
Exam 2
Math 527a – Principles of Analysis

All questions carry equal weight
(a) (X, T ) is a topological space. Ai, i = 1, 2, . . . is a family of subsets of

X. Show that A1 ∪ A2 = A1∪A2. Does this also extend to countable unions,
i.e., prove or give a counterexample to ∪iAi = ∪iAi.

Solution

Since A ⊆ A for all sets A, we see that An ⊆ ∪iAi ⊆ ∪iAi for finite,
countable or even arbitrary unions. Also, An is the intersection of all the
closed sets containing An, and ∪iAi is one such set. Therefore A1 ⊆ A1 ∪ A2,
and similarly A2 ⊆ A1 ∪ A2. Taken together, we obtain

A1 ∪ A2 ⊆ A1 ∪ A2.

One way of showing the converse is through the contrapositive, as we
discussed in class, i.e show that x 6∈ A1 ∪ A2impliesx 6∈ A1 ∪ A2. Here is an
alternate argument. A1 ⊆ A1 and A2 ⊆ A2. Therefore, A1 ∪ A2 ⊆ A1 ∪ A2,
which is closed, so that A1 ∪ A2 ⊆ A1 ∪ A2.

The preceding argument does not extend to countable or arbitrary unions,
and a way to make it fail is to have closed sets whose countable union is no
longer closed. So, one counterexample is to take An =

[

1

n
, 1

]

. Each An is
closed, and ∪nAn = (0, 1]. Then, we see that

[0, 1] =

∞
⋃

n=1

An 6=
∞
⋃

n=1

An = (0, 1].

(b) Let X = R
N be the space of all real sequences and T be the weakest

topology such that the projections πi : X → R defined by πi(x) = xi are
continuous, where R is endowed with the standard metric topology. Show
that T is second countable.

Solution

Since R with the standard metric topology is second countable, it has a
second countable base BM . For instance, we can choose BM as the collection
of all open intervals Ik = (qk − 1/nk, qk + 1/nk) with rational center qk and
radius 1/nk, k ∈ N.



Define a collection BW as consisting of all finite intersections of the form
V = ∩n

j=1π
−1

j (Ikj
). Since the πj are continuous with respect to the weak

topology, each set V ∈ BW is open in the weak topology. Also, the collection
BW is countable since, for each n, the sets V are in one to one correspondence
with sets of n natural numbers (the indices kj of the intervals), and are hence
countable, and the union over all n ∈ N is a countable union of countable
sets, and is hence countable.

We will first show that BW is a base. If x ∈ X, the π1(x) = x1 ∈ R, so
there is some interval (q−1, q+1) with q rational such that x1 ∈ (q−1, q+1).
Thus, there exists V = π−1

1 ((q − 1, q + 1)) ∈ BW such that x ∈ V . Since the
x we started with was arbitrary, it is clear that

⋃

V ∈BW
V = X.

Also, by construction, if V1, V2 ∈ BW and x ∈ V1∩V2, then there is a finite
number of intervals I1, I2, I3, . . . , Im such that πj(x) ∈ Ij for j = 1, 2, . . . , m
and πj(y) ∈ Ij for j = 1, 2, . . . , m =⇒ y ∈ V1∩V2. Since V3 = ∩m

j=1π
−1

j (Ij) ∈
BW , it follows that BW is a base.

Since every set in BW is open in the weak topology, it follows that
the weak topology is stronger than the topology generated by the base
BW . Conversely, a basis for the weak topology is given by sets of the form
W = ∩l

m=1π
−1

jm
(Um), where the sets Um are open in R. If x ∈ W , it fol-

lows that πjm
(x) = xjm

∈ Um for m = 1, 2, . . . , l. Since BM is a base for
the topology on R there are intervals Ijm

∈ BM , m = 1, 2, . . . , m such that
xjm

∈ Ijm
⊆ Ujm

. Let N be any index larger than all the jm, m = 1, 2, . . . , m.
If k ≤ N and k 6= jm for any m = 1, 2, . . . , m, let Ik ∈ BM be any interval
containing xk. If we let V = ∩N

j=1π
−1

j (Ij), then x ∈ V ⊆ W . This shows
that the topology generated by BW is also stronger than the weak topology.
Taken together with the earlier remark, we see that BW is a countable base
for the weak topology, showing that the weakest topology that makes all the
projections continuous is second countable.

(c) (X, T ) is a topological space and a ∈ X. Define Ta = {U ∈ T |U =
∅ or a ∈ U}. Show that Ta is a topology. If (Y, d) is a metric space, and
f : (X, Ta) → (Y, Td) is continuous, where Td is the metric topology on Y ,
show that f is a constant.

Solution

1. ∅ is in Ta and a ∈ X ∈ T so X ∈ Ta .

2. If U, V ∈ Ta then U, V ∈ T so that U ∩ V ∈ T . If a ∈ U ∩ V , it follows



from the definition that U ∩V ∈ Ta. If a 6∈ U ∩V , it follows that a 6∈ U
or a 6∈ V with U, V ∈ Ta. Therefore, either U or V is the emptyset, so
that U ∩ V = ∅ ∈ Ta.

3. If Oα is an arbitrary collection of sets in Ta, it follows that the each of
the sets is also in T , so that ∪αOα ∈ T . If a is in the union we are
done. Otherwise a 6∈ Oα for all values of the index α =⇒ ∀α : Oα = ∅.
Then, ∪αOα = ∅ ∈ Ta.

This proves that Ta is a topology.
We are given that f : (X, Ta) → (Y, Td) is a continuous function. Let U =

Y \{f(a)}. Since Y is a metric space, it is Hausdorff and the complement of
single point is open. Consequently, f−1(U) is open in Ta, and by construction
a 6∈ f−1(U). Therefore, f−1(U) = ∅ =⇒ f(b) = f(a)∀b ∈ X, i.e. f is a
constant.

(d) (X, T ) is first countable. A ⊆ X. Show that z ∈ A the closure of A,
if and only if there is a sequence xn ∈ A such that xn → z.

You may assume –∀x ∈ X, there is a countable collection of nested open
sets V1(x) ⊇ V2(x) ⊇ V3(x) ⊇ · · · that is a local base for the topology.

Solution

Assume that there is a sequence xn ∈ A such that xn → z. If U ∋ z is
any open set, by convergence of the sequence, there is an index N such that
xn ∈ U ∀n ≥ N . In particular xN+1 ∈ U ∩A showing that U ∩A 6= ∅. Since
the open set U containing z was arbitrary, it follows that z ∈ Ā. Note that
this argument holds in any topological space, and we did not use the first
countability of T .

Conversely, if z ∈ Ā and T is first countable, here is a countable collection
of nested open sets V1(z) ⊇ V2(z) ⊇ V3(z) ⊇ · · · that is a local base at z.
Consequently Vn(z) ∩A is non-empty for all n, and we construct a sequence
by picking xn ∈ Vn(z)∩A. Note that xn ∈ A for all n, and since the sequence
of sets Vn(z) is nested, it follows that xn ∈ VN(z) ∀n ≥ N . This implies that
the sequence xn → z (Testing covergence with a local base).

Alternatively, if U ∋ z is any open set and the collections of sets Vk(z) is
a local base, there is an index N such that x ∈ VN(z) ⊆ U . From the above
observation, it follows that xn ∈ U ∀n ≥ N . Since the set U was arbitrary,
it follows that xn → z.



(e) The displacement u(x, t) of a string vibrating in a linear medium is
governed by the equation(s)

ρutt − Tuxx = −ku u(0, t) = u(L, t) = 0

where ρ, T and k are positive constants. Show that the system has a con-
served energy E = E[u, ut], and obtain a bound for the maximum displace-
ment of the string at time t in terms of the initial data u(x, 0) and ut(x, 0).

If we multiply both sides by ut and integrate over the domain [0, L] ac-
counting for the boundary conditions and integrating by parts once for the
uxxut term, we get

ρ

∫

uttut + T

∫

uxtux + k

∫

uut = 0.

The right hand side can be written as time-derivative, and we obtain

1

2

d

dt

[

ρ

∫

u2

t + T

∫

u2

x + k

∫

u2

]

= 0.

Consequently, if we define the energy by

E = E[u(x, .), ut(x, .)] = ρ

∫

u2

t + T

∫

u2

x + k

∫

u2,

it follows that this energy is conserved.
In terms of the initial data, we can define

E0 = ρ

∫ L

0

u2

t (x, 0)dx + T

∫ L

0

u2

x(x, 0)dx + k

∫ L

0

u2(x, 0)dx

In terms of this energy, we have the estimate

∫ L

0

u2

x(x, t)dx ≤ E0

T

for all time. A standard argument (spelt out in the homework solutions) using
the derivative ux to express the function u in terms of the boundary value
u(0, t) = 0 and the fundamental theorem of calculus allows one to conclude

‖u(., t)‖∞ ≤
√

L
√

∫ L

0
u2

x(x, t)dx. Consequently, the maximum displacement

is bounded by umax =
√

E0L/T , where E0 is defined above.


