NORMED LINEAR SPACES AND DUALS

SHANKAR VENKATARAMANI

Review Dr. Flaschka’s notes for the definition of linear space and norm.

1. LINEAR MAPS

Given two vector spaces V and W over a field ', a map f: V — W is a linear map if
flau+ pv) = af(u) + Bf(v), Va,B€F, uveV

In order to define boundednedd for such linear maps, we need additional structure on
the vector spaces V and W. In particular, we can define the notion of a bounded linear
map if V' and W are both normed linear spaces.

Remark 1. A linear map f : V — W is bounded if 3C < oo such that || f(v)|w <
Cllvllv, Vv e V.

Note that, not every linear map is bounded if V' or W is infinite dimensional, in contrast
to the situation for maps between finite dimensional normed linear spaces.

For example consider the derivative operator as a linear map between C'([0, 1], R) and
C(]0, 1], R) where we use the sup norm for both the vector spaces.

If f.(xz) = sin(nmz)/n is a sequence of functions in the domain [0, 1], then, ||f.|lc =
1/n — 0, so that f, — 0. However, || f/||cc = 7 for all n so that f; /4 0, showing that the
map f — fis unbounded.

In class we have used the symbol B(V, W) to denote all bounded linear maps between
V and W. This agrees with the definitions used in the book by Hunter and Nachtergaele
([?] henceforth).

The set B(V, W) inherits the structure of a linear space from W. If W is a vector space
over F and f,g € B(V,W),«a, 3 € F, we define a.f + 3¢ to be the map v — «af (v)+ 5g(v)
for all v € V. It is easy to check that af 4+ B¢ is also a bounded linear map.

In fact, B(V,W) is a normed linear space where the induced norm is defined by

I Fllsvan, = sup LTI
wivzo  llvllv

The fact that this operation defines a norm is proved, for instance, in Prop. 2.3.40 on
Pg. 1-76 of the class notes.

Remark 2. There are other equivalent definitions of this norm. A wvery useful exercise is
to show that

sup WO oo e R| 1 f@)lw < Cllolly Vo e V)
el [vllv

— sup (@)l

llvllv=1

— sup (1 ()

[vllv<1
1
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A particular case of this general construction is of prticular interest, the case where
W =R. Assume that V' is a normed linear space over R. Then the space V* = B(V,R) is
called the dual of V', and it consists of all bounded, real valued, linear functionals on V.

For example, if V' is C([0,1],R) with the sup norm, then the maps f — f(0.5) and
fr— fol 2?2 f(x)dx are indeed elements of the dual space V*. However if V is the linear
space C([0,1],R) with the L' norm, then the map f — f(0.5) is linear but unbounded,
and hence does not belong to the dual V*.

2. SEMINORMS

V' is a vector space over reals. A seminorm is a non-negative real valued function
p : V. — [0,00), that satisfies all the requirements on a norm, except the condition
p(v) =0 = v =0. In particular, p needs to satisfy the triangle inequality.

Remark 3. Note that, every norm is also a seminorm.
A common scenario in which seminorm’s arise is given by the following proposition.

Proposition 1. If L : V — R is a linear map, then the function defined by p(v) = |L(v)|
1S a Seminorm.

Proof. Clearly p(v) > 0 for allv € V. Also, p(av) = |L(aw)| = |aL(v)| = |a|p(v). Finally,
p(vr +w2) = [L(vr + 02)| = [L(v1) + L(va)| < [L(v1)] + | L(v2)] = p(1) + p(v2).
U

Remark 4. Note that we don’t need a map into R. If L : V — W is a linear map, and
p is a seminorm on w, then p(v) = p(L(v)) is also a seminorm, and this fact is proved in
exactly the same manner as above.

p(f) :\/

is a seminorm on C([0,1]).

Example 1. Show that,

2

+[£(0.5)

/0 1 F(t)dt

We can define a linear map from C([0, 1]) to R? by

f L(f) = ( / (o, f<0.5>) .

Consequently, |[[L(f)||2 is a seminorm.

Proposition 2. V is a vector space over a field F'. Given a family of seminorms p,, «a €
A, it follows that

p(v) = sup pa(v)
acA

is a seminorm on a vector space V' defined by
V' ={v e V| suppa.(v) < oo}
acA

Remark 5. Youve proved this in your homework.
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Remark 6. The proposition has two distinct aspects, which require proof. Firstly, we
are constructing a space V', which we must show is indeed a vector space. After that, we
need to show that the function p, which is clearly well defined on V' is a seminorm. The
proof for the second part has exactly the same ideas as the proof in the class notes that
the induced norm is indeed a norm.

Proof. We first show that V"’ is indeed a vector space.
Assume that vy, v9 € V' and ¢y, ¢y are scalars in the underlying field F'. Then av,+ (v, €
V', because V' C V and V is a vector space.
For each o € A, we have
Pa(Cc1v1 + cov2) <pa(civ1) + pa(cavz)
=le1|pa(v1) + [c2|pa(v2)
<|e1[sup [pg(v1)] + |e2| sup [py(v2)]
BeA YEA

=le1|p(v1) + |ea|p(ve) < 00
Since this is true for each o € A, we see that

sugpa(clvl + covg) < er|p(vr) + |ealp(ve) < oo
ac

implying that cv; + covy € V’. This proves that V' is a vector space.
Also, the last equation implies that
pleivy + cv2) < er|p(vr) + |calp(v2)

for all vy, vy € V', ¢,y € F. Taking ¢; = ¢y = 1 yields the triangle inequality. The other
requirements for p to be a seminorm are easily verified, and this proves that p is indeed
a seminorm. ([

A natural question at this stage is under what circumstances is p a norm? This is
answered by the following proposition

Proposition 3. Using the same notation as above, p is a norm on V' if, for every v # 0
in 'V, there is an o € A such that p,(v) > 0.

The proof is straightforward, since, if v # 0 and v € V' C V', we see that
p(v) = pa(v)

for all @« € A, implying that p(v) > 0, so that p(z) =0 —= 2z = 0.
The following examples illustrate this strategy for constructing norms.

Example 2. Let L;(x) = z; fori =1,2,...,n be n linear functions from R™ to R such
that L; extracts the ith component of a point x € R™.
By an earlier result, the functions p;(x) = |x;| are seminorms. Also, the function

SUDje(1.2,.n} || @8 a morm since for every x # 0 in R", at least one of its components is
non zero, which means at least one of the p; is positive.

Example 3. Let V = Ms,5(R) be the set of all 2 x 2 matrices with real entries. For all
x = (a,b)T € R%, we can define a linear map from V to R? by

QeV— QxeR:

Consequently, it follows that, for each x € R?, the mapping px(Q) = ||Qx||2 is a semi-
norm.
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For instance, if we take x = (1, —1)7, then the above construction yields the mapping

(ﬁ fz)Hn(a—b,c—d)nQ:¢<a—b>2+<c—d>2

which is indeed a seminorm. Note that, this is not a norm because the matrix

11
a- (3 3
is nonzero, but p,-1)(Q) = 0.
If we consider the set of all x € R? it is easy to see that

sup [ Qx]|2 = oo
x€ER2
for all Q # 0. Thus it doesn’t yield a useful norm on the space of matrices.
However, if we restrict ourselves to the set {x € R?|||x||s = 1}, we see that

p(Q) = sup px(Q) = sup [Qx|2

[Ix[l2=1 [Ix[l2=1

is indeed a seminorm that is defined on all of Msy-.

This is also a norm, because Q # 0 implies either Q(0, 1)T # 0 or Q(1,0)T # 0, whence
it follows that p(Q) > 0.

Note that, this norm p is precisely the induced norm on the space of 2 x 2 matrices
considered as a space of linear maps between R? with the Euclidean norm and itself.

3. INDUCED NORMS AND DUALITY

As before, we define B(V, W) as the space of all “bounded” linear maps between V' and
W with respect to the induced norm
J()llw
I Fllsary = sup 1L
lllvzo  llvllv
In light of the above discussion, we can also interpret the induced norm as follows:
Every element v € V' is a linear map from L£(V, W) to W by

feLlV.W) = flv) e W

Consequently, the mapping p, : L(V,W) — [0,00) defined by p,(f) = [|f(v)|lw is a
seminorm on L(V, W).

We can now construct a seminorm by taking the supremum of p, over an appropriate
set of vectors v. If we take the supremum over all v € V| it is easy to see that the
supremum is infinity unless f = 0, so this is not a useful construction.

Another idea is to take the supremum only over those v € V' with ||v||y, = 1. This will
define a seminorm, but not necessarily on £(V,W). Rather, the seminorm is only defined
on the set

{felV.w)] sup 1f (v)[[w < oo}
This is precisely the space that we denoted by B(V, W), that is, all linear maps with the
property that there is a C' < oo such that

|f(W)|lw < C Vv € Vsuch that ||v]|y = 1.
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This justifies, among other things, why B(V, W) is itself a linear vector space, and is the
set on which the induced norm was originally defined. Note that, the seminorm defined
by

p(f) = sup, 1f (0)lw
is indeed a norm, since f(v) = 0 for all v implies that f = 0, that is for every f # 0, there
is a v such that f(v) # 0, and setting u = v/||v|| gives an element u with ||u| = 1 such
that f(u) # 0.
The particular case where the range space of the linear maps is R gives the dual of V,
that is

V* = B(V,R)
Given a concrete space V, the problem of finding the dual V* is often solved in two
steps, first finding the appropriate set of linear maps that define V* and then finding the

induced norm for the dual.
I will illustrate this below with a few examples:

Example 4. V =R". Find all the linear maps ¢ : V — R.

Remark 7. Note that, we haven’t defined any norm on VI The “answer” to this question
s seemingly independent of the norm that we choose to impose on V.

Going back to the question posed in the example, let eq, es, . . ., e, be the standard basis
for R™. Then, for any x = (z1,2,...,2,) € R", we have x = z1e1 + x9€3 + ... + x,€4.
Consequently, if f: R"™ — R is a linear function, we have

fx)=xz1f(er) +waf(e2) +... +a,f(en) = 171 + apx2 + ... a2, =a-x

where a; = f(e;) and a = (ay, a9, ...,a,) € R™.
Conversely, given any point b € R", it is easy to see that
g(x) =b-x

does indeed define a linear function g : R* — R.

Consequently, we see that the set of linear functions from R™ to R is in a one to
one correspondence with R™ and we can indeed represent all linear functionals on R™ as
x +— a - x for some a € R".

As discussed in class, an alternative (and sometimes useful) way to think of linear
functions is in terms of it’s level sets. If f : R® — R is a non-trivial function, i.e. not
identically zero, then the set f~1(0), i.e the kernel of the linear map f defines a n — 1
dimensional hypersurface in R". Likewise, the family of hypersurfaces f~1(c),c € R gives
a foliation of R™ by parallel hypersurfaces, that correspond to the level sets of the function
f.
Given this family of hypersurfaces, it is of course easy to recover the corresponding map
x +— a- X using the results a; = f(e;),i =1,2,...,n.

Remark 8. We have addressed the question of the representation of all linear functions
on a vector space. For V.=R", it is easy to answer this qiestion, but for other (infinite-
dimensional) spaces, the answers can be surprisingly complicated.

Example 5. Find the dual of the (R™,[P) with 1 < p < oo.
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By the preceding argument, if f is a linear map from R” to R, there is a vector a € R"
such that

f(v) :a~V:iaivi

for all v e R™.
Conversely, every a € R™ does induce a bounded linear map from (R",I?) to R by
X — a - x since Holder’s inequality implies that

|- x| < [x|[plall,

where p~! + ¢! = 1.
We have thus identified the set of linear maps in the dual. Now we have to calculate
the induced norm.
For f(x) = a-x,
|a- x|

< llall

(o3|

so that || f||inducea < ||a]|q- Also, given a # 0 € R™ set

sign(a) p=1]a] = [Jafl
) p=1lu < lallc
’ sign(a;)|a;[P/P~V 1 < p < oo
sign(ay) p= o

In each of these cases, it is easy to check that, with these choices
la-x|
1]

implying that || f|inducea > ||all, (CHECK THESE CLAIMS!).
Combining the two inequalities, we see that the induced norm is the [? norm, so that
the dual space is V* = (R",19) with g7 =1 —p~ L.

allg;

Example 6. If V = R3 with a norm ||(z1, %9, 23)||e = |21| + /23 + 23, determine the
dual V*.

The same argument as above shows that, as a set, V* = R®. we need to calculate the
induced norm on R? to determine the dual.
The unit ball in || - ||, is given by the set

|z1] + /23 + 25 =1

For (ay,as,as) € R, the induced norm is

Ve = sup layz1 + agws + azxs|

|z1|+/23+23=1

< sup |a1x1+\/a§+a§\/x§+a:§|

lz1]|4++/z2+a3=1

< max(|a;|, \/a? + a3)

||(al, az, a3)|
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where we have used the Cauchy-Schwarz inequality in the second line, and |z;|++/73 + 23 <
1 in obtaining the last line.
This suggests that the norm on the dual is

|| (al, az, a3)||induced = maX(|a1|> CL% + a?&)

To show that this is indeed the case, we need to show there is an x € R? such that
v+ aary + aaaa] 2 o (Jao o + ) Il

From the above analysis, it is clear that to get an equality in the 3rd line, we need
|z1| = 1if |ay| > /a2 + a3 and |z;| = 0 otherwise. Also, for equality in the Cauchy-
Schwarz inequality, we need xo = ag,r3 = a3. Combining all of these requirements, we
see that, for the choice

x_#@m>mmwmmmw
-

0 otherwise

_{OIMZMMPHM2
To —

ay otherwise

a3 otherwise

_{owmzvﬁﬁiﬁﬁ
T3 =

we see that

la121 + azs + agzs| = max <\a1\, a3 + ag) (|lz1] + /23 + 22)

Combining this with the preceding inequality, we obtain
an,t2,03) o = s Jl 3 + )
Example 7. Define p: R? — [0, 00) by

x|+ xy >0
m%wz?‘ ol

V2 +y?  otherwise

(a) Show that p is norm on R2.
(b) Determine the dual space (State clearly any identifications you make between spaces
of functions and points in R". )

We will construct the norm out of the linear functions defining the tangents to the unit
ball.

If (z,y) is in the first or the third quadrant and p(x,y) = 1, it is clear that x4+ y = £1.
Further, the lines # + y = £1 are tangent to the unit ball.

If (z,y) is in the second or the fourth quadrant, and p(z,y) = 1, it follows that 2% +1y* =
1sox = +cos(),y = £sin(f) for § € [r/2, 7] and the tangents to the unit ball at the
point (cos(d),sin(0)) is given by x cos(d) + ysin(f) = 1.

Based on this intuition, we claim:

p(z,y) = max(|z +y[, sup [zcos(d) + ysin(9)|)
o[ /2,m)
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For all z,y, it is clear that |z cos(f) + ysin(f)| < /22 + y? by the Cauchy-Schwarz
inequality.
If x and y have the same sign, we have
|z 4+ y|> = 2 + 22y + y* > 2* +
so that, if zy > 0, it follows that

max(|z +y|, sup |rcos(d)+ysin(0)|) = |v +y| = p(z,y)
o€ /2,m]

If zy < 0, setting 0y = arctan(y/x) where the arctangent is defined on a fundamental
domain (0, 7|, we see that y/z < 0 so that 6, € [7/2, 7]. Therefore

sup |z cos(0) + ysin(0)| > |z cos(By) + ysin(by)| = /2% + y?

o€ /2,7

Combining this with the result above from the Cauchy-Schwarz inequality, we see that

SUPger /2,4 |T cos(0) + ysin(0)]| = /22 4 y2.
Since zy < 0, we also have
|z 4+ y|> = 2 + 22y + y* < 2* + ¢
so that, if zy < 0, it follows that

max(|x + y|, sup |rcos(d)+ysin(0)|) = /22 + y? = p(x,y)

0e(r/2,7]

Thus, we have shown that
p(z,y) = sup [La(z,y)|

where L, is a suitable family of linear functions, in particular the linear functions that
determine the tangents to the unit ball.

By Proposition 2 it follows that p is a seminorm. Also, if (z,y) # (0,0) it follows from
the definition that p(z,y) # 0. This proves that p is a norm.

We will now compute the dual space. As before, there is a one to one identification
between V* and R? by for all a € R?) f(z) =a-x and for i = 1,2 a; = f(e;).

Also, if p* is the induced norm on the dual, for (a, as) € R?, the induced norm is

p*(ar,a2) = sup |aiz + agyl
p((E,y)Zl
<min [\/af + a3 sup /a?+y? max(|ai,laz]) - sup (|z]+ |y|)
p(z,y)=1 p(z,y)=1

where we have used the Holder’s inequality twice in the second line, and recognized that
r<s,r<t = r<min(s,t).

If p(x,y) = 1 either /22 4+y2=1orzy >0 = 22+ y?=+/1—2zy < 1. Thus,

we get
p*(ah a2) < \/ a% + CL%

Without loss of generality, (a1, as) # (0,0). If ajas < 0 setting

a a2
rT = — yzi
2 2’ 2 2’
Vv ajy + ap \ ay + aj
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we get xy < 0 and p(x,y) = 1 and

la1z + azy| = /a2 + d2.

Therefore for ajas < 0 we get p*(a1, az) = /a3 + a3.
If ajag > 0, we have p(z,y) =1 — 0<z<land0<y <1. Ifzy <0 but ajay >0,
it follows that a,x and asy do not have the same sign, so that

|12 + azy| < max(|ayzl, |agy|) < max(las], |az).

If zy > 0, we have a;z and ayy have that p(x,y) =1 = |z| + |y| = 1, and by Holder’s
inequality, we have

a1z + azy| < max([a], [az]) (2] + |y|) < max(|as], |as|).
Finally, considering z = 1,y = 0 and x = 0,y = 1, we see that
p*(a1, az) > max(|ai], |az]).

Combining all these arguments, we see that

>0
p*(al,a2) = {max(|a1|’ |a2|) a109

Va3 + aj otherwise

4. INFINITE DIMENSIONAL SPACES

A key ingredient in all our computations for duals of finite dimensional spaces is the
representation result that the set of all linear functions on V' = R" is in a one to one
correspondence with R™ where the correspondence is

fevi—aeR" a = f(e),i=1,2,....n

But not all linear functionals on infinite dimensional spaces can be represented this
way.

In what follows e; is the sequece that is 1 in the i—th index, but is zero otherwise.
Example 8. ¢ is the space of all sequences that converge. Show that ¢(x) = lim x,

defines a bounded linear map on (c,|| - ||o0)-

Clearly, c is a linear space and ¢ is a linear map(VERIFY THIS!). Also,
6(2) = 6(u)| = L [z — | < 5up fo, = gl = 12— vl

showing that ¢ is indeed a bounded linear map.

Note also, that ¢(e;) = 0 for all 4, showing that there is no sequence a € RY such that
p(x) = )2, ait;.

So, when can we assume that a linear function on a sequence space can be represented
as ¢(x) = a;x;7 If this representation holds, it is clear that a; = ¢(e;).

Example 9. V = [, the space of all compact sequences, i.e., sequences that are eventually
zero. If ¢ : V. — R is a linear map, then ¢(x) =Y. a;x; with a; = ¢(e;).
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If x €., then x = Zf\il x;€; is a finite linear combination. Consequently,

N N o)
o(x) = ¢ <Z xiez) = aimi =) a
i=1 i=1 i=1

where the last equality follows from the fact that the infinite series has only finitely many
non-zero terms, so it converges.

Note that, there are no apriori restrictions on the coefficients a; so the set of all linear
functionals on [, is in a one to one correspondence with RY, and this is independent of
any norm that we choose to impose on ..

Example 10. Let V = (I, ||.||,). Find V*.

From the representation result in the previous example, we see that ¢ € V* implies

that
o(z) =Y az;

so that

|6(2)] < llallgll],

Consequently, if ||a||, < oo, the corresponding linear function ¢ is a bounded linear map.
Also, the standard argument taking

sign(a;)|a; |77 ! .
o = B e S N
0 otherwise
along with |¢(z)| < C||z||, implies that
N
2 lail" <
i=1
for all N. Consequently, a € (7 and the induced norm is ||¢||inducea = ||a@||4-
We can use this result, along with the fact that every bounded linear functional is

continuous to compute the duals of the [P sequence spaces.
For every y € [P, it is clear that the sequence y™) defined by

o~ Jyi 1SN
Yi T 0 otherwise

Clearly, y™) € I, and ||[y™ — y||, — 0. This implies that to define a bounded linear
functional on [P it is enough to define it on [¢ and then extend the function to I by
continuity.

In particular, every bounded linear function on [? can be written as

P(r) = Z a;T;

where a € [9, guaranteeing that the sum converges, and the same argument as in the
previous example showing that the dual space is (1%, ]| - ||,) with the correspondence ¢ —
{ai} = {o(ei}.

The same argument also works for the sequence space ¢y to show that the dual is I*
(VERIFY THIS!)
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This argument will not work for ¢! The sequence Gy = {1,1,1,1,...} € ¢. For any

Y ) Y

y € l., we see that ||y — Bo|loc > 1, since for sufficiently large values of the index, y,, = 0.
So, there is no sequence in [, that converges to 3y in the sup norm.

Example 11. Compute the dual of V = (¢, || - ||c0)-

The issue here is to find a representation of all linear functions on ¢. Observe, if x € ¢,
then = — lim,, .o, x,00 € o, where as above fy = {1,1,1,1,...}. As we argued earlier,
Yo(x) = lim,, o z, is a bounded linear function on V. Consequently, if ¢ is a bounded
linear functional on V', then

¢(x) = ¢(Yo(2)Bo + (& — Yo(2) o)) = mipo(x) + ¢(x — tho(x) o)
where m = ¢(p). Since x—1g(x)y € co, it follows that there is a sequence z;, = x; —y(x)
such that

N
li — — ‘eills = 0.
NLII;O |z — to()Bo lezeznoo 0
Consequentl, if ¢ is a bounded linear function.

N
o(x) = mipo(z) + lim » a;a]
1=1

where a; = ¢(e;).
If a € I', by Holders inequality, we have
[9()] < [m]|z]lo + 2[lalli]|lz]lo

using the estimates

<zlloe, N2l = Nl = o(@)Bolloc < ll2loe + [0 (@)1 Bolloc = 2ll2llo

showing that ¢ is a bounded function if |m|+2||a||; < co. Also, considering the sequences
0By and

‘ lim =z,
n—oo

(V) sign(a;) 1<mn
r; = ,
0 otherwise

it is easy to see that ¢ is a bounded function only if |m| < oo, ||lal; < co.

We have thus identifies the space of bounded linear functionals as R x [*. Computing
the dual norm is tricky (we don’t have equality in the upper and lower bounds above), but
from the argument above, it is clear that the dual norm of (m,a) € R x [* is equivalent to

[(m, a)[| = |m| + [lall, = max(|m], [|af|1)



