Determination of Conductors from Galois Module
Structure

Romyar T. Sharifi
October 15, 2001

Abstract

Let E denote an unramified extension of Q,,, and set F'= E (Cpn) for an odd
prime p and n > 1. We determine the conductors of the Kummer extensions
F(y/a) of F by those elements a € F* such that F(*\/a)/FE is Galois. This
follows from a comparison of the Galois module structure of F'* with the unit
filtration of F.

1 Introduction

We consider ramification in those Galois extensions K of an unramified extension E of
Q, which are also Kummer extensions of F' = E((,») by the p"th root of an element of
F>, where p is an odd prime and (,» is a primitive p"th root of unity. We determine
the conductors of the abelian subextensions of F' in K. From these, the ramification
groups of the entire extension K/FE are computable (see [S1], for example).

The two step solvable extensions we consider arise as fixed fields of the kernels of
certain upper triangular representations p: Gg — GLo(Z/p™Z) of the absolute Galois
group Gg of E. More specifically, for ¢ € Gg we should have

o(0) = (x’”*(t)(ff) ;t(((;)) ) |

where x denotes the cyclotomic character with o((,n) = C;f,fa) and k is a map which
makes p a homomorphism (in other words, xx ™" should be a 1-cocycle of G with
values in Z/p™Z(r) for some 7). Such extensions can often be found as localizations of
interesting global extensions ramified only at primes above p (see [Ih], for example).
We fix the fields E and F' as above throughout the remainder of this article. Let U;
denote the i¢th unit group of F for i > 0. We also let (-, -), r denote the p"th norm
residue symbol of F' (and similarly for Q,(()). For a € F'*, we denote by f,(a) the
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conductor of F'(/a)/F (considered as an integer) [Se, XV.2]. Then f = f,(a) is the
smallest nonnegative integer for which (a,u), r =1 for all u € Uy.
For any integer r, we define a group F" by

Fr={ze F*|o(x)z™X" ¢ F**" for all ¢ € Gg}.

We shall compute the conductors f,(x) for all z € F". In particular, in Section
4, we shall prove the following result which gives the answer for those r with r #
0,1 mod p — 1.

Theorem. Letr # 0,1 mod p — 1, and let t denote the smallest positive integer with
t=2—rmodp—1. Let x € F" with x & F*P. Then we have that f,,(z) = p™ 't for
any positive integer m with m < n.

The cases » = 0,1 mod p — 1 have more complicated statements and are worked
out in Sections 5 and 6. The case r = 0, in which one considers extensions of F' by
roots of elements of E*, was described using completely different methods in [CM] for
E = Q, and [S3] in general.

The determination of the conductors follows from the determination of generators
of certain unit subgroups as Galois submodules of F'*. More specifically, one can
determine a simple formula for the norm residue symbol (z,y), r with z € F" and
y € U in terms of certain basic symbols (z, 2),, r with z running over a set of generators
of Uy as a Galois module. Using this formula, one can evaluate (x, y),, r, with y running
over the generators of the particular unit subgroups Uy_; and Uy, in order to determine
that f,(z) = f.

The determination of the generators can be done for all of the unit subgroups, but
we do not follow this course here, as it is not needed for the determination of the
conductors.

Acknowledgments. A significant part of this article formed a part of the author’s Uni-
versity of Chicago Ph.D. thesis [S2]. The author thanks Spencer Bloch and Dick Gross
for their encouragement and advice. He also thanks Hendrik Lenstra for a helpful early
discussion. The author was partially supported by NSF VIGRE grant 9977116 and an
NSF Mathematical Sciences Postdoctoral Research Fellowship.

2 Eigenspaces of the multiplicative group

We maintain the notation of the introduction. We may decompose G = Gr/q, with p
odd into a direct product of cyclic subgroups

G=AxTx o,
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where ¥ = Gpp = A x T, the group A has order p — 1, I' has order p"~' and
© = Griq,m)-

Let D denote the pro-p completion of F'*. As the action of A on D is semisimple, D
decomposes into a direct sum of eigenspaces for the powers of the cyclotomic character
on A. For r € Z, we let D, denote the eigenspace consisting of z € D such that

6(z) = 22",
for all 6 € A, where w: A — Z~ is the character with 6((,) = g;"‘”. In other words,

D, = D where
€ = Zw(é)*’"é.
e

It is the goal of this section to gain an understanding of the A = Z,[I' x ®]-module
structure of D,, viewed inside D. The result which follows shortly is clearly very
important in this regard and results from an examination of the arguments of Greither
in [Gr]. (See [Ja] for similar results of a less explicit nature.)

Let ¢ € ® denote the Frobenius element. Let v denote a generator of I" with
x(v) =1+ pmod p" (considering x as a character of G/p), and let o be a generator
of ¥ such that ¢! = 7?~'. We let y, denote a lift of x(0) to Z3. Let ¢ denote
the order of the residue field of E. Let £ € p,—1(F') be such that Treé = 1 and the
conjugates of ¢ form a normal basis of F' over Q,((yn).

Theorem 2.1. The Z,|G]-module D has a presentation
D = {(u,v,w,7 | ov =v,o1 =7, Nyu = v'"%, Npu = W”_l,wxgl"_l =u Y, (1)

where Nym =p, w € Uy — Uy, u € Uy — Uz and v = 1 + p& mod p2.

Proof. In the notation of [Gr], u is the element uﬁll, wis Yy, v is u,(jjl, and 7 is

Th—1. The properties of the elements listed at the end of the theorem follow from their
definitions and the expansion of log ufll_)l found in [Gr, p. 12].
In Theorem 3.3 of [Gr], it is shown that there is an exact sequence

1—>Q—>D—>Indgupn—>1,

where () is the submodule of D generated by u, v and 7 subject to all but the last
relation in (1). By their definitions, u and w generate the kernel of the absolute norm
on F* as a Z,[G]-module, and together with v, generate U;. Hence, the given elements
generate D. Furthermore, Lemma 2.6 of [Gr] states that the final relation in (1) holds.
Therefore, D is a quotient of the group P given by the presentation in (1). It suffices
to show that this quotient becomes an isomorphism modulo ). This follows from the
following isomorphisms of Z,[G]-modules:

P/Q= (w | 0¥ ' = 1) 2 nd$pum = D/Q,
where the middle step is Lemma 2.4 of [Gr]. O
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Note that, as a corollary, New = (pn for a proper choice of (,n, which we make.
Theorem 2.1 also gives us the structure of the groups D,..

Corollary 2.2. We maintain the notation of Theorem 2.1 and set u, = u*", Ty = w©°
and wy = we. Ifr 20,1 mod p — 1, then D, is a free A-module on w,. Furthermore,
we have the A-module presentations

Do = (o, ug,v | Y0 = v, omy = 7o, Nrg = v* 7%, Ngug = 7~ ") (2)

and

14p)~1y—1
g Pl

. (3)
Proof. We leave this primarily to the reader to verify. We do note, however, that
co(x;'oc — 1) and €;(0 — 1) are units of A, and so by (1) we need not include w® and
7 in the presentations of Dy and D1, respectively. O

D1 = <U1,w1 | w

Fort > 1, set V;, = U; N D, and Vt’r = Viy — Vig1,. We now briefly study the
module structures of the V,,.

Lemma 2.3. We have Vi, /Viyp 1, = Fy for every t > 1, and V!, # 0 if and only if
t=rmodp—1.

Proof. We sketch the proof. Set A\, = 1 — (n, and let o = 1 4 2!, for some x € U.
For 6 € A, we have
§(@) =1 +w(d) 'z mod M.
Then
a” =1+ Zw(é)t_rx/\; mod AT (4)

and this is 1 modulo At unless ¢ = 7 mod p—1. On the other hand, if ¢ = 7 mod p—1,
then equation (4) implies that

a“ =a ' mod AT

The assertions of the lemma follow immediately. O
From now on, we set V; = V;, and V/ =V}, if t =r mod p — 1.
Lemma 2.4. Let z € V. If ptt, then 27" €V, |. Otherwise, 277" € Viyap-1).

Proof. From the ramification groups of F//E in the lower numbering [Se, IV.4], we see
that v(y(m)/m — 1) = p— 1, where v is the valuation on F' and 7 is any prime element
of F. Hence, for any = € U; with p{ v(x — 1), we have v(y(z) —z) =t+p—1. On the
other hand, if p | v(z — 1) then v(y(z) — ) > t + p — 1. Since 27~ € Dy, the result
follows from Lemma 2.3. 0
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Lemma 2.5. Let z € V/. Let i denote the smallest nonnegative integer with i =
t mod p. For j > 1, we have that

eV

t+G+[ =5 -1)?

,(r=1)

where [ -] denotes the ceiling function.
Proof. Lemma 2.4 shows that V)~ C V,,, ; for all a =t mod p — 1. Hence
Z(’y_l)j € ‘/tJrj(p,l). (5)
Furthermore, Lemma 2.4 implies that
Z(Fy_l)l € V;f/-&—(p—l)i
and

o1
y('y e € Va+p(p—1)

for y € V! with a = ¢t mod p — 1. Together these show that for every p — 1 applications
of 7 — 1 after the ¢th and starting with the (i + 1)st, we can add an additional p — 1
to the subscript in (5), which yields the lemma. O

The following easy lemma will also be useful. The use of additive notation for a
given V; indicates that we are viewing it as an A-module.

Lemma 2.6. Let a, b and j be nonnegative integers with 1 < j <n—1 and a < p"7.
Then

P Vais € Vigare-

3 The norm residue symbol on the eigenspaces

We consider the norm residue pairing on the eigenspaces. As F" C D, F*P" it will
prove useful to consider the restriction of the norm residue symbol to elements lying
in eigenspaces. Let (-, -) denote the pairing induced by (-, - ), r on D x D.

Lemma 3.1. The pairing
D, x Dg — pipn

induced by the Hilbert norm residue symbol is trivial unless s =1 —r mod p — 1 and
nondegenerate otherwise.
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Proof. Let us evaluate (a,,as) with a, € D, and as € Ds. Let i = w(J) for a generator
0 of A. Then we have

(ara as) = 5(O,T, as>i_1

By Galois equivariance of the norm residue symbol, the last term equals

(d(ar), d(as))"

1 ir @S

= (ar >as )i71 = (aT? aS)iT+371

Hence either i"™*~1 = 1 mod p or (a,,as) = 1. However, as i has order dividing p — 1,
the former condition is exactly that i"**~! = 1 mod p". This proves the first statement,
and the second follows by nondegeneracy of the norm residue symbol. O

From now on, we fix r and let s = 1 — r. We have the following easy corollary of
Lemmas 2.3 and 3.1.

Corollary 3.2. Let x € D, N F*. Then either

fo(x)=s+1modp—1

or fn(z) =0.
Define the symbol [, -] with values in Z/p"Z by
(o, ) = G
for a, B € D.

Lemma 3.3. Let x € F" and y € Ds. Set

o=yl

with f € Z,[X]. Then
[z, a] = f((1 4 p)*)[z, y] mod p".

Proof. We need only show that [z,v(y)] = (1 + p)®[z,y]. We have

(z,7(y)) = (v (@), y) = (@7 y)HP = (z,y) "

Let T =y — 1 € Z,[I).

Corollary 3.4. Let x € F", and let m be a positive integer. Choose y € Dy, and let i
be such that the order of [x,y] is p"~*. Set j = min{m +1i,n}. Then

[z,5”" ™" "] = 0 mod p/

for 0 <k <m.
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Proof. We calculate:

2,477 = pF (1 + p)* — 1™ *[z, y] = 0 mod .

For o, 5 € D, let
U(a, ) = min{k | p*[a, ¢'3] = 0 for all i}.

Lemma 3.5. Let © € F" with x ¢ F*P. If S is a set of generators for Dy as an
A-module, then V(x,y) =n for somey € S.

Proof. Lemma 3.1 implies that (z, z) is a primitive p"th root of unity for some z € Ds.
We may write z as a product of powers of elements of the form ¢4y with y € S,
i,j € Z. Hence (x,p"y’y) is a primitive p"th root of unity for some such 7 and j. By
Lemma 3.3, this cannot happen unless (z,¢'y) is a primitive p™th root of unity for
some ¢ as well. O

4 Conductors for » Z0,1 mod p — 1

We assume in this section that » Z 0,1 mod p — 1. The goal of this section is the
determination of the conductors of the extensions F'(n/x)/F for x € F". By Corollary
2.2, D, is a free A-module of rank 1 generated by an element us. We identify D, with
A via the isomorphism

A5 Dy, a— ul

of A-modules. Each submodule V; with i = s mod p—1 is thereby canonically identified
with an ideal of A and by abuse of notation we treat them as equal. In addition, setting
Fr=F"/F*" we see that )

Fr=7/p"Z]P],
as D, is also free of rank 1.

Note that X
Z,0) = Z,[Y]/(Y + 1) = 1).

We shall require the following easy lemma.
Lemma 4.1. In Z,[Y], the polynomial (Y + 1)*""" — 1 is contained in the ideal
(p" Y, p Y, LY.

Let t denote the smallest positive integer congruent to s + 1 modulo p — 1. To
determine the conductor f,(x) for x € F", it suffices to look at two ideals of A.
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Proposition 4.2. Let m be a nonnegative integer with m < n — 1. The ideal Vym;_y
of A contains an element a of the form

a = pm + Z dkpm—kTpkflt—l
k=1

with dy, € Z,[®] for 1 < k < m. Furthermore, we have
Vpniapea = (p" L p" T pm TP 1 < ke <m).
Proof. We begin with the second statement. By Lemma 4.1, the ideal
=™ p™Y, p" " Y? [ 1 <k <m)
of Z,[Y] contains (Y 4+ 1)?""" — 1. Hence, the image I of I in Z,[I'] has
Z,[0): 1) = [Z,Y] : 1] = o,
where
h=m+1+{t—D)m+p—Dt(m—1)+... +p"2(p—1t=@p" ' +.. . +p+1)t+1.
Let J = I[®] as an ideal of A. Then Lemma 2.3 implies that
Vies : Vimespoal = ¢ = [A: J].

To prove the second statement, we are left only to verify the claim that J C
Vymiip—o. Note that 1 € Vi_q, so clearly p™*! € Vymiip—o. By Lemma 2.4, we see that

me € pm‘/t—&—p—}

Similarly, Lemma 2.5 yields
k*lt

—k —k
pTrIY T e p" T ko

for 1 < k < m. By Lemma 2.6, we have

P Viktap—2 © Vimigp-a,
for 0 < k < m, proving the claim.
For the first statement, we proceed by induction, the case of m = 0 being obvious.
Assume that we have proven the proposition for m <n —2. Let i = p™t — 1. Then we
have found b € V; of the desired form. We claim that
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for any d € Z,[®] which is not a multiple of p. By the second statement, ¢ & Vi 120-1),
and by Lemma 2.5 we have ¢ € Vj;. If it were that ¢ € V., then by Lemmas
2.3 and 2.4 we would have d7""' € V; with j <7 —p+ 1, but this would contradict
Lemma 2.5. Having demonstrated the claim, we see that a = pb+c €V, for an
appropriate choice of d in (6) by Lemma 2.3 and the freeness of D, as a Z,[®]-module.

It is clear that a is the desired element for the case m + 1 of the first statement. O
We now determine the desired conductors.

Theorem 4.3. Let r # 0,1 mod p — 1, and let t denote the smallest positive integer
witht =2 —rmodp—1. Let x € F" with x ¢ F*?. Then we have that f;(x) = p"~ 't
for any positive integer i with i < n.

Proof. By Corollary 3.4, we have [z, ©7b] = 0 mod p’ for every j and each generator b
of Vii-144po listed in Proposition 4.2 (with m =i —1). On the other hand, by Lemma
3.5, we may choose j such that for u = ¢’(u,), the symbol (z,u) is a primitive p"th
root of unity. In this case, we have

i—1

w0 = [, 0] = p [, u] £ 0 mod ',

where a € Z,[I'] is the element of Proposition 4.2. Noting Corollary 3.2, we see that

filx) = fula? ") = p M.

5 Conductors for r =0 mod p — 1

Over the final two sections, we determine the conductors for the remaining values of
r. For an element x € F", we will first determine f,,(x) in terms of the values ¥(x,y),
where y runs over a set of A-module generators of D,. Then, we shall explicitly
determine the values W(z,y). The situation is complicated by the existence of multiple
generators of " and D,. We shall twice appeal to the case of r = 0 from [S3].

In this section, we let = 0 mod p — 1. Recall the notation of Corollary 2.2.

Lemma 5.1. For n > 2, there exists an element ¢ € Z,[®] such that y; = wywi® lies
in Vy, 1 and has image generating Vo, 1/Vap o as a Zy|®]-module. In fact, we have
c=¢ ' mod (Ng).

Proof. Recall from Theorem 2.1 that w; € V{ and w; € V,. From this, Lemma 2.4,
Corollary 2.2 and the relation

y=1 _ . p gw—l)(lﬂv)
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found in (3), we see that V,,/Vs, o is a Z/pZ[®]-module generated by (the images of)
w? and u;. Now, the submodule M generated by w] ™' and w? does not contain the
submodule N = V5, 1/V3, o, since the fact that New; = (,n implies N N NoM = 0.
The existence of ¢ € Z,[®] follows.
Note that
w; = 1 +n\, mod \?

with n € p,—1 and b = Tren # 0 mod p. It follows that from the equation
Y(An) = A + A2 mod A2
that B
ngp) =14 (1 — ©)nAE mod AT,

By (3), we must have
up = 1+ 1 A2 mod A2t (7)

with
(¢ —1)(n"+n) =0mod p.
Thus, ' = —n + a mod p for some a € Z,. Take ¢ = ¢~ — ab™'Ng, so that
wh =1+ cp(n)A2 =1 — /A2 mod AT (8)
From (7), (8) and the uniqueness of ¢, we see that y, = wywi* satisfies y; € V5, ;. O

Clearly, w; and the element 1, of Lemma 5.1 generate Dy as a A-module for n > 2.
Let us determine the generators of the relevant submodules of D;.

Proposition 5.2. Let m be a positive integer with m < n — 1.

a. The submodule Viym pm—1_1 of Dy contains an element of the form

m
—k k—l_;'_ k—2_2
a; = p"wy + E dpp™ TP TP Y1
k=2

with dy, € Z,|®], and
‘/pm+pm_1+p72 = (pm+1w17pmilybpmikTpk_Lkpk_zilyl ‘ 2 S k S m) <9>
b. The submodule Voym_1 of Dy contains an element of the form

m— m— k—1_
az =p" ly + Z di2p b *u1,
k=2

with dy o € Z,|®], and

m m m— k—1_
‘/2pm+p—2 = (p +1’LU1,p Y, p kT?p 1y1 | 1<k<L m)
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Proof. We proceed as in the proof of Proposition 4.2. Let us focus on part a. Let J be
the submodule of D; given by the right hand side of (9). This has index in D; equal
to ¢", where

m—1
h:m+1+p(m—1)—|—Zpi*2(p2—1)(m—i)
i=2

3 3 m+m—1+ -3
=34 2422+ 42yt =l pp_lp .

On the other hand, Lemma 2.3 implies that [V} : Vi, 1] = ¢" for i = p™ + p™~! — 1.

Next, we remark that as y; € V;, ;, we have

mikTpk71+pk7271

—k
p Y1 € p" V;)k+pk'*1+p727

for 2 < k < m by Lemma 2.5. Applying Lemma 2.6, we have that J C V4, _; and
hence equality by equality of the indexes. This proves the second statement of part a.

For the first statement, the base case of m = 1 is obvious. Assume that we have
proven the proposition for m < n — 2. Then we have found b € V; of the desired form.
Using Lemmas 2.4, 2.5 and the second statement of the proposition, one can check (as
in Proposition 4.2) that ¢ = dT" 'y, € V}; with d € Z,[®] — pZ,[®]. We conclude that
a; =pb+ce€ V'-+p_1 is the desired element for some choice of d = d;;, 41,1 -

i
Part b follows from the same argument with the obvious modifications. O

Ifn=1, weset y; = uy.
Proposition 5.3. Let v € F" — F>*P". Leti = VY(x,y;) and j = Y (x,w,). Then

p"t+pnt if i =n,
fo(z) =< 29 if1<i<nmn-—1landj<i+]1,
pPl4p? if2<j<nandi+2<y.
Proof. For n > 2, with the exception of 7 = 1 and ¢« = 0, this follows directly from
Proposition 5.2 after noting that

‘/Znn+pn—171 = p‘/2pn—171

and similarly for Vynpn-1,, o. If j = 1 and ¢ = 0, it follows from the fact that w; € V/.
For n =1 and i = 1, it follows from y, € V] by Lemma 2.3. O

Let N,: D, — F" be defined by
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for x € D, and Z its image in F*/F>*P". By abuse of notation, we will use the same
letter to denote an element of I and a chosen lift of it to F" (or conversely, an element
of F" and its image in F").

Let £ < n be maximal such that r = 0 mod p In the notation of Theorem
2.1, we set t, = N,m, x, = N,uy and v, = v?" . Then F" has presentation as a
(multiplicative) (Z/p"Z)[®]-module given as

k—1

n—k 1 k

F" = {ty, 2,0, | 1971 =1, Nz, =t 71 o = ¢l=@ 9" = 1), (10)

Note that k is maximal among k < n such that p* divides (1 + p)” — 1.
For a € Z,[®], let v(a) denote the largest integer (possibly infinite) such that
a € pY@Z,[®]. Note that v is exactly the p-adic valuation on elements of Z,,.

Lemma 5.4. Let o € Z,[®] with v(a) = 0. Let 6 € Z,|P] with v(6) =0 and (¢p—1)6 #
0. The following statements hold:

a. VU(t,,y1) =n b. U(t,,wy) =0
c. V(v y1)=n—1 d. V(v wy) =n
e. Uzl y)=n—1 f.oW(zl,w) =n

Proof. We proceed case by case.
a. This follows easily from Lemma 3.5 and part b (to be proven).

b. Set A = o(rw) for any i. Since NgA = p from Theorem 2.1, we have A\ =
(1 — (pn)n for some n € Uy with Nyn = 1. Then

(A wi)nr = (A Gr)n@ucon) = (1, Gor)n@u(eon) = 1

the first step following from A?~* = 1 and New; = (,» and the last since (,n pairs
trivially with any element in the kernel of the norm. The result now follows, as
tr:=<A@p%5W.

c. In [S3, Theorem 8], it was shown that f,(v*) = 2p"~', and hence Proposition
5.3 forces that W(v®,y;) =n — 1.

d. This follows from part ¢ and Lemma 3.5.

e. By (10) and part ¢, we see that

nfk[

PRl o] = p R0 oy (11)

is a primitive p*~'st root of unity for some i. Hence, we are done if k& > 2.
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For k = 1, equation (11) still implies ¥(22,31) < n — 1. Write § as § =
a+ B(p~' — 1), with a € Z, and 3 € Z,[®]. Note that

[xiv Noyi] = a[Naz,,y1] = a((1 +p)" — D[t y1]-

Since v(r) = 0, we are done if v(a) = 0, by part a. If v(a) > 1, one checks using
(3) and Lemma 5.1 that

. 7 -1 0 1 —1 -1 il_ —1
Loiy] = 2,y Y] = [@f o (P Typet me)

so, using Lemma 3.3, we have
(27, 9'y1] = pla} ) '] mod p*.
Since v(3) = 0, the result follows from part f, proven below.
. Since zfv(#=19 ¢ F*»" by (10), this follows from part d.

0

The following describes the conductors of all elements of F” for r = 0 mod p — 1.

Theorem 5.5. Let x = t2vP2? with o € Z,, B € p"*Z,[®] and § € Z,[P] satisfying
either § =0, orv(d) <n—k—1and (p —1)0 #0. Let

i =n—min{v(a), v(B) + 1, v(§) + 1}

and
j =n—max{v(pB — Nea),0}.
Then
pHp+1) ifi=n, ord=0andj<i,
fa(z) =< 29 if 1 <n —1 and either 0 # 0 or j =i,
0 otherwise.

Proof. Applying Proposition 5.3, part a of Lemma 5.4 yields that

£ ) = {p"_l(p +1) if v(a)

0,
2pn V(@) if v(a) <n-—

L
for a € Z,. Parts ¢ and d yield

fn(vﬁ) — 2pn71w(ﬁ)
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if 8 € Z,[®] satisfies v(5) < n — 1. Parts e and f yield
fulaf) = 210

with 0 satisfying (¢ —1)d # 0 and v(6) < n — 1.
By the conditions on ¢ and [ that v(§) < n—k—1, unless 6 = 0, and v(3) > n—k,
we have

fa(v’2?) = max{f,.(v”), fu(27)}.
While W(t,,y?™") = 0, on the other hand, we have
V(W yf ) =n—1-v(3)
by part ¢, unless (p — 1)3 = 0, and
V(e yf ™) =n—1-v())

by part e. Therefore, by Proposition 5.3, we have

fativay) = max{ fu(t7), fu(v”), fu(a7)}

unless § =0, (p —1)f=0and v(a) =v(f)+1<n—1.
In this “exceptional” case, there exists d € Z,, unique modulo p, such that

Ut 1) < —2—v(P).
In [S3, Theorem 8] (or [CM, Theorem 6.1}), it is shown that

Fa@(L+p) =p"(p+1) < fu(l+p).

Proposition 5.3 immediately implies that

V(p'(1+p), ) =n—2.

By Theorem 2.1, we have Nyv = 1+p mod p? and t,p~! € F*?" Hence, we must have
V(2 Ngv,y1) < n— 2, with equality for £ > 3. The case statement of the theorem now
follows. O

The use of [S3, Theorem 8] in Lemma 5.4 (aside from the case (¢ — 1) = 0 in
part ¢) could have been avoided, but this would not have alleviated the need for its
use in Theorem 5.5. We remark that the methods used in [S3]| are quite elementary,
relying upon basic properties of the norm residue symbol and the Artin-Hasse law for
the symbol (Cpn, * )n.p-
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6 Conductors for r =1 mod p — 1

Note that ug € V;_; and v € Vi1, .-

Proposition 6.1. Let m denote a positive integer with m < n.

a. The submodule Vym_1 of Dy contains an element of the form

1

m
ap =p" ug + Z dk,lpmfkTpk_ “ug

k=2
with di 1 € Z,[®], and if m < n — 1, then

1

Vpmip—2 = (0, P g, " TP g [ 1< ke < m).

b. The submodule Viyn_y of Dy contains an element of the form

n
_ k—1_
as = v+ E di 2p™ ke Lo
k=2

with dy o € Z,[®P], and
Vingp—2 = (pv, p™ug, p" *T7" ug [ 1 < k< n—1). (12)

Proof. The proof of part a is virtually identical to those of Propositions 4.2 and 5.2.
Note that the key to proving the first statement is the fact that

AT g € V)i, (13)

for 2 <k <mnand any d € Z,[®] with v(d) = 0.

We focus on part b. Its second statement (12) follows the fact that pVyn-14, o =
Vpnip—2. As for the first statement, we begin by proving the claim that Nea; € Vynip_o,
where a; is the element of part a for m = n. First, we remark that

A+TP 7 =1 e (PN
Np = = TI—,
g . Z )

Using (12) (and some simple congruences for binomial symbols), we see that

n
— k—1_
NFUO = E pn kTp 1’LL0 mod ‘/;,n+p,2.
k=1
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By (2), we have NrNgup = 0, and therefore,

n—1

Nq>a1 = ZN@(ko — 1)pn_kTpk71_1U0 mod V;?n_,_p_g.
k=2

Assume that the claim does not hold, so that
No(dry — 1) #0mod p

for some minimal k. Noting (13), we see that Nga; € V;)’n_pn,kﬂ, contradicting a; €
| VAN
pn—1

Counsider the submodule
W — AU/O ﬂ ‘/vpn_l - Aal ‘I" ‘/an_;'_p_Q

of Dy. From the claim, we see that [W : Vpnip, o] = q/p, whereas [Vpn_1 @ Vpnipoo| = ¢
by Lemma 2.3. Hence, by (2) and (12), there exists an element b € V., of the form

b=v+ Z Coap” TP g
k=1
with ¢ o € Z,[P]. We take ay = b — ¢y 0. O
Now let » = 1 mod p — 1. The following is a direct consequence of Proposition 6.1.

Proposition 6.2. Let x € F". Leti = V(x,uy) and j = V(x,v). Then

n—1/ - . .
prp-1)+1) ifj>1,
fulwy = {7 U DD 2
P if 7=0,¢>1.
Let k& < n be maximal such that r = 1 mod p*~'. Let z, = N,us, 2, = N,w; and

Ky = Qg :(;il), and recall that New = (pn. From (3), we obtain a presentation

oro -1 1+ T‘—lil . k—1 k - -1 __
F' = (2, 2y, Ky | 2771 = 2(1FP) yNoz, =kl kP =1,k =1). (14)

We make the following useful remark.

Lemma 6.3. If x € F" and x ¢ F*P, then the larger of V(x,ug) and V(z,v) is at
least n — k.

Proof. We recall that for an element x € F* and m < n, the extension F(*\/x)/F is
unramified if and only if (z,u),, r = 1 for all w € U;. Furthermore, p* is the degree
of the maximal unramified extension of I’ by the p"th root of an element of F", since
such an extension must be abelian over Q,. The result now follows. O
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Lemma 6.4. Let o € Z,[®] with v(a) = 0. Let 6 € Z,[|P] with v(6) =0 and (p—1)6 #

0. The following statements hold:

a. Uizt v)=0 b. U(z,,up) =n—k
c. U(zrv)=1 d. U(22,u) =n
e. U(Gm,v) =n fo U (Gpnyug) =0

Proof. Again, we proceed case by case.

a. It suffices to consider & = 1. We have (abusing notation)
[z, "] = [Nyur, '] = [Ny, '] — p[Nyws, ™), (15)

with ¢ € Z,[®], by Lemma 5.1. Now apply Lemma 3.3 and the definition of N,
to see that the right hand side of (15) reduces to p"~![y;, p'v]. The conclusion
now follows from Lemma 5.4c.

b. Note that xy = v'~% by (2). Hence, for any ¢, we have

(.T(),Ufi) _ (U,Uaﬁi’l@ﬂ—l)) _ (mwfi’l(l—(lﬂo)*lv)) —1

by (3) and Lemma 3.3. Since z1_,25" € F*?*, we have U(zy_,,uy) < n— k. We
conclude by remarking that

i —1

(@, ug ) = (uf
and applying Lemma 6.3.

c. This follows from Lemma 5.4d in the same way that part a of this lemma
followed from Lemma 5.4c.

d. This follows from Lemma 5.4f since

(6) )

-r

(ZE,UO) = (w17 :L‘Ll
where ¢ is the involution of Z,[®] defined by ¢ — ¢~

e. Recall that N 1
GT —
(G, 2] = o (16)

for any x € U;. Since Ngv = 1 + p" mod p"*!, we have the result.

f. This follows from (16) as well, since Ngug = 1.
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0

The conductors of the elements of F" for r = 1 mod p — 1 are now described by the
following.

Theorem 6.5. Let x € F" with image 222k € F", where a,§ € Z, and 3 € Z,|P]

satisfies (o — 1)8 # 0 if B # 0. Let i :Tkr— ;(5) and j = n — min{v(6),v(a) + k}.
Then
p"i(p—1)+1) ifi>1,
fulz) =< p7 if i <0andj>1,

0 otherwise.
Proof. Applying Proposition 6.2, parts a and b of Lemma 6.4 yield
) = i
if o € Z, with v(a) <n —k —1 (and 0 otherwise). Parts ¢ and d yield
fulef) =
if v(B) <n—1and (p—1)F #0. Part e yields
Falk9) = p" (k= v(8))(p — 1) +1)

if 9 € Z, with v(6) <k — 1.
Furthermore, we see from the values in Lemma 6.4 along with Proposition 6.2 that

fn(x) = max{fn(xff), fn(z}g)v fn('%i)}

with «, # and 0 as in the theorem, unless perhaps if v(5) = v(a) + k < n —1 and
v(8) > k. In this case, writing 8 = ((1 +p)"~' — 1)3, we have

a B _ pat(e=1)8
Ty 2 = x) .

IN

Denote this element by y. By Lemma 6.4, we have that U(y,v) = 0 and ¥(y, uo)
n —k — v(a). Lemma 6.3 forces ¥(y,ug) = n — k — v(a), and so f,(y) = p b
Proposition 6.2. The case statement now follows easily.

=
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