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Abstract

We consider the question of finding conductors of degree p™ Kummer exten-
sions of a finite extension F' of Qp(Cpn). It appears to be a difficult question to
attain a reasonable recipe for these conductors in terms of those elements o € F'*
with p™th root defining the Kummer extensions. We determine the minimum of
the conductors of all F(»y/a))/F with i = v(a—1) fixed, where v is the normalized
additive valuation on F'. In doing so, we reduce the question of finding such a
recipe to that of determining those elements with minimal conductor for each
1. These elements are easy to determine for some values of 7 and quite hard to
compute for others. We provide sample calculations in the case F' = Q,((pn).

1 Introduction

Let p be an odd prime and n a positive integer. Fix a local field F//Q, containing
the p"th roots of unity p,n. Let Up denote the unit group of F' and U; the ith unit
subgroup for i > 1. Let (-, -) denote the p"th norm residue symbol on F*. Given
a € F*, we define the (Swan) conductor s(a) of o to be the smallest nonnegative
integer such that (o, 3) = 1 for all 3 € F* with 3 € Uyq)11. This differs slightly from
the usual notion of the conductor, which is s(a) + 1 when F(*/«)/F is ramified. The
conductor provides a measure of the ramification of the Kummer extension F'(/«)/F,
indicating its last nontrivial ramification group in the upper numbering.

We would like to have a recipe for finding the conductor of an arbitrary element
a € F*. One has recipes for computing the conductors of specific elements of certain
fields, but no such recipe is known in general. For example, if F is an unramified
extension of Q,, then one has a formula for the conductor of those o € E* when

*The author was supported by NSF VIGRE grant 9977116 during the preparation of this article.



Minimal Conductors 2

F = E((yn), where (,» denotes a primitive p"th root of unity [R, CM, Mi2, Sh2, Sh3].
Various other cases have been computed in [H, Sh1, Sh3].

In another direction, one can list all of the conductors, and in fact all possible
sets of ramification numbers, of cyclic extensions of degree p" of a given p-adic field
[Mal, Ma2, Mil]. This is done by constructing norm groups corresponding to fields with
the desired ramification numbers and, unfortunately, gives little idea of which elements
of F* have which conductor. In this article, we reduce the question of determining
the conductors of all elements of F* to that of finding units with minimal conductor
among « € Up having o — 1 of a given valuation. We then perform calculations which
enable us to determine all of the conductors of elements of certain cyclotomic fields.

For the field F', let v denote the normalized additive valuation, 7 a prime element,
and e the ramification index. Let s; denote the minimum of the conductors s(a)) with
v(aw — 1) =i, and define

Si={aeUr|via—1)=1i, s(a)=s;}.
In Section 2, we shall prove the following.

Theorem 1.1. Fori > 1, let a; = (n —v,(i))e +¢/(p — 1) —i. We have

a; if a; >0 and v,(i) <n—1,
S; —
0 otherwise.

Furthermore, for any x € Ug, there exists § € S; with
§ =1+ 27 mod (x'th). (1)

The second statement will constitute a key step in the proof of the first.

Theorem 1.1 yields the conductors of all elements of Up, provided one knows the
elements of S; for each 7. One can determine the conductors of all elements of F'*
without significantly more work, and we omit this.

Corollary 1.2. Let o« € Up. Then o may be expressed as a product
o = H g,

where I is a subset of the positive integers and «; € S; for each i € I. The conductor
of a is then given by
s(a) = max{s; | i € I}.

Proof. The first statement follows immediately from the second statement of Theorem
1.1. The first statement of Theorem 1.1 shows, in particular, that all nonzero values of
s; are distinct. The second statement of the corollary now follows from the fact that
the conductor of a product of elements with distinct conductors is the largest of those
conductors. O
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In Section 3, we shall deal with the question of finding elements of S;. The following
proposition is quickly proven and deals with most of the reasonable cases.

Proposition 1.3. Let ¢ denote a positive integer.
a. If i is not divisible by p then S; = U; — U;41.

b. If i is such that s; = 0 then S; consists of those a € Up with v(aw — 1) = 1 which
are p"th powers in some unramified extension of F.

c. Let i be such that either s; > pe/(p — 1)?, or v,(i) < n—2 and s; > e¢/(p — 1).
Then

Si={a €U |v(a—1)=1and v(dloga) = v,(i)e +i— 1}.

We defer the definition of dlog a used in Proposition 1.3 until Section 2.

To go further, we restrict to the case F' = Q,((pn). Set A\, = 1 — (n. We also
let T; = log S; for 4 > p™~ 1. In this case, we show the following by computing certain
traces modulo high enough powers of p.

Theorem 1.4. Let p be a prime number > 5.
a. Leti=e andn=2. Then \§ € T,.
b. Leti = (n—1)e+pt with (t,p) =1 and 0 <t < p"~2. Then

Pl P —(at)p" 4t
1 n

pan)\fLert o pnf c T‘Z
a=1 a
c. Leti=e andn =3. Then
p—1 Ag—b
A\ — p? €T,
3—D ; b

Proposition 1.3 and Theorem 1.4 together give an element of S; for every i when
p > 5and n < 3. By Corollary 1.2, this determines all of the conductors of elements of
> for such p and n. For large n, the elements resulting from the trace computations
used to compute the conductor become more complicated as we increase v,(7) (when
s; > 1 is as small as possible), making any general form for such elements elusive.
Nevertheless, it seems an interesting question about the structure of local fields.
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2 Minimal Conductors

We keep the notation of the introduction, and introduce the following additional nota-
tion. Let F denote the maximal subextension of /' which is unramified over Q,. Let
O denote the valuation ring of £’ and Ug the unit group of E. Let v, denote the p-adic
valuation of Q,. Finally, let

a; = (n—uvy())ete/(p—1) —i

for 4 > 1. Our aim in this section is to show that s; = a; whenever s; > 0.

Our primary tool will be Sen’s reciprocity law [Se2, Theorem 3] (see also [Sell),
which we remind the reader of below. That the set of positive a; with v,(i) <n —1is
the set of nonzero s(a) with o € Up is known, following as a consequence of the Main
Theorem of [Mil], but we will not use this. (We remark that is also a consequence of
Corollary B.) Instead, we merely observe that the set of positive s(«) is contained in
the set of positive a; with v,(i) < n — 1. To see this, we remark that if (a, 3) # 1 for
some ( with v(8 — 1) = j, where j # a; for all i, then we may choose z € U; with
v(zf — 1) > j such that F(»/z)/F is unramified. Hence (o, z3) # 1 as well.

For simplicity of notation, we shall let

[, ]: F* X F* - Z/p"Z

satisfy (o, 8) = (ﬁ’ﬁ] for all a, 5 € F*. By abuse of notation, given an element o € Up,
we will set dloga = (dlog f)(w) for a fixed choice of f € O[[X]] with f(r) = « and
f=1+4uX"mod X! for i = v(a— 1) and some u € Ug. (This last assumption on f
is not always necessary [Se2].)

Theorem 2.1 (Sen). Let a € U; and § € U; with j > e/(p—1) and

[i/p] +37 > 2¢/(p—1), (2)
where [ -] denotes the ceiling function. Then
1 dlog «
=_T —1 .
[Oé,ﬁ] pn rF/Qp <d10g gp" Ogﬂ) (3>

Note that if j > 2e/(p — 1), then condition (2.1) is satisfied for all i > 1. We derive
three corollaries of this result, which are lemmas for the proof of the main result of
this section.

Lemma 2.2. Ifa; > 2e/(p—1) (or p=3 and a; > 3e/4) then s; = a;.
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Proof. Recall that (dlog (pn) is the different Dp)q,(¢,.) of the extension F'/Q,(pn) [Sel,
Lemma 4]. Choose a € Ur with v(a — 1) =i and maximal v(dlog«). By elementary
properties of the different, if

2ne — U(DQP(Cpn)/Qp) —v(dloga) —1 > 2¢/(p — 1),

then we can apply Theorem 2.1 to show a € S; with s; equaling the left hand side of
the inequality. On the other hand, we have

v(Dq,¢,n)/Q,) = ne—e/(p—1)

and
v(dlog ) = v,(i)e+1—1

and therefore s; = a;.

In the remaining case p = 3 and 3e/4 < a; < e, we need only show that [i/3]+a; > e
is satisfied. At least one of i > e or v3(i) = n — 1 holds. In the former case, we are
reduced to the fact that e/3 + 3e/4 > e. In the latter case, i = 3e/2 — a;, and we note
that 2a;/3 +¢/2 > e. O

Lemma 2.3. Ifi < 2e/(p—1) and v,(i) < n — 1 then we have s; = a; unless p = 3
and v3(i) =n —1. If p=3, v3(i) <n—1 and i < 3e/4 then again we have s; = a;.

Proof. When i < 2e/(p—1), we have that a; > (p—2)e/(p—1) by definition. Therefore
the condition of Lemma 2.2 is satisfied except when p = 3. When p = 3, we must also
have v3(i) =n—11if a; < 2e/(p—1) is to hold. In this case, i < 3e/4 implies a; > 3e/4,
again by definition. O

Lemma 2.4. Leti > 2e/(p — 1) (ori > 3e/4 and p = 3) be such that v,(i) < n—1
and a; > 0. Let f € Up with v( — 1) =1, and set k = a;. Then

k 7+1log 3
| —rhe, g = Ly ($—)
[ 4] pr F/Qp dlog (pn

for any x € O. Furthermore, we have [1 — %z, 3] # 0 for some x € Ug.

Proof. We remark that that in both cases we may apply Theorem 2.1. Note that for
[ > k, we have

v(krtlog B) > ne+e/(p—1)
and hence

mllo
kETrpq, (yﬁ) = 0 mod p*"
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for any y € O. Similarly, the second statement follows from the definition of the
different and the fact that

v(km*'logB) =ne+e/(p—1) — 1.
U

Let p denote the maximal ideal of the valuation ring of F'. We have the following
interesting proposition.

Proposition 2.5. Let a € p with s(1 —a) > 2¢/(p — 1), and let b € p**=%). Then
(1-a,1-b)=(1—ax,1—bx )
for any x € Ug.

Proof. Tt v(b) > 0, we will set b’ = f’(n) for a choice of f € O[[X]] with b = f(r). For
proper choices of power series, we have
—dz  z(l—a)

1—a)x
dlog(1 — az) = "o~ 1—as — (1—a31: dlog(1 — a)

and

1
d-az log(1 — bz~1) = log(1 — b) mod p*1-9+1,
1 —az

It follows that

dlog(1 — az)log(1 — bx™') = dlog(1 — a)(log(1 — b) + log(1 — y))

1—a)+1

for some y € p* . The proposition now follows immediately from Theorem 2.1. [

For any a € Up with s(a) > 1, let p(a): Uya) — Z/pZ be defined by p(a)(B) =
[, 3] under the identification of p"~'Z/p"Z with Z/pZ. Note that this is trivial on
Us(a)+1 and hence defines a homomorphism of F)-vector spaces F,; — F,, where f is
the residue degree of F.

Lemma 2.6. Let 1 —a € S; for i such that a; > 2e/(p —1). Then

o(1—a)=p(l —ax)
for x € Ug if and only if v(x — 1) > 0.

Proof. By Lemma 2.2 and Proposition 2.5, we have s; = s(1—a) = s(1—ax), and so the
statement of the lemma makes sense. If p(1—a) = p(1—azx) then p((1—a)(l—az)™t) =
0 on Us,. Since s; is the minimal s(«) for a € Up with v(a — 1) = i, we must have
xr = 1 mod p. [



Minimal Conductors 7

Lemma 2.7. Let ¢ and j be positive integers. Assume that the set of maps p(«) with
a € 5; is ezactly the set of nonzero linear maps ¥,y — F,. If s; = s; then 1 = j.

Proof. Choose 3 € S;. By our hypotheses, there exists o € S; with p(a) = ¢(f5).
Assume that i and j are distinct, and let k& denote their minimum. Then v(af™1—1) = k

and p(af™) = 0 on U, , which is a contradiction of the minimality of sy. O

We can now prove Theorem 1.1.

Proof of Theorem 1.1. We remark first that the theorem is easily seen to be true for
all cases in which s; = 0 is supposed to hold. We therefore consider only those ¢ for
which a; > 0 and v, (i) < n — 1 throughout the remainder of the proof. (Note that the
map which takes i to a; is one-to-one on the remaining values of i.)

We work by downwards induction on the remaining set of numbers a;. Lemmas 2.2
and 2.6 imply that the theorem holds for sufficiently large values of a;. Lemmas 2.3
and 2.4 show that s; > a; for all 7. Assume a; is maximal such that either s; > a; or
the final statement of the theorem does not hold.

First, we verify the final statement of the theorem for our given i. Start with any
element § € U; satisfying (1). If s = s(d) > s;, then s = a; for some j # i as all
nonzero values of the conductors of units are one of these a;. By induction, we have
s; = a; and we may choose v € S; with p(v) = —p(0). If j < ¢, then Jv provides a
contradiction of the minimality of s;. Thus j > 4, and we substitute dy for §. In this
way, we arrive recursively at our desired element §.

The final statement of the theorem, now proven for i, implies that the set of maps
@(B) with 3 € S; is the set of all nonzero linear maps F,r — F,. As we are reduced
to the case that s; > a;, we have that s; = a; = s; for some j # i. Lemma 2.7 now
provides a contradiction, so s; = a;. O

3 Elements with minimal conductor

We now consider the question of determining elements of S;: that is, a € Ur with
v(aw — 1) = ¢ and s(a) minimal, equal to s;. We begin by proving Proposition 1.3,
which deals with most of the simple cases.

Proof of Proposition 1.3. If i is not divisible by p, we have by Theorem 1 that s; < s;
for all j > 4, from which S; = U; — U;;; follows immediately. If ¢ is such that s; = 0,
then S; is exactly the set of elements « € Up with v(a—1) = 7 and such that F(»/a)/F
is unramified (usually trivial).

Part (c) follows directly from Theorem 2.1. One merely needs check first that
vp(1) <nm—2and 0 < s; < 2e/(p—1) imply i > 2e —e/(p — 1), from which i/p >
e/(p— 1) follows. Secondly, one checks that if v,(i) =n —1 and s; > pe/(p — 1)? then
i=pe/(p—1)—s;and i/p+s; >2e/(p—1). O
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Note that if n = 1, the first two parts of Proposition 1.3 yield all conductors. So
from now on we assume n > 2. In general, the following is about as much as we can
say for the remaining cases:

Proposition 3.1. Let i be such that s; > 1 and either s; <e/(p—1), or v,(i) =n—1
and s; < pe/(p—1)%. Then for a € Ur with v(aw — 1) = i we have that s(a) is equal to
the largest positive number k such that

pIk—1

< T 2n—uvp (k)
jzo Trr/q, (Tog - log a) %= 0 mod p .

Proof. Similarly to before, one can check that the conditions of Theorem 2.1 are sat-
isfied in both cases. The proposition then follows from Theorem 2.1 and the existence
of 8 with v(8 — 1) = k and dlog 3 = kY72 7”* =1, O

To deal with these cases, we need specific arithmetic information about the field
F, so from now on we specialize to the cyclotomic field F' = Q,((,n). The cases we
have yet to consider are then i = e and i = (n — m)e + p"t with 1 < m < n — 2,
0 <t<p" ™! andv,(t) = 0. Since the exponential map maps p* bijectively to U; for
all such i, we set T; = log S; and deal with elements of T;. Also, we let A, denote the
prime element 1 — (,n.

For any nonnegative integers 7 and [, let 7; denote the largest integer less than
or equal i/p!. By Proposition 3.1, computing conductors amounts to being able to

compute
1 i
Cpi = pn—l TrF/Qp (Cpn )\:1 1)

modulo large enough powers of p. (This has been essentially observed by Miki [Mi2]
in some initial computations along these lines.) Set

= ]Z:(_l)j [(J;l) B (i;)} B ].z:(_l)j (j;_—ll)' W

(We set (J) = 1.) Note that
Cnyi = bn—1, — Pby ;. (5)

We shall compute the b;; modulo p*. For any nonnegative integer a, define

1
k=1
plk
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Proposition 3.2. Let i and | be positive integers. We have the following congruences
modulo p3 for p > 5:

(2
P — (1 +aS(a-1)) ifi=2p+ap™", 1<a<p-1,
a?
—% if i=p'4+bp'2 1<b<p*—1, ptd,
bii =
" —B—p—S(a—l) if i=pl+apt, 1<a<p-—1,
a a
-1 if i =p',
L0 otherwise.
Proof. Set
HRICs
b - g’
‘77
plj

We see easily that

()= (I [5e] ©
()= () L] ] ot "

We remark that a;, = (a — 1), whenever h > v,(a). By (4) and (7), it therefore follows
that if v,(i) <! — 2 then b;; = 0 mod p*.
If v,(i) =1 — 2 then

i i—1 i\ [ia] P2 (e — 11 %5 (i 5
=0 ., =1 N L. | ==\ ) modp”
Jip Jp i) lpilu—al| p% G2 \J

So we have
_ P’ 3
b = (=1)4( . ) mod
=L zz (1) mod

Hence we have

in this case.

Let T denote the operator X -4, and set Y =1 — X. Then

ax’

TY™ =mY™ —mY™ .

Therefore we have T'(1 — X)™(1) = —d,,1, where § is the Kronecker delta. We also see
that
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Hence (4) becomes
P
b = 1—9 o mod p?
0 otherwise

if v, (1) =1 —2.

Now assume v, (i) = [ — 1. Note that
a/ _ . 2
| =1+ pjS(a) mod p~,
J
as S(pj) = 0 mod p. Using equation (6) we get

()=o) = Gl )
Jr’ gt ) \j)u-1—pil pj p2j

(P By @+ pisti, - 1)) (Z?)
-1 J

(/. U J
Now note that
Y™ = m?Y™ —m(2m — 1)Y™ ' + m(m — 1)Y™ 2

and

j=0 j
from which we see that
. 2 ifm=2
> (=175 (m) =<{ -1 ifm=1
3=0 J 0  otherwise.
So we conclude that
(
2p? . ) e
%(1 -+ Zl_ls(ll_l — 1)) if 4, =2
-1
2 3
=L P g S, 1) ifg =1 modp
-1
0 otherwise

. 2 .2 y
(24 B it = 1) () mod

10
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if v,(i) = [ — 1. The corresponding statements in the proposition now follow, replacing
11—1 by p+ a and 2p + a, as appropriate.
Finally, consider the case v,(i) > [. Let

So(a) = 5 (S(a)? - Z )

Note that Ss(pb) = 0 mod p and S(pb) = 0 mod p* for p > 5. Since p | 4,1, we obtain

[;] 1 =1+ pS(i-1 — pj) + p*S2(i—1 — pj) = 1 mod p°.

Therefore we have

() = Gl Ll = (G20 moas
" =1 . . s | =\ mod p
Jpt—1 J—1)1pj]Llpr*) J—1

for j > 1 and p > 5. Using (4), we conclude for p > 5 that b; = —d;,» mod p?* if
vp(1) = 1. O
From Proposition 3.2 and equation (5) we easily obtain the numbers ¢, ; modulo
3
p°.

Corollary 3.3. Let i be a positive integer, n > 2 and p > 5. Then modulo p* we have

(¥ if i=p"+ap" ', 1<a<p—1,

a

p if @ =p",

2p? L ) L
— (1 +aSa—1)) ifi=2p" " +ap" 1<a<p-1,
a

_ 2
i = -5 if i = p' bt 1< b<p? -1, pib,

p_p

—=—=8(a—-1) ifi=pl+ap"? 1<a<p-—1,
a a

-1 if 4 =pn 1

0 otherwise.

The following necessary lemma is proven in much the same way as we obtained
Corollary 3.3, and so we leave the proof to the reader.

Lemma 3.4. Let i be an integer with i > p™ and v,(i) < n — 2. Then the following

congruences hold:

P’ 2 2
Eoifi=pibpn2 1< b<p?—

7 ifi=pt+bp" = 1<b<p 1’p+bmodp4.

cn,i =
0 otherwise



Minimal Conductors 12

Let -
dn,a,k =k Z Cnpikta € Zp.

=0
The use of the d,, . is indicated by the fact that for a + je > 2e/(p — 1), we have

s(exp(p’ A\2)) = max{k | dp a1 Z 0 mod p"t77}

when s(exp(p/A\%)) > 0, which is immediate from Proposition 3.1. We shall now prove
Theorem 1.4, which in particular covers all remaining cases when n = 2 or 3 and p > 5.

Proof of Theorem 1.4. First, let n = 2. Part (a) follows from the fact that s, = p and
the following result of Corollary 3.3:

ds e = 0 mod p?

for k > p+ 1 and
dyep = p? mod p°.

Next let n > 3 and consider part (b) of the theorem. Note that

S(n—1)etpt = pn—l —pt

for 1 <t <p" 2 ptt. For k> p"?—t, one may easily check that Corollary 3.3 yields

—p?t if k=p" ! — pt,
2
dn,e+pt,k = —p—t if k = ((Z + 1)pn—2 — t, 1 S a S P — 1, (8)
a

0 otherwise

modulo p®. Furthermore, for u > 2p"~! with v,(u) = 0 we observe from Corollary 3.3

that
—pu ifk=p"—u 9
Apuk = od p°. 9

ok {O otherwise mocp )

Hence, setting u = p" — (a + 1)p" 2 + ¢ in (9) for each 1 < a < p — 1 and combining
(9) with (8) we see that the element of part (b) has minimal conductor.

Now set n = 3 so that s, = p?. Corollary 3.3 and Lemma 3.4 are sufficient to check
that when k > p? we have

3 ifk=p>+0b, 0<b<p-1
dn,e,kE{p : P +7 =0=P modp4.

0 otherwise

Applying (9) with u = e — b we obtain part (c).
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In general, elements of T; do not appear to have simple expressions, becoming more
complicated as v,(7) is increased. Furthermore, it would seem that increasing v,(7)
necessitates excluding more small primes from the general form, though they can of
course be computed separately. Further lengthy and rather difficult computations have
been performed, but these yield elements which would seem too unwieldy to include
in this article.
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