Gumbel laws in the symmetric exclusion process

Michael Conroy* and Sunder Sethuraman'

Abstract

We consider the symmetric exclusion particle system on Z starting from an infinite particle
step configuration in which there are no particles to the right of a maximal one. We show that
the scaled position X;/(ob:) —a: of the right-most particle at time ¢ converges to a Gumbel limit
law, where by = /t/logt, a; = log(t/(v/2mlogt)), and o is the standard deviation of the random
walk jump probabilities. This work solves a problem left open in Arratia (1983).

Moreover, to investigate the influence of the mass of particles behind the leading one, we
consider initial profiles consisting of a block of L particles, where L — oo as t — co. Gumbel
limit laws, under appropriate scaling, are obtained for X; when L diverges in ¢. In particular,
there is a transition when L is of order b;, above which the displacement of X; is the same as
that under an infinite particle step profile, and below which it is of order /tlog L.

Proofs are based on recently developed negative dependence properties of the symmetric
exclusion system. Remarks are also made on the behavior of the right-most particle starting
from a step profile in asymmetric nearest-neighbor exclusion, which complement known results.
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1 Introduction

We consider the symmetric exclusion process on Z with irreducible, translation invariant transition
probabilities {p; }:
pi = p(x,x +1) = p(x,z — 1), x,1 € 7,

such that ), p; = 1. Informally, the system consists of a typically infinite number of particles that
move individually as continuous-time random walks with jump rates {p;} subject to the interaction
that jumps to already occupied sites are suppressed. Such a process, in the case of nearest-neighbor
interaction, models single-file diffusion of particles whose movement is limited by its neighbors.
There are also interpretations of the process in terms of queues, fluid flows, traffic, and other
phenomena. For general discussions of this process, including its history, see [9], 22} 27, 29] 43].

More formally, the process {n; : t > 0} takes values in {0, 1}, following the unlabled evolution
of the particles where, at time ¢, n;(x) = 1 if  is occupied and m;(x) = 0 if z is vacant. The system
has Markov generator £ given by

Lfm) =" py-an(@)(L—n) [f0"Y) = f()], (1.1)
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for functions f that depend on 7(z) for only finitely many =, where

n(y) ifz=u,
n"Y(z) =q nlx) ifz=y,
n(z) ifz#z,y.

We introduce the initial conditions of interest as follows. Consider a Bernoulli product measure

vin(z) =1)=p., n€{0,1}2, zecZ, (1.2)

for some {p,} C [0,1] with pg =1 and p, = 0 for > 0. Since all particles initially start to the left
of the origin, this type of initial condition is referred to as a “step.” When p, =1 for all x <0, we
will call this deterministic initial profile a “full-step” profile.

Note that since pg = 1, a particle is guaranteed to be initially at the origin. We study the
behavior of the right-most or maximum particle, which has position at time ¢ given by

X = max{z : n(z) =1},

and for which Xy = 0. In the case of nearest-neighbor interaction py; = 1/2, X; tracks the
movement of the particle initially at the origin, since no two particles can change order. Such a
particle is referred to as a tagged or tracer particle.

1.1 Main problem and context

In Arratia [3, Theorem 3], to compare with the motion of a tagged particle in exclusion, it was shown
that when X; is the right-most position of a system of independent, symmetric, nearest-neighbor
random walks with a particle at every integer k < 0 initially, then

X —x
lim P <bt —ar < :c> =e ¢ (1.3)

t—o00 +

t t
ay =log | —— and by =/ —; 14
t g(mbgt> " Viogt )

see also [30] in this context. A version of for single-file diffusions, written as the limit of the
maximum of independent Brownian motions, is also known [39].

A question left open in [3] is whether the same result holds when X is the position of the tracer
particle with Xy = 0 in the simple exclusion system with the same step initial condition. This is
motivated in part by the results in [3] that in both cases, X; has the scaled law of large numbers
limit

for all z € R, where

X
2L Jlogt — 0 a.s., t — o0, (1.5)

Vit
and also that {b, 'X; —a; : t > 0} is tight for the exclusion system. It was also noted that this
scaling may be inferred through a large deviation analysis in [I7]. However, establishing that the
limit in holds for the exclusion system, consisting of infinite interacting random walks on Z,
has remained open. Among our results is confirmation that the tagged particle obeys .

Much of the interest and difficulty of this question is that it considers a strongly out-of-
equilibrium initial profile, which blocks left jumps of the tagged particle, forcing anomalous motion
to the right. Indeed, the tagged particle has no interaction on one side and under the full-step
initial profile cannot go left of the origin. In particular, by , it moves in time ¢ in a space scale



Vtlogt, much greater than the diffusive v/t scale of an isolated random walk or the hydrodynamic
evolution of the “bulk” mass density; see Section VIIL5 in [27].

The advent of the Gumbel law is in contrast to other known limit theorems for a tagged particle
in the exclusion particle system on Z. In random matrix theory, however, we comment that Gumbel
limits have been derived, such as for the edge behavior of eigenvalues in certain ensembles [20], which
might be seen as a type of continuous space exclusion process.

In the non-degenerate situation of a tracer surrounded by a density of particles, Arratia [3]
showed that sub-diffusive ¢t'/* scaling holds for nearest-neighbor interaction. In particular, when
the initial product measure is given by v(n(z) = 1) = p for all x # 0 in Z and v(n(0) = 1) = 1, the
position X; of the particle beginning at the origin satisfies

VX, = N (0, 21_p> .t oo
T p
This result was updated to a fractional Brownian motion, with Hurst parameter 1/4, process limit
in [31]; see also [I5] for an extension to a variable diffusion system.
Further, a central limit theorem for the symmetric, nearest-neighbor case on Z was proved in
[19], starting from a Bernoulli product measure vV (n(z) = 1) = po(z/N) for a profile pg : R — [0, 1]
with 4 bounded derivatives. It is shown, in various senses, that as N — oo,

Xni — VN
Xt o ana S VNw

VN N1/4

where W; is a Gaussian process with a certain covariance structure and wu; satisfies fooo (p(t,u) —
po(u))du =[5 p(t, u)du with p(t,u) the solution of a heat equation with initial condition py. We
observe that if po(u) = 0 for u > 0, then u; = oo, in line with Arratia’s law of large numbers .
The result in [19] is nontrivial only if py corresponds to a density of particles on both sides of the
origin, excluding the step profiles we consider here.

We remark that large deviation results have been established for the tagged particle in one-
dimensional symmetric nearest-neighbor exclusion under certain local-equilibrium initial profiles in
[41]. In [I7], as mentioned earlier, an explicit large deviation function was found for the tagged
particle starting from the step initial measure v(n(z) = 1) = p_ for x < 0 and v(n(z) = 1) = p4
for x > 0 and p_ # p,.

In contrast, in the non-nearest-neighbor finite-range case, the tagged particle under stationarity
obeys diffusive scaling: In [23], for symmetric, non-nearest-neighbor finite-range exclusion starting
from a stationary Bernoulli initial profile v(n(xz) = 1) = p for all z € Z, it is shown that the position
X, of a tagged particle satisfies

Xnt — B[ XNt

VN

a functional central limit theorem, where B; is a Brownian motion and 2 is a certain “self-diffusion”
coefficient; such a result also holds more generally for finite-range symmetric exclusion Z<.

We mention in passing that large deviation results in the non-nearest neighbor finite-range and
higher dimensional setting have been considered in [33]. See also [I§], for stable law limits for the
tagged particle in symmetric exclusion with long-range jump rates. Results for a driven tagged
particle in symmetric exclusion on Z include [24], [48].

= KBy, N — oo, (1.6)



1.2 Discussion of results

We will consider a general periodic step initial profile where p;_,,, = p, forsomem € Ny = {1,2,...}
and every x < —1, where at least one of p_1,..., p_,, is positive (see Condition . Such profiles
correspond to a variety of deterministic (when p, = 0 or 1) as well as random initial conditions
(when 0 < p, < 1).

One reason to consider such profiles is that there will be an infinite number of particles in the
system, which is necessary for our results to hold (see comments below ) Indeed, with only
a finite number of particles in the system, diffusive scaling can be inferred for their positions, a
different category not considered in this paper; see, in the nearest-neighbor setting, [4], [26], and
[37].

Another reason to consider a Bernoulli product initial condition is that the subsequent exclusion
evolution will be “strong Rayleigh” as discussed in Subsection [3.2] Further, one more reason is that
such initial profiles allow for some computations, though involved (see Sections |5 and @ However,
our results are robust in that perturbations from periodicity do not affect their conclusions; see
Remark

Also, we will assume that the jump distribution {p;} has a finite moment generating function
>, e%p; < oo for some 6 > 0 (Condition . This condition certainly allows for finite-range
interactions as well as infinite-range ones.

Now let o2 be the variance of {pi}, and recall a; and b; in . We show in Theorem that

under these assumptions, the scaled position

ob at (1.7)
converges in distribution to a Gumbel law that reflects the initial condition and jump distribution,
as t — oco. As noted in Remark [2.2] more generally, the mth order statistic of the process converges
weakly to a related law involving a certain Poisson distribution. We comment that the limit
for the tagged particle in the nearest-neighbor setting when 02 = 1 is a case of these results.

A second goal of this work is to investigate a natural question that arises: how sensitive is
the leading particle behavior to the size of the block of particles behind it? In other words, how
large should the size of the block be to force the leading particle to move in anomalous scale to the
right? To probe this sensitivity, we consider a sequence of exclusion processes with (time-dependent)
periodic Bernoulli “L-step” initial conditions vy, where vy (n(z) = 1) =0 for x ¢ {—L,...,0} for
L = L(t) — oo as t — oco. The rate at which L — oo determines the limiting behavior of X as
t — 00.

In particular, the same Gumbel limit as in the full step case holds when L./logt/t — oo.
However, we derive a different Gumbel law for in the same scaling reflecting the size of the

ratio L/+/t/logt when L ~ +/t/logt ast — co. Moreover, when L — oo such that L = o(y/t/logt),
we find different L-dependent scalings under which another Gumbel law is obtained for (1.7)) in the

limit, namely a; = agL) and b, = bgL) for

2
) L v _ |t
a = 10 B and b = —— 18
t g < /7271_ 1Og L2> t log 1.2 ( )

In this case, the displacement of the leading particle is of order y/tlog L rather than /tlogt as in
the first two limits.

The transition at by = \/t/logt, which may be interpreted as the order of the standard deviation
of X; in the limit , indicates that the size L of the block of particles needed for the rightmost



particle to behave as if it were trailed by infinitely many particles. Equivalently, it is essentially
only the particles within O(y/t/logt) distance behind the leader that have significant influence on
its behavior. This result is presented in Theorem

1.3 Proof technique

Our analysis of X; in Theorems and 2.2] is based on recently established negative association
properties for the exclusion process on Z. In particular, we look at the limiting behavior of the
process

Ne=> (k) (1.9)

k>z

where z = obi(z + a;) for z € R and 0% = Y, i%*p;. In words, Ny = Ny(x) counts the number
of particles that have moved to the right beyond z = z(t,z) > 0 at time ¢t. N; has a convenient
relationship to the position of the leading particle in that X; < z if and only if no particles lie to
the right of z. That is,
{Xt—atgaz}:{thz}:{Nt:O}.
O'bt

Such a relation was used in [3] to show the law of large numbers and tightness of (b)) ™' X} —ay
(in the nearest-neighbor, full step setting) by bounding sup, P(N; > 1) < sup; E[N;] < 0.

To identify the limiting distribution of the scaled leading-particle process, it would be enough to
determine the limiting distribution of N;. In this sense, our contribution is to determine appropriate
scalings a; and b; in the settings of Theorems [2.1] and [2.2] and show that N; converges as ¢ — 0o
to a Poisson random variable with a parameter \,, depending on the initial condition and jump
probabilities. Then, Ny = Poisson()\;) implies

X
P <t —a; < x) — P (Poisson(\,;) = 0) = e,
O'bt
As we show in Theorem [5.1, F[N{] — oe™ as t — oo in the full-step setting, which then gives
the Gumbel cumulative distribution function e+ = e~?¢"". In this case and in others, computing
the limit of E[Ny] for initial measure v(n(k) = 1) = py is aided by the representation

E[NJ] =Y piP(&(t) > 2), (1.10)

1<0

where each ¢ is a random walk based on {p;} with &(0) = i¢. This comes from the “stirring”
construction of the process 7y, which we discuss in more detail in Subsection We note here
that Condition implies that ) ., p; = 00, i.e., there are an infinite number of particles in the
system. With only a finite number, > <o Pi < 00, in which case the mean in goes to zero
as t — oo with z = obi(z + a;) for the scaling in or , and there would be no nontrivial
Poisson limit for V.

In a system of independent particles, IV is the sum of independent Bernoulli random variables,
and so showing a Poisson limit essentially comes down to computing the limit of E[Ny], which can
be done for periodic initial step conditions, as is done in [3] for the “full step” initial condition.
However, in the exclusion system, Ny = ;4 n0(i)1{¢,(t)>-) is a sum involving correlated stirring
variables. Then, to deduce Poisson limits, we also must show that the correlations between each
pair of particle positions vanish in the limit.

This is a challenging problem, and occupies a significant part of our analysis. We use a relatively
recently developed theory of “strong Rayleigh” and negative association properties for the symmetric



exclusion process [5, 28] 46], which allows for Poisson limit theorems despite the dependence induced
by exclusion interaction (see Subsection . Also, duality properties for symmetric exclusion and
semigroup inequalities between symmetric exclusion and the system of independent random walks
are used to rewrite the sum of correlations between particle positions in an analyzable form (see
Subsection .

In particular, after this formulation, the proof consists of involved combinations of sharp random
walk local limit theorems and tail estimates, facilitated by Condition to deduce the result (see
Section [6). In the scheme of the estimates, we need to take account of the different scalings in
our main theorems as well as the shapes of the initial distributions, whether a full step or L-step,
to deduce the desired correlation bounds. These arguments are given for {p;} with finite moment
generating function, however we provide improved rates of convergence when {p;} is finite range.

1.4 A remark on ASEP

Fewer results are known for the tagged particle in the asymmetric simple exclusion process (ASEP).
With respect to nearest-neighbor interactions with p = p(z,z +1) = 1 — p(x,z — 1) =1 — ¢ and
p # ¢, one can consider the limiting behavior of the tagged particle, initially at the origin, when
the system starts from a full-step initial profile. The generator for the process, acting on functions
that depend on a finite number of occupation variables, is given by

Lasee S () =Y _{p (O™ = ) + ¢ (F™* 1) = f(m)) } -
TEL

For the case of p > ¢, the tagged particle was studied in [44]: Interestingly, under the expected
diffusive scaling, the tagged particle position converges to a (non-Gaussian) limit given in terms of
a determinantal formula,

R

where K is the operator on L2(R) with kernel

K(z,7) = \/];7 exp {—le(p2 + ) (22 + 2?) —|—pqzz’} .
This limit, as commented in [44], reduces to a standard Normal distribution when p = 1, as in this
case the tagged particle moves to the right without interaction. Related limits are also stated in
[45] for other types of step profiles, such as “step Bernoulli” and “alternating” ones.

Although we focus on the symmetric system in this article, we may make a remark to complete
the picture for the nearest-neighbor, full step situation by considering p < q and p, =1 for z <0
and p, = 0 otherwise. Here, since p < ¢, the tagged particle does not wander far from the “bulk.”
One expects then that the law of X; should converge weakly, without scaling. This may be inferred
from the statement on page 412 of [27] in connection with limits for the corner growth model,
referring to [27, Example VIII1.2.8], although the tagged particle limit is not computed. However,
spacings between particles in the exclusion process with nearest-neighbor interaction can be mapped
to a zero range process {(;} on N; with an infinite well of particles at = 0. The position of the
tagged particle initially at the origin can then be expressed as X; = ) o, (¢(x). We would then
have that the law of X; would converge to u(>",~, ¢((z) € -) in terms of an invariant measure y for
the zero range process. This is formulated in Proposition

We comment in passing that, in contrast, it was shown in [21] that for the nearest-neighbor
process and under diffusive scaling, the centered position X; is asymptotically Normal when the



system is started from a stationary Bernoulli(p) product measure. In the totally asymmetric case
of p = 1 and when p < 1, this result is a consequence of Burke’s theorem from queueing theory.
The result in [21] was improved in [12] and [14], wherein it was shown that the properly centered
and scaled process X; converges as a process to Brownian motion.

Moreover, other central limit theorems of type under stationary initial conditions were
proved in [42] and [47] in dimensions d > 3 and for mean-zero non-nearest neighbor asymmetric
systems, respectively. We also refer to [40] for a tagged particle variance calculation showing dif-
fusivity in low dimensions. See also [30, B8] for a law of large numbers for the tagged particle in
asymmetric exclusion starting from initial conditions with a macroscopic density of particles around
the origin and [16][49] for results on variable-speed or driven tagged particles in asymmetric systems.
In [I1], a review of some of these and other results are presented. For dynamics of a tagged “second
class” particle, we refer to [I3] and references therein. For analysis of related quantities such as
“current” and “height,” see [8] [34], 35] and references therein.

Notation

We now list some notation and conventions we will follow in the article. For a probability measure
v on {0,1}%, P, denotes the probability measure on the sample space under which 7 is distributed
according to v, and E, denotes the corresponding expectation. Throughout, {&} will denote a
continuous-time random walk with jump distribution p;. For y € Z, P, denotes the probability
measure under which £ = y. Unless otherwise stated, X denotes a standard Normal random
variable. For sequences x; and y;, x; ~ y; as t — 0o means limy_,o0 z¢/ys = 1, 2, = O(y;) as t — o0
means z; < Cy, for some positive constant C' and sufficiently large ¢, and z; = o(y;) as t — oo
means limy_, x¢/y; = 0. When it is clear from context, we will suppress ¢ — oo and simply write
xr ~ Yy, ¥ = O(y), and x; = o(y). For any real numbers x and y, we denote 27 = max{0, z},
r Ay =min{z,y}, and x Vy = max{z,y}.

Contents

We state and remark on the main results, Theorems and Proposition [2.I] in Section
After preliminaries on the stirring process representation, negative association and Poisson limits,
and duality properties of symmetric exclusion processes in Section [3 we give an outline of the proofs
of Theorems [2.1] and in Section [4, which makes use of results on mean limits and covariance
bounds in Sections [f| and [} Finally, collected in the Appendix are the random walk probability
estimates used.

2 Main results

Here we present our main results, which are proved in Section 4} For all of what follows, we assume
the following on the jump distribution.

Condition 2.1. For some 6 >0, .., e’'p; < co.

Recall that 0% = > i’p;. The following condition defines the class of periodic step initial profiles
we consider.

Condition 2.2. The initial measure v on {0,1}* satisfies v(n(x) = 1) = p, € [0,1] for each x € 7Z,
where

(a) po=1 and py =0 for x >0, and



(b) For some integer m > 1, p; = pi—m for each i < —1 and p_1,p—2,...,p—m are not all 0.

For an initial condition satisfying Condition let

%Z o (2.1)

Our first result is the following, which solves the open problem in [3] as a special case when p; =
lfi<oy and p_1 =p1 = 1/2.

Theorem 2.1. Suppose that v satisfies Condition and let p be as in (2.1). Then for all x € R,

t—o0 g t

lim P, (f} —a; < x> = exp (—ope™®),

where a; and by are the scalings in (1.4)).

Our next result probes the sensitivity of the limit in Theorem to the number of particles
behind the lead particle, as discussed in the introduction, with respect to a sequence of processes
with the “L-step” initial conditions.

Theorem 2.2. Suppose that v satisfies Condition [2.4 and let p be as in (2.1). For L = L(t) > 0,
define the measure vy, on {0,1} by

if —L<k<O0,
otherwise,

o) =1 ={

and suppose that L — 0o ast — oo.

(a) If L b ¢ e (0,00] and a; and by are as in (L.4), then

Xy _ _
< — = c/o z)
lim P, (O‘bt ay a:) = exp < op(l—e “%)e )

(b) If L lngt — 0 and a; = agL) and by = bEL) are as in (L.8)), then
. Xt -
tlg(r)lo P, (abt —ap < 1:> = exp (—pe ) .

Remark 2.1. In the context of Theorem (a), the result when ¢ = co matches that of Theorem
When 0 < ¢ < 00, the mean of the Gumbel is less than when ¢ = 0o, a reflection of the smaller
size of the L-step profile. However, sending ¢ — 0 does not recover the result of Theorem (b)
We attribute this to the difference in scalings between parts (a) and (b): in the scaling of part (a)
with L = o(t"/?(logt)~'/?), we would obtain the trivial limit of 1. It is also interesting to note
that o does not appear in the limit of Theorem [2.2|b) with respect to the more dilute system when
L = o(t'/?(log t)~1/2).

Remark 2.2. We note that our proof techniques may be straightforwardly extended to determine

(m

the limiting laws of the order statistics of the processes 7; as follows. If, for m > 0, X, ) denotes
the position of the mth right-most particle at time ¢, beginning with Xt(o) = Xy, then Xt(m) <z

if and only if N; < m, where V; is given in ((1.9). In the case of nearest-neighbor interactions,



a particle cannot make a jump over another, and so this gives the limiting distribution for the
position of the tagged particle initially mth from the right. In the proofs of Theorem and
Theorem (a) and (b), we show that V; converges weakly to a Poisson distribution with means
ope ™, op(l —e~%/7)e=" and pe~*, respectively.

Therefore, in the settlng of Theorem as t — oo,

X(m) m (Uﬁ)ke—aﬁe_x—ka:
P, —t——a < : 2.2
(Ubt “t—x>_>k§0 Rl (2.2)
The analog in the setting of Theorem [2.2fa) is
(m) m = —c/o\1k
Xt [Up(l —€ )] = —c/o
P, ( v a; < :L’) — kzo i exp (—Up(l Je~ k:x) (2.3)

and in the setting of Theorem [2.2|(b) is

Xt(m) m ﬁkefpe T —kx
P, < i a; < w) Z (2.4)

One may compute from , , and that the means of the limit distributions of the
scaled mth and (m + 1)th particle positions differ by (m + 1)~! (independent of the values of o,
p, or ¢). Then for large ¢, the difference Xt(m) - Xt(mH) is roughly of order b;/(m + 1), and the
gaps between particles eventually diverge. This further aids the intuition as to why the exclusion
behavior matches that for independent particles, since a particle in the exclusion system moves as
an unconstrained random walk in the absence of others nearby.

Remark 2.3. As will be seen in the proofs of Theorems [2.1] and 2.2} our results are robust in that
a Gumbel limit can be obtained as long as E,[/V;] converges. So, the results still hold if, say, a finite
number of p; do not satisfy the periodicity condition (as P(&;(t) > z) vanishes in as t — oo for
each ¢ < 0). In theory this means that initial conditions other than the periodic type in Condition
- can lead to similar limiting distributions. However in practice computing lim;_,o, E, [Ny] for
arbitrary v is difficult. Theorems [2.1] and [2.2] could alternatively be stated with the assumption
that lim; o0 By [N¢] = Az € (0, 00), and the limiting distributions would then be characterized in
terms of this limit A\,. In this paper, we focus on general periodic initial conditions where concrete
evaluations can be done. In particular, these initial profiles admit a comparison with the full-step
pr, = 1 case, for which the limit of E,[V;] can be obtained generally (See Theorems and [5.2).

Lastly, we remark on the behavior of the tagged particle in nearest-neighbor ASEP with drift in
the direction of the step. As noted in Subsection spacings (¢(x) between the particles beginning
at —(z + 1) and —z, in the process {n;} correspond to a zero range process {(;} on the countable
space Q = {n € N+ : 3" _ n(z) < oo} understood with an infinite well of particles at z = 0.
Here, N={0,1,2,...}. The generator for this process is given by its action on local functions as

Lanf(©) = p [£(E™) = O]+ Y Lz {p [FC) = FO] + a [F(E) = ()] }.

r>1

where

((x)—1 ifz=ux,
()= ) +1 ifz=y,
C(z) ifz#a,y,

Nej



for z,y > 1 and

a1y ) C@)+1 ifz=1, 0 [ C@) -1 ifa=1,
COI(:E)_{ C(z) ifz>1, Clo(m)_{ C(x)  ifz> 1.

The full step initial profile corresponds to ( = 0 in the zero range context. The displacement of the
tagged particle may be expressed as
X =Y Glx)

x>1

Moreover, the mth right-most particle position Xt(m

satisfies

), that is the one starting at —m for m > 0,
> Glx)
r>m—+1

However, in what follows, to be brief, we concentrate on the behavior of X; = Xt(o).
Let o be the product measure on NY+ with Geometric(1 — (p/q)*) marginals. That is,

pn:n(@) =k = @™ 1-w@/W%), k>0

for each z € Ni. One may calculate by the relation E,[L,x f(¢)] = 0 that yx is an invariant measure,
which is unique by irreducibility of this zero range process on §2.

Proposition 2.1. If ((z) = 0 for all x > 1 and P¢ denotes the probability measure under which
Co =, then

Po(Xe€)—p|) C@)e |, t—o (2.5)
x>1

Proof. As the rate g(k) = 1y;>1y is increasing in k, the zero range system is “attractive;” see [I].
Hence, we may construct a “basic coupling” ((t, &) where &y ~ p, so that initially y(x) > (p(z) =0
for all x > 1 and, for all times t > 0, &(x) > (;(x). Indeed, the coupled process has generator

Lanf(6€) = p[£(¢°1 ) = £(¢.©)]
2 {1{<<w>A£(x)zl} (p o=t ) = (O] +a [F(E 1) = 1))

r>1

+ c@zisem=o (P8 = FGO) +a £ = (.9 )
+ 1{0=C(z)<1§£(m)} (p [f((? gx,erl) - f(Cv g)] +q [f((? g‘r’xil) - f(C7 g)] )}

Now let V; = Zx>1 &(z), so that X; <Y, for all times ¢ > 0. Since & begins at stationarity,
P, (Y; € -) is equal to the right hand side of at all times ¢t. Thus, if f is a Lipschitz-1 function
and E,, denotes expectation on NN+ with respect to u,

Ec[f(XO] = Eu | £ D_C@) ||| = [Ecu[f(Xe) = FYD] < B [Ye — Xi -

x>1

To establish the desired weak convergence, by a Portmanteau theorem it suffices to show that
E¢ Ve — Xi] — 0 as t — oo. Since { = p, we have (;(z) = u({(x) € -) for each z > 1. Moreover,
as

igg’Ec [G(2) i, y>my) < i;lgE u [6(@) g =) = B [C(@) Lic@ysany] = 0
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as M — oo, the collection {(;(x) : t > 0} is uniformly integrable, and E¢ [(;(x)] — E,, [((z)] for each
x. It follows that E¢ , [&(x) — ((x)] = Eu[¢(x)] — E,[((x)] =0 as t — oo. Since 0 < & — ¢ < &

for each t and E,, [Zzzl §t(x)] =E, [Zmzl Q(az)} < 00, it follows by the dominated convergence

theorem that
EeulYe— X =Y Eeulé(e) = Gx)] -0 as  t— o0, O

x>1

3 Properties of the symmetric exclusion process

In the following sections, we collect some properties of the symmetric exclusion process that motivate
our main results and which will be useful in their proofs.

3.1 The stirring process

The symmetric exclusion system starting from a step profile can be expressed as a system of random
stirrings

{&i(t) :i€Z_,t >0},

where at most one of the {£(¢)} can occupy a given site at one time, and each pair of particles
at x < y are interchanged after an exponential amount of time with rate p,_,, with each pair of
locations having an independent clock. Equivalently, for each i, {§;(t) : ¢ > 0} is a random walk on
Z based on {p;} starting at i, and for each t, {§;(t) : i € Z_} is a random permutation of Z where
{&(0)} is the identity permutation and which appends the transpositions (k, k+ j) or (k, k—j) after
an exponential amount of time with rate p; independently. The stirring representation provides one
way of constructing the process 7;; namely, 7:(j) = > _;czm0(i)11¢,(1)=j)- For further details on its
construction and basic properties, we refer to [27, Ch. VIII].

We can express the random variable NV in in terms of the stirring variables and initial
configuration 79 as

Ne =" no(i)ig,0)>2} (3.1)
i<0

which is useful for computing the limit of its mean. In particular, if v is a Bernoulli initial condition
as in Condition then since each &; is marginally a random walk beginning at ¢,

sz £t>z

<0

Note, for later use, by translation-invariance and symmetry of the random walk & 4 —&; that
P& > w) = Po(§ > w — i) = By(& < —w +1).

3.2 Negative dependence

The symmetric exclusion process obeys the following correlation inequality due to Andjel [2]: for
A C Z finite,
P(pe=1o0n A) < [ Pm(z) = 1). (3.2)
€A
That is, the particles tend to spread out more than they would if instead they moved independently
of each other. In fact, the values {n.(k) : k € Z} are strong Rayleigh for each t > 0 when 79

is distributed according to a product measure (as is the case for the initial step distributions we
consider in Condition [2.2)).

11



That is, for any finite subset A C Z, the generating function Q(z) = E, [Hze A x?t(i)} satisfies

for all i # j and all z € R4. (Note that plugging x; = 1 for all k into the above display recovers
negative correlation, namely for A replaced with {i,j}.) For further details we refer to [5] (see
also [32]).

The strong Rayleigh property implies that for each ¢ > 0 and B C Z, there exist independent
Bernoulli random variables {(;(k), k € B} such that

ST k) L3 Gum). (3.3)

keB keB

For the proof of for finite B, see [28| Proposition 4], and for an extention to arbitrary B C Z,
see Proposition 1 and the discussion in Section 4 of [46]. In [28, [46], given (3.3)), central limit
theorem for sums in the exclusion system were stated, and the following Poisson limit theorem was
shown (see Proposition 5 in [28]). For further details of the properties above, we refer the reader to
the discussions in those works.

Lemma 3.1 (Liggett, Vandenberg-Rodes). If, as t — oo,
(1) >k By [me(k)] = A,

(ii) 35, (B [m(k)])* = 0, and

(iti) 32525 Covy(me(d), ne(k)) — 0,

then,

Z nt(k) = Poisson(\).
k

We will use this result to show a Poisson limit for the process N;, which will follow from verifying
(i)—(iii). We note that the negative correlation property implies that Cov ,(n:(7),n:(k)) < 0
for all j # k. Hence we verify (iii) by finding an upper bound for the negative sum of covariances.
For convenience, we introduce the notation

Ct(ya Z) == Z Covu(nt(j)vnt(k>)' (34)

Jk>z
gk

The stirring variables from the representation presented in Section have their own negative
dependence property, as shown in Lemma 1’ of [3]:

Lemma 3.2 (Arratia). For symmetric {p;}, A C Z, and i # j, the events {§(t) € A} and
{&(t) € A} are negatively correlated.

The previous lemma allows for the following result, which is used in the proofs of Theorems [2.1
and [2.2] and may be skipped on first reading.

Lemma 3.3. Let n € {0,1}” be defined by n(k) = 1 for k < 0 and n(k) = 0 otherwise. For any
Bernoulli product measure v on {0,1}% with v(n(k) = 1) = 0 for x > 0, and for any z € R,

D Eolne(R)])? + Colv2) <Y (Bylme(k)])? + Ce(n, 2). (3.5)

k>z k>z
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For each L > 0, define n;, € {0,1}2 by np(k) =1 for —L < k <0 and n(k) = 0 otherwise. Then
for vy, as in Theorem [2.3,

> By [m(B)])® + Colvr, 2) <D (B, [ne())? + Colni, 2)-

k>z k>z

Proof. We prove (3.5)); the proof of the second inequality is the same. Recall that for each k£ < 0,
pr. = v(n(k) = 1). Let I; = 14¢,(1)>»} for each i < 0. From the representation (3.1), we calculate

E,[Ni] — Var ,(N;) = > (E[L])*> = > Cov(I;, ), and

i<0 i;ﬁj
E,[Ni] — Var,, sz szpjcov (£i, 1)
<0 7,;&]

By Lemma I; and I; are negatively correlated for i # j. Hence, —Cov (I, ;) > 0 and then
0 S Ey[Nt] — Var I/(Nt) S En[Nt] — Varn(Nt).

On the other hand, we may use the representation N; = » ;. _7:(k) to compute
E,[N:] — Var ,(Ny) = Y (Eu[ne(k)])* +C
u[Ni] = Var ,(N) = (Bl (k)])* + Celp, 2),
k>z

for y1 = v, ;. The result follows. O

3.3 Duality

As we will see in Lemma [3.3] we are able to limit much of our analysis to deterministic initial
conditions. Let € {0,1}%. As mentioned in the preceeding discussion, negative dependence in the
symmetric exclusion process implies that for all j # k,

—Cov oy (1:(3), (k) = By () By [0t (B)] — By 1(5) e ()] = 0. (3.6)
This covariance can be computed using the self-duality of the symmetric exclusion process, which
can be expressed as follows. If ((i(t),...,(n(t)) denotes the particle positions at time ¢ of an

n-particle system based on {p;} with exclusion interaction, then

Enlne(@) - m(xn)] = Eey,...wn) [1(C10)) - 1(Ca())]

where {z1,...,2,} C Z and E(,, . ) denotes expectation with respect to which (;(0) = x; [27,
Ch. VIII, Thm. 1.1]. In particular, noting ({3.6)), we may consider n = 2 and write, for j # k,

—Cov y(n:(4), m(k)) = [Ua(t) — Va(t)] n(4)n(k),

where {Va(t),t > 0} denotes the semigroup of the process ((1(t),(2(t)) and {Uz(t),t > 0} is the
semigroup of a pair of independent random walks with the common law of {&,t > 0}. Here,
h(j, k) = n(j)n(k) refers to the map (j, k) — n(j)n(k) in terms of the configuration 7, so that

Us(t)n(g)n(k) = E;j[n(&)Exn(&)] = By ne(5)]Ey[ne (k)]

When j = k, we will write h(j,j) = n(j)n(j) and will understand Us(t)h(j,j) = (Ej[n(.ft)])2 in the
following.
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Note that V5 is a symmetric operator such that, for nonnegative functions f, g on {(j, k) € Z? :

J# k}, wehave 32 f(5, K)Va(t)g(d k) = 22521, 905, K)Va () f (G, k).
The semigroups Vo and Us have corresponding generators

VIi@,y) =Y pealf(zy) = fl@,9)] + Y poylf(@,2) = f(x,9)], and (3.7)
z#yY zF#T

Uf(x,y) =D (paalf(29) = F(2,9)] + paylf (2, 2) = f(2,9)]) - (3.8)
2€EZ

Comparing the independent and exclusion two-particle systems is useful for further computation.
In fact,

‘/é(t)g(j’ k) < UQ(t)g(j7 k) (39)

holds for all bounded, symmetric, positive definite functions ¢ [27, Ch. VIII, Prop. 1.7], from
which (3.6) can again be derived. Here, g is positive definite if ;7 9(j,k)B(j)B(k) > 0 when
> okez |B(k)| < oo and Y, B(k) = 0. In particular, g(j, k) = 1gjs. p>-) is such a function since

S kez 00 KBGBH) = (e BR)” > 0.

Furthermore, we have the integration-by-parts formula
t
Us(t) — Va(t) = / Va(t — $)U — V]Us(s) ds. (3.10)
0
For further details, we refer to [27, Ch. VIII]. We use both (3.9) and (3.10]) along with duality to
obtain the following bound.
Lemma 3.4. For any deterministic initial condition n € {0,1}%,

Ce(n,2) <2 p; Z/t (E[n(€:)] = Ertaln(€s)])” Prss(§—s > 2)* ds.

i>1  kez”0
Proof. Write
Ci(n, 2) = ; [Ua(t) = Va ()] n(i)n(k) = ; /OtVz(t —s)[U =V]Ua(s)n(j)n(k)ds.  (3.11)
j#k j#k
Using and (3.8), we compute for j # k, using the symmetry p;_j = pi—;, that
U = V] Ua(s)n()n(k) = pr—;U2(s) [n(i)n(5) + n(k)n(k) — 2n(j)n(k)]
= prj (BjIn(&:)] — Bin(&s)))?.

Then, we have

S [ vt s) = VI Vst ds

3,k>z

k#j

= / D LgsenszyValt = $)pa—j (BjIn(Es)] — Brln(és))? ds
k#j

- /0 S e (B [1(€9)] — Exln(€)])2 Valt — 5)1 g5 msy ds
k#j
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< /0 > pe—j (Bj[n(6)] — Exl[n(6a)))* Ua(t — 8)1 (5252} ds

k#j
= /0 > vk (Bj[n(60)] — Exln(6)))* Pi(&s > 2) Pr(&—s > 2) ds
k#j
<235 Y [ (Bln€)] ~ Benln(@))? Proi(6ems > 2 ds.
i>1  kez”?

Here, we used that V5 is a symmetric operator acting on nonnegative functions for the second
equality, and (j,k) — 1 {j>zk>z} 18 positive definite and for the next inequality. For the last
inequality, we split over j > k and j < k, noting Py(&, > z) = Py(&y > 2 — ) < Py(§u > 2 —m) =
Py,(§u > z) when £ < m and the symmetry py_; = p;_. O

4 Proofs of main theorems

As we note in Subsection we prove Theorems [2.1{and |2.2| by showing that N; as defined in (|1.9))
converges to the required Poisson distribution. This requires verification of conditions (i)—(iii) in
Lemma [3.1] for the appropriate initial condition. This is done in four steps. Let v be as in Theorem

and vy, be as in Theorem Also let a; and b; denote the sequences in ([1.4]), and let aEL) and

th denote the sequences in (1.8)). Fix =z € R.
Step 1. For (i) in Lemma we have that when z = ob(z + a¢),

T

E,[NV] — ope™®, t — o0. (4.1)
Furthermore,
E,, [N = op(1—e™/%)e™, ¢ — oo, (4.2)
when Lt~1/2(logt)'/? — ¢ € (0, 00]. When z = O'bgL) (x + agL))7 we have

T

E,, [Nt] — pe™ 7, t — o0, (4.3)

provided L — oo and L = o(t'/2(logt)~'/2). Proofs of these mean convergence results are done
in Section [5| by comparing to the case when pr = 1 for all £ < 0. In particular, (4.1) is shown in

Theorem and (4.2) and (4.3)) are shown in Theorem
Step 2. Next, we have the following result, which verifies (ii) in Lemma in the context of

both Theorems [2.1] and [2:2] It is proved at the end of this section.
Lemma 4.1. Let v be any Bernoulli initial condition with v(n(k) = 1) =0 for k > 0. If z =
obi(z + ar) or z = abiL) (x + agL)), then

> (B (k) = O (/@7 E, (V)] ).
k>z

In particular, when the limit of E,[Ny| exists and is proportional to e=* and z = oby(x + a;), the
sum of squares term is of order

—2x
—22/20%) _ (e logt>
e —7 )

and when z = abgL) (z + aEL)), it is of order

—2x /
6_z2/(202t) _ O (6 LlOg L) .
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Step 3. The final step to proving Theorems and is to verify (iii) in Lemma For
this we use Lemma [3.3] which says that it suffices to consider deterministic initial profiles. In the
context of Theorem and Theorem [2.2|(a), we want to use n(k) = 1 for k < 0 and n(k) = 0 for
k > 0. In Section [6] (Theorem [6.1]), when z = ob¢(x + a;), we show that

Ce(n,z) — 0, t — oo. (4.4)

For Theorem [2.2|(b), we consider the deterministic initial condition 1y, (k) = 1 for k € {—L,...,0}
and 1z (k) = 0 otherwise. When z = abgL) (x + agL)),

Ci(np,z) — 0, t — oo, (4.5)

by Theorem Rates of convergence in (4.4) and (4.5)) are provided in Section [6]
Step 4. Lastly, we put Steps 1-3 together to complete the proofs. In particular, by Lemma|3.1

Lemmas and along with (4.1) and (4.4) prove Theorem Lemmas and with
(4.2) and (4.4]) prove Theorem (a), and with (4.3)) and (4.5)) prove Theorem (b) O

We finish this section with a proof of Lemma

Proof of Lemma[{.1. Recall that we may write n;(k) in terms of the stirring variables as

ne(k) = ZUO(i)l{gi(t):k}a
i<0
which gives
E,[m(k)] <Y Pi(& = k) = Po(& > k).
i<0
Since E, [N¢] = > ;- E,[n:(k)], we then have

22
> (B n(R)])* < Po(& > 2)E[Ny] = B [Ni] exp (— + 0(1)> :

202t
k>z

using Lemma [A-3] O

5 Computation of the mean

Here we show that the mean of V; converges to the parameter of the appropriate Poisson distribution
in the contexts of Theorems [2.I] and We recall the following conventions: x; ~ y; means
limy oo /Y = 1, ¢ = O(y;) means x; < Cy, for some C' > 0 and large ¢, and x; = o(y;) when
limy_ o0 2¢/y: = 0. Recall also the representation .

Theorem 5.1. Let n € {0,1} be defined by n(k) = 1 for k < 0 and n(k) = 0 otherwise. In the
setup of Theorem |2.1
EV[Nt] = ﬁEn[Nt] + O(].)7 t — oo, (51)

and

lim E,[N;] = oe™ ™.

t—o00
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Proof. We recall that, in the setup of Theorem z = obi(x + a;) for a; and by in (|1.4), which in

particular implies z ~ o+/tlogt.
Since p; = pj_m for each 7 < 0 and py = 1, we have

sz €t>z

<0

= P& >2)+Y p5 Y Prim (& > 2)

j=1 >0
Po(& > 2) Z Zpo(ﬁt—Z—j>im)
=1 >0
= . Zp,on [(& —z— ])+] + o(1).

J=1

In the second equality above, we used that p_;,—; = p—; from Condition A simpler calculation
gives
E,[Ni] = Eo [(& — 2)7] + o(1). (5.2)

Thus,

|PEy[Ne] — Ey [Ne]| = %prj (Bo [(& —2)] — Eo [(& — 2= 4)]) +0(1)
j=1
= %Zp—j (Eo [(& — 2)Ljo<g,—<st] + 7Po(& > 2+ 7)) + o(1)
j=1
<Y P <& S 2 )+ PlE > 2+ ) +ol1)
<mPy(& > z) +o(1) = o(1),
since z ~ o+/tlogt. This shows (|5.1)).

Now we show that E,[N;] — oe®. Starting from (5.2)), let w = z/(0+/t), and note that
w = O(y/Iogt). Recalling X ~ N (0,1),

Eo [(&—2)" ]—U\// Po(& > ouv/t) du

= oVt /logt Py(& > ouv/t) du + o(1) (5.3)
logt logt ou

_a\f/g (X >u) du+o’\f/g ){W_l +o(1)

_a\[/ P(X > u) du+0(/oou3P(X>u)du>+o(1) (5.4)

:J\[E[X—w) | +o(1).

Above, (5.3)) is justified by the Cauchy-Schwarz inequality and Lemma [A.3}

Vt - Py(& > ouv/t) du = Ey [(ft — oV/tlog t)1{§t>0\/flogt}}

logt
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< (Bole?)) " P(& > oviogt) /2 = O (VEem10%/1) —o(1),

In (5.4), the replacement of the second integral with O([° > P(X > u)du) follows from Lemma
[A2] Replacing the logt upper limit on the first integral with infinity is justified by Lemma
which gives that the difference is

Vit h P(X > u)du = VtE [(X —logt)"] :0(

logt

e ost)?/2 '
“legn? ) W

To finish, note that, for z = obs(x + ay),

—w?/2 _ 2~ toM) Jog t
- 7 :
So, by Lemma [A7]]
oVIE [(X —w)t] = ‘”/ZZ(“)HO <*/i‘i§w)> = ge " (1+0(1)). O

The next theorem concerns convergence of the mean of V; for the L-step setting.

Theorem 5.2. For each L > 0, define nz, € {0,1}% by np(k) =1 for =L < k < 0 and nr(k) = 0
otherwise. With the assumptions of Theorem

E,, [Ni] = pE,, [Ni] +0(1),  t— o (5.5)

Furthermore,

(a) If L4/ lotgt — c € (0,00] and z = oby(x + a¢) for at and by as in (1.4), then

i By [N = (1 — )"

(b) If L — oo such that L/ 25t — 0 and z = oby(x + a;) for a; = a'P) and b, = bgL) as in (1.8)),

Tt
then

: _ -
tlirgoEnL[Nt]_e .

Proof. Proving (j5.5)) follows the same argument as for (5.1]) and is omitted. Now consider part (a).
For f(u) = p(u) — uP(X > u), Lemma gives

i(r(Ge) 7 (5F)

_ Vi (2/(0V1) (1 - e_(L2/2+LZ)/(02t)> vo (ﬁgp (Z/(U\/z))>

(/o) 1+ 1727 IV
- o243/2—2%/(20°1) o~ (L?/2+Lz)/(o%t) o 15/2 7%/ (20%1)
T AV (1+L/2)° 2 '

We have that )
1
2;t:ilogt—l—x—10g\/27r—10g10gt+0(1), t — o0,
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and hence
o243/20—%%/(20°)

2227

t5/267z2/(20'2t) te™® e T
— o) o)

Then by Lemma [5.1] below,

Bl ) )

Now note, by the assumption Lt~1/2(logt)'/? — ¢ > 0,

EZE [logt 1+:U—log\/2 — loglogt e
ot o t logt o

If ¢ = oo, then this shows E[Ny]/o — e . If ¢ < 0o, then L/z = o(1) and L?/t = o(1), and hence

EnLU[Nt] e (1 B esz/(U2t)) e (1 B efc/a> ,

as well as

which proves part (a).
For part (b), as z ~ o+/tlog L2, we have L/z = o(1), L?/t = o(1), and Lz/t = o(1), and Lemma

gives
z L+z
i (Ga) - (57)
_ Vip (z/(a\/i)) (1 - e(L2/2+Lz)/(02t)> Lo (Lgp (z/(0x/i))>
(2/(ov)’ (1+1L/z)° (z/V1)?
o23/2—2%/(20%t) o~ (L?/2+Lz) /(%) [43/20—72/(20°1)
T 2V ( 1+ L2 ) O( 23 )
Since )
ﬁ =log L + z — log V21 — %loglogL2 +o(1),

we have that
o243/2¢—%%/(207) Vie™®

2227 L\/log L2

Furthermore, since z ~ o+/tlog L2,

Lt3/26—z2/(202t) 0 \/Ee—x ' £ 0 e T
23 L\/logL? = logL )"

From this, (5.6), z ~ 0+/tlog L2, L — oo, and L = o(+/1), it follows that

051 () (557)
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L Ve (1 - e-(2/2r1)/0%)
L+/log L?

_ Wte® L2 L log L2 Lo e *L? L Lz
~ Ly/log L2 \ 20%t oVt t3/2\/log L.~ t3/2\/log L

—XT

— +o(1),

which completes part (b). O
We now prove a lemma used to show the previous result.

Lemma 5.1. Let n; be as in Theorem and recall z = oby(x + ay). For X ~ N(0,1), let
flu) = E[(X —u)T] = ¢(u) — uP(X > u), where o(u) = (21)"/2e=v*/2_ If either

(i) a; and by are as in (1.4]), or
(ii) a; = a'") and by = bEL) are as in (1.8)) and L logt — 0 ast — oo,

then,

E,, [N/] ~ v/ (f <af/i> —f@j{)), £ = 0. (5.7)

Proof. For notational convenience, let w = z/(0v/t) and M = L/(o+/t). Using (3.1)), we have

L
Ep [ND= Y P>z =) P& —z>1)
i=0

~L<i<0

L
_/0 Py(& — z > u)du+ o(1)

:a\f/erMPo(\[ u>du+o(1)

= a\/i/w+M P (X > u) du+ o(1), (5.8)

where is justified as follows. First note that w — oo and w = o(t/%) in either case (i) or (ii)
when z ~ a\/tlogt or z ~ oy/tlog L2, respectively. If M = 0(t1/6) then for some C' > 0 and large
enough ¢, Lemma [A 2] gives

w+M w+M
/ Po(& > ou/t) du — / P(X > u)du

w w

S/W+Mp(x>u)'1 Po(&s > ouv/i)

(5.9)

C o0 3
< — P .
PX > u) ‘du \[/ uwP(X >u)du—0

w

Otherwise, 0~ 2/3L = +~1/6M £ 0. Then, L logt — 00, so we are in the context of (i) and
logt. Therefore, we have

w+M M L t\/6
to(l)= —  —
logt  logt ot?2/3 logt

+o(1) — oo.
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Then, the exact same computations as in the proof of Theorem starting at (5.3) give

w—+M gt logt ‘ft

logt w+M
N\/i/ P(X>u)du~\/i/ P (X > u) du.

w

This proves (j5.8]).
To finish showing (5.7)), we have from (5.8)) that

By [Ne] ~ ” u) du — - u) du
. /w P(X > u)d /erMP(X> )d
= E[(X —w)lixsw}] — B [(X = (w+ M) xswiny] = f(w) = flw+M). O

6 Bounds for the covariance

Here we show (4.4) and (4.5 separately. While the proof schemes for the full step and L-step are
similar, in the L-step setting, we need to use the shape of the initial profile to accomodate the

L-dependent scaling in ((1.8)).

6.1 Proof of (4.4]

First, we consider the full step deterministic initial profile n € {0,1}# defined by n(k) = 1 if k < 0
and n(k) = 0 otherwise. Suppose the assumptions of Theorem In particular, for as, b; as in

9.

x —logv2r loglogt
= ob = ot | /logt - . 6.1
2= obi(e +ar) af<\/0g+ ozt Jioaf (6.1)

Lemma [3-4] gives

Clnz) <23 m Y /O (Biln(€)] — Brain(€))? Pesi(Ges > =) ds.

i>1  keZ
For k € Z and i > 1, and by symmetry of the random walk, we compute
(Ex[n(69)] = Exgaln(€)])* = (Pe(&s < 0) = Peyi(§s < 0))* = Po(—k —i < & < —k)?
i—1

=Pk <& <k+i)?<iy Ro(&s=k+j)%
j=0

and so, by reindexing k to k — j,

t

i—1
G2 <2Y i Y [P = b+ 0 Pl > 2 s

i>1  keZ j=0

i—1 t
= QZipi ZZ/O Po(fs = ]{J)QPk_H‘_j(ftis > Z)2d$

i>1 keZ j=0

<23 Y /0 Py, = KPPo(Er > = k— ) ds. (6.2)

i>1 keZ

We then have the following.
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Theorem 6.1. If {p;} is finite range, then

Ci(n, 2) :O<€_2m\/§gt)2> , t — oo.

More generally, if {p;} satisfies C’ondition there is k > 0 such that for any € € (0,1/2),

(e logt)*" ™ e
Ci(n,z) =0 1/3—< +e g4, t — o0.

Proof. In Lemma [6.1) below, we show that when Z = O(y/tlogt), then
52

Z/ Po(&s = k)2 Po(6r—s >z—k)2ds:o<\/%exp (-2)) t - oo. (6.3)
o

kEZ

In the finite range case, there is some r > 0 such that p; = 0 for ¢ > 7. Recall z in . for which
we have —(z — )%/t = —2%/t + o(1). Let Z = z — r to obtain from and (6.3)) that

(1,2 <U2Z/ Py(¢ Po(ft 5>ka‘—r)2ds
keZ
o (e — o (ot
_O(\/Ze t>_0( 7 . (6.4)

Otherwise, assuming {p;} satisfies Condition starting from (6.2)), for 6 > 0,

1(n, 2 <2leZZ/ Py(¢ Po(fts>z—k:—i)2ds

1<dz kEeZ
—l-QZzp,Z/ Po(és = k)2 Py(&—s > 2 — k —i)%ds

>0z keZ

< o? Z/ Po(& = k)’ Po(&—s > (1= 8)z — k)*ds + 2t > _ i’p;, (6.5)
kEZ >0z

where we note that
Y P =k)PPo(§s >z —k—i)’ <> R(l=k) =1
keZ keZ

To continue, as (1 — &)z = O(y/tlogt), by (6.3) we have

Z/ Po(& = k)*Po(§—s > (1= 6)z — k)*ds = O (\/ge—(l—a)%?/(a%))
keZ

oot

N +(1-8)2-1/2 :

Furthermore, Condition [2.1{ implies that ), i2e?ip; < 0o for some @' € (0,0). Then, the form of z
implies that for some Kk < 0 /2 independent of ¢,

t Z i2p; < te= 002 Z i2e?"ip, = ( _2”5’5) , t — oo. (6.7)

>0z 1>02

(6.6)
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Putting these estimates together, we conlcude that for any ¢ > 0,

(e logt)™ " | .
Ce(n,z) =0 A—o7—1/2 +e , t — o0. (6.8)
Now choose d so that 1 —e = (1 — §)?, and note that this implies § > £/2. O

We now prove the lemma used to show the previous result.

Lemma 6.1. If 2 = O(\/tlogt), then
t ~
S [ Rl = 0PRG> 2 - kP ds = 0 (Vie ) s
0
Proof. Write

S | Po(&s = k)*Po(6r—s > 2 — k)% ds

kez 0
/*t24/3 Z
< Py(és = k)2 Py(&—s > 2 — k)% ds (6.9)
Vi |k|<s2/3A%
Vit
+ Z/ Py(& = k)?Py(&-s > 2 — k)% ds (6.10)
kez 0
/t > Pyl =k)’Po(&-s > 2 — k)*ds (6.11)
+ 0\Ss — 0\Qt—s = < — .
VE k5213
t
+/ > R&=k)Ro(&s > 7 —k)ds (6.12)
B2 lh<s2/3
t
+ / ST Po(€ = k2Ro(6s > F— k)% ds. (6.13)
t—z4

/3
|k|<s2/3A%

We proceed by bounding f@ in separate steps. We note that the s2/3 is chosen for simplicity
(and so that we may apply Lemma @, although there is room for a smaller exponent.

Step 1. We prove that is of order v/fe=2/(°"), When s < t — 34/3 we have t — s > 3%/3,
So, when |k| < s2/3 Az and s < ¢t — 243, Lemmas and imply

. _ K (2 k)2 k[ 2
P(& = k)P > 2 — k)2 = (275) " exp (‘023‘ <§2<t—)s> +O(|SL+ (ti8)3>)
- K G-k
= (2ms) " Lexp <_023 - cg(t—)s) + 0(1)> :
Now, we have
Ko(E-k? (11 K 2%k 2
%‘l‘m— <S+t5> ﬁ_ 0.2(7573) +o-2(t—8)

t 5  2sZk 72
o?s(t —s) t a?(t —s)
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(k—cp 2
o2s o2t
for ¢ = sz/t. Thus,
P(& = k)*P(&—s > 2 — k)* = (2ms) "' exp (—22 _koot 0(1)> . (6.14)
B o?t o2s

Then,

S Pole = k) Pol6rs = 2 — k)

|k|<s2/3A%

,22/(0.2]5) 0o _ 9
L —1/2 7(“ c) _ ~1/2_—32/(c%t)
N (1 + /_Oo(ﬂ's) exp < o + O(l)) du> 0] (s e > .

It follows that

t—z4/3

/\/Z Z Po(&s = k)QPo(ft_s >z — k)2 ds = O (\/fe*?/("%)) .

|k|<s2/30%

Step 2. We show that (6.10]) is of order \/fe_EQ/ (@) as well. Indeed, the Markov property and
Lemma imply

Vit
Z/(; PO("%:S = k)QPO(ét—s > zZ— k)Q ds

keZ

\/Z’
</
0
~2

= ViPy(& > 2)* = Viexp <—Z +0 <;>> =0 (\/26722/(”%)) :

o2t
since Z = O(y/tlogt).
Step 3. (6.11) is of order {1/3e=t1/%/0", By Lemma and Y. a? < (3 a;)? for a; > 0,

2

> P& =k)Pel(&-s > 2)| ds

kEZ

t
/ﬁ 3 Rolé = k)’ Po(6s > 2 — )2 ds

|k|>s2/3
t
< / > Poé=k)ds
Vi |k|>s2/3
oo 00 1/3
= 2/ Py(&s > s2%)2ds = 2/ exp <_Sz - 0(1)> ds = O (/31"
Vit Vi o

Step 4. We show that (6.12) is of order Vie #*/(e*t) For this we use the local central limit
theorem (Lemma |A.4)) to obtain

¢
[3/2 Z Po(&s = k)*Po(&—s > 2 — k)* ds

Z<|k|<s?/3
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t . k2 k3
= 2L3/2 (271'8) exp <_0'23 —+ O (32>) dS
z<

o [ s [T s = 0 (Vi
= /08 : T uas = ( (& )

Step 5. The last term (6.13) is also of order v/te="/(e*) To show this, let v € (0,1) and write

/t Z Po(&s = k)*Po(&—s > 2 — k) ds
t—z4

/3 .
|k|<s2/3A%
t

= /t%/g Y P& =k P& > 2 k) ds

Ik|<s2/3A(v2)

+/tt Y PR =k)ds.

—#/3 VE<|k|<82/3NZ
When s >t — 2%/3 and |k| < 7%, Chebyshev’s inequality and Fy[¢? ] = o2(t — s) give

o?(t — s) o?
(1 _ 7)222 - (1 _ 7)252/3'

Po(t-s > Z—k) < Po(&—s = (1 —7)Z) <
Then, we apply Lemma [A4] to obtain

/ t Y. Pl =k)PPo(&-s 2 2~ k) ds
t

_34/3
7 k|<s2/3A(3)

4 t
S(l_f‘}/w)’/t Z PO(gs:k)zdS

_34/3
2 k|<s2/3A(v5)

ol t » 12
= (1_7)424/3/]& Z s7exp <_023 + O(l)) ds

_34/3
= |k|<s2/3A(72)

-t (s ) (0w [ (5 o) o) =0 (55).

since ——- < —— when s < t, and
o<s o<t

t 24/3 24/3
log <t — 24/3> = log (1 + PRV 24/3> =0 <t :
Furthermore,

/tt Z Py(&s = k)?ds = /tt Z s Lexp (—U]i + O(1)> ds

_34/3 _54/3
T i< |k|<s2/3 A% 2 i<kl <s2/3 03

t 1 [ee) 1/2 U2
= — - ——40(1) ) dud
a0 (=0 +ow) ducs
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z4/3
_ o2 e
Vi€

Finally, picking v close enough to 1, Z = O(y/tlogt) implies
U2 4 FAB1/2,-7722 (%) _ (ﬁe—22/(02t)) ’ t s oo,

Steps 1-5 together complete the proof. O

6.2 Proof of (4.5)

Now we turn to the deterministic L-step initial profile where 1z (k) =1 if and only if —L < k < 0.

Suppose the conditions of Theorem so that z = oby(z + a;) for the scalings a; = al(tL), by = bEL)
in ([1.8). Note that, for ¢ > 1, using symmetry of the random walk in the second equality,

(Exlnz(8)] = Brrilne(6)))°

= (Pe(~L <& <0) — Ppyi(—L <& <0))

= (Py(k <& <k+L)—Pyk+i<& <k+i+L))>

= (Po(&s > k) — Pol& > k+ L) — Po(& > k +1) + Po(& > k +1i + L))
(Po

(k<& <k+i)—Pyk+L+1<&<k+i+L+1))>
2

i—1
Z Po(§s=k+j) = Po(&s=k+j+L+1)

i—1
iy (P& =k+j) = Po& =k +i+L+1)>.
j=0

Then, by Lemma [3.4] following the argument in (6.2)), we have

Ci(nr, 2) <2Zzp122/ (Po(és =k +j) = Po(s =k +j+ L+1))” Poyi(§—s > 2)* ds

i>1 keZ j=0
<2) 4 pZZ/ [Po(&s=k) — Po(§s =k +L+1)]*Py(&—s > 2z — k —i)%ds.  (6.15)
i>1 kEZ

Note that (6.15) matches (6.2) when L = oo, however when L < oo, (6.15)) is strictly smaller. In
particular, to accomodate the more slowly-diverging scaling in (|1.8) when L < oo, we will need to

take advantage of estimates of the difference Py({s = k) — Po(§s = k + L + 1), rather than just
bound Py(& = k) as in the proof of Lemma
We have the following.

Theorem 6.2. Suppose that L — oo such that L = o(+/t/logt) ast — oo. If {p;} is finite range,

then for any 6 >0
—2z D(loge L 2
Ct(TZL,Z’)ZO((6 V1)og L) ), t — oo.

L1-6
More generally, if {p;} satisfies C’ondition there is k > 0 so that for any e € (0,1/2) and § > 0,

—2(1—¢e)x
B
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Proof. Fix § > 0. From Lemma [6.2] below, we have that

t
2 = 2
S [ 1P =0~ Rle = k+ L+ P Po(eies > 2 0 ds
kez”0 (6.16)
2

_0 <L1+5 log L - e=3/(0*) 4 ¢=3/(20%) (1OgLL) > ’ E s oo,

as long as Z ~ ¢y/tlog L for some ¢ > 0.

Now note that when

— log V2 loglog L?
z:abEL)(J:+a§L)):0\/7E< log L2 + —— 25V =T 9808 ),

\/1og L2 2¢/log L?
we have that z ~ o+/2tlog L and
—2z+0(1 2 -2
o—2/(2) 2me= 22 o) Jog I, _O<e xlogL>‘

- L2 L2
Then, as in the proof of Theorem (see (6.4]), , and (6.7])), when {p;} is finite range, we have,
from (6.15)) and (6.16)), for some r > 0,

¢
Ci(np, z) < o2 2/ [Po(§s = k) — Po(és=k+ L+ 1)]2P0(£t,s >z—k— 7")2 ds
kez 0

2 —2x 2
_0 <L1+5 log L - e~/ | o=#/(20%) UOgL)) _0 <(6 V1)(log L) > ‘

L Llfé

Otherwise, assuming {p;} satisfies Condition start with (6.15)) and consider i < (1—+/1 —¢)z
and i > (1 — /1 —¢)z as in (6.5). We have x > 0 so that for any € € (0,1/2),

2
Ci(nr,z) =0 <L1+5 log L - e~ (1-9)22/(0%1) | g=(1-2)2%/(20%) | (bgLL) T emz)
—2(1—¢e)x 2
=0 <(e L1\;51)5(10g L) + €_R6m> ) t — o0. -

We now prove the result (6.16)) used in the previous theorem. Lemma is the L-step equivalent
of Lemma As we will see in its proof, where in Lemma we have s%/% here we will use the

value 20+/slog s.

Lemma 6.2. If Z ~ ¢\/tlog L ast — oo for some ¢ > 0 and L — oo such that L = o(\/t/logt) as
t — oo, then for any § > 0,

t
[Po(&s = k) — Py(§s =k + L+ 1)]? Py(&—s > 2 — k)% ds
0
keZ

2
_0 <L1+5 log I - e~/(0%) 4 o=2/(2%) | (10gLL) > N

Proof. Fix 6 > 0 and define a(y) = ov/4ylogy. Here, a is increasing on y > 1/e, and so a~'(y)
exists for large y. Write

t
[Po(és = k) — Py(&s =k + L+ 1)]* Py(6—s > 2 — k)% ds
0
keZ
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< / : Y [R&=k) - Rl=k+ L+ 1D Ro(&-s>2— k) ds (6.17)
L2 [k|<a(s)AZ
L2
/ Yo (P& =k) - P(l=k+L+ 1) PRo(&-s > 2—k)’ds (6.18)
0 |k|<a(s)AZ
L2
/ S (BolE =) = Poles =k + L+ D2 Po6ry > 5— k)2 ds (6.19)
O Jk>a(s)
/ Z [Py (€ — Py =k+ L+ Py(&—s > 7 —k)%ds (6.20)
|k|>a(
+ / Z [Po(€s = k) — Po(&s = k+ L+ 1)]? Po(&_s > 2 — k)% ds (6.21)
a2 < |kl<als)
/t » Z [Po(és = k) — Po(s =k + L+ 1)]*Po(&_s > 2 — k)* ds. (6.22)
z |k|<a(s)AZ

Each part above is bounded in separate steps.
Step 1. We show that (6.17) is of order

5 log L
L1+6 log L . 6_22/(U2t) 01%2 , t — 0.
Note that
|Po(§s = k) — Po(§&s =k + L+ 1) Po(§—s > 2 — k)
e—k?*/(20%s)  o—(k+L+1)?/(20%s) (6.23)

- PO(gtfsZg_k)+|As(k+L+1)_As(k)|a
2rs 2rs

where A;(k) is defined as in Lemma Using that lemma, we have

C(L + 1) L+/log s
Z |Ag(k+ L+1) — Ag(k)| < ( -204/4slogs = O < 32 > . (6.24)
k|<a(s)

Next, using |e* — e¥| < e™V¥|z — y|,

e—k2/(202s) 6—(k+L+1)2/(202s) e—k2/(202s)

1— e*(L+1)2/(202s)7(L+1)k/(0'23)

21rs
—k2/(202s
_e ve )e—(L+1)2/(2025)
21rs
efk2/(2023)

21rs 2rs

(LA1)2/(20%5) _ ~(LA+1)k/(0%)

< o(L+1)2/(20%5) _ ,—(L+1)k/(0”5)

21rs

—k2/(202%s
< T (v et

21s

2
“k2)(20%5) [(L+1)2V (L) k] f(02s) (L7 LIk
< Ce /@0 ] ] <33 —

(L+1)> (L+1)k
2025 02s
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for a constant C' > 0. Furthermore, |k| < a(s) and s > L? imply (L + 1)2/s = O(1) and

L+1 1 log L2
HWSQU(LH)\/ESQU(LH) %szlo 2log L.
S

s
Thus,
—k2/(20%s —(k+L+1)%2/(202s 2
e—k*/(20%s) e (k+LA41)%/(203s) < CAVITEL o 2/ (20%) 2 % . (6.25)
2ms 2ms - s3/2  g3/2

Also, when s < t — 24/3 and |k| < %, Lemma implies

5 k)2
Po(ér s> 5 — k) = exp <—222(tﬁ)8) + 0(1)> . (6.26)

It follows from (6.23)), (6.24)), (6.25), (6.26)), and 3" a? < (3" ;) for a; > 0 that

S [Rol&=k) = Po(& = k+ L+1) Py(E—s > 2 — k)?
[k|<a(s)AZ

4 21.2 2 z 2 2
SC esm/a Z <L Lk)exp<_k_(z—k)>+[z10g8

+
s3 s3 o?s  o?(t—s) s3
|k|<a(s)AZ

Then an analogous argument to the steps leading up to (6.14) gives, for some C’, C” > 0,
Y [Rl& =k —R&=k+ L+ Ry(&-s> 2 k)
|k|<a(s)AZ

4 2 00 9
< Cl [egm/Ue—ZQ/(UQt) <L+ L IOgS)/ 6_u2/(0_23) du + L 10g3:|

53 52 s3

—0o0

4 2 2
n | 8y2logTjo —22/(c) [ L L?log s L?log s
<C [e 847 <S5/2+ a2 )T |

Finally, we have

t—z4/3
L, T G =R =R =k L DP Rl > 2R s
|k|I<a(s)AZ

¢ . L*  IL2logs L?log s
<" 8v2log L/o —32/(c2t) g g
<C /L2 [e e 72 37 + 3 ds

- log L 5 log L
:O<68\/W/0Llogbe22/(a2t)+OLgQ) -0 <L1+5logL-e 2/(o2t)+0§§2>

as t — oo. Above, we used that e®V21°el/c = O(L%) as L — oc.
Step 2. (6.18) is of order Llog L - e=#/(e*) T see this, first note

L2
/0 Y R =k) R =k+L+ 1D Po(&-s > 2—k)’ds

[k|<a(s)AZ

L2
< [ PGz 92 (Rl = K) = Pl =k L+ 1) ds
0 k<0
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L2
/ Y (P& =k) - Po(l=k+L+ 1) Ry(&-s > 7~ k)’ ds.

0<k<a(s)AZ

From Lemma and since 7 = O(t?log? L), s < L? < t implies

52 s4

Pol&r_s > 3)% = exp (—02(:_5) i) (a_ZLz)g,)) —0 (e#/(“%)) . (6.27)

Furthermore, using sup; Py(&s = 1) < Cs~'/2 for some C' > 0 (Lemma [A.6)), we have

|Po(§s +k) — Po(é&s =L+ k+1)| < Py(&+k)+P(§&s=L+k+1) <

5%

and hence by Lemma
L
SO (A6 = k) = R =k L+ D < 22 S (e =) - Rl =k + L+ 1] =0 (£).
keZ keZ

Putting this together with (6.27) and noting

YR =k) —R(&s=k+L+1)]?<2> [R(&=k) + R =k+L+1)]=4  (6.28)
keZ keZ

we have that, for some (possibly different) C,C’ > 0,
L2

Po(§—s > 2)*) [Po(&s = k) — Po(& =k + L+ 1)]* ds
0 k<0

0 k<o

<Ce 2”( S [Pol&s = k) — Po(és = k+ L +1)) ds

/L D [Poés = k) = Po(&s = k+ L+ 1)) d)

keZ
L2
< Ole 2 /(@) (1 + / Lds)
1 S
=0 (L log L - 6_22/(02t)) . (6.29)

Next we note, since Z ~ cy/tlog L and L = o(y/t/logt) as t — oo, that Z — a(L?) > 0 for large
enough ¢. Then from (6.28]) and Lemmas and we have

2
/ > [P =k) = P& =k+ L+ 1) P& > 2 —k)’ds

0<k<a(s)AZ

1 L?
< 4/ Py(&—s > 72— a(1))?ds + O/ épo(ft—s >z —a(L?)*ds
0 1

o (~Z o)
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+ Llog L?exp | —

(2—2@@)2 o ((24+L4 >

ot t—L?)3

coo (-2 o)

52 431+ 2log . 8L%log L
+ LlOg L2 exp _ZT + z og . og + 0(1)
o<t ot t
=0 (Ll‘Hs log L - 6_52/(”2“) , t — oo.

For the last equality above, we note that Z ~ ¢y/tlog L and L = o(\/t/logt) imply

ZL\/tlogL - CLi;)EgL _ O(m))

and e9Wlel) — O(LY) as L — oc.
Step 3. We show that (6.19) is of order Llog L - e~ B/(0%) 4 o=22/(20%1) Again break up £ <0
and k£ > 0 and use the bound in (6.29):

L2
/0 SO [P = k) — Pol€s = b+ L+ D Ro(&s > 5 — k)?

|k[>a(s)

=0 (Llog L+ e/t / N [Pol6s = k) = Pols = k+ L+ 1) Py(6—y > 5 — k)2,

k>a(s)

By the Markov property and Lemma [A.3]

L2
/ S [PolEa= k)~ Pol€a =kt L+ 1) Pol6rs > 7 — K)?ds

k>a(s)
L2
< /O [Py > a(s)) + PolEs > as) + L+ 1)]
X > [Po(&s=k)+Po(& =k+L+1)]Py(&-s > 2 —k)ds

N D Po(&e=k)Pu(&-s > 2) + > Pl = k)Pr(§—s > 2— L—1)

kEZ k€EZ

L2
< / 2PO(§S > 04 ds
0

2 [Po(ft > 2) + Po(gt >z—L— 1)] |:1 + /OO exp (—210gs + O(l)) d5:| =0 (6_52/(2(;%)) ,
1

since (2 — L —1)?/t = 22/t + o(1), Z ~ c\/tlog L and ZL/t ~ lngtL =o(1).
Step 4. We show that (6.20) is of order L=°. This is done like in Step 3 of the proof of Lemma
First use Y. a? < (3 a;)? for a; > 0 to obtain

/ S [Ro(& = k) — Polgs = k+ L+ D2 Ry(res > Z— k)2 ds

|k|>a(s)

/ S [Ro(& = k)~ Ro(¢s = k+ L+ 1) ds

|k|>a(s)
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/\

_/ > P ds+2/ S P& =k+L+1)%ds

|k[>a(s) |k|>a(s)

§4/ Py <§S>J\/4slogs> ds
LQ
00 2
—|—2/ [P0<£s>a\/4slogs+L+1>+P0(§S<L+1—a\/4slogs>] ds
2
~ .
g12/ P0(£S>a 4slogs—L—1> ds.
L2
Then by Lemma

/ P0(§s>0\/m—L—l>2ds:/
L2

exp <—4 logs + —————
L2

1
O<L5> t — oo.

The last equality follows because o > 1 and for large enough t, L > €32, hence for s > L?,

(4LU‘/\1/@> < exp (h/ﬁ) = exp (\/4% lo gL) =0(L), t—r oo,

o0

4L\/@
s (1)> ds

Step 5. (6.21) is of order L' log L - e=#/(*) as t — co. We use an argument like in Step
1, namely the bounds (6.24) and (6.25), noting that a~!(Z) > L? for large enough ¢t. Thus, when
s > a~1(2), we have for some constant C' > 0,

Z [PO(gs:k)_PO(gs:k+L+1)]2PO(£tfs>2_k)2

Z<|k|<a(s)
< > [Rl& =k - P& =k+L+1)
Z<|k|<a(s)
—k?/(20%s) —(k+L+1)2/(2025) 2
= Z - -2 +|Ag(k+L+1)— Ag(k)|
s 21s 2ms
zZ<|k|<a(s)

4 21.2 2
O(IGET o2 (T4 L2\ L2logs
< C |eOWhsl) N R )<53+ >+ 3

53
Z<|k|<a(s)
4 2 oo 2
<C {eo(\/@) <L3 + L I(Q)gs> / e~ %) dqy + L l(g)gs] ; (6.30)
S s 3 S
where f2 e~/ (0%8) gy < o\/s/2e"? . Then, for some possibly different constant C,

t
/ Yo [Ro(&s=k)—Po(& =k+ L+ 1)) Py(&-s > 2—k)?ds
a1 (3) s |k<al(s)

t 4 2 2
S C [eo(M)e_QZ/(U2S) < L L 10g5> + L 10g8:| ds

a-1(2) $5/2 $3/2 $3
L[A+6—2%/ (%) N [2+0—2%/(0%) log a—l(g) N L2log a—l(g) . (6.31)
= po , 00 .
(a=1(2))3/2 a1 (o 1(2))2
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using e9Wlogl) — O(L9) as L — oo. Now if g =ylo then for y > 1/e, B~1 = /W
g ) Yy ylogy, Yy ) Yy Yy Y)
where

W(y) =logy —loglogy +o(1),  y— oo,

is the Lambert W function (see, for example [7]). Further, by definition a=1(2) = f71(z%/(40?))
and log a1 (2) = #2/(402a~1(Z)). It follows that

1 402 32 32 log Z .

Then (6.31)) is of order

[A+6 =7/ (0%t) (log 5)3/2 N [ 210 =72/ (0%t) (log 5)3/2 N L2(log 2)3

z3 z z4
246 3/2 ,—2%/(c%t) B
_0 (L “"g’?l 2 ) = 0 (L (log L)e /™)
vitlog

. . . 1 3/2
as t — 0o, since L = o(y/t/logt) implies (logi)B/Q . (Og\z =0(1).
Step 6. We show that (6.22) is of order

. log L)?
L1 (10g L)e=/0%0 8Ly o

which is argued similarly to as in Step 5 of Lemma First write, for some v € (0, 1) to be chosen
later,

t
/ Y R =k) - R =k+L+ 1D PRy(&-s > 2— k) ds
=23 p<a(s)nz
t
g/ S [Ps=k) = Po(ls=k+ L+ 1)) PRo(&s > 2—k)ds
Y h<as

+/tt ST (Pol€ = k)~ Po(& = k+ L+ 1) ds.

_34/3
B s lk<a(s)

Then by Lemma and Chebyshev’s inequality, and noting that /% ~ (tlog L?)?/3, for constants
C,C" > 0 we have

t
/t 24/ D P& =k) = Po(&=k+ L+ D" Po(&—s = 2~ k) ds
~H k<o

C(L+1) /t ds C(L+1)1 t C'L
S =R, S\e=75) = T—)H

a3 S8 (1 — )4z4/3 ©

IN

Furthermore, by the bound (6.30) with Z relplaced by vz,

Z [PO(‘SS:k)_PO(ﬁszk+L+1)]2

Ji<iklZa(s)
_ OWIED) <L4 L?log 5) e I <L2 log 8)
B2 T B2 2 )
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where the O(y/log L) and O (%) terms do not depend on . We then have, for some (possibly
different) C,C" > 0,

/tt Z [Po(fs=k)—P0(§s:k+L+1)]2 ds

_34/3
s lk<as)

4 2 2
<C <€O(‘/10gL)€—7222/(o’2t) < L L logt> " L 10gt>

32"\ 2
, 60(\/@)[/21(%25,6—7222/(0%) L2logt
<C Y += ]
Now, note that L = o(y/tlogL) and let v = 1 — ML IR Then, (1 —~)* = L?/(tlog?L), so
2
(I_LV)% = UOg}JL) . Furthermore, since t~Y/4/L = o ((log t)*1/4)’

222 =2 =2
Yoz z 2\@ z _52/(n2
exp <—U2t> < exp (‘Uzt (1 - T m)) = oxp (‘02#1 +0<1>>> =0 (),

Finally, note that V108 L) = O(L9) as L — oo, L?logt/t*> = o(1)-(log L)?/L, and ﬁ-h\)%t =0(1)

to obtain the result.
Steps 1-6 together prove the lemma. O

A Appendix

Here we provide some supplementary lemmas used in proofs. Versions of some of these results for
discrete-time random walks are available elsewhere, for example in [0, [25]. For convenience of the
reader, we provide details.

Lemma A.1. Let f(u) = E[(X —u)t] = p(u) — uP(X > u), where X ~ N(0,1) and ¢ denotes
the standard Normal density function. Then for u>1 and v > 0,

=2 4o (90(“)> ., and

u2 'LL4
) = s+ = (1 o f/:;> +0((s) ).

Proof. We show the result for f(u) — f(u + v); the other, which is more standard, follows from
letting v — oco. Integrating by parts several times in the usual way, we compute

P(X>u):/oogo(s)ds:<p(u) (1—1> +3/:O<ps(f)ds.

3
u U U

It follows that

o0

f(u)—f(u—i—v):@(u)—(p(u—'—v)—3u/oogos(f)ds+3(u+v)/ ('Ogéf)ds

u? (’U, + 1})2 u+v
2
o(u) eV /2w / “T o(s) / > p(s)
= 1-— -3 —Zd 3 T~ ds.
u? ( (1+v/u)? b u st s+ o uto St y
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Now note that

+ +v ,—s?
u/uUSO(j)ds:u/uve 54/$d8§ _ 67“2/2:1}@(3”)7
w 5 Vor Ju S V2mu3 U

and

v/uoo Lp(s)ds<”P(X>u):0<v*0(u)>,

o st S o)t

while on the other hand, since u +v > u V v,

o[ [T g P WP (),

st o St - u? v-ud u?

combining the above bounds gives the result. O

The next result is the Corollary stated on page 552 of [10, XVI.7] with respect to an expansion
in a central limit theorem. Note that by symmetry of {p;}, Condition implies that the moment
generating function is finite in a neighborhood of 0.

Lemma A.2. Let & be a random walk such that & has finite moment generating function in a
neighborhood of the origin. If x — oo such that x = 0(t1/6) as t — oo, then

I_W‘:O(ﬁ) £ oo

P(X > z) Vi

For the next four results, let {£;} be a symmetric, continuous-time random walk with & = 0,
and let 02 = E[¢?]. Lemma below gives a non-asymptotic, Chernoff-like bound for tails of &
that is valid in a larger regime than the previous result.

Lemma A.3. Suppose the jump distribution {p;} of & satisfies Conditionfor 0 > 0. Then, for

any 0 < z < 026t
P& >1) = o
x)=exp | —=— — |-
L= P\ 7202 3

Proof. Since {p;} is symmetric, F[{]] = 0 for n odd. For every ¢t > 0 and 0 < A < 6, we can use
the representation of & as a discrete-time random walk S,, with a Poisson(¢) number of steps to
compute

E[e/\&] = Z e_nt!tn (E[e’\sl])n = exp <—t +tFE [6)‘31]) = <E [e)‘ngt. (A.1)

n>0
Then,
logP(& > x) < —Azx+tlogE [e’\&}
= —Az +tlog (1 + o +0 (A4)> = —Az + Nt +0 (M)
Choosing A\ = z/(0?t) < 6 gives the result. O

The next lemma is a local central limit theorem and an extention of Theorem 2.5.6 in [25] for
simple random walks to a more general jump distribution {p;}. It follows along the same lines, but
we sketch the proof details.
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Lemma A.4. There exists € € (0,1) such that if |z| < et , then
—x2/(20%t) 1 | ’3
e T
Pg=o)=——exp|O|—=+""] ).
(& ) V21t P < <\/% t2 ))

Proof. Let {S,} denote a discrete-time random walk with the same transition probabilities as ;.
Then by Theorem 2.3.11 in [25], there exists p > 0 such that when |z| < pn,

P(S eme/(ZUQn) O 1 ‘.Z"4
Let 6 € (0,1/2). If {N;} is a rate-1 Poisson process, then
P& =x)< > P(Ny=n)P(S, =z)+ P(|N;, - t| > dt)
[n—t|<ét

= Y PNy =n)P(S, =) + O™

[n—t|<ét

for some § > 0. From [25, Prop. 2.5.5], when |n —t| <1t/2,

o (n—t)2/(21) L g8

Let € < p/2, so that |z| < et implies |z| < (p/2)t < (1 — d)pt < pn when |n — t| < §t. Then,

Y P(Ny=n)P(S, =)

[n—t|<ot

)2
e—mQ/(%Qt) 1 ’x‘ii 6‘(%‘@)% |n _ t|3
B V27t e | O Vi iz Z (1—90)2nt op |9 t2 ,

[n—t|<dt

where we used (1 —d)t <n < (14 )t and

x? r? 2 t 2?2 2% n —t]
——=——+=(1-—) < + o0
2t n

on 2t =2t 2(1—6)t2
< 22 |z3/2 + |z||ln — 1]2/2 B 22 gln —t|? O ||
-2t 2(1 — 6)t2 2t 4(1—6)t t2 )"

Now take § small enough so that O(|n—t|3/t?) < (n—t)?/(8t) whenever |n—t| < §t and subsequently
select e so that e < min{1 — §, p/2}. Then,

1 5 (n—1t)? (n —t)?
_<2_4(1—5)> T

and
_(;_ e )<H>2
e \2 4(1-9) t |n _ 75|3
Z exp O T
i al<st V(1 —0)2nt
eO) > 1 > 1 1
< Z e~ (/) L Z e~ (7B — 140 <> = exp <O <)> .
vt |n—t|<t2/3 vt |n—t|>t2/3 Vi vt
Combining with everything above completes the proof. O
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The estimates in Lemmas and are updates of the second part of Theorem 2.3.6 and
Proposition 2.4.1 in [25] for discrete-time random walks to continuous time random walks in one
dimension.

Lemma A.5. Define Ay(z) = P(& = ) — fi(z) for fi(z) = (2mo?t)~Y/2e=%"/(20°0)  There is a
constant C' € (0,00) such that for allt >0 and z,y € Z,

|Ag(z +y) — Ae(2)| < —5—-

Proof. Tt suffices to show the case when y = 1 (and then apply the triangle inequality). We first
claim that for each € > 0, there is a function u(x,t) such that

P& =) = fi(x) +u(z,t) + e~ s/VI=5* /2% B () dis, (A.2)

2mV/t Jisj<evi

where, for some v,C > 0, |u(z,t)| < Ce™ " and |Fy(z)| < Clz[**~!. This is Lemma 2.3.4 in [25]
with n replaced by ¢, for which the exact same proof holds using (A.1]). Using (A.2)), we have that

[Ar(z+1) = Au(z)| = [P(& =2+ 1) = filz +1) = P(& = ) + fi(2)]

< ! ‘e_i(”l)s/\/i — e_i“/\/z‘ 8_52/(2U2)|Ft($)| ds+ Ce™ "t
2\t |s|<ev/t
1 ,
_ —is/\/t —52/(202) —t
= e —1le Fi(s)|ds+ Ce
277\/i sgs\/i‘ ‘ | t( )|
C o0 5 _52/(20.2) —’Yt o 1
Soni | |s|”e ds+Ce " =0 2 ) O

Lemma A.6. There is a constant C' € (0,00) such that

—2) - P(¢ = Clyl

1P =) = Plée= v+l <
and .
ilégP(& =z) < T

Proof. Given Lemma the proof of the first inequality follows line by line as with Proposition
2.4.1 in [25]. The second follows from the first as follows. By repeatedly adding and subtracting
P(& = j) for j >z, for any M > = we have

PG=2)< > [P&G=y9)—P&G=y+D)|+PE&G=M+1)< —+P&=M+1).
r<y<M

Then let M — oo. O
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