Practice Exam 2
Math 527a — Principles of Analysis

(a) N is the set of natural numbers 1,2,3,.... A C N belongs to a
collection 7 if A = () or sup{n : n ¢ A} < co. Show that 7 defines a
topology on N. Is this topology Hausdorft?

Solution

() € T by definition and z € N® = z < 0, so it follows that N € 7.

If U,V €T and UNV # 0, it follows that (U N V)¢ = UcU Ve so that
sup{n:n ¢ UNV} <max(sup{n :n ¢ U},sup{n:n ¢ V}) < oo, showing
that UNV € T.

If {U, |« € A} is an arbitrary collection of open sets in 7 and the union
(Unea Ua) # 0, then there is at least one set, call it Uz such that Uz # 0.
Now looking at the compliment of the union we have
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This shows that 7 is a topology.

nus C Ug,

so that

Note also, if n; and ny are distinct elements of N and ny; € Uy, n, € Us
where Uy and U, are open, it follows that Uy # 0 so sup{n:n ¢ U1} = Ny <
oo and likewise, sup{n : n ¢ Us} = Ny < oo. If n = max(Ny, Ny) + 1, it
follows that n € U;NU,. Since U; and U, were arbitrary open sets containing
n; and ne it follows that 7 is not Hausdorff.

(b) A topology on the space of smooth functions on R is defined by the
sets
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Define a map from smooth functions to R? by ¢ (QS(O) —o(1), fol [¢’(x)]2dx> :
Show that this map is continuous.



Solution
Given a smooth function ¢ and > 0. Let g denote the map in question,
1.e. .
o161 = (60) - o01). [ 00t ).
0
Let M = max,cp1)(|¢'(x)|). Since ¢ is smooth, M < co. We need to impose
conditions on the function and it’s first derivative over and interval [0, 1].

Consequently, we look for neighborhoods of the form U(¢, 1, 1,¢) with the
goal of finding a suitable € > 0 such that

YeU(p,1,1,¢) = |g[t] —glollla <n.

If e < n/4, it is clear that ¥ € U(p,1,1,¢) = [p(0) — ¢(1) — 1(0) +
()] < 16(0) = »(0)[ + |o(1) — ¥ (1)] < 2¢ = n/2.
If e < 1, it follows that, for 0 <z <1
|[¢' (@) = W' (@)]?| = 16/ (2) + ¢/ ()] - |6 (2) — ¢/ (2))]
< (2l¢'(2)| + D¢/ (x) — ¢’ (@)
< (2M + 1)[¢/(z) — ¢'(2)]

If e <n/(4M + 2) also, it is easy to see that
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Combining all of the results, we see that setting e = min(n, 1,7/(4M+2))
guarantees that v € U(¢,1,1,¢) = ||g[] — g[¢]ll2 < 1, thereby proving
that the map is continuous.

(c) The notes define what it means for two bases to be equivalent. Write
down the negation of this statement, i.e., define what it means for two bases
to not be equivalent. Using this or otherwise, show that if 77 and 75 are two
first countable topologies on X, such that x,, — x in 77 if and only if it also
converges in 73, then 7; = 7. (Hint: Identity map!)



Went over this in class.

(d) Prove or disprove: f : (X,7) — (Y,S) is continuous. 7 is second
countable. Then § is also second countable.
Counterexample

X =Y = 2R,N), T = Thetricy S = Twear and [ is the identity map.
Since Tyear C Thnetric, it follows that f is continuous. However, T),cqx is not
first countable, and hece cannot be second countable, whereas [? is separable,
so that T},etrie 18 indeed second countable.
(e) If x™) converges weakly to x in I2(R,N), show that, for each index
(n)

i, x;” — x;. Using this or otherwise, show that (strongly) closed unit [?
ball {x|||x||2 < 1} is also weakly closed. (Hint: Consider the functions
fr(x) = 32 22, Note also that the (strongly) open unit ball {x | ||x]|, < 1}
is not weakly open!)

Let e® be the ith vector in the “standard basis” of ¢2, that is the ith
entry is one and the rest of the entries are zero. Since x(™ converges weakly
to x , it follows that 2™ = (x(™, e®) — (x,e®) = z; proving the claim.

For each k, f; is obtained as a finite sum of the compositions of continu-
ous functions (with respect to weak convergence!) and is hence continuous.
Consequently, if x(™ converges weakly to x, and ||x™||y < 1, it follows that
fre(x™) < 1 and fi(x™) — fi(x), so that fi(x) < 1 for all k. Thus,
/13 = Timy fi.(x) < 1.

This proves that the strongly closed unit ball is also weakly closed.



