow.
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In the following, as has been our convention, we will denote the adjoint generators in
]Lz(vp) by the superscript *. An adjoint .4#* will move particles in the opposite direction
with the same rates and increments as ..

To this end, let § > 0 be a real number. For integers k > 0, define kg = |k/ |kP || and

lAcﬁ = Lkﬁj. Letw:Z — R be a ‘weight’ function such that 0 < w(k) < l_cﬁ for k > 0. Define,
(AP = L Y plk) 1fn(x+1?ﬁ))Vx,x+,;ﬁf(n)~
XEZ k>0
Here, particles are moved to the right, for index k > 0, in steps of size IAcﬁ. When 8 =0 and
w(k) = kg = k, since lAcﬁ =1, we have /' B"* = 21 Also, if B = 1 and w(k) = kg =1,
since I}ﬁ =k, then /P =&
For 0 < y < BB, define

Prpm = Y Y pEw o] sy n () (1= n(x+k))V, 0p £()

x€Z k>0
+1 (x+ kg /ey [y (1= n('x+]Acﬁ))Vx+LIA<ﬁ/1}le%y,x+/%ﬁf<n)}‘

The operator .4 B-Y" is in some sense a ‘truncation’ of .4## in that for index k > 0 the
particle jump size is truncated to at most IAcy.

An observation shows that the operator 4B 4 _#B-¥%* can be written in terms of
certain ‘loops’, where a particle moves from x to x + l%ﬁ and then back in increments of lAcy,
except possibly for one step:

[P Breslom) = Y Y pkwk) A5 e(n)  where
XEZKk>0

A5Tem) = N -n(x+k)V, o 0(0)

kg /ky)—1 . .
+ X O k) (1= (4586)) Vi sy et 410k, @)
y=0
(&g ) (1= (xt [k oy o)) V. ey @)

with the convention that the empty sum ):;:10 =0.
It will be convenient to work with generalizations of the above operators: For k > 0, let
ug (k) be an integer such that 0 < ug (k) < kB' Define

_ygenup, Wf Z Z P n(x—i—uﬁ (k)))Vx,Huﬁ(k)f(T]) and

X€Z k>0

NEMTf () = ) ) P(k)W(k){ Lug (k) /ey ) () (1 = (e +-Ky)) Vo £(0)

XEL k>0
1 (-t Lug (k) /ey L y) (1= (x - ug (K)) V o+ Lug (k) /kyjkyx+uB()f(n)}'

Again, 488>V is a truncation of A Tf ug (k) < ky, then all jumps in A &5 1Y
are to the right of size ug (k) for k > 0; but, if y = 0, then all jumps are to the right of size
1. Write

[JVgen,uﬁ,w'+</1/gen,L¢B7y,w, Z ZP gen U Y(P(n) where
X€EZ k>0
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en,ug,y
AE T o) = M@)(1 =15+ g (0) Vo r sy 9()
ug (k) /ky| -1 . .
+ Z n(er(er 1)k7) (1 *77(erka))VHyl%y,H(yH)l}y(P(n)
y=0
1 (x+ g (k) (1 =1 (x+ Lug (k) /hy Joy) )V L () ey (1) (1) -
Note, by construction, that the drift of A/ 8“"*8:W 1 4 84819 yanishes.

Claim. Let 0 < 3,7 <1 and let rg(-) be a weight function such that sup;.o g (k) /' B < oo,
Then, for B >y > B — (a0 —2), there is a constant C = C(a., 3, ) such that

(= [ABemipTB 4 8T | @, ‘I/>p < Clloll ra—nm Wl (ra—nw)- 4.4)

Assuming (4.4), which is proved at the end, we now prove the sector inequality (4.2).
Step I. Let f =1 and wi (k) = kg = 1. Then, /Pt = £ By (4.4), /P14 pPnwix
satisfies a sector inequality when 8 > v > B — (¢ —2) and 73 > 0. When a > 3, since
1 — (o —2) <0, we may take y; = 0. In this case, A "1 + 410w = 21 &1 and the
desired sector inequality already follows. The reader can now skip to the proof of (4.4).

However, when 2 < o < 3, fix ¥ = 1 — (& —2) /2. We need only prove a sector inequal-
ity for — 4/ LW 1 21 or equivalently A4 111 — 21* Decompose £ = .1 + o7
into symmetric and anti-symmetric parts. A sector inequality holds for the self-adjoint
generator .#!: By Schwarz inequality, ((—")¢,y), = <(—¢71)1/2(p,(—5”1)1/211/>p <
Clloll ra—nm Wl (ra—nwy)-

Hence, since .#! = .1* and &' = —&/1*, and therefore —L1* = £ — 2.9 it will
be enough to show a sector inequality for .4 171 4 £ where all jumps, for index k > 0,
are of length at most lAcyl .

We will apply (4.4) in the sequel to make further reductions in terms of the jump sizes.
Step 2. More generally, for 0 < 8 < I, let weight w and ug be such that 0 < w(k) < l_cﬁ
and 0 < ug(k) < IAcﬁ for k > 0. Suppose now 3 >y > —(a—2) and ¥ > 0. We may
write A/ EMUBTY — v o yrgeniyw \where w (k) = v(k;w(k),l%ﬁ#) < ky and uy(k) =
q(k;ug (k),y) < ky(k) for k > 0. Here,

v(kw(k),u(k),y) = w(k)[u(k)/ky) and
glu(k),y) = u(l)— [u(k) /&y ky.

Since w(k) < kg < ky, notice that NTW and A EmUY are in form A8 where
u? (k) < lAcy and w (k) < ky for k > 0. Then, by (4.4), when y> 1 > y— (¢ —2) and & > 0,
a sector inequality holds for both A/ VW 4 #/8emY.Tw'x and g/ senuyw 4 g/ genuy.tw.x,

Hence, to prove a sector inequality for .4 8“8 1 b Z! where b is the constant such
that the drift of 488" 1 b2 vanishes, that is

Y plyw(k) [Lug (k) /ey hey+ q(ksug,v)] —b Y kp(k) = 0,

k>0 k>0
by the discussion in Step 1 with respect to the sector inequality for .#!, it is enough to
show a sector inequality for .4/ 817w 4y genuyTw o p 21 In particular, it is sufficient
to show a sector inequality for .4 genymw 4 b 2l and A8y 4 by L1 where by by
are such that the drifts of the two operators vanish. Note, by construction, that .4 8"
and A/ seny.mw |y genuyTw have the same drift, and so necessarily by +by = b.
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When y— (o —2) >0, fix = y— (& —2) /2. In this case, since both truncated operators

N EmYTN and N 8mup T are in form A ST where u < k, and weight w* (k) < ky
for k > 0, we can now repeat the above analysis with parameters (y,7) in place of (f3,7)
to obtain a further reduction.
Step 3. We will need only to iterate the above procedure ¢ — 1 times, with respect to
parameters (1,%),(%,72),-.. (Yr—1,7%) such that ¥y = 3, — (¢ —2)/2 for 1 <i < (-2,
and y—1 > % > %—1 — (0t —2) and ¥ > 0. Here, ¢ > 2 is the smallest integer satisfying
Y-1—(=2)=1-((—-1)(a—2)/2—(a—2) <O0.

At this point, to show (4.2), we need only show a sector inequality for 2¢ operators, each
of the form A 8¢ -1 YW=t 4 | 21 where b is such that the drift vanishes, 0 < uy, (k) <
lAcyH, weight 0 <wy_;(k) < ]_‘VM and jump sizes are less than ]ACW for k > 0.

We may select ¥, = 0, in which case, by definition, all jumps in A 8" -1 Y-t L p 21
are of size at most 1, the jumps in A 8" %-1"¥"-1 and b #! being to the right and left
respectively. Since the operator has zero drift, it equals 2b.#!. The sector inequality
follows now by Schwarz inequality as in Step 1.

Proof of (4.4). We first collect some observations. In the following, C may be a constant
which changes from line to line.

(1) For fixed x € Z and k > 0, when ug (k) > 0, the operator Jl{cien’uﬁ
as a totally asymmetric nearest-neighbor exclusion generator on a ring A, of k(k) :=
Luﬁ (k)//ACyJ +2< CkP~7 sites Yo =Yx(k) =X Y1 =x+up (k), y2 =x+ L”B (k)/i(yJ/%y, y3 =
x+ (Luﬁ(k)/fcyj — l)lAcy, s Vil =1 = x+ky. When ug(k) =0, Jléijn’uﬁ"y =0.

(2) When ug(k) > 0, as %ien-,up Tisa generator, the function Ji{cien’uﬁ ’y(p is mean-

Y .
can be viewed

zero with respect to each ring-canonical invariant measure v,gj €)= 738 Z;(:(g) ny) =
J:An(z) 1 2 & Arx} = §} for 0 < j < x(k) and outside configurations {; when j =0 or
K (k), there is no motion and .4/ f:n’uﬁ ’y(p =0. When A, has 1 < j < x(k) —1 particles,
v,(,j ) is also the unique invariant measure for the symmetrized process with generator
e/ifvfk The smallest eigenvalue of —f/iéfk is 0, corresponding to constant eigenfuctions; in
particular, f/ijcim’uﬁ ’y(p is orthogonal to this eigenspace. Also, the spectral gap of — A%

on the ring with 1 < j < k(k) — 1 particles is bounded below by K /k(k)*, where K is a
universal constant, in particular not depending on j [18]. Then,

E b0 (= A5 o) y] = Euo [(—a3) " 2 (= e to) (—a3) 2yl
_ en,ug,y s 172
< KV A5" Ol Enpo [y (—w)]'"

Note that the ring-Dirichlet form

. 1 K(k)—1 )
Eolw=Aay)l = 4 Z(’) ||V)’i7yi+lWH]LZ(V;)LQ)'

Then, we have <—J1{f:n’uﬁ ’7(p, V) p equals

K(k)—1

Y 000 =il 2 ¢ Ak = OE, 0 | (— 25" o) v

K(k)
m L L
j= =
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which is less than

K (k) K(k)—1
< Cr(k)Ey, | Y vo (Y 00 =il{n():2¢ A} =)
Jj=0 i=0
K(k)*l 1/2
gen,ug,y 2
A" 0o [ L 1 Wiz
en,ug,y
< k@A " Ol | X D W] (4.5)
i=0

Here, in the last line, we have used the notation ||V, f Hiz o) = D, (f) (introduced in
Lemma 4.1), and the relation 2ab = infe~o{€a® + €~ 'b*} to recover the L?(V, ) norms.

(3) When ug (k) > 0, by standard inequalities, He/ifffn’uﬁ ’y(p||]i2 (Vo) is less than

K(k)—1

2
Z N1 =10i+1) Vg, @
i=1

2[M00) (1 =N 1))V @122y, +2 )
P

K(k)—1
< 2V, @12,y + 260 = 1) Y 1V, 0l
i=1

In other words,

=

K(k)—1
gen,ug.y
A5 012, S 2Dy (9) +2(k(K) = 1) Y Dy (9). (46)
1

(4) As in the proof of Lemma 4.1, we have for a,b,x € Z that Dy, 45 (f) < |b—
al Yo Dyyiviiva(f) and

Y Devaxin(f) <(b—a)* Y. Deci(f) < C(b *a)sz”%,(FAfNN)' (4.7)

X€EZL X€Z

Finally, we now combine the estimates in (1) - (4). For each k > 0, through the relation
2ab = infgk>0{8ka2 + Sk’lb2} and noting (4.5) and (4.6), we have

Y p(k)r (k) (A5 0, w),

X€EZ

K(k)—1
<C Y pRrp{ k02 D (0) 4 (K6 = 1) 12 D (0)]

XEZ
K(k)—1
1

L

Now, note that |yo — y;| < kP and lyi — yit1| < kY for 1 < i< x(k)— 1. Recall also that
0<y<B <1, k(k) <CkP~7and rg(k) < Ck'~P for k > 0. Then, noting (4.7), the last
display is less than

Cp(k)rg (k){b‘k(kﬁiy)z {km ”(p”%,(FA—NN) + (kﬁiy)zkzy”(pH%,(FA—NN)]

"‘81:1 {kw | V’H%,(FAfNN) + kﬁiykzy” W”%,(FAfNN)] }

+81:] [Dymm (v)+ Dy, v\, (‘/’)} }
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Optimizing over &, we have the upper bound:

1/2
Cpkyrp () | (K12 (k%P -+ (kB ~7)2027) (28 k8~ 1121) |l oy W a )
< Cp(K" PP 0y (ma-nm) 1Vl (ma—ww)
= Cp()K" 2P0l (ranmy W1 (ra—nv)-

To finish, we will need to sum over k > 0. Recall that p(k) = ck~'~% for k > 0. When
1428 —y < o, the sum Y, p(k)k'*2P~7 < o, Since B < 1, this relation is satisfied
when ¥ > B — (a —2), and (4.4) is verified. O

Proof of Theorem 2.4. For local functions f, we first compare Ly with LEfR_NN), corre-

sponding to generators . and £ FR~NN) with the same drift. Recall £ defined before
Lemma 4.3. Writing .Z' =.#! + o7 in terms of symmetric and anti-symmetric parts, we
may take .ZFR=NN) — 71 _ 571 1n the following, the constant C may change line to line.
Recall from Lemma 3.2 that

Ly(3) = 225 {2(1.0)p ~ (0. (A~ 7)0)p ~ (7 0.(4~7)" o), }

The inner product (¢, (A —.%)@), < C{p,(A —.#1)p), by Lemma 4.1.
Decompose .Z = £+ L' = of + /' +.7 +.7"'. Then, by the triangle inequality,
with respect to the || - | -1 norm,

(9, (A—7)"" A p)p (4.8)
<39, (A—F) A 9)p +3(Lo, (A ~7) ' L)y

+3(L+ N, (A =) L+ 7).

The second inner product is bounded
(Lo, A=) 2o)y < Clolrrwmll(A =) Lol rr-wn)

Cllolli,(rr—nm)ll(2 -7 Lol
Clloll1,rr—nm (2 *y)_l«jq’nl,a
C”q)Hl,(FRfNN)”j(p”fl,)L-

IN A

In the first line, approximating (A —.#)~!.Z ¢ by local functions in L?(v, ), Lemma 4.3 is
used. In the second line, Lemma 4.1 is employed. The third line uses || - |[; < [|- ||; 1. The
fourth line follows by definition of the || -||_; ; norm. Dividing through by ||| _;, =
(Lo, (A— y)”f(p)},/{ we obtain ||.,$/Z(p\|_17,1 < C||®|l1,(rr-nn)- Then, the second inner
product is less than C|@[[3 ; -z yn) =C(@, (2 = 71)9)p.

The third inner product is bounded

{1+ N, (A =)+ o) < 2[79l2, 4 +217" ]2 1
By Lemma 4.1 and || - ||_; 5 < |- ||-1, we have

||=71‘PH—1,/1 < ol < C”qu)nfl,(FRfNN)-

Then,

the definition of H_; norm. Similarly,

‘yl(p”z—l,(FR—NN) < ||(p||i(FR_NN) <{p,(A 75”1)(p>p by Schwarz inequality and
<7(p||271’/l <(¢,(A —)@), and by Lemma 4.1
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(@, (A —=2))p < C(p,(A — 5”1)90),],/2. Hence, together, the third inner product is less
than C{g, (A — .71 p)p.

Now, inserting into the variational formula, we obtain Ly(A) > 2472 supy{(f, ®)p —
Clp.(A—7)9)p} =C 'L (L). Analogously, we bound LY (1) > C'Ly(1),
(FRfNN)(A).

in terms of a constant C’, starting from the variational formula for L i
Now consider £+ = ¢.ZFR=NN) which has drift ¢ ¥ yp (y)- Since the factor ¢ represents

a speed-up factor, a calculation with (3.2) shows that L;(cl) = c3L;FR7NN)(7L). Hence,
L}r = L;FR*NN) by considering again the variational formulas in Lemma 3.2.

Finally, let .Z*®) be a finite-range generator with drift cY yp(y). Then 2% = .7+ 4
T — 7R js a finite-range mean-zero generator. By similar arguments as above, w1th

the finite-range equivalence || - |1 rg) and || - ||.41,(rr—nn) (cf. Lemma 3.7 in [24]) in
place of Lemma 4.1, and the ‘finite range’ sector inequality (4.3) in place of Lemma 4.3,
we conclude L}r ~ L}FR). O

Proof of Theorem 2.5. The argument is a long-range adaptation of Lemma 4.4 in [23].
Since LM (1) = 2272(f, (2 = £ M) 71 )y and {1, (2 = L M) f)p < (£, (A

f
)71 f)p by (3.2) and Lemma 3.2, we have L(MZA) < L}S).

(MZ4) > CL;C ), we follow the proof of Theorem 2.4. Consider
(MZA)

To obtain a lower bound L

the finite-range mean-zero operator . = .| + o/ where .#! is a symmetric (FR-

NN) generator. We may bound
<JZ/ (MZA) ()L y) 1% MZA)(p>p
< AZ9. (A=) ' L)+ 27" 9.4~ 7)),

In the following, the constant C may change line to line.
We recall now, as noted in Remark 4.2 for ¢ > 0, that

ol Fr—nwy < Cll@lli and [[@[|-1 < Cll@l|_1 (Fr-nn)- 4.9)

Hence, using (4.3) (instead of Lemma 4.3), and (4 9) (instead of Lemma 4.1), we may plug
into the sequence of steps after (4.8), to find <$¢ A=) 1$(p> <C||(p||2 (FrR—nn) @nd
(Lo, (A —7) 1 7), < CH(p||2~ (Fr—nn)- These right-hand sides are further bounded
by C\|(p||% using (4.9) again.

Then, (7MY (A —.7) " 1adMZA) ), < C(@, (A —.7)@),. By Lemma 3.2,

MZA _
L0 = 2w {2070l — (0,4 =70

_<%MZA 0. —F) 1WMZA)(P>p}

> 227 sw {207,005 = (1400, (= 7)o} = (140)7' L7 R)

(MzA) _, 1 (S)
Hence, Lf Lf . O

Proof of Theorem 2.18. Write £ = .7 + &/ where .7 is symmetric and <7 is a finite-
range mean-zero anti-symmetric operator. Recall o < 8. The crux of the argument is that,
since s*(y) > (ca/cﬁ)sﬁ (v) for y € Z¢, noting (3.1), the Dirichlet forms (@, — %) >
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(ca/cp)(9,—P @)p. Then,
(@, (2 =7)0)p = (1+ca/cp)(@, (2 —P)p),. (4.10)
Let LE;S)’Y()L) =2172(f,(A —#7)"1 ), denote the Tauberian variance with respect to
process generated by .#?. By the formula (f, (A —.7)"! f), = sup,, {2(]‘7 ©)p— (0, (A—
ZN0)p } in Lemma 3.2, and (4.10), we have L‘;S)’a < ClL;S)"B where C) = (1 —I—Ca/c/;)’l )
Now, by Theorem 2.5, L}'. = L;S)’y. Hence, L?‘ ~ L(fs>’a < CIL;S)’ﬁ = L?, to finish. [

5. PROOF OF RESULTS: SYMMETRIC JUMPS

The proofs of Theorem 2.6, Theorem 2.8 and Theorem 2.9 are based on the self-duality
property of the exclusion process, and follow from several computations. On the other
hand, the proof of Theorem 2.11 follows the martingale approximation scheme in [11],
[19] and [23] for the finite-range case. Nevertheless, several estimates are different because
of the presence of the heavy tails of the symmetric (LA) jump probability p(-) = s(-). In
this section, we abbreviate 6; = 6;(-;s()) (cf. Subsection 3.4).

5.1. Proof of Theorem 2.6. By the basis decomposition in Subsection 3.2, a local, mean-
zero function can be written as
F=Y Y fa)w,

n=1|AJ=n
where A C & and all sums are finite. Let n > 1 be such that @ A2 < nd and suppose
deg(f) = n. By Remark (2.1), () if n =1, Y 5= f(A) # 0; () If n =2, Y 4= f(A) =0
and Y42 f(A) # 0; (3) and if n > 3, ¥4 — f(A) = Ljaj=2 f(A) = 0. Our goal will be to
show that f is admissible, thereby completing the proof.

Note that Y — f(A)14 is the dual form of Y j4—4 f(A)¥s for k > 1. To show f is
admissible, it is enough to show in case (1) that 14 is admissible for |A| > 1; in case (2), it
is enough to prove ¥4 — f(A)14 and 14 for |A| > 2 are admissible; in case (3), we need to
show Y 4= f(A)1a, Yjaj=2f(A)14 and 14 for |A[ > 3 are admissible.

To show 14 for |A| > n is admissible, in the various cases, by Lemma 3.1, we need only
to bound |[14]|_; 4 uniformly as A | 0. By Lemma 3.4, it is sufficient to prove

limsup, ol 20,14l -1 2 free < oo (5.1)

Since the function g = QI],JA = 1 when {xj,...,x,} = A and vanishes otherwise, its
Fourier transform is bounded. Thus, expressing the H_ j ge.-norm in Fourier space (cf.
(3.8)), the display (5.1) follows if we show that

i / dky .. .dky, -
imsu

PA=0 Jfoparn 2+ Ba(kr) + .- B (k)

The integrand can only diverge for (kj,...,k,) close to a point in € X ... X €;. It
is straightforward to check that all divergences are the same as for (ki,...,k,) close to

(0,...,0). Standard analysis, using Lemma 3.5, which estimates 6,(k), shows the bound
(5.1) when ' A2 < nd. .

But, when } |4/, f(A) = 0, the square of the Fourier transform of RSN A‘:gf(A)lA be-
haves quadratically near points in ()’, for instance of order |k;|? + - - + |ks|* near the
origin. Since at these points, wmma 3.5, Zle 0,(k;) is of larger or equal order when

a A2 < nd, the norm || 20¢Y 41— F(A)Lal| -1 2 frec cOnverges as A | 0.
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Combining these estimates, we conclude f is admissible in all cases. (]

5.2. Proof of Theorem 2.9. Let f(n) = (n(0) —p)(n(1) —p) = x(p)¥10,1; whose dual

function § = x(p)140,1;- By our assumption £ = ., Remark 2.7 and that functions of

degree strictly larger than 2 are admissible by Theorem 2.6, and (3.2), we need only show
(f A=) "o = (A=) " f)p = IfI215 = [loghl.

Further, by Lemma 3.4, we need only to show this estimate with ||f||_; 5 replaced by
[|025(| 1 A free- Observe, by (3.7), that (Wof) (x,y) = x(p) [1x=0y=1 + Lx=1 y—0] and its
Fourier transform is x(p) [¢*™1 4 ¢*™52]. Then, by (3.8), it is enough to show

/ 1 [logA| ifa>2
2 A+ 01 (s1) + 61 (s2) log|log(A)] ifa=2.

as A | 0. This is accomplished using Lemma 3.5 and standard analysis. (]

ds1 dS2 ~ {

5.3. Proof of Theorem 2.8. By Remark 2.7, the lower order of variance for degree 2 func-
tions in Theorem 2.9, and admissibility of functions of at least degree 3 in Theorem 2.6,
we need only to consider (1) = 1(0) — p. Recall from (3.2) that the Laplace transform
Lys(-) of G%(t) is given by Lp(4) =247 2(f,(A — )" f)p, since £ = .7

Write f = /x(p)¥ {0} € M) and consider its dual function f = /X (p)1oy € 1. Iden-
tifying cardinality 1 subsets of Z¢ with points in Z¢, we see that the generator & restricted
to .7 is nothing but the generator of a random walk on Z? with kernel s. Then,

LyA) = 2x(p)A *(2—6) '({0},{0})
_ du
= 2P 2/wz+ed(u)

= 2%(p)l_2/me_)” {/ e_ed(“)tdu} dr,
0 Td

using Fubini’s Theorem for the last line.
After two integration by parts, we recover the variance

0y (u) 1 — 1+ ¢l

2

o, =2 / du. 52
Now, by Lemma A.1, which analyzes (5.2), we obtain Theorem 2.8. O

5.4. Proof of Theorem 2.11. The functional CLT follows from a combination of argu-
ments. In particular, since the symmetric exclusion process starting from V, is reversible,
part (i) follows from the Kipnis-Varadhan theorem [13]. Also, the proof of part (iii) is the
same as in Section 3.2 in Kipnis [11] given the scalings in Theorem 2.9.

However, part (ii) is more involved as the long-range character of the process needs to
be addressed.

5.4.1. Proof of Theorem 2.11, ii). Let f be alocal function of degree 1. Again, by Remark
2.7 and the lower order variance growth of degree 2 or more functions in Theorem 2.8, it is
enough to prove the result for the function f(1) = 11(0) — p. In the following, we denote
nx):=nx) —p.

Recall, the notation from the introduction, ay = oy(f). In order to show A,(N) =
a;,ll"f(tN ) converges in the uniform topology as N 1 oo, it is sufficient to show tightness
in the sup-norm, and that the finite-dimensional distributions converge. Tightness is estab-
lished with the same argument as for Theorem 1.2 in [23] with respect to the finite-range
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limit (1.1). Also, by the Markov property and scalings in Theorem 2.14, convergence of
finite-dimensional distributions to B(#) when d = 1,oc =1 or d = 2,&¢ > 2, By_; 54(¢)
when d = 1,1 < a <2, and B3/4(t) when d = 1, > 2 follow from the convergence of
the marginal sequence ASN) to a Gaussian limit. We now give a sketch how to obtain this
marginal convergence.
Let T > 0 be fixed. Suppose there is a function v! such that for s € [0, 7],
(s +$)V3(n) = —15(0)

and vL = 0. Then, by Dynkin’s formula
AT = () = ) = [ @+ 20 (s
is a centered martingale and
[ 70ds = o)+, 53)

Moreover, by the martingale property, vg (no) and .#F are uncorrelated since J/ZOT =0.
Then, a} = E, [F}(T)} is the sum of the variances of these terms. Define the limiting
variances, assuming they converge,

1 2 1 2
o2y = Al}ig}c]Ep(avgN(noD and 037 = Alfig;E,,(a(///TT,O’) .

_it_ g TN 2 2

i 2
+|E, [e#vwfm) _e—%cﬁr}

Later, in Lemmas 5.1 and 5.2, we show 612_ r and 622_ r indeed converge, and that the first
and second terms above vanish, finishing the marginal convergence argument.

To make rigorous this sketch, we first establish the martingale decomposition (5.3). Let
p:(y) be the continuous-time transition probability of the random walk on Z¢, starting at
the origin, with translation-invariant symmetric rates p(x,x+y) := p(y) = s(y). Define

t
w) = [ pds
the Green’s function, which satisfies
iy = Auy + &

where A is the generator of the random walk, Af(x) = ¥, .74 p(y) (f (x+y) — f(x)).

We now verify that U (n) =: v (1) where

ul(m) = Y ur— ().
xeZd
Indeed, write
asUST = - ; AMT—S(X)T_]<X> - (AMT—S(()) + l)ﬁ(O)
x#£0
= =Y Aur (D)) -7(0) = —2U{ —7(0)

xezd
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noting Uy (™) — Uy () = (ur—(x+) —ur—(x)) (n(x) = n(x+y)). p(-) = s(-) and

2ul(m) = ), po@U=n+y)(ur—(x+y) —ur—(x)) (54
x,yeZd
= Z p) (ur—i(x+y) —ur—(x))n(x).
x,yeZd

Observe that U/ (n) = 0, since u(x) = 0 for all x € Z¢. Hence, (5.3) follows and

T
| o = uf (o) +.a.
Lemma 5.1. We have
1 NT(
— U} — Z unr (x (5.5)
an N yezd
converges weakly as N 1 oo to a centered Normal variable with limiting variance 012,T~
WhenO<a<lind=1lora>2ind=2, GIQ’T:O. But, foroo > 1lind =1, 0<612’T<oo.

Proof. The Fourier transform of u,(+) is given by

t A
(k) = / e~ (1=PW0)s g
0

for k € T¢ where p(k) = Yyezd p(y)e?™*¥ is the Fourier transform of p(-) = s(-). By
symmetry of s(-), the fact that 1 — cos(27k - y) = 2sin’ (k- y), and definition of 8 in (3.9),
we have

— =2Y s(y)sin*(mk-y) = 6,4(k).

yezZd
Thus, we obtain
1 — e—Calh)r
i (k) = 8208 (5.6)
and as a consequence
) 1 — ¢ Balk)t
uy(x) = /T . o 2imkx [(—)d(k)] dk. (5.7)

By Parseval’s relation, E, [(1(x) — p)?] = p(1 — p) = x(p), and the equation for a3, =

o2 (f) in (5.2), the variance of ay' UYT (1) under v, is equal to

| — o 0a(TN]?
- ’“”)/w[ 6:(6) 1‘%

04(u)N — 1+ 0N -1
.{zx(p)/w a() 92(14)6 du] . (5.8
d

N xezd

i) If d = 1 and a = 1, by the scaling relation a% ~ Nlog(N), 6;(k) ~ |k| (cf. Lemma
3.5), and simple computation, the variance (5.8) vanishes as N 1 co. Therefore, (5.5)
converges in distribution to the Dirac mass centered at 0.
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i) Ifd =1and 1 < a < 2, recall ay ~ N'~1/2%_ By (5.6), we have

) 11— e@ii]?
Y ()P = /O[W] dk

X€Z
2
1/2 [ 1 — =01k 2 o [ ptbr (%)
= 2/ e dk = 2[2_1/“/ e dl.
0 61 (k) 0 16, (fr=1/)

By Lemma 3.5 and dominated convergence, we have, as ¢ 1 oo,

a2
Z Juag )|2 21‘2—1/06/oo ﬂ Al (5.9)
Uur (X ) al(a)ea 5 .

XEZL

where the constant a; () is such that 6; (k) ~ a;(o)|k|* as k | 0. We also note that a
similar argument shows, for x € Z and ¢ > 0, that

) < [

By (5.9) and asymptotics of ay, one concludes that GﬁT, the limit of (5.8) as N 1 oo,
converges.
Now, for B € R, we have

log [/dvp(n) exp ( X%MNT )]
log Lez/dvp exp (ﬁuNT( ) (x ))]

2
log [H 1= D + 0(a v o >|3>H.

1— efel(k)l‘

o | = o(tH/“). (5.10)

€7 N

Since ¥, |unr (x)* < (L [unt (x)|?) sup, Jur (x)] = O(afyN'~1/*) and e ™5 = 1 —z+
O(z%) as |z| 1 0, by (5.9) and (5.10), we get

Al/i_r)rlo/dvp exp( iB Z unt (x )ﬁ(x)) = exp (7612][32/2).

iii) Ifd =1 and a > 2, the argument is similar to the case when 1 < @ < 2. If @ = 2, using
the substitution k = B,u with 8?|log ;| = 1 and B, = O((rlog(z))~'/?), the proof is
also analogous.

iv) If d =2 and o0 > 2, as when d = 1 and o = 1, noting the scaling relation for a12v in
Theorem 2.8 and that 6;(k) ~ |k|?> for o > 2 and (k) ~ |k|*log(|k|) for & = 2 by
Lemma 3.5, the limit of the variance in (5.8) vanishes and (5.5) converges to the Dirac

mass at 0.
g
Lemma 5.2. For T > 0 and B € R, the limiting variance satisfies 0 < 622, r <ooand
1 TN B2
lim B[, [PRT R o)~ o (5.11)
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Proof. Although U! is not a local function, by standard approximations, the quadratic
variation of the martingale .Z; is [§ £ (UI')* —2UT £U!ds. Recalling p(-) = s(-), the
integrand may be computed as

LW -2l 22Ul = Y ply—x) (ur—s(y) —ur—s(x))*1s(x) (1 = 1))

x,yeZd

Hence, the variance 622,T is given by

.1 2 P TN ,
lim —E, (.#LY = hmi/ x)(u —u ds
Ve p (A1N) m = ”Xe:ZdPy ) (urn—s(y) — urn—s(x))
20(1—p) [TV
tim 2P0 —P) / / 0 (k) |diry—s (k)| dkds (5.12)
Ntoo ay o Jrd

using a form of Parseval’s relation: The random walk Dirichlet form

% Y p—x) (urn—s(y) - MTNfs(x))z = —(urn—s, Aury—s) = /Td 04 (k) |tirn—s (k)| *dk.

x,y€Z4

Then, the limit converges to a positive quantity, noting the explicit form of # in (5.6),
Lemma 3.5, and the asymptotics of ay (cf. Theorem 2.8), from standard analysis as used
in the proof of Lemma 5.1.

Now, by Feynman-Kac’s formula, for B € R, the process

1 .
A" = exp{iBUT ()~ iBUF (o)~ | P03, )Pt Was
0
for 0 <r < T,is a martingale with expectation 1. By the form of U T and (5.4), we have

o—iBUT (1 (0 +.L)e iBUf (ms) _ iB(os+2)Ul' (ns) +A(B,s,T)

with A(B,s,T) equal to
L ply—) [P0 070re D i ur () =) = 1| () (1 = . 0)

‘We have to show that

N _ _ 2 2
Ep |Ep0) [exp iB an CXP( GZ,TB /2))
NT
=E, |Ey o) [c/VTi,N’ﬁ/aN {exp {_/0 A <£V,S,NT) ds] —exp (—GzszB2/2))}”

vanishes as N 1 oo,
Note, for x,t € R,

le"™ — 1 —itx+x*2/2| < C2x*min(1, |tx|) (5.13)

and that a;,l sup, |unt—s|(x) — 0 by (5.10), ay-asymptotics in Theorem 2.8 and straight-
forward computations.
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With this estimate, there exists a constant C > 0 such that

o [ 1a(2 o)

2
exp { s / Y (= Wl (5) — s (X)]zds}
ay Jo %

2y

- exp{;f; / " ( [, 8ainr—.(&) |2dk> ds},

where the second inequality comes from a Taylor expansion and the equality from the
Parseval relation for the A-Dirichlet form.

As the variance in (5.12) converges, the quantity [3' " |A(ay'B,s,NT)|ds and (5.14) are
uniformly bounded in N. Therefore, things are reduced to show that

NT 0-2 2
lim A (ﬁ,&NT) ds = 21P (5.15)
0 ay 2

N—roo

IN

| A P

ds] (5.14)

IN

in probability under IP,.
Then, to prove (5.15), noting (5.13), it is sufficient to show, in probability, that

I
fm o | ngdms,x,y)m(x)(l—m(y»] ds = o3

where
bu(s,x,y) = p(y—x)(unr—s(y) — unr—s(x))*.

This statement, by the form of 622 T (5.12), would follow if we can replace N5 (s) (1 —n5(y))
by p(1—p) in L*(B):

1 NT
lim 7/0 l Z by (s,x,y) {ns(X)(l—ns(y))—P(l—P)}l ds = 0. (5.16)
xyeZd

To prove (5.16), after squaring terms, since (a;,z fév r Yybn(s,x, y)ds)2 converges in
(5.12), we need only show the covariance

B [{m(0(1 = 1))~ p(1 = p) () (1~ M) — p(1 — p)}|
vanishes uniformly in x,y,z,w as [u — s| T co. As

n)(1-nk)—p(l-p) = (1=p)(n()—p)—pMnk) —p)— () —p)(nk) —p),

by a calculation using the duality process decompositions in Subsection 3.2, namely the
symmetric semigroup action

T —p) = ¥ o (b AT (00) — ).

i=1 |A|=n yeA

the covariance is bounded by

Clp) {pw_s‘ (6,2)+ Py (6w) + Pl 002+ P 0ow) + Pl (9, (2 w)) }
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where p(”) is the continuous-time transition probability of n particles in symmetric simple
exclusion for n > 1. By Corollary VIII.1.9 in [16], we have the bound

2
psz)((khkz) (1,62)) < C Z Y (ki ).

As pﬁl) (k,0) = psl) (0,k—£), to show the covariance vanishes, we show lim, . pﬁl) (0,k) =
0 uniformly in k.
To this end, we bound p!' (0,k)2 = pi"(0,k)p!" (k,0) < pi!) (0,0) uniformly in k. But,

pV(0,0) = / L 1-p0) g — / L) g
0 0

Since for o > 1, by Lemma 3.5, 6,(k) > C|k\2 near the zeroes of 0,;, we have psl)(0,0) <
C'v~1/2, which shows the covariance vanishes uniformly. O

6. PROOF OF RESULTS: ASYMMETRIC JUMPS

The proofs of the results for the (LA) long-range asymmetric model rely on several
ingredients, among them estimation of variational formulas for Ly(A), which we have
prepared for in Subsection 3.5, and several technical results collected in the Appendix A.

6.1. Proof of Theorem 2.12. We first make a few reductions. By Corollary 3.3, the vari-
ance G%(t) < St’lL}S) (t~1). Then, by Theorem 2.6, which bounds L(f5> (1), all statements
in Theorem 2.12 follow modulo a few exceptions ind < 2. In d = 1, we still need to show
(a) admissibility when deg(f) =1, o € (1,2) U (2,00) and p # 1/2, and (b) admissibility
when deg(f) =2, oo > 2, p € [0,1]. In d =2, the case not obtained is (c) admissibility
whendeg(f) =1, >2and p # 1/2.

When o > 2, by Lemma 3.1, G]%(t) <10t~ 'L¢(+~') and by Theorem 2.4, L(A) ~

L;FR)(),) with respect to a jump probability p"®) with a drift. Also, by Proposition 2.1,

when p # 1/2, /'LzLECFm (1) is bounded as A | O for all local f. Hence, A2Ls(1) is also
bounded and G%(t) =O(t) when p # 1/21ind = 1,2, and so parts (a) and (c) in these cases
also hold. Also, by Proposition 2.1, for local functions f with degree deg(f) = 2, and any
0 <p <1, we know lzLECFm (1) is bounded as A | 0. Therefore, K2Lf(),) is also bounded
and G% (t) = O(t), establishing part (b).

What remains then is to conclude the proof of Theorem 2.12 is to show admissibility of
degree one functions when

(A) ae(1,2),d=1andp #1/2, and

(B) a=2,d=2andp #1/2.

By Remark 2.7 and the already proven admissibility of functions of at least degree 2 in
these cases (A) and (B), it is sufficient to focus on the degree 1 function f(1) = n(0) —p.

For the rest of the section, we remind that 6; = 6;(-;s0(+)) (cf. Subsection 3.4) in all
the formulas.

6.1.1. Proof of (A). To prove f(n) = n(0) — p is admissible, by Lemma 3.1, we need
to bound (f, (17! — #)~'f),. Then, by Lemma 3.2, using the inf form, to get an upper
bound, we restrict the infimum to the set of functions g of degree one. By the estimate
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(3.13), in the ‘free particle’ formulation, we have

inf  {|In(0) —p+g|2 1 +llgl 2}

g of degree one

. 2 2 2
< lgf{”&) +Tl,l (p“flﬁﬂfree + ”El,z(pnfl,k,free + H(p”l,l,free}’

which is further expressed, in terms of the Fourier transform @, as

|1+ (1-2p)a(u)p(u)® ! A
mf 0 du—i—/o (A +61(u)|¢(u)|*du
5 tlags)+agu—s)P?
)2/0 Ol 0 7L+61(s)+61(u—s)deu}' ©.1)

We note, as ¢ is real, ¢ is a complex function with even real part and odd imaginary part.
The previous infimum is taken over this set of complex functions.
Now, for real numbers b,c > 0 and a # 0, we observe

1+ iaz|? 1
1nf{g+c|z|2} = 5
zeC b b+<

and the infimum is realized at z = ia/(bc +a?*). In our case, we have
ia = (1-2p)a(u),
b = A+6i(u)
U la(s)+a(u—s)P?
0 A+01(s)+ 6 (u—ys) y

Then, the infimum (6.1) is realized for the function

G;{L (u)

c = A+61w)+x(p)?

Ou) = — (1—2p)a(u) [l + 6, (u) +Gk,p ("‘)] 7
where G;];, is given by
—_ 214 2
60 (0 = (1—2p)°|a(u)|

P a a(u—s)?
A4 0y() + () fy o) )

S
01(s)+61(u—s)
Noting that G( ) is even, we see @(u) has odd imaginary part and zero real part.
Therefore, we obtain the infimum (6.1) is equal to
1

1
/o A+61(u)+ Gy (w)

du.

We split the above integral over u-regions [0, 6], [§,1 — 8] and [1 — &, 1] for § > 0 small.
The contributions to the first and last regions are the same, while the integral over the
middle region is O(1) independent of A since 6; vanishes only on .
By Lemma A.2, sup, . |@(s) +a(u—s)|* < Cu®. Also, by Lemma A4, for 1 < o < 2,
/ ds
0.8)0(1-8,1) A+ 01 (s) + 61 (s —u)

On the other hand, fsl_ﬁ(l +01(s) + 61 (s —u))"'ds = O(1) not depending on A.

ds < Co(A+u®/Cy)'/*1.




OCCUPATION TIMES OF LONG-RANGE EXCLUSION 39

Hence, there exist ky, k1 > 0 such that for any 0 < u < &
2

(1) Kou
G > .
/’L‘p(u) = l_‘_ua_’_uz[(l_i_’clua)l/a*l_kl]
Therefore
/‘5 du < /5 du — I
My = Kou? o ’
0 ),+91(u)—|—GLp(u) 0 A+ u® 4 ou _
A +u®+ w214 (A + Ku®)t/e-1]
where s
limsupJ(A) :/ du 5
A—0 0 uo Kou

o Ifl <ax<3/2,asu—0,

o
u+
1/a—1
w4 u? 4k e

because 3—a > aand ox > 2 — .

o If3/2<a<2,asu—0,

KOMZ Ko a—1

/a—1 ~ e
o— o—
u® 4+ u? + K u3—ao K

because3—a<a<2and x—1 < a.

u®+

o Ifaa=3/2,asu — 0,
2

u K
u® + = /a1 ~ 071/3 u'/?
ut+il+1"" e 14K
In all these cases, limsup, _,,J(A) is finite, finishing the proof of part (A). O
6.1.2. Proof of (B). We proceed as in Section 6.1.1, and note that it suffices to show
1
limsup du < oo (6.2)

10 T 4+ 6 (u) + G ()

where

@ () (1-2p)*la(u)?
Grpl) =" ) ratu o
+0:00)+x(p)* o A+6:(s)+ 02 (u—s)

We split the integral appearing in (6.2) in five parts according to when u is close to
one of the four points in %, or not. The integral corresponding to the exceptional region
is bounded O(1) independent of A as in part (A). The four remaining integrals can all be
treated similarly, and we restrict ourselves to the integral corresponding to the small ball
{u € T?;|u| <5} where § > 0 is small.

In the sequel C is a positive constant, which can depend on § but not on A, changing
line to line. By Lemma A.2 and Lemma 3.5, we have

ds

1 1
du < / du
~AK51+®UO+GLAW = Jjuj<s A +Clul*|log |u|| + CH;, » (u)
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where, recalling m is the mean of p,

ju-m|?

A +Clul|log lul| +Clu? o 150 om0

Hl,p (u)

We now write
ds

/ ds
T A+602(s)+6(s—u)

+
/\s—w\§5/2 A+6:(s)+ 62(s—u)

Rs(4),

wEB

where sup, .o Rs (A1) < C since 65 is positive and vanishes only on 6. Similarly, as |u| < 8,
all integrals in the sum over w € %3 are equivalent in order to the integral on the domain
{|s| < 8/2}. By Lemma 3.5 and the fact, for |x| small, that |x?||log|x|| > |x|?, it follows

/ ds < C/ ds iC
Jr2 A+ 6(s)+62(s—u) —  Jig<s2 A+|s]P+|s—ul?

ds
of o m
sl<8/2 A+ Is]? + [u]?
C |log(A + [u*)| +C,

IN

where the second inequality is obtained from |x|? /4 < (|y|?> 4 |x—y|*) /2 and the third from
direct computations.
Substituting into H, , and noting again |x|?|log|x|| > |x|? for small |x|, we get
ju-m?
A+ Clullog ]| + Clu log (A + [uP)]
ju-m|?

> .
= A+Clul* [log(A + |ul?)]
Fix & € (0,1) and observe, for § sufficiently small, that sup), < 5{[t|*|log|¢[|} < 1. Then,

Hy p (w) >

ju-m|?

Hy ,(u) > ,
”M)“x+c@+wmy*

and we arrive at an upper bound for the integral in (6.2) given by

C

lu[<d

A+C(A+|u?)l-¢

T
At + — e 1 du. 6.3)

We can assume m = (my,my) € R? is such that m; # 0,my # 0, and so |u-m|*> > Clu|?.
Otherwise, we choose a rotation R_g of angle —0 € (0,27), such that R_gm satisfies the
previous condition, and change variables v = Rgu in the above integral (6.3). Thus, an
upper bound of (6.3) is

C

|u|<6

P o
2
Al +)L+C(/1+|u|2)1—s] du

<C
|u|<6

W]
2
A+ lul +C(“|M|2)IS] du,

where we note A < A!17¢ < (A + |u|?)' ¢ for all small A.
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Through polar coordinates, we are left to show

o r
limsup 5——dr < .
A—0 0 A + rz + Cm

Changing variables v = A'/2r, the integral

sA712 v
/ 2 e—1__ 2 dv

. SA-1/2 1 2\1—¢
< / vdv—l—Cll*g/ (—i_vi)dv = O(1).
0 J1 %
This finishes the proof of (B). [l

6.2. Proof of Theorem 2.14. Only the results for & < 2 need proof. The upper bounds
are obtained using Corollary 3.3 and Theorem 2.8. Indeed, for completeness, we discuss
the case 1 < a < 2, the rest being similar. From Theorem 2.8 we have that 62(f) ~ 12~ 1/¢.
Then, by the change of variables At = s, we obtain

oo

Zr(A) = /0 e M2 (f)dr < AMe3 /Ome—fﬁ—l/ads = o(Ala3y,

To address the lower bounds, we first note a bound for degree 2 functions g in d = 1.
When o < 2, by the admissibility Theorem 2.12, such a g is admissible. When o = 2,
by Lemma 3.2 and Theorem 2.9, the Tauberian variance Ly(1) < Lﬁ.s) (L) <CA2|logA|,
which is of smaller order than the desired lower bound for degree 1 functions in this situa-
tion; in fact, we believe g is admissible in this case (cf. Remark 2.13), although this is not
needed here.

Hence, decompose a local degree 1 function f as f = W +g. By the inequality
Ly, (A) <2Lf(A) +2Lg(A) in (3.3), we need only to prove the lower bound for the
specific one-point function f(1n) = W(o). Recall the notation in Subsection 3.5 which is
used throughout this subsection.

Noting (3.2), we apply Proposition 3.6 and estimate the integral I; (A,1/2) there which
serves as a lower bound for (¥gy,(A — & )_I‘P{O}> p- For this purpose, we restrict the
integration domain of the integral 7;(4,1/2) in (3.12), around a small neighborhood of 0,
say (0,6), for 8 > 0 small. Note, since u is very small, the domains Dy for V € 4 (cf.
(3.11)) take form

Do(u) =1[0,u], Dj(u)=[u,l].
Since p = 1/2, d = 1, it follows, from Lemma A.2, that the sums of the two integrals,
over domains Do and D1, appearing in the definition of Fil P in (3.12) with respect to the
integral I; (A,1/2) are of order

1 ds
ba(u)/o A4+06i(s)+6i(s—u)

(6.4)

where
sin®(7ru) log? (u), ifoa=1,
boc(u) = ) .
sin”(7u), ifor>1.
We rewrite the integral in (6.4) as the sum of the integrals over [0,6], [§,1 — 6] and
[1 —6,1]. By periodicity of 0y, the integral on [1 — §,1] is the same as that over [0, J].
Also, the integral on [8,1 — 8] is O(1) independent of A as 6; vanishes only at 0 and 1.
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However, in Lemma A 4, in the Appendix A, o-dependent bounds are given for the integral
I (461 (s) + 01 (s — )~ ds.
We now substitute these estimates for the integral into the formula for 7; (A,1/2).
i) For a@ = 1, since by (u) = sin’(mu) log?(u) ~ w*u>log?(u) for u ~ 0, for some positive
constants Cy, Cy,

)
h1/2) = | du

A +u+ulog? (u) [1 +Cylog <1+ }quﬁ)}

To show the last integral is equivalent in order to fOS (A +u)"'du=1log(1+85/1), it
is sufficient to verify that the difference

u?log? (u) {1 +Colog (1 * ﬁ?q)]

S
Ry = /o (7L+u){?t+u+u210g2(“) {1+C010g<1+ﬁ1/q)”

du = o(|logh|).

To this end, note that the denominator of the integrand is bounded below by (A +u)2.

For small € € (0, 1), as «*log?(u) = O(u>~¢) for u small, the numerator is bounded

by above by a constant times u#>~¢|log(A4)|. Then, by the change of variables u = Av,

we have

5 2E |

Ry < Cllog)| [ o —sdu = 0(21~%[log())).

2 < Cllog(A)] [ i = 001 log(2))

ii) For a € (1,2), since b (u) = sin®(mu) ~ w2u® for u ~ 0, it follows, for positive con-
stants Cp, Cy, that

8 du
s /0 /1‘1‘\M|a+C0u2(1+(7L—|—u0‘/C1)1/a*1)'

e Assume that 1 < o < 3/2. Changing variables u = A'/%z, and noting when
a <3/2and A < 1 that A3/%~2 < I, we have

L(A,1/2

2 /'Ll/(x 1 sa~l/e dz
I 1/2) = -
1( ’ / ) /0 (]_’_Z(x)_’_l}/aszZ(l_;'_K-lza)l/afl
—1/a d
. Al/afl/ Z o Mt
0 (1+Za)+Z2(1+K1Za)l/afl
e Assume that 3/2 < o < 2. Changing variables u = A'~1/C®z, similarly,
s/ (o)1 d
~1/(2at) z
hA172) = A /0 144073220 4 2(1 4 kg A0—3/279)1 /0=
S/ (2a)-1
o p/(m)/ Az -vee,
0 1+z%+22
iii) For o = 2, since by (u) = sin®(wu) ~ w2u® for u ~ 0, changing variables u = A3/4z,
we have

s7-3/4
11(2, 1/2) - 171/4/5l dz
’ 0 1+ 241222 log(A3/42)| + 22R(1,2)

B 171/8 dZ
= A 1/4/
0 1+ 21222 log(13/42)| + 22R(X,2)’
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where
—1/2
R(1.2) = { (14 41222 log(742)) - log & + log(1 + A2 log(2¥42) |}

We have R(4,z) is of order |logA|~!/2 for 0 < z < A~'/%. Hence,

A 1/8

_ dz
LA 1/2) = A ‘/4/
1(4,1/2) Jo 1+ Kkz2|logA|~1/2

= A4 10gA| /4, O

6.3. Proof of Theorem 2.15. The only statement to prove is the first one. The desired
upper bound is a consequence of Corollary 3.3 and Theorem 2.8. On the other hand, for
the lower bound, again by Remark 2.7 and admissibility of degree 2 or more functions in
d =2 given in Theorem 2.12, we need only to focus on f =¥ (q;.

We begin as in the proof of Theorem 2.14: With o« =2 and p = 1/2, to find a lower
bound of Ls(A4), using (3.2), we estimate the integral />(A,1/2) in (3.12) which yields
a lower bound for (¥gy, (4 — & )_1‘11{0}),). We restrict the domain of integration in
L(A,1/2) over a small box [0, 5]? with § > 0 small.

For u € [0, 5]2, by the periodicity in each direction of 8, and d, and Lemma A.2, we
bound the term in Ff, 12 3.12) by

JIL O Y R T
Ve, /€Dy (u) A +92(S) +62(u—s) T2 A+ 0> (s) +92(u—s)
1
2
< ul /11‘21—+—Gz(s)+92(u—s)ds'

We split the region of integration in five parts: The union of four sets {s € T?; |s —w| <
6/2} for w € 6, and its complement. The integral on the complement is bounded O(1)
uniformly in A since 6, vanishes exactly on %5. But, by periodicity of 8, in each direction,
the remaining integrals over the first four regions are all equal. Thus, by Lemma 3.5,
|x|?|1og |x|| > |x|* for small |x|, and |x|?> /4 < (]y|> + |x — y|*) /2, we have

1 1
ds < 1+/ ds
/. A+ 0:(5) + Ba(u—) si<8/2 A+ 5P Tog s]| + Ju— s logu—s]|

1
< +/ - s
s<8/2 A+ [s|? 4 [u—s|?

< Jlog(A+[u?)].

Finally, by Lemma 3.5 again, and inequalities |u|> < |u|?|log|u|| and |u|?|log(A +
lu*)| < |u|*|log |u|?| for small |u|, we obtain the lower bound,

h(A,1/2) = / du
2 “ Jio612 A+ |uf?|log ful |+ |uf?[1 + [log(A + [ul?) ]

/ du
0,812 A 4 [u|*|log ul|

3 rdr 5 dr
= s & ————— = O(|log|logA]|).
/0 A +r2|logr]| /x r|log(r)] (Jlog | log[])



44 CEDRIC BERNARDIN, PATRICIA GONCALVES, AND SUNDER SETHURAMAN

APPENDIX A. USEFUL COMPUTATIONS
In this section, 8; = 6,4(+;s0(+)) (cf. Subsection 3.4).

O (u)t — 14 ¢ 10a)

Lemma A.l. Letl;4(t) = [pa du be the integral in (5.2).

630
o Ifd=1,
t whena <1,
tlog(t) when a =1,
Iio(t) ~ 2712 whenl< o <2,
*2(log(t))~'/>  when a =2,
2 when a > 2.
o Ifd=2,

t whena <2,
)) whena=2,
t) when o > 2.

Iya(t) ~ § tlog(log(t
tlog(

o Ifd >3, forall oo >0, I o(t) ~1t.

Proof. We argue only in the one dimensional case, as the other statements are similar.
If a < 1 then the integrand, divided by #, converges pointwise as ¢ 1 oo,

Og(u)t — 14 ¢ 10a®) 1
%
tﬂg(u) 01(u)’

and is dominated by 1/6; (u). By Lemma 3.5, the function 1/8 is integrable on T' and so
the result follows by dominated convergence.

Let now ¢ > 1. Fix 6 > 0 small and write /; o as the sum of the three integrals over
[0,6], [6,1 — 6] and [1 — §,1]. The integral over [8,1 — 8] is O(z) as 6; does not vanish
on the domain. By changing variables v = 1 — u and periodicity of 6, the integral over
[1—6,1] is equal to the integral over [0, 6].

When a > 2, by changing variables v = /fu, we need to estimate

32 [T 10, (vt=1/2) — 1+ e 101 017
! / 10<v<6\ﬂ
o T [t6) (vt—1/2)]2

By Lemma 3.5, 6;(w) = J(1,a)|w|> + o(|w|?), as w — 0, and therefore as ¢ 1 oo the inte-
grand converges pointwise to

dv.

J(1,00)0% — 1+ e~/ (1.0)”
V(1 a)v??

h(v) =

Since the function

(x) = e ifx >0
& 1/2 ifx=0.

is bounded near 0 and is of order O(x~!) for large x, noting again the asymptotics of

SV 10y (w12 1o 1)
61 (w), we have [y v [tez(vt—l/Z)]Z

convergence, and the statement holds for o0 > 2.
When 1 < a < 2, by changing variables v = ¢
lations.

dv converges to [ h(v)dv < e by bounded

1/ %y, the result follows by similar calcu-
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When o = 1, the calculation is more involved. Consider the change of variables v = tu
in the integral over u € [0, 8]. We are reduced to study ¢ f05’ (tGl (v/t))dv. Observe

St St e_J (1,1)v &t
J(1,1)v = J(1,1)v
o SU(L LMY = /g dv+/ +/ 111
As t T oo, for fixed &, the second integral converges to f 5 T]ldv and the third one
equals log(¢)/J(1,1). Hence,
ot log?
J(1,1)v)dv = logt).
[ st )way = 85 +ollos)

Therefore, to show the desired statement, it is enough to prove

1
limsup limsupi/ l[g(tel(v/t))—g(J(l,l)v)]dv = 0. (A1)
gt Jo

550 i 1O

By Lemma 3.5, for v € [0, 67], we have

[161(v/t) —J(1,1)v| < r(8)J(1,1)v
where limg7(6) = 0 uniformly in 7. On the other hand, there exists a constant Cp > 0
such that |g’(x)| < Cp/(x*> + 1) for x > 0. Consequently, for § small so that 7(8) < 1, we
have
ot v

ot
/0 g6, (v/1)) —g(J(1,1)v)]dv| < C0](1,1)r(6)/0 1+[(17r(5))J(1,1)]2v2dV'

Hence, dividing the right-side by log?, the limit (A.1) follows.
When a = 2, by substituting u = v with 182|log B;| = 1 and B, = O((tlogt)~'/?), a
similar method yields the result. U

Lemma A.2. Ind = 1, we have

oo

in(27
a(u) = ic(by —b7) Zl Smy(lw”y) (A2)
y=

Whena>1,let§(a)=Y0 | — Asu 0,

sup{|d(s)+d(u—s|2} < sin®(mu).

seT

Whena=1,asu 0,
au) ~ —2mic(b{ — by )ulog(u)
) 2} < —sin?(mu) log? (u).

sup { la(s)+a(u—

seT

Ind =2, for o > 1 and w € 6,, we have, as u — w,
a(u) ~ 2mi(u—w)-m
Also, for 6 > 0 small, there exists ¢(8) > 0 such that when |u—w| < 8, we have

sup{|a Y+a(u—s) b <o (8)|u—wl|.
seT?
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Proof. We prove the statements in d = 1, the two dimensional case being similar. To show
the first claim (A.2), we notice, for y € Z, that

_ 1
a(y) = ¢(bf —b, )W(I—ZIKO),

so that

o

= Z Mg(y) = ic(bf —by) Z

YEZ y=1

sin(2muy)
y1+oc

When o > 1, since the function u — sin(27yu)/(2myu) — 1 as u | 0 pointwise and is
uniformly bounded in y > 1, we have

a 1 sin(2myu)

% = 2mic(b{ —by) Y, —

— 2mic(b{ —by)é(a),
y>1Y

27yu

by bounded convergence, proving the second claim.
For the third claim, write

ars) ?i—d(u —5) - i sin(27sy) + sin(2zwy(u —s))
sin(7u) = yl+%sin(7u)
> 1 sin(muy)

= 2ic(b{ —b7) )

— "L cos(m(u—2
L. 52 iy ST 250,

as sin(27msy) + sin(2wy(u — s)) = 2sin(mwyu) cos(mwy(u — 2s)). Note cos(m(u — 2s)y) < 1
and |sin(myu)/(ysin(mu))| < 1 uniformly iny > 1 and u € (0,1). Hence, as u | 0,

sup{\d(s)—kd(s—u)\z} < sin’(7u). (A3)
seT
When o = 1, for fixed € > 0 small, we have
> sin( 27‘:
aw) = ic(by —by Z uy)
le/u] 1
= 2mic(b] — by )u Z -
=17
l&/u] Isin(27u 27mu o sin(27u
+ic(bf —by) sin y§ y]+i0(bT—bf) ) 3 )
= Y y=lefult1 Y

Since there exists Ce > 0 such that | sin(27uy) — 27uy| < Ce|u|?y? for 1 <y < |&/u| and
|sin(27uy)| < 1, the second and third sums on the right-side are of order O(u). The first
sum is equivalent in order to —27ic(b] — by )ulog(u), proving the fourth claim.

The fifth claim is proved similarly by decomposing in the equation,

als)+a(u—s) _. & 1 sin(muy)

= 2ic(b{ —b - -2
sin(7u) fe(b) 1 )}; y? sin(7u) cos(m(u—2s)y),
the sum according to y < [¢/u] and y > [€/u] + 1 for a fixed € small. O

Lemma A.3. Let o € (1,2] and

|s]%, fl<oa<?2,

¢“”:{mmmgmm ifo=2. A
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For 0 < 8 < 1 sufficiently small, there exists C = C(a,8) > 0 such that for u,s € [0,8]?,
Po(tt—5)+ @als) = Cl@a(u)+ @Qals)].

Proof. We only prove the statement for o = 2, as the proof for o € (1,2) is similar. Ob-
serve first that the restriction of ¢, to [—38, 8], for & small, is an even convex function. For
0 < x <1, we write

(1—x)u = x<

and invoke convexity of ¢, to get

%)+ 1=

X

1—x
(190 < xon (55 ) £ (1= —9),
Then,
L (1 —x)u) x ()
_ > _ 2 x T
-+ = o) | PU I gy |1 BT
Since,
1 @((1=xu) log(1 —x)
> — it 22 Sl
= o = VI T
and
X (pz(%s) 1—x 1+10g(1x;x)
1—x @) x logé |’
taking x sufficiently close to 1, the claim follows. (I

Lemma A.4. Let
ds

S
Ju(R,8,u) = / .
Il A ey S -y g
Then, for A > 0 and 0 < u < 6 small, there exist constants Cy,Cy > 0 such that
Colog(H—%l‘/C]) ifo=1
Ja(A,8,u) < Co(A +u®/C)Ve1 ifae(1,2)
“1/2
Co{ [A+C1u*log(u)|] [log (A + C1|u*log(u)]) | } ifa=2.

(AS5)

Proof. Suppose o = 1. Since u € (0,8) with 6 < 1, with respect to a suitable positive
constant Ky, by Lemma 3.5, we have
8 ds
/0 A+ Ko|s| + Kols — ul
u ds 8 ds
Jo 7L+K0u+. u A+ Kos+Ko(s—u)

u 1 2ko(6 —u)
A+1<0u+21<010g(1+ A+ Kou

_ _ 2K00
K +(2K0) 110g<1+l+01<0u>’

Jo(A,6,u)

IN

IN

finishing the claim in this case.
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Suppose 1 < a < 2. By Lemma 3.5, as s,u € (0,0) with § < 1, and Lemma A.3, we
have
ds

5
Ja(A,0,u) /0 A+ Kols|* + Ko|s — ul*

/5 ds
0o A+Ki|s|%+ K \u|°"

for suitable constants &y and k. By the change of variables r = s/(A + kju®)!/#, the last
integral is equal to

ay—a~!
S(A+rxu®) dt _ 0((/1_'_’(]“(1)1/0#1)’

A+K ocl/ocfl/
(A +xu) 0 1+ K%

which shows the desired statement.
Suppose ¢ = 2. Similarly, by Lemma 3.5 and Lemma A.3, we have
/5 ds < /5 ds
0 A+01(s)+6i(s—u) — Jo A-+xKi|s?log(s)|+ Kki|u2logul

. 8/C(w) ds
= A (L{)/ 2 )
0 1+s2[log(s) +log(Cy.(u))|
for a positive constant kj and Cy (u) := /A + & |u®log(u)|.

For A and 6 small, C; (1) < 1. Fix 0 < € < 1. We split the last integral as follows:

8/C,(u) ds A.6
/0 1+ 52|log(s) +1log(Cy (u))] e

7/6/C;L(u)8 ds +/5/C/1(M) ds
o 1+ 52[log(s) +1og(Ca ()|~ J5/c; e 1+ 5% log(s) +1log(Cy (u))|”

We claim the first integral on the right-side of (A.6) is of order O(|log(Cj (u))|~'/?):
Indeed, for s € (0,6/Cy (1)),

[log(s) +1og(Cy (u))| = [log(8)+ (1 —&)log(Ca(u))]
so that

8/Cy(w)* ds - 1 “ dy
/o 1+52|log(s) +1og(Cy(u))| ~ [log(8)+ (1 —&)log(Cy(u))|'/2 /0 14+v2

On the other hand, the second integral on the right-side of (A.6) is order O(1): Indeed,
this integral is bounded above by

—— 0(C,(w)f) = 0(1)
—_— = u = 5
8/C(we 1+52[log 5 g
finishing the proof. O
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