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INTRODUCTION

In this thesis, we consider a special class of Galois representations which we call

” These are modular representations of the ab-

“twisted Heisenberg representations.
solute Galois group of a field in dimension at least three, providing an interesting
class of examples beyond the often studied two-dimensional representations. We
study these from two perspectives. The first is the point of view of embedding prob-
lems, for which we investigate lifts to twisted Heisenberg representations for fields of
good characteristic. The other is the point of view of number theory, for which we
consider the representations over local fields and study their ramification.

An embedding problem is the attempt to realize a given Galois extension of the
ground field inside a larger extension with predetermined Galois group. The study
of embedding problems dates back to Brauer [1] and even before, with many results,
some quite general, having been proven of the sort which profess existence of a solution
to a given embedding problem [11]. One of the key aspects of our study of lifts to
twisted Heisenberg representations, described in more detail below, is that we can not
only determine conditions for a solution to exist but also give a concrete description
of the fixed fields of the kernels of these representations. We expect this to be one of
many examples of Galois groups for which we will be able to construct solutions to
embedding problems explicitly.

Although obtained entirely independently, our construction generalizes work of
Massy [17], [18], who obtained a constructive solution to the embedding problem for
extra-special p-groups as central extensions of abelian p-groups over fields of charac-
teristic not p containing pth roots of unity. This problem finds it origins in papers
of Dedekind [6], who gave examples of quaternion extensions of Q and Witt, who
solved the embedding problem of the quaternion group of order 8 over the dihedral
group of order 4 [23]. It was then studied in [5], [4], [7] and [19] before Massy gave

his constructive solution. More recently, Swallow [21] has given a solution which is
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in general more explicit than Massy’s, and Brattstrom [2] has studied the case in
which the field is not assumed to contain pth roots of unity (which can be viewed as
a special case of the twisted Heisenberg representations we consider).

Another aspect of the theory of Galois representations is the relationship of Ga-
lois representations with modular forms. This is the subject of several conjectures,
beginning with Serre’s conjecture [16] on two-dimensional Galois representations of
the absolute Galois group of Q. More recently, Gross has made conjectures on the
existence of modular representations associated to modular forms modulo p [9], [10].
In order to obtain results on the existence of modular representations, one can first at-
tempt to determine some information about the representations involved. To do this,
we can describe ramification in the extension given by the fixed of the kernel. We give
an analysis of ramification in the fixed fields of the kernels of certain twisted Heisen-
berg representations of the absolute Galois group of Q). From the point of view of
local class field theory, this description provides interesting examples of ramification
groups for two and three-step solvable extensions.

Before discussing this thesis in more detail, let us first define the representations
that we will consider. For a field K, we let Gj denote its absolute Galois group.
Let E be a field of characteristic not dividing a positive integer m, and let F' denote
the cyclotomic extension of E by mth roots of unity. Let B, denote the subgroup of

upper triangular matrices modulo scalars of PGL4(Z/mZ).

Definition. A twisted Heisenberg representation is a homomorphism p: G — By

with the following properties:

(1) The image of G under p is the Heisenberg group H,; of elements of the form

1 % % - % x%
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(2) The image of G under p is contained in the product of H; and the group Dy

of diagonal matrices modulo scalars.

A twisted Heisenberg representation induces (as the fixed field of p|g,.) a Galois
extension of E consisting of an extension with Heisenberg Galois group over the
cyclotomic extension F/E. One example of such an extension, when p,, C E, is

given by adjoining to £ the mth roots of x, 1 — x and

m
c= 0 -G Vay

i=1
for x € E* such that x, 1 —x ¢ E*" where (;, denotes a primitive mth root of unity.
(Often this works without the assumption py,, C E.) This example was studied in
an analogous form as a cover of P1 — {0,1, 00} in an unpublished letter from Deligne
to Grothendieck. In general, one can view the representations studied in this thesis
as being associated to mixed Tate motives which arise as étale cohomology groups in
a geometric setting. The description of these as representations of GQp should help
in better understanding the p-adic Galois representations associated to mixed Tate
motives.

For simplicity of presentation, let us assume in the remainder of this discussion
that m = p™ for an odd prime p. Let Z; denote the center of H;. Assume that
we are given a homomorphism p: G — Bg/Z,; satisfying conditions compatible
with the definition of a twisted Heisenberg representation (that is, p(Gp) = Hy/Z,
and p(Gg) € HyD4/Z;). Since F/E is a cyclic extension, we then have a fixed
number r such that any lifting p of the “twisted Kummer representation” p will act
via conjugation by the rth power of the cyclotomic character on Z;. And for ¢ with
2 <1 <d—1, we obtain twisted characters x; and X; of G which are given roughly
(i.e., up to certain powers of the cyclotomic character) by following p with projection
to the (1,7) and (i,d)th matrix entries, respectively. We have the following result
concerning the solution of a particular embedding problem, which is proven using

non-abelian Galois cohomology.



4

Proposition 0.1. The map p lifts to a twisted Heisenberg representation p if and
only if the sum of cup products Zf;% [x; U X;] is 0 in H*(E, u?{).

When p does lift, we wish to give a description of the possible liftings and construct
as explicitly as possible the fixed fields of their kernels. When each cup product
[x; U X;] is trivial, we do this by reduction to the case d = 3.

In general, let L/K be an arbitrary field extension with ppn C L and assume we
are given a surjection G — G with kernel isomorphic to uf?nr as a G p-module
via conjugation, thereby defining a class ¢ € H2(L/K, ,u?{ ). We note that to solve
the embedding problem for G’ and the surjection G — G, /K it suffices to show that

¢ is in the image of the transgression map
Tra: H' (L, pi )5 — HA(L/K, pir).
The first cohomology group can be described by Kummer theory
(L, g FI 2= (1) 17 (r = D],

Hence, a non-pth power a € L* fixed under the appropriate twisted Galois action
yields a group extension in two manners, one through the transgression map and
the other through the (appropriate class of the) extension L(P\/a)/K. These are
equivalent extensions. So by describing the sequence of low degree terms in the
Hochschild-Serre spectral sequence, we can in theory not only determine if there is a
solution to the embedding problem, but count the number of solutions and describe
the field extensions explicitly. We give an analysis of the terms in the spectral se-
quence, beginning with any field £ as above and then focusing on local fields over
Q.

This can also be phrased so as to give results on the lifting of representations.
By comparison with nonabelian cohomology, we describe a dictionary between group
extensions as provided via the transgression map and liftings of Galois representations,
as provided by triviality of the boundary “map” in degree 1. In particular, we see

that in order for a lifting p of a representation p to a group obtained via extension by
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uf?f to exist, it suffices that the class of this group extension be the image of some
element a € L™ under transgression, as we have just described. In this case, p|g I
will actually be the character of order dividing p™ associated to the element a. That

is, we will have

p(r) = 7(Wa) PV

for 7 € G, (after making an appropriate choice of isomorphism Z/p"Z — fipn)-
Returning to the more specific situation of twisted Heisenberg representations, we
have that in the three-dimensional case the off-diagonal characters xy and X’ corre-
spond to elements a and b of F' which are fixed under Tate twisted actions of G'p /E-
We assume [y U X’] = 0 so that a lifting exists. Fix a generator 7 of the Galois group
of F(P\/a)/F, and let N be the norm for this extension. We have that b = N for
some 3 € F(P\/a). Let L = F(P\/a,” n\/l_)) We obtain several results of the following

nature.

Theorem 0.2. Let d = 3. Any element ¢ such that L(pT\L/E) is the fized field of P‘GF
for a lifting p of p is given by

for some e € F*. Furthermore, the lifting p is the character of order p" associated

to ¢ on the absolute Galois group of L.

In particular, we determine conditions under which we can choose e = 1. We also
analyze a certain Hochschild-Serre spectral sequence which, in the case of local fields,
allows us to give such conditions quite explicitly.

We also give an analysis of ramification in these three-step solvable extensions
over Qp. In essence, this amounts to finding the conductors of the abelian Kummer
subextensions, as one can determine the ramification groups and discriminants of the
entire extensions from these.

The “middle step” of the extensions we consider is a compositum of Kummer

extensions of I = Qp((yn) by p"th roots of elements fixed under a twisted Galois



action. More specifically, these elements can be described as x € F'* satisfying
oiw) /" € PV (1)

for some r and a generator o; € GF/Qp such that o;((yn) = C]Z;n. We let f,, k()
denote the conductor (considered additively) of K (P\/z)/K for any field K containing

p""th roots of unity. In the “nice” cases, we determine:

Theorem 0.3. Assume r #Z 0,1 mod p — 1, and let x & F*P satisfy (1). Then for

1 <m <n we have

fr,p (@) = p" e+ 1),
where t 1s the smallest positive integer such thatt =2 —r mod p — 1.

The method used here for determining the conductors involves a comparison of
the Galois module structure of F* to the filtration of the unit group of F'.
The “top step” of the extensions is a Kummer extension of degree p™. We end
with the computation of the conductor of this step for the fundamental example of
n_ . .
adjoining a p"th root of ¢ = H§:01 (1-— C]gnpn\/g_))J to L = Qp(pnw /Qp ), obtaining the

following result.

Theorem 0.4. Let m be an integer with 1 < m < n. Then

p3m -1
fm,L(C) = p p pSTL— _ 1

pPP+p+1



CHAPTER 1
COHOMOLOGICAL RESULTS

1.1 The transgression

We would like a suitable definition of the transgression map in the Hochschild-Serre
spectral sequence in terms of group extensions. What we obtain is known, but the
author is unaware of a good reference for it. Let G be a profinite group, N an open
normal subgroup of G and A a discrete G-module upon which N acts trivially. From

the Hochschild-Serre spectral sequence we obtain the transgression map
Tra: HY(N, A)¢/N = H2(G/N, A).

Koch [12, §3.6] describes this map as follows. For a homomorphism f € H1(N, A)G/N,
extend f to a continuous map h: G — A satistying oh(c~'r0) = h(r) and h(ro) =
h(T) + h(o) for all 7 € N and ¢ € G. Then dh induces a well-defined 2-cocycle on
G/N, the class of which is Tra f.

In terms of group extensions, we can express this as follows. For f € H! (N, A)G/ N
define g : N — A x G by g(7) = (f(7),7). Then g(N) is normal in A x G, so define
€ = (A xG)/g(N). This yields the following commutative diagram, in which the

upper exact sequence induces the lower exact sequence ()

0——A——AxG G 1
R
0— A £ GIN—1 (%)

The maps in the lower sequence are well-defined and (x) is exact. To see this, note

that for a € A and 7 € N we have
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m(a,7) =7m(a— f(7),1). (1.1)

Alternatively, we can describe £ as the pushout in the following commutative diagram

1— N G/N ——1 (1.2)

ER

0 A £ G/N 1 ().

Lemma 1.1. The equivalence class of (x) as a group extension in H>(G/N,A) is
Tra f.

Proof. We choose an extension h of f as above. By definition of dh and the correspon-
dence of factor sets and group extensions, we have that the class of dh corresponds
to the class of a group extension & which is A x G/N as a set. Multiplication on &’

is given by the formula

(a1,01) - (a2,02) = (a1 + o1(ag) + dh(o1,02), 5152)

for a1,a9 € A and 01,09 € G (where we have let overbars denote images in G/N).
Note that
dh(o1,02) = o1h(02) — h(o102) + h(01).

We define F': &' — &€ by
(a,0) — m(a + h(0), 0)

for a € A and o € G. This is well-defined since for any 7 € N we have
w(a+ h(ro), 70) =m(a+ h(o) + h(r), T0) = w(a + h(o),0),
where the last equality follows by equation (1.1). It is a homomorphism as

F(ay,01)F (a2, 02) = m(ay + o1(az) + h(o1) + o1h(02) , 0102)

= (a1 + o1(a2) + dh(o102) + h(o102), o102) = F((a1,01) - (a2,52))
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It is easily checked that F'is an isomorphism and induces the identity map on A and

G/N. O

We make the following notational conventions for a given field K. We let G de-
note the Galois group of the separable closure of K over itself. For a Galois extension
L/K, we let G, /K denote its Galois group. For a module A of Gg-, we denote the
Galois cohomology groups of G with coefficients in A by H*(K, A) and we let AK
denote the group of invariants of A under G'g. Similarly, if A is a G, / j-module,
we denote the corresponding cohomology groups by H*(L/K, A) and invariants by
ALK,

Fix a positive integer m. If K is a field of characteristic prime to m, we let upm,
denote the group of mth roots of unity in a separable closure of K. The cyclotomic
character w: G — (Z/mZ)* is defined by o((y) = C;'TUL(U) for a primitive mth root
of unity ¢ and o € G /. Let F' = K () denote the fixed field of w.

In the case that L is a Galois extension of F', a homomorphism ¢: G — (Z/mZ)*
with kernel containing G, provides Z/mZ with a G|, / -module structure given by
o(a) =(o|r)-afor a € Z/mZ. We denote this module by Z/mZ(v) and the various
cohomology groups with coefficients in Z/mZ(y) by H*(L/K,v) (and H*(K,1)).
Tensoring with a Gp,/x-module A yields a twisted module which we denote A(¢).
We often use A(r) to denote A(w").

Fix a finite Galois extension L/K and a character ¢ as above. We have
HY(L, ) 2 (L /L) (e ™)
as G, / -modules via Kummer theory. Explicitly, this is induced by a homomorphism
p: L* — H'(L, i) (1.3)

defined by ¢(x) = fi with fu(7) = 7(Wx)/¥Vz for T € G.
At this point, there arises a certain non-canonical aspect to our approach because,
for any character 1, we would like to describe a homomorphism o: L* — HY(L, )

as in (1.3). To avoid having to make choices later, we fix for each field K once and
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for all an isomorphism of groups Z/mZ — i, compatible with containment of fields.
That is, we identify 1 with (,, for a fixed primitive root of unity (,, in K. We
denote the inverse of this map by Ind = Ind¢, . Furthermore, for varying m these
isomorphisms should be compatible in the sense that if [ divides m then d};‘/ L ¢;- In
the case we have just described, this provides fixed (compatible) group isomorphisms
Hl(L, ) — Hl(L, ) for each v, allowing us to define ¢ from the map described
in 1.3. Again, we set f; = ¢(x).

For x € L*, let T denote its homomorphic image in L*/L*". We let
(L/K)Y = {z e L™ | o(2)?9) = 24 for all o € G} (1.4)

Note that (L/K)% maps onto H(L,¥)=/X under ¢. Take = € (L/K)¥ and let M =
L(%/x). Observe that Ggyr 1s isomorphic as a G/ g-module (under conjugation)
to Z/m'Z(y) via fp (and so via —fz), where m’ is the order of # in L*/L*™.
Furthermore, M/ K is Galois. Hence we have a group extension of G, /K by Z/m'Z (1))

which we can push out as in the following diagram

1—— Gy —— Gk — Gk —— 1

=]

0——Z/mZ(Y) g GL/K*H ().

Remark. If z is not an Ith power in L* for any [ dividing m, then £ = GM/K7 since

fr is surjective in this case.
Proposition 1.2. The exact sequence (xx) is the class of Tra fy in H2(L/K, ).

Proof. We remark that the pushout £” is the semidirect product Z/mZ()) x G, /K
via the action of G on Z/mZ(y) modulo the subgroup of elements of the form
(fz(7),7) with 7 € GM/L- By Lemma 1.1, the class of Tra f, is defined by the group

Z/mZ(w) x G

E = i TGy
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Finally, we note that the quotient map G — G, /K induces an isomorphism of £
to £ which preserves the groups Z/mZ(1) and Gr/K- O

Proposition 1.2 tells that in our situation the image of the transgression is “given”
by Kummer extensions. As will often occur, when the transgression is surjective, any
group extension as above comes from a Kummer extension of L which is Galois over
K. Because of the negative sign appearing in (1.2), the transgression is actually the

negative of the map we will be need. We abuse notation and set
Trax = —Tra fp =Tra f 1

for # € (L/K)¥. When the ground field is clear, we denote (L/K)¥ more simply by
LY.

1.2 (Galois embedding problems

We are not merely interested a Galois extension but in the actual homomorphism
which yields it. In particular, we want to study (surjective) homomorphisms of the
absolute Galois group of a field to a group H and their (surjective) lifts to a larger
group G with H as a quotient. That is, we study in this section Galois embedding
problems. Some and perhaps most all of what we obtain in this section is known.
Much of it is presented in [11] (and parts in [14]), but at the same time our point
of view is somewhat different than that of [11], in that we are interested only in
solutions to the embedding problem which are fields. Furthermore, we are primarily
interested in solutions in the strict sense, for which we specify (up to an equivalence)
a particular homomorphism from the absolute Galois group to G yielding the desired
lifting.

Fix a field K. We consider an exact sequence of finite groups of the form

0ALG S H -1,
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where A is abelian and view these groups as trivial G'g-modules. We obtain an

sequence of sets
0 — Hom(G g, A) > Hom (G, G) 2> Hom(G g, H), (1.5)

which is exact in the sense that those elements in the image of one map are ex-
actly those taken to the trivial homomorphism by the next. Passing to nonabelian
cohomology [14], we have
1 ! ¢
0— H (K,A) — H'(K,G) — H (K,H). (1.6)
As A is not necessarily central in (G, we cannot quite extend the sequence (1.6) to

H?(K, A). Instead, given a homomorphism g € Hom(G g, H) we can twist A by 5 so
that the action of 0 € G on a € A is now given by

a® = f(o)af(o) ", (1.7)

where f is any continuous function lifting p to G. We denote this new module
structure by As. We then obtain an element A(p) € H?*(K, Agz) by lifting p to some
f as above and defining the desired 2-cocycle by

a(oy,09) = f(o1) f(o2) f(o102) . (1.8)

The image of a in cohomology is A(p), and this class does not change for homomor-
phisms cohomologous to p. In particular, p (resp., [p]) will be in the image of ¢
(resp., ¢*) if and only if A(p) is trivial.
Remark. The class A(p) is the obstruction to lifting p in a very real sense. If A(p) = 0,
then a is a coboundary, so we can choose k: G — A with dk = —a. Then, as one
can easily check, k- f is a homomorphism lifting p.

We can give a description of A(p) in terms of group extensions. Consider the fiber

product
G xpg Gk ={(9,0)|l¢(g9) =pl0), g€ G, o€ Gk},
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which is the pullback in the following diagram

0— Aj— G xpg G 225 G 1 (1) (1.9)
o}
0 A G H 1.

Lemma 1.3. The class of (1) in HZ(GK,Aﬁ) is A(p).

Proof. Let a be a continuous section of po. A factor set corresponding to () is given

by

[0, 7] = alo)a(r)alor) !

for o,7 € Gg. Let g =p1oa. As [o,7] € A,

[0, 7] = h(a(o)a(r)a(or) ) = g(o)g(r)g(or) .

As g is a lifting of p, we have that the class of the factor set is A(p) by (1.8). O

Let L denote the fixed field of the kernel of p. Clearly, we can also take the
pullback

0—As—— 0" (G ) — Gk — 1 (1)
o, P
0 » A G H 1.

The group extension (f1) yields a class §(p) € H(L/K, Aj). However, this class is
not necessarily invariant under conjugation of p. Hence we do not define ¢ on the
class [p]. In particular, we have by Lemma 1.3 that A(p) = Inf(d(p)), where Inf
denotes the inflation from G, /K to Gg.

The rest of this section is devoted to the comparison of two different useful points
of view for the solution of embedding problems: the study of lifts of Galois representa-
tions as described above and the study of group extensions and the transgression map
as described in Section 1.1. We shall describe a relationship between the sequences
(1.5) and (1.6) in nonabelian cohomology and the exact sequence of low degree terms

in the Hochschild-Serre spectral sequence.
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Given p € Hom(Gg,G) with image p € Hom(Gp, H) we can define A(p) €
HY(L, Ap)H/% by

for 7 € Gr. To see that p is actually fixed under the action of G, /K> We merely
remark that for 0 € G and 7 € G, we have

-1

p7 (1) = oplo™ 70) = p(a)p(o

Again, we do not define A on the class of p unless A is central in G.
Lemma 1.4. We have Tra A(p) = 6(¢(p)).

Proof. Observe the following diagram:

1 Gp Gk Gk —1 (1.10)
l—mp) J |
0 Ap £ Gk ——1

0——Ap—— ¢_1(GL/K) — Gk ——1

|, b

0 A G H 1.

We will obtain a map & — ¢_1(GL/K) for which (1.10) commutes. By the Five
Lemma, it will be an isomorphism, thus proving that the classes of the group exten-
sions are the same.

Note that ¢~ (Gp /) = G x g Gp . We define Ay — Gxg G i by a— (a,0)
and Gig — G xpg G by o— (p(0),a). For 7 € G, these maps coincide because
—A(p)(7) = p(7). By the universal property of the pushout £, we obtain the desired
map. ]

Lemma 1.5. Right multiplication by p induces a well-defined map from Zl(K, Aj)
to Hom(K,G) (and, in fact, from HY(K,Ap) to HY(K,G)). Furthermore, for k €
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ZY(K, Aj) we have
Res[k] - A(p) = Ak - p),

where Res denotes restriction from G to Gp. Any lift of p has the form k - p for

some k.

Proof. For 0,7 € G, we have

k(oT)p(oT) = k(0)k(T)? p(a)p(T) = k(a)p(a)k(T)p(T),

where the last step follows by (1.7). Furthermore, for a € A5 and 0 € G we have

a 'ap(0) = a”plo)a,

so coboundaries are mapped to coboundaries. This verifies the first statement.

As for the second statement, we merely note that for 7 € G, the cocycles of both
terms take on value —k(7)p(7). For the last statement, let p’ be another lifting of p
and set k = pp/~1. We claim that k € Zl(K, Ap). For this, we compute

r(or) = plor)p " om) = p(a)p(r)p' (1) p(0) ™! = p(o)r(7)p! (0) ™ = K(o)r(T)7.

We now determine when two different lifts of p have the same restriction to L via
A.

Lemma 1.6. Two lifts p and p' of p satisfy A(p) = A(p') if and only if p' = tp for
somet € ZY LK, Ap).

Proof. By Lemma 1.5, the two lifts satisfy g = t7’ for some t € Z1(K, Az). We must
show that ¢ is inflated from L/K. But this is clear as the fact that A(tp) = A(p) says
exactly that t is trivial on G7,. O

Putting everything together, we have the following “commutative diagram” in

which certain of the maps must be taken only on certain elements (which map to or
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come from p or a lift p of it) and in which exactness holds only in the appropriate sense
and where appropriate. We include it merely to summarize what we have defined and

proven above:

ZNLJK, Ay)—s ZV (I, Ay)—“s Hom (G, G) -2 Hom(G e, H) 25 H2(K, Ay)

l l ls ls |

HY(L/K, Ap) ™™ HY(K, A5) S 5L, A,)2/K T3 B2(L/K, Ap) ™ H2(K, A,).
(1.11)

In particular, we obtain the following proposition which relates liftings of Galois

representations to group extensions.

Proposition 1.7. Let p: G — H, and let L denote the fixed field of its kernel. Then
p lifts to some p: Gg — G if and only if §(p) is in the image of the transgression
map. If 6(p) = Tra then p may be chosen so that A(p) = £. The choice of p is
unique up to left multiplication by a cocycle in Z(L/K, Ag). Furthermore, p will be

surjective if and only if both p and £ are surjective.
Proof. 1f plifts to p then 6(p) = Tra (A(p)) by Lemma 1.4. If, conversely, §(p) = Tra&
with &€ € HY(L, A5)Y/K then
A(p) = Inf o Tra& =0,
so p lifts. In this case, let p’ be a lifting of p. Since

TraA(p') = 6(p) = Trag,

we have that Res[k] - A(p') = £ for some k € ZY(K, A;). Set p = kp'. From Lemma
1.5 we conclude that A(p) = £. The statement of uniqueness is just Lemma 1.6, and

the last statement is clear. O

Remark. In the case A is central in G, the module A is just A with trivial action, and

all the maps we defined above pass to cohomology classes. Hence we obtain another
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“commutative diagram,” similar to (1.11), in which all the maps in the top row are

defined on all elements:

0—— HY(K, A)*>H1(K G)%Hl(K H) 25 H2(K, A)

| | | \

b g, ) 2S (ALK B g2, ) 2 g

0— HY(L/K,A) =

1.3 Twisted Galois maps

Let m be a fixed positive integer and FE a field of characteristic not dividing m.
Set F' = E({;). Let N be a finite nilpotent group with a minimal generating set
S consisting of elements of exponent dividing m. We fix, if possible, an action of
(Z/mZ)* on N such that all of the cyclic subgroups generated by the elements of S
are closed under this action. With this action, we define G = N x (Z/mZ)*. We
define a twisted Galois map with group N to be a homomorphism p: Gg — G (for
some such G) satisfying p(Gg) = N and such that the projection of p to (Z/mZ)*
the cyclotomic character w. The image of a twisted Galois map with group N and a
fixed action is therefore dependent only on the field E, and we denote it by Gr. Note
that Gp =N x Gp/p.

Let ¢ € S and assume c is central in N, generating a cyclic subgroup C' of order
[ dividing m. Note that G/C = N /C x (Z/mZ)*. Assume we are given a twisted
Galois representation p with group N'/C. This defines an action of G on C given
by a twist of the cyclotomic character. That is, C' is isomorphic to Z/IZ(v) for some
twist ¢: Gp/p — (Z/1Z)" and we fix an isomorphism identifying C' with this module,
taking ¢ to 1. To see when p lifts to a twisted Galois representation with group N,
we apply the discussions of Sections 1.1 and 1.2.

Let L denote the fixed field of the kernel p, so that p: GL/E = Gg/C. Then we

have a group extension
0—Z/IZ(v) — G — Grp — 1,

and we let [Gp| denote its class in H2(L/E, ).
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For z € LY, we can define Traz € H2(L/E,) as in Section 1.1. That is, if
f. e H 1(L,w) denotes the fixed twist of the character associated to z by Kummer
theory, as described in Section 1.1, and if M = L({/z), then by Proposition 1.2 the
transgression Tra z is the class of the group extension defined by the lower exact
sequence in the following commutative diagram, in which the vertical arrows are all

isomorphisms:
1—— Gy —— Gy ——Gryp——1

e ]

0 —— Z/1Z(¢) £ Gr/E—1.

Proposition 1.8. Let p be a twisted Galois map with group N'/C as above. Then p
lifts to a twisted Galois map with group N if and only if there is an z € L™, not a
kth power for any k dividing 1, such that z € LY and Traz = [Gg| € H*(L/E,v). In

this case, p may be chosen so that

forall T € Gy,

Proof. The first statement is immediate by Proposition 1.7 and the preceding discus-

sion. The other follows from Proposition 1.7 and the definitions in Section 1.1. [

We now analyze the situation in Proposition 1.8 more closely. Note that we have

a commutative diagram

HY(Lw)E/E =2 12(1)E, )

m‘ lRes

H2(L/F,4)F/E.

If Trap 2 has class [N], it comes from a class Trag z in H2(L/E,1)). However, we

need more information to guarantee that that the latter class is [Gg].
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Note that as G /E sits (non-canonically) as a subgroup of Gg. Under p, it can be
identified with a subgroup of G, JE with a fixed field E/. We then have a restriction

homomorphism
Resp: H*(L/E,¢) — H*(L/E' . ¢) = HX(F/E, ).

Though as a map to H 2(F /E 1) this may not be canonical, it always has the same

kernel. Note that [Gg| will be taken to zero under this homomorphism.

Proposition 1.9. Let p be a twisted Galois map with group N'/C as above. Then
p lifts to a twisted Galois map with group N if and only if there is a z € L™, not
a kth power for any k dividing 1, satisfying = € LY and such that Trapz = [N] €
H?%(L/F,%) and Resp o Trap z = 0.

Proof. Clearly, if there is a lift, then such a z exists, corresponding as described in
Section 1.1 to A(p) as defined in Section 1.2. Conversely, let z satisfy the properties
listed and set M = L(\/z). We illustrate the situation with the following commutative

diagram, which should help to clarify our argument below:

—
1—— Z/IZ() — G E’%GF/E*H

| A

1 ——ZJIZ() —— Grp —— Grp—— 1

1—— ZJIZ(v N Gr/p—1.

Since Resp o Tragp z = 0, we have a splitting map GF/E — GM/E" By composi-
tion, we obtain a splitting map G /g — Gy g and hence an isomorphism G /g =
Grryp X Gpyp- Since Trap z = [NV], we have an isomorphism «: Gy = N. On
GM/La this is the map f, identifying it with Z/IZ(v)) as a Gg-module. Projecting
to G'p/p, this is given by ﬁ|GL/F: GrL/F = N/C.

We claim that o and the identity of G /B are compatible maps, providing an
isomorphism p: GM/E =, Gp. That is, we require for o € GF/E and 7 € GM/F that
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a(oro™ ) = oa(r)o~!. This follows from the identification of Gy with Z/UZ(v))
and the fact that p is a homomorphism on G, JE- At the same time, this argument

insures that the isomorphism p provides an equality of classes in H 2(L J/E ). O

Given the group PGL4(Z/mZ) of d-dimensional invertible matrices over integers
modulo m, we let B; denote its upper triangular Borel subgroup modulo scalars, Ny
the subgroup of upper-triangular unipotent elements and D, the group of diagonal
matrices modulo scalars. Assume we are given a map ¢: G — By satisfying that ¢
maps N injectively into Ny and the image of ¢ is contained in Dg - ¢(N). In this
case, we may consider the representation ¢ o p, and so we refer to p as a twisted
Galois representation. Note that + may be lifted to a map to the Borel subgroup of

GL4(Z/mZ) by placing a 1 in the lower right hand corner.



CHAPTER 2
TWISTED HEISENBERG REPRESENTATIONS

2.1 Definitions

In this chapter, we consider a special type of twisted Galois representation. Let d > 2.

We define H, as follows. First, it is a central extension
0—Z/mZ— H; — (Z/mZ)@Q(d_Z) — 0 (2.1)

where the leftmost term is generated by z and the rightmost term is generated by
elements z; and y; with 2 < 7 < d — 1 lifting to elements z; and y; of order m
in H;. We then require that these elements commute except that [z;,y;] = z for
2<i<d—1. The group H,; is a Heisenberg group, nilpotent of exponent m if m is
odd and 2m if m is even. We define Z; = Z/mZ as the subgroup generated by z.
We observe that H; is isomorphic to the subgroup of the unipotent matrices N,

consisting of matrices of the form

1 % * * ok
0 - 0 %
1 0 %

1 %

1

under the map which takes z; to the elementary unipotent matrix Ejq, y; to Ey; and
z to Ej;. We identify H,; with this group of matrices.

Let E be a field of characteristic not dividing m and set F' = E((p,). For d > 3,
we define a twisted Heisenberg representation of G to be a homomorphism p: G —

PGLy(Z/mZ) such that p(Gg) = Hy and p(Gg) C Dy - Hy, where Dy is the group

21
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of diagonal matrices modulo scalars. When d = 2, we call such a homomorphism
a twisted Kummer representation. When F' = E. we leave the word “twisted” out.
Given a twisted Heisenberg representation, we may view it as a representation to GLg
by always choosing the lift in which the lower right hand entry is 1.

We let w; denote the composite of p with projection to the (i,%)-entry:

Note that by our choice of lift, w; = 1. Each w; factors through w, and we let
0;: (Z/mZ)* — (Z/mZ)* be defined by w; = 6; o w.

Before we analyze these representations, let us show how the definition of a twisted
Heisenberg representation matches up with the definition of a twisted Galois repre-
sentation with group H;. Let G be a group of the form G = H; x (Z/mZ)* with the
requirement that the cyclic subgroups of H; generated by any x; or y; (and hence
by z) are closed under the action of (Z/mZ)* by conjugation. We call G a twisted

Heisenberg group. We have the following lemma.

Lemma 2.1. Let G be a twisted Heisenberg group. Then there is a homomorphism
t: G =Hygx(Z/mZ)* — Hy- Dy which is the identity on Hy. Any twisted Heisenberg
representation factors through a twisted Heisenberg group via this map: p = v o p.

Furthermore, the projection of p' to (Z/mZ)* may be taken to be w.

Proof. We define 0}: (Z/mZ)* — (Z/mZ)* for 2 < i < d — 1 by the equations

A
ay;a”t = yiz(a) for a € (Z/mZ)*. We define 0] similarly by aza~t = 2%1(9) and set

% = 1. The 9; determine G. To see this, for i with 2 < i < d—1, let §;(a) be defined
1_ Aila)
(3

by ax;a” . Since [z;,y;] = z, we have

/
0100 — gt

= [azja~ ", ayja "] =
Hence we have 3;(a) = Gi(a)éé(a)_l.
The map ¢ is defined as the identity on H; and on (Z/mZ)* by taking a to the

diagonal matrix #'(a) with 0/(a) as its ith entry. Note that Dy - Hy = Hy % Dy. To
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check that ¢ is a homomorphism, it suffices to check that it respects the action of

conjugation on Hy by (Z/mZ)* and D,. Clearly

0/ (a) By () = B
for each i, and since [z,y] = z (or [Ey;, E;q] = Eg4q) it follows that ¢ respects this
action on all matrices in H ;. Hence ¢ is a homomorphism.

Given p, we choose G by letting Qg = ;. We decompose any matrix in the image
of p as a product of matrices p(o) = «a(0)B(0) with a(o) € H;y and (o) € Dy. By
definition, 3 = ' ow, so B(0);; = wi(o). Then p’ defined by

P (0) = (a(0),w(0)) = (a(0), 1)(1,w(0))

is a homomorphism to G satisfying p = ¢ o p’. O

By Lemma 2.1, a twisted Heisenberg representation can be viewed as a twisted
Galois representation with group H,;. We use the two ways of viewing twisted Heisen-
berg representations almost interchangeably. However, when we speak of the fixed
field of the kernel of p, we mean in the form which agrees with that of Section 1.3,
which is actually the fixed field of the kernel of p|qa - 0 that the field contains i,

We now consider the non-diagonal entries of the image of p. Let x;: Gg —
Z/mZ (resp. x}) be the composition of a twisted Heisenberg representation p with
the projection of G onto its Z;-coordinate (resp. y;-coordinate) for 2 < i < d—1. The

multiplication law for semidirect products yields that
Xi(0102) = xi(01) + wiw;  (01)x;(02)
for 01,09 € Gg. Similarly, we have
Xi(0109) = xi(01) + wi(o1)x;(02).

Therefore y; and X; are cocycles in Z1(E, wlwi_l) and ZY(E,w;), respectively.
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As a matrix representation, we may view p as a homomorphism satisfying

wi(o) waxe(o) - wi—1xg—1(0) k(o)
wo(o) -+ 0 X5(0)

i) Xy (o)
1

for 0 € Gg and some map k: Gg — Z/mZ. We observe that

d—1

K(o109) = wi(o)k(02) + K(o1) + D xilo)wi(o1)xj(o2). (2.2)
i—2

This will be useful in Section 2.3.

2.2 Twisted Kummer representations

Before we begin an analysis of the twisted Heisenberg representations we should
at least briefly consider their quotients. In this section, we study twisted Galois
representations for which the fixed fields of their kernels are nonabelian Kummer
extensions. In general, we take a twisted Kummer representation to be a twisted
Galois map p on G with abelian group Ky = (Z/mZ)®@=1) We fix a generating
set {z; | 1 <7< d— 1} such that (Z/mZ)* acts on each cyclic group (x;).

This may be realized as a d-dimensional twisted Galois representation. For in-

stance, K is isomorphic to the subgroup of N, of matrices of the form

)

= % %

Define 6;: (Z/mZ)* — (Z/mZ)* for 1 < i < d — 1 by the equation az;a™! = 2@

7
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for a € (Z/mZ)* and set 6; = 1. Then the map
v: Ky~ (Z/mZ)* — PGLy(Z/m7Z)

which takes (z;,0) to the elementary unipotent matrix E;; for 1 < ¢ < d — 1 and
(1,a) to the diagonal matrix with 6;(a) as its jth entry realizes p as a twisted Galois
representation, as defined in Section 1.3. (This is not quite the form in which we are
interested in considering them with regard to twisted Heisenberg representations.)

Assume we are given a (d — 1)-dimensional twisted Kummer representation p with
group K;/(xg), and fix a character ¢: Gg — (Z/mZ)* yielding the action of Gg on
(zg) in Kq. Let L denote the fixed field of the kernel of p|g ..

Lemma 2.2. An element a € LY which is not an lth power for any | dividing m
provides a lifting of p to a twisted Kummer representation with group K, if and only
if the projection of a to [LX/Lxm(@/))]L/E is in the image of the restriction map from
H'(E, ).

Proof. Note that
Kg= Kq/{xg) @ (xq) = Grjp @ (24)-

Hence the map p will lift to a d-dimensional twisted Kummer representation as above
if and only if @ € LY is such that both Trapa = 0 and Resp Trag a = 0 by Lemma
1.9. That Trapa = 0 means exactly that a is in the image of restriction and so
comes from an element of F¥. Given this, that Resp Trag a = 0 means exactly that

Trapa = 0, so a comes from an element of H(FE, ). O

Remark. In order for an element a € F¥ to provide a lifting, it must satisfy that a is
not an /th power in L*. That is, a should be linearly independent from the elements
bi,...,bg_g for which L = K(%/by,...,"/bg_2). (The elements by through by_o can
themselves be chosen as in Lemma 2.2 with the appropriate twists.) The results of

Section 3.1 will provide conditions under which Lemma 2.2 holds.
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2.3 Cup product

Assume we are given a twisted Galois map p: Gg — G/Z; with group H;/Z;. This
is a twisted Kummer representation, as defined in Section 2.2. We consider the
question of when p lifts to a twisted Heisenberg representation. The action of G/Z,
on Z; by conjugation induces an action of G on Z; factoring through G /E- Hence
Zg = Z/mZ(wy) under this action. For 2 < ¢ < d — 1, we have as in Section 2.1
cocycles x; (resp. X;) coming from projection of p to the z;-coordinate (resp. y;) of
g.

Consider the classes of the cup products [y; U X;] € HQ(E,wl). The following
proposition tells us that the sum of these classes is the obstruction to lifting p, as

described in Section 1.2.

Proposition 2.3. Let A be the “map” associated to the group G and the sequence
0—>Zd—>g—>Q/Zd—>1

as in Section 1.2. Then we have

d—1
Ap) = i Uxjl € H*(E,w).
1=2
Proof. We can view p as a homomorphism into B;/Z; chosen such that every matrix
(modulo its upper right hand corner) in its image has a 1 in its lower right hand
corner. We lift p to a map g: G — By via the map taking a matrix modulo its
upper right hand corner to a matrix with a zero in its upper right hand corner. Then

by the definition given in (1.8) we have that A(p) is the class of the cocycle taking a
pair (01,02) to g(o1)g(o2)g(o102) " in Z/mZ(1)).
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We compute this cocycle. First, letting o = o709, we see that

wi (o) wax2(o) -+ wa_1xa-1(0) SFg wixi(o1)x(o2)
wa(o) - 0 X(o)
g(o1)g(o2) = E : :
wg—1(0) Xy_1(0)
1

Now g(o109) is the same matrix but with a zero in its upper right hand corner and
multiplication of it by z € Z; just changes its upper right hand corner to (that of) 2.

Hence, our cocycle is defined by

d—1

(01,02) = > xilo1)wi(o1)x}(02).

1=2

On the other hand, we have by definition of the cup product [12, p. 117] that

Xi U x;(o1,02) = xi(o1)wi(o1)x}(09)

as well. O

2.4 Three-dimensional Heisenberg representations

In this section we let d = 3 and assume that £/ = F' contains py,. In this case, we
have just the two cocycles Y = Yo and x' = X’2, which are in fact characters. The
obstruction to lifting the two-dimensional Kummer representation p as in Section 2.3
is given by the cup product [y U x’]. Via our fixed choice of isomorphism in Section
1.1, any character y has an associated element a € F'*, well-defined up to mth powers

in F'*, such that

X(1) =

for all 7 € Gp. The cup product can then be viewed as a homomorphism

(-, ): F* x F* — H*(F,Z/mZ),
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which is the norm residue symbol. This means that if y and ' have representative
elements a and b in F* then [y U x'] = (a,b).

By Kummer theory, the fixed field of the kernel of the representation p is L =
F(%/a,Vb). Let K = F(Ya) and K" = F(Vb). Let 7 € G g0 = Gr/p be the
generator satisfying 7(Wa) = (n'Wa (i.e., x(7) = 1). Similarly, let 7/ € Gk =
Ggr/p be such that ' (Vb) = (nVb. The norm residue symbol (a,d) is trivial if
and only if b € NK/FKX [15, XIV.2]. So p will lift if and only if b = N pB for
some 3 € K*.

Lemma 2.4. Let 3 € K™ be such that N p(8) € K> Set

m—1
c=[] 7. (2.3)
=0

Then we have v(c) = ¢ mod L*™ for all v € Gr/r-

Proof. As ¢ € K, it suffices to show that ¢ is fixed by 7 up to mth powers in L*.
Note that

m—1

m—1 m
_ J+1l gy -1 J+layitl _ B
Hence 7(c) = ¢ mod L*"™. O

We now explicitly describe the solution to the embedding problem given by the
field K, homomorphism p and surjection Hg — Z/mZ & Z/mZ.

Theorem 2.5. Let 3 € K* be such that b = Ny /p(B) and define c as in (2.3). Then

we have that p lifts to a Heisenberg representation p with

(%
p(v) =Ind e

for v € Gy. Furthermore, c is unique up to multiplication by an element of F>* L>*".
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Proof. Note that 7(¢) = ¢b~13™ by (2.4). As 7/(¢) = ¢, we have for any extension of
7 to K(%/c) that 7/™(%/c) = ®%/c. Then same holds for 7, as

T"(%/e) = VeNgp(B)h ' = e,

To see that Trac has order m, we observe that
[, 7(Ve) = Gn'Ve (2.5)

as 7' (V/b) = (n(Vb) and 7’ fixes K. The class of Heisenberg extension L(/c)/L
given by Trac is now seen to be equal to d(p), as defined in Section 1.2, as (2.5)
implies that p([7,7']) = 2z and we are given p(7) = 71 and p(7') = 71. The rest

follows immediately from Proposition 1.8. O

2.5 Three-dimensional twisted Heisenberg representations

In this section we remove the assumption that E contains the mth roots of unity. We
start with p as in Section 2.3 in the case d = 3 and assume a lifting exists, which
means by Proposition 2.3 exactly that [y U x’] = 0 for the two off-diagonal cocycles.
The two cocycles x and x’ restricted to the Galois group of F = FE((;,) now have
elements a € F‘"1°"2_1 and b € F“2 associated to them. We let K, K’ and L be as

before. Furthermore, since the restriction from E to F satisfies
Res [x U x'] = Res [x] URes[x'] = (a,b),

we have that (a,b) = 0.

Theorem 2.5 yields the following proposition for the “twisted” case.

Proposition 2.6. Let 3 € K* be such that NK/Fﬁ = b. Then there exists an

element e € F* such that, setting

c=e [ 7Y,

j=0
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the map p lifts to a twisted Heisenberg representation p for which ,0|GL 1s the character

of order m associated to c.

Proof. Let ¢ =[], 7(B)". By Theorem 2.5, we have that Trac’ provides a lifting
of plg, to a Heisenberg representation and is unique up to an element of F xpxm
doing so. As p lifts by assumption, we conclude by Proposition 1.8 that there is some

e € F'* for which ¢ = (e satisfies Trac = dp and providing the desired lifting. O

Remark. Unfortunately, Proposition 2.6 does not tell us exactly what the element e,
and therefore ¢, can be. In general, e will be determined up to multiplication by any

element coming from image of the restriction
Res: HY(E, ) — HY(L, )X/ E.

We shall describe this image in more detail in Chapter 3.

One question that arises is that of the existence of a good choice of 3 such that e
is allowed to be 1. In the following proposition, we give sufficient conditions for this

to be true.

Proposition 2.7. Let E' be an extension of F with GK/E’ = GF/E by restriction.
Assume there exists 3 € (K/E')%2 with Ng/p(B) =b. Then

c=[] 7Y
j=0

satisfies ¢ € L¥1. If Resp o Trap ¢ = 0, then p lifts to a twisted Heisenberg represen-

tation which restricts to the character of order m associated to ¢ on Gy,.

Proof. Let ¢ be as in the statement of the proposition. For o € G F/E> which we

extend to an element of G /B! We have

m—1 m—1
o(c)= [[ ori (8 = [] 712" o(8). (2.6)
§=0 §=0
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Working in L*/L*™ we see that (2.6) becomes

lo(o) Z TT (@) Z glo)er(o)”

m—1
ae)= ][ Fiw(@)wa(@) 7 (gyjwalo)
7=0

Hence c € L¥1,
By Proposition 2.5 we have Trapc = §(p|g,). The last statement now follows

immediately from Proposition 1.9. 0

In Chapter 3, we shall see that an element 3 as in Proposition 2.7 can often be

found in the case of local fields.

2.6 Twisted Heisenberg representations

We now let d > 3 be arbitrary. Again we assume we are given a twisted Kummer
representation p: Gp — G/Zy. To each character y; (resp. x}) with2 <i <d—1, we
have an associated element a; (resp. b;). As we saw in Proposition 2.3, the condition
for a lifting to exist is that the sum of cup products Zf:_% [Xi U X}] be zero. Via

restriction, this forces the corresponding fact on norm residue symbols over F' that

Let K; = F(/a;) and K, = F('V/b;) for each i. We let L denote the fixed field of p,
which is the compositum of the fields L; = K; K.

We begin with some interesting observations.
Remark. As H, is a metabelian group satisfying the exact sequence (2.1), we have by

[22, p. 29] an exact sequence

2d—2
0 — Ext(€P Z/mZ,Z/mZ) — H*(L/F,Z/mZ)
2d—2 2d—2
— Hom(@ Z/mZ N @ Z/mZ,Z/mZ) — 0.
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The first term represents the extensions with trivial commutators but relations z" =
2% and y;" = z%. The last term is the group of possible commutator pairings and
represents the possible relations [z;,7;] = i (i # 7), Wi yj) = 2% (i # j) and

[z, y5] = 2Mij. We then have that
H%(L/F,Z/mZ) = Z/mZ®(4-2)(2d=3)

with each summand representing one of the invariants d;, €;, f;j, gi; and h;; and
adding appropriately.

The group G acts on each of above summands by multiplication by the twist
determined by the twists on x; and y; for each i. Thus, it is quite easy to compute the
group H2(L/F,)F /E explicitly. One could then use the corresponding Hochschild-
Serre spectral sequence to compare this to the group H2(L/E,1)).

In the case that each of the individual cup products [x; U Xﬂ is trivial, we can
give a nice description of the lifting p by describing the element ¢ € L™ such that p

is the character of order m associated to ¢ on G7y..

Proposition 2.8. Assume [x; Ux}] =0 for each 2 <i<d—1. Let 3; € K; be such
that Ny, /p(Bi) = b; and set

m—1
i =[] 76
j=0

Then there exists e € F* for which

satisfies ¢ € L*1 and such that p lifts to p with restriction to G equal the character

of order m associated to c.
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Proof. We have by functoriality of the transgression a commutative diagram

DL (L /L") E/ P L g2 (1, F 7 /mZ) (2.7)

lRes llnf

(L% L P"LF — 2 g2 F 7 /mZ).

If we let p; denote the projection of p|g - onto the subgroup of Hy generated by
x; and y; and isomorphic to H3, then p; is a Heisenberg representation of dimension

3. We have by Proposition 2.5 an equality of classes
Trap ¢; = 0(p;) € H*(Li/F,w1).

This tells us that Inf Trap ¢; is the class of the extension satisfying [x;,y;] = z and
with all other commutators and all mth powers of the generators trivial.

Furthermore, we have by (2.7) that

d—1
Trapc = Z Inf (Trap ¢;)
1=2
That Trap ¢ = §(p|gp) is now just the fact that the sum of factor sets yields exactly
the commutator relations for the given Heisenberg extension. Finally, the existence

of e follows from the existence of a lifting as in Proposition 2.6. O

Remark. The obvious generalization of Proposition 2.7 to d > 3 holds as well: that
is, with the requirement that 3; € (K;/ E;)“’Z for a proper choice of field E;



CHAPTER 3
LOCAL FIELDS

3.1 The Hochschild-Serre spectral sequence

We will maintain the following notation throughout this chapter. Let p be an odd
prime and n a positive integer. Let E be a field with characteristic not equal p and
F = E(Gyn). We assume that Gp, g is cyclic (for instance, if p is odd). In this case,
any twist is some power r of the cyclotomic character w. For any field L containing
F, we set L1™" = (L/E)*"

In this section, we begin an analysis of the sequence of low degree terms in the

Hochschild-Serre spectral sequence
,t
B3 (r) = HY(F/B, H'(F,u50)) = H* ) = BB S (3.)

for any integer r. In Section 3.2, we shall finish our analysis in case of local fields.
We shall usually omit the r in E;’t(r), H5%t(r) and certain other notations de-
fined below, as r is generally fixed. Let Eg’t denote the Tate cohomology group
H3(F) B, HY(F,157).

We define numbers ¢ and ¢ by |GF/E| — p"~ 1=y where ¢ divides p — 1. Further-
more, we define j(r) as follows. We let j = 0 if 0 mod ¢q. Otherwise, we let j be
maximal less than or equal n — 1 — 4 such that » = 0 mod p/.

We begin by computing the invariants H? = Eg’o.

Lemma 3.1. We have that

0 if » #Z 0 mod ¢

Z/pHitZ if r =0 mod q.

34
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Proof. Let a be an integer with image a in Z/p"Z generating (Z/p"Z)*. Then for
some generator o of Gp/p we have that w(o) = "' =14 Therefore the action
of Gp /E on u?{ viewed additively is given by multiplication by @' (=1 ' This
number is 1 modulo p if and only if » = 0 mod ¢, in which case it is congruent to 1

in (Z/p"Z)* modulo exactly p"tJ1. The result follows. O
Lemma 3.2. For all s € Z we have E;’O =7/ 7.

Proof. By (3.1) we may assume r = 0 mod ¢. Let a be as in Lemma 3.1. Note that
the norm Np /E viewed additively is multiplication by

n—i—1,_

p q-1 oD

Z G o-Da 1k _
= — — :
b aP'(p=1)g~'r _q

But both the power in the numerator and in the denominator are divisible by p — 1,
so this number is 0 modulo exactly p” 1=, Hence NF/E(/L?{) >~ 7 /p'"™1Z when
r = 0 mod q. Therefore Eg’o is as stated.

Furthermore, note that EQ_ W _ g —I(F/E, uffnr ) is cyclic. Since our module is
finite, we have that this group has the same order as E(Q) 0 and hence is isomorphic to
it. Furthermore, each of the Tate cohomology groups is isomorphic to one of these,

proving the lemma. O]

Let M denote a field of characteristic not equal p. Consider the long exact sequence

in the Galois cohomology of GG, associated to
n
1— M?J — Qp/Zp(r) = Qp/Zp(r) — 0,

i.e., given by multiplication by p™ on Qp/Zp(r). We let Ayy C HY(M, uff{) denote
the cokernel of multiplication by p™ on HY(E, Qp/Zp(r)).

Lemma 3.3. Assume that r is such that the action of Gy on Qp/Zp(r) is non-trivial.

Then Ayy is a cyclic direct summand of HY(M, u?{) isomorphic to HO(M, ug%r).
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Proof. We remark that if we let n increase past a sufficiently large number, with M
and r fixed, the order of HY(M, /L?,f ) as given in Lemma 3.1 stabilizes (since the action
of Gy is non-trivial). If this order is p!, we see immediately that HY(M, Qp/Zy(r)) =
Z/ pl Z. So the first three terms of our exact sequence yield

0 — H(M,u57) — Z/p'% — Z/p'Z. (3.2)

Hence Ay; — HY(M, ,ufﬁ{) and we have an injective map Ay; — H(M, M?J)-

We are done if the image of any generator of H O(M , Qp/Zy(r)) under the bound-
ary map HO(M,Qp/Zp(r)) 4 H' is not in the image of multiplication by p on
HY(M, u?{). Let a generate [Qp/Zp(r)]M and let p"b = a. Then we have d(a) = f
where f is the cochain defined by f(o) = o(b) — b for o € G-

Assume that [f] is a multiple of p, which means that fg = ph for some coboundary
g € Bl(M,;L?J) and cocycle h € Zl(M,pL?{). But fg = o(t/) — V' for some b €
Qp/Zy(r), and we can choose ¢ € Qp/Zy,(r) with pc =¥, Letting b/ = o(c) — ¢, we
have ph/ = fg = ph. As h takes values in /L?{, so does h': that is, ' € Zl(]\/[, p?{).
By definition, h' € BY(M, Qp/Zy(r)), so the class [A] is in the image of the boundary

map d. However, p[h'] = [f], and [f] generates the image, which is a contradiction. [

Now assume that G acts non-trivially on Qp/Z,(r). In this case, let A = Ap
and B = AZ{:/ E. Since F' contains the p™th roots of unity, we can explicitly describe
Ap and hence B. That is, if the action of Gp on Qp/Zp(r) is nontrivial and F
contains p" of the p-power roots of unity, then

GE/E o~ g0, (3.3)

B = (g /i) 2 (11

We may now prove the following proposition.

Proposition 3.4. Assume that r is such that the action of G on Qp/Zy(r) is
non-trivial. The transgression map in the Hochschild-Serre spectral sequence (3.1)
1s surjective. Furthermore, the short exact sequence of low degree terms induces an

exact sequence

O—)E%’0—>A—>B—>E§’O—>O (3.4)
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where A and B are defined as above and are cyclic direct summands of the respective

1 0,1
groups H™ and Eq".

Proof. We may assume r = 0 mod ¢q. Using Lemma 3.2, we know that Eg’l fits into

the exact sequence of low degree terms
0—Z/pZ — H — EY' — 7/pZ. (3.5)

By Lemma 3.3, the group H! has a summand A = Z / ka which is the kernel of
the map H' — HY(F,Qp/Zy(r)). Any cocycle f with class in H' coming from E%’O
by inflation is uniquely described by its value on o € G with 0| generating G g /E-
Since the action of Gg on Qp/Zp(r) is non-trivial, we have necessarily f(o) = o(a)—a
for some a € Qp/Zp(r), which means that f is in A. Hence E%’O maps to A inside
HL. Furthermore, as restriction commutes with boundary maps, A maps into B
under restriction.

By equation (3.3) and Lemma 3.1, B and A are isomorphic. We therefore have
that the exact sequence (3.5) has the form of the sequence (3.4) of the Proposition.
Let A’ denote a complement of A in H' and set B’ = Res(A’). Since the kernel of
Res is contained in A, we have BN B’ = 0. And since the cokernel of Res is the

cokernel of Res on B, we have Eg’l ~BoB. O

Remark. The transgression map need not be surjective when the action of Gp on
Qp/Zy(r) is trivial. For instance, in the case p" =4, E =R, F = C and r = 1 we
have that H'(C, ju4) = 0 while H*(C/R, j14) = Z/2Z.

Let F denote the maximal cyclotomic extension of F' by p-power roots of 1 (and
therefore also of £). Note that if the action of G on Qp/Zy(r) is trivial, then either
F = F orr = 0. Under the assumption that r = 0 and F /F is infinite, we set
A=HYF/E,Z/p"Z) and B = HY\(F/F,Z/p"Z).

Proposition 3.5. Assume that r = 0 and F/F is infinite. The transgression map

in the Hochschild-Serre spectral sequence (3.1) is surjective. Furthermore, the short
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exact sequence of low degree terms induces an exact sequence of summands
0—>E%’0—>A—>B—>E§’O—>O. (3.6)

Furthermore, A and B are both isomorphic to Z/p"Z.

Proof. With Iy = E((p), note that G F/E has order prime to p. Hence, A is isomor-
phic to HY(F/Fy,Z/p"Z). Both GF/Fl and GF/F are infinite groups injecting into
the procyclic group Zj, and are thereby isomorphic to it. The last statement follows.

The exact sequence (3.6) is just the sequence of low degree terms in the corre-
sponding Hochschild-Serre spectral sequence. The surjectivity of the transgression is
forced by the equality of the orders of A and B. Since H! and Eg 1 are killed by p",

the groups A and B are summands. O

Remark. We now comment on the application of Propositions 3.4 and 3.5 to the results
of Chapter 2. In these propositions, we describe, in their respective situations, exact
sequences of the form (3.6) which are split off as summands of the exact sequence
(3.5). In these cases, there exist complements A’ and B’ to the subgroups A and B
of H! and Eg ’1, respectively, which are mapped isomorphically to each other via the
restriction map.

Recall that in Lemma 2.2 we give a characterization of the elements of F'* which
provide a lifting of a (d — 1)-dimensional twisted Kummer representation p to a d-
dimensional twisted Kummer representation with Gg acting by w” on (x;). The set

X of such elements can be written
X={zeF'""|z¢(x..  ,x51)F P, 7 ¢imRes},

where Z denotes the image of z in F*/F*P" and Res is the restriction from E to F.

In the case j > 1, the set X can be described as
i+1
X:{xEFl_r]x:yz,gjeB/,ZeB,sz =1}.

(Note that the group of p-power roots of unity in F 1=r brojects onto B .) In the case
that j = 0, all non-pth powers of L* in F177 will yield a lifting.
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Furthermore, in Proposition 2.6 and Proposition 2.8 we have that the elements
e providing the freedom in the choice of the element ¢ which yields the lifting via
transgression are those elements of F1=" which, modulo F1=" N pr”) are contained
in the image of the restriction Resp from F to F. Note that multiplication by
elements of F1=" N L*P" (i.e., with trivial image in [L*/L*P" (r — 1)]£/E) will not
change the lifting. These are the elements with projections to [FX/FXpn (r — 1)]F/E

2n(d—2) generated by the images of the a; and b;

contained in the group of order p
with 2 < ¢ < d — 1. The elements in the image of Resp are given as the product of

any element in B’ and any elements of order dividing p*! in B.

3.2 The spectral sequence for local fields

We maintain the notation of the Section 3.1, restricting in this and future sections
to the case that E is a local field over Q. In addition, we define j/(r) to be 0 if
r # 1 mod ¢ and the maximal integer such that » = 1 mod p’ " otherwise. We remark
that at least one of j and j' is zero.

We begin with the following easy corollary of Lemma 3.1.

Lemma 3.6. We have that

0 if »# 1 mod ¢

2

H2
Z/p”jq'lZ if » =1 mod gq.

Proof. Via the duality induced by the cup product [12, p. 170], we have that H 2(7") o

0

HO(1 —r), so we apply Lemma 3.1.
From this we can obtain the Tate cohomology groups.
Lemma 3.7. For all s € Z we have 35’2 = Z/pj/Z.

Proof. We first take r = 1. Note that H?(F, pipn ) is the kernel of multiplication by p"
on the Brauer group Br(F') of F'. By Hochschild-Serre, we have the exact sequence

0 — H%(F/E,F*) — Br(E) — Br(F)f/¥ — o,
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as

H3(F/E,F*)~ HYF/E,F*) =0.

As H?(F/E, F*) is finite and Br(E) = Q/Z by local class field theory, we conclude
that Br(F)F/E = Q/Z as well. Since Br(F) = Q/Z and any injection from Q/Z
to itself is an isomorphism, we have Br(F)) is invariant under the action of Gp/p.
Hence H2(F, ppn) = Z/p"4 as a Gp sp-module. For arbitrary r, we therefore have

that H2(F, 57 = 81

o . We need only apply Lemma 3.2 to get the result. O]

Note that the cohomological dimensions of Gg and G are both 2. Hence ES’t
and H are 0 for t > 3.

Lemma 3.8. Let m be the mazimum of j and j' (of which at least one is 0). Then

Byt = 7/p7.

Proof. By the periodicity of Tate cohomology it suffices to prove this for s sufficiently
large. First assume r #Z 1 mod p so that j/ = 0. Then E;’Q = 0 for all s. Thus, for
s > 3 we have ker d;’l = Egg} and so is a subquotient of H5T! = 0, which implies

d;’l is injective. At the same time,
B0 _ E§+2,0 /im d§’1
. . 8+2 . 571 . . .
is a graded piece of H =0, so dy" is surjective. Hence
s, 1 ~ 5+2,0 ~ j

which implies the claim in this case.
If » =1 mod p, then 5 = 0 and also E’;’O = ( for all s. Similarly to the above, for

s > 3 we have

E;’l/im d§_2’2 = E;ig} =0 and ker d§_2’2 = Ego_2’2 = 0.

Hence E;’l = E‘;_Z’Q &~ Z/pj/Z. O
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Let us define numbers k(r) and k'(r) by #HY = pF and #H? = pk/. These
numbers are explicitly given in Lemmas 3.1 and 3.9. We now determine H1.

Proposition 3.9. We have that
H' =2/ 2/)" 2 & (2/p"2)"F ],

Proof. Since E is a finite extension of Q, if the action of G on Qp/Zy(r) is trivial,
then » = 0. In this case, we may use the duality induced by the cup product and

Kummer theory to say that
HY(E,Z/p"Z) = H'(E, ) = E* JE*?".

The proposition then follows in this case, and in the case r = 1, from the structure
theory of the multiplicative group of a local field. That is, the multiplicative group

is isomorphic to a direct sum

~ ®[E:Qp]
E*=ueZeZ, .

where 1 denotes the group of roots of unity in £ and note that y = H O(E , ,prn).
We may now assume r # 0, 1, in which case the orders of H 0 and H? both stabilize

as n is increases. As in Lemma 3.3, we use the long exact sequence associated to

1 — uff’J — Qp/Zp(r) — Qp/Zp(r) — 0

and we have that A = Ap = Z/p*Z is a direct summand of H.

Since the cohomological dimension of G is 2, the long exact sequence ends with
2 2 )

The p-torsion group H?(E,Qp/Zp(r)) is therefore p-divisible. As the order of H?
stabilizes for n sufficiently large, the leftmost arrow must be zero for such n. But

this means multiplication by p is an isomorphism on H2(FE, Qp/Zy(r)), which forces
H%(E, Qp/Zy(r)) to be zero.
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Using equation (3.2), we therefore have an exact sequence

T

0— Z/pF2 — H' = HY(E,Qp/Zp(r)) Lo HY(E,Qp/Zp(r)) — Z/p" 2 — 0.
(3.8)
Since the order of H? stabilizes, we conclude from (3.8) that H(E, Q,/Zy(r)) is a
direct sum of a cyclic summand Z/ pl/Z and a divisible p-torsion group. Hence our

exact sequence (3.8) reduces to
0—2Z/p"Z — H' — (2/p"2)% & Z/p"'Z — 0 (3.9)

for some number ¢. The Euler-Poincaré characteristic of ,u?{ as a G g-module is
’#M?ﬂE = p " E Q] where | - | is the absolute value on F [12, p. 171]. Hence the
order of Hl(E,uff’{) is pk+k/+n[E:Qp]. That is, i = [E : Qp]. O

Finally, we determine the remaining term in the spectral sequence.

Proposition 3.10. Let k be such that the order of HY is pk and k' be such that the
order of H? is pk/. Then

EX' =zt 2" 7 @ (2/p"2) 0 E Q)

Proof. For r # 0 we refer to Proposition 3.4. In the case r = 0, we are in the situation
of Lemma 3.5. In either case, we have by Proposition 3.9 that since the groups A and
B of Section 3.1 are direct summands, restriction induces an isomorphism between
complements of these groups. The complement of A is isomorphic to Z /pk/Z &)
Z/ p”Z[E Qpl and B~ 7 / pFZ, so the result follows. [

Remark. The groups A’ and B’ in the remarks of Section 3.1 are both isomorphic
to Z /pk/Z @ Z/p”Z[E ' Qpl. This allows for an exact count of the number of ele-
ments (modulo p"th powers) providing liftings of twisted Kummer representations to
higher-dimensional twisted Kummer representations or to twisted Heisenberg repre-

sentations.
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3.3 Twisted Heisenberg representations

Let A be the subgroup of GF/E of order ¢. Let F'* denote the Z,-completion of F'*.
The action of A on F* is semisimple, hence F'* decomposes into a direct sum of
eigenspaces for the powers of the cyclotomic character on A. We let D, denote the

—

eigenspace consisting of x € F'* such that

o(r) = 20 (7))
where 6: A — Z is the character which reduces to w|s under composition with the

surjection Zy — (Z/pZ)*.

Lemma 3.11. The pairing
Ds X Dt — Hpn

induced by the Hilbert norm residue symbol is trivial unless t = 1 — s mod q and

nondegenerate otherwise.

Proof. Let us evaluate (as, a;) with ag € Dg and a; € Dy. Let i = §(0o) for a generator
o of A. Then we have

1
((15, (Zt) = U(a87 at)z

By Galois equivariance of the norm residue symbol, the last term equals

1 g

(o(as),o(ar)) = (a} tyi~t stt—1

?azzf )Z = (asaat)

Hence either 5t~ = 1 mod p or (as,ar) = 1. However, as i has order dividing
p — 1, the former condition is exactly that ¢57?~1 = 1 mod p™. This proves the first

statement and the second follows by nondegeneracy of the norm residue symbol. [

Remark. Although we have not done it here, Lemma 3.11 could be used, along with
the results of Section 3.2, to gain more information on the cup product pairing H! (s)x
HY(t) — Z/mZ or on the pairing induced by the Hilbert norm residue symbol F* x
Ft — R
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We now return to the situation of Section 2.5 and consider a three-dimensional

$ and w?

Kummer representation p of G with twists given by the characters w’ ™
on the cyclic groups generated by = and y, respectively. We let K = F (p%) and
K' = F(p%) and L = KK’ for a and b given as in Section 2.5. Under certain
assumptions, we can give conditions for Proposition 2.7 to hold. As in Proposition

2.7, let E' denote a field such that GK/E’ = GF/E via restriction.

Theorem 3.12. Assume that r # 1mod q and j(s) = j'(s) = 0. There exists
B e (K/E"Y=5 with Nk p(B) =b. We have that

satisfies c € LY™" and p lifts to a twisted Heisenberg representation which restricts to
the character of order p" associated to ¢ on Gp,. Furthermore, if j(r) = 0 then the

element ¢ € L'™7 providing a lifting is unique up to multiplication by any element of

Fl-rpxp"

Proof. For an integer t, we define

Np: FX )P (¢ = 1) — [P/ P9 (¢ — 1)F/E

O'EGF/E

for X € F*/F “P" We also let Ny denote any lifting of N; to a homomorphism
Ny F* — Flt

As j(s) = j'(s) = 0, we see that Eg’l(s) — 0 by Lemma 3.8. Asb € F17% we have
therefore that b = 6pnN3(7) for some §,v € F*. Note also that NgD; C FX et
if 1 21 — s mod ¢. Hence, we may assume v € Dq_g.

Since r # 1 mod ¢ we conclude by Lemma 3.11 that (a,7) = 1. Hence, there
exists a € K such that v = Ng/p(a). Set § = dNs(a) € K175 after extending N



45

to a map on K> defined in the same manner (via the identification of G /E with

GK/E’ as in Proposition 2.7). Note that Ng commutes with NK/F- We see that
n Y
Ngp(B) =" NsNg p(a) =67 Ns(v) =b.

As r # 1 mod ¢, we have that Hz(r) = 0. Hence, Resp o Trag is the trivial map.
That p lifts to a twisted Heisenberg representation follows from Proposition 2.7.
The last statement follows from the remarks at the end of Section 3.1. That is,

the kernel of Trap is the image of the restriction
Res: H!(r) — Hl(L,u]?{)L/E.

If j(r) = 0 then E;’O(r) = 0, and therefore Res factors through Eg’l(r). Hence the
product of ¢ and any element of F1~" also yields a lifting. O

Remark. Alternatively to assuming j(s) = j/'(s) = 0, one may merely assume that
be FXP"N <. This should often not be necessary: i.e., that b be a twisted norm
rather than just invariant under a twisted action. Furthermore, the restriction r =

1 mod q is clearly not always necessary, for instance when F = FE.



CHAPTER 4
RAMIFICATION

4.1 Preliminaries

In this section, we prove some general lemmas on ramification numbers of local fields
which will be useful to us later. These are well-known or easy, but for convenience
we prove them here. For a Galois extension with group G, let ¢ and ¥ be the
functions which allow one to pass between the lower and upper numberings of the
ramification groups [15, IV.3]. In particular, for a real number w > —1 we have
G = Gy and Gy = GPG).

We consider Galois extensions of local fields K1 /F and Ks/F with K1 N Ko = F.

We define Galois groups via the following diagram.

KKy
VTN
Ky G Ky
L
F

Note that G/H| = N9, G/Hy = Ny and H; = N; for both i. We may identify
subgroups of H; and N; through the latter isomorphism.
Given the ramification filtration for two adjacent sides of the diagram, we can

obtain the ramification filtration for the other two.
Lemma 4.1. For any real number w > —1 we have

via the natural tsomorphism between N1 and Hj.

46
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Proof. This follows from the usual properties of the ramification numberings [15,

IV.3], as we demonstrate below. We have
HY = (Hy) e nHy =N A gy
1 Y, (w) Yy (w)

Using the isomorphism between Hi and N; = G/Ho, this becomes

G¢N2(w)H2/H2 = Nf)Nz(w).

We also have the following trivial corollary.

Corollary 4.2. For any real number w > —1, we have

N Hf)Nz (w).

Hence, a jump in the ramification filtration of Ki/F occurs at a number [ in the
upper numbering of if any only if a jump in the filtration of KyK9/Ks occurs at
VN, (1)

In this chapter, p will denote an odd prime. For a local field K/Q, containing the
p"th roots of unity and a € K* we denote by f,, x(a) the conductor of K (p%) /K
(considered as an integer) [15, XV.2], and we let (-, -), g denote the p"th norm
residue symbol of K. Let U; denote the 7th unit group of K for ¢ > 1, and set Uy = U.
Then f = f, k(a) is the smallest nonnegative integer for which (a,u),, = 1 for all
ue Uy,

Let e denote the ramification index of K. We have the following lemma.
Lemma 4.3. If fy, g(aP) > e/(p—1) + 1 then f,, x(a) = fy, x(aP) +e.

Proof. Let b € U, (—1)41, so that the valuation of bP —1 is e more than that of b— 1.
Since (a?,b),, i = (a,bP),, i, we conclude that f,, i (a) = fy x(aP) +e. O
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Let Fi, = Qp((¢ym) for each m. We consider now a diagram of the following form.

H/FnH(p%L)\H
2 1

F(P/a) G It

For a € Ff, let fu(a) = fy F,(a). The extension Fj,y1/F, has conductor p" [15,
IV.4]. Note that conductors are one more than the numbers where the jumps actually
occur.

We have the following simple lemma.
Lemma 4.4. Let a € F).

(a) We have
fn(a) ift fn(a) <p"

pfnla) =p"(p—1) if fp(a) > p™.

Jnt+1 (ap) =

(b) If fn(a) > p" then f,y1(a) = pfn(a).

Proof. Part (a) follows immediately from Corollary 4.2, since the function ¢ for the

extension Fj, 1/Fy is given by

r if —1<r<p*-—1
»(r) =
p"—=1+pr—(p"—-1)) ifr>pt—1

As for part (b), we remark that, as fy,(a) > p" we have by part (a) that f,1(af) >
p" + 1. Hence, by Lemma 4.3, we have that f,11(a) = frn+1(a?)+p"(p—1). By part
(a), this equals pfy(a). O
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4.2 The multiplicative group as a module

Let F' = Qp(¢yn). We may decompose G F/Q, with p odd into a direct product of
cyclic groups A x I’ where A has order p— 1 and T has order p" 1. We let F} denote
the fixed field Qp((p) of I'. We also define f’?, Dy and § as in Section 3.3. It is the
goal of this section to gain an understanding of the Z,[I'l-module structure of D;..

We begin with the following lemma regarding the structure of D,..

Lemma 4.5. The eigenspace D, has rank p" 141 as a Zy-module if r = 0 mod p—1

n—1

and p otherwise. If r = 1 mod p — 1, then D, has non-zero cyclic torsion and

otherwise Dy has no torsion. Furthermore, Dy has a minimal set of generators
{rt €U —Uppg [t=rmodp—1, ptt, t <p"}

with one extra generator xg of non-zero valuation when r = 0 mod p — 1 and one

extra generator xyn € Upn — Upyngq when =1 mod p — 1.

Proof. Note first that the only torsion is p,n, which is contained in Dj. Consider
x € Dy for some r. If x has non-zero valuation, then since o(x) has the same valuation
as x, we must have r = 0 mod p — 1. As FX is the direct sum of the D, there exists
rg € Dy with valuation 1. So assume that z is a unit, € Us—Up41. Let Ay = 1—(pn.
Then we have

o(An) = 6(0)An mod (A2).

So we see that

o(x)=1+6(0)(z—-1)= 2 1mod (ALY,

Hence, as x € D,, we must have t = r mod p — 1. Furthermore, for each such t, there

is an element z; € Uy N D, such that x; & U4, for instance,

=[] (1 - o) @,

oeA
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To see zy & U41, note that we have

= [0~ (o)A@ T = (1 APl =1 A mod (AEFL).
cEA

Note that none of the elements of
X ={xt|ptt, t<p®ort=0,p"}

can be pth powers. Furthermore, the elements of X are linearly independent in the
the p"~1(p — 1) + 2-dimensional Z/pZ-vector space F*/F *P" " Therefore, X is a

minimal generating set of F* as a Z,-module. O]

Recall that f,(z) denotes the conductor of F(Py/Z)/F. We have the following easy

corollary of Lemmas 3.11 and 4.5.
Corollary 4.6. Let x € D,NF*. Then either fp(x) =2—r mod p—1 or fr(z) = 1.

Proof. 1f for some s we have a unit y € UyNDg with (z,y) # 1, then s = 1—r mod p—1
by Lemma 3.11. By Lemma 4.5 we have that v(y — 1) =1 — r mod p — 1, where v

denotes the additive valuation on F'. ]

Each eigenspace Dy is a Zy[I'-module. By Iwasawa Theory [13, §7.2], we know
that in fact D, is a free Zp[I']-module of rank 1 when r # 0,1 mod p — 1. We give a
nice proof of this result, suggested by Hendrik Lenstra.

Proposition 4.7. If r # 0,1 mod p — 1 then D is a free Zy|[I'|-module of rank 1.

Otherwise Dy can be generated by two elements as a Zp|I']-module.

Proof. By Lemma 4.5, D, has the correct minimal number of Zj,-generators to be a
free of rank one Zjy[I'-module when 7 # 0,1 mod p — 1, but one too many for this
when 7 = 0,1 mod p — 1. Hence it takes at least one element to generate D, as a
Zp[I')-module when r # 0,1 mod p — 1 and at least two otherwise. In total, we must
have at least p 4+ 1 generators.

Consider the abelian extension L of F with norm group F*PIpF*, where I is

the augmentation ideal of Z[I']. Let H = Np e *. By local class field theory we



o1

have a I'-module isomorphism Gr,/p = F X JF*PIpF*. Hence I' acts trivially on this
Gp, /F by conjugation. That is, L/F} is abelian. Furthermore,

NL/FlLX - NF/FI(FXp[FFX) - NF/FIFXP - Hp.

Therefore the order of F'*/F*PIpF* | which is p to the minimal number of generators
of FX as a Zp[I']-module, is equal to the index [H : HP].

But H is a subgroup of le, the completion of which is a Zjp-module generated
by p + 1 elements. Hence [H : HP] < pPTL. As we know that we must have at least

p + 1 generators, we have equality and the proposition is proven. O

Greither [8] has worked out explicitly the Galois module structure of F* (and in
fact for any finite unramified extension of F'). Though we shall not actually use it,
Greither’s result is useful in dealing with the “bad” cases » = 0,1 mod p — 1 in the
determination of conductors as in Section 4.4. Therefore, we state the result below
in our case, attempting to maintain a degree of notational consistency with [8].

Let @ be the Z[G /Qp]—module with generators I and V" and the relation A fixes
V. Let Qo denote the submodule generated by U and V with U = o(II) — II for
some generator o of A. Let Qg denote the Zj-completion of Qy. Let Q) denote the
pushout Q g, Q. Finally, let Q' = (QQp X p where p is the module isomorphic to

all roots of 1 in F.

Theorem 4.8 (Greither). There is an isomorphism Q' — F* on[GF/Qp]—modules

taking 11 to a prime element, V to 1 — p, and the roots of unity to themselves.

Remark. Theorem 4.8 is obtained via specifying Theorem 3.1 of [8] to the case of a
totally ramified extension. The statement follows since Q as defined in [8] satisfies

Q x fipn = " and since his map 3 induces a split exact sequence by Step 2 of Theorem

2.9 of [g].

By taking Z;-completions, we obtain the following result.
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Corollary 4.9. There exists a prime element © of F* such that the Zp[GF/Qp]—

—_—

submodule M of F* generated by 7 is free and yielding a decomposition

ﬁ:MX,uanﬂ—p)Zp.

4.3 Comparison of module structure with unit filtration

Let m and M be as in Corollary 4.9, and set M, = D, N M for all . Then M, is
a free Zp[I']-module of rank 1, and for r # 0,1 mod p — 1 we have M, = D,. We
choose a generator y, of M, as a Zy[I'l-module. We identify M, with Z,[I'| via the

isomorphism
ZyT] = My, s g (41)

of Zy[I'l-modules. Each subgroup arising from a unit group V; = Uy N M, with ¢ > 0
becomes identified with an ideal of Zp[I'] (independent of y;-) and by abuse of notation
we treat them as equal. (Therefore, we may use either additive or multiplicative
notation, depending on what is most notationally convenient for the situation.) Note
that Lemma 4.5 implies that V; = V1 for ¢ # r mod p — 1. Therefore we need only
consider ¢ = r mod p — 1.

Let v denote a generator of I'. We wish to determine 1} as an ideal. Note that
[Vi : Vigp—1] is either 1 or p, and if ¢ # 0,1 mod p — 1 then [V; : Vi, 1] = p. We set
V/ =Vi = Vigp—1. 2 <u < p—2, then V = Zpy[['] and, as Zy[I'] is a local ring,
Vitp—1 is the maximal ideal (p,y — 1).

Lemma 4.10. Let 2 € V/ fort = rmodp — 1. If ptt, then y(z¢)/xs € th—l—p—l'

Otherwise, v(x¢)/xt € Viiop—1)-

Proof. From the ramification groups of F//Qy in the lower numbering [15, IV 4], we
see that v(vy(m)/m — 1) = p — 1, where v is the valuation on F' and 7 is any prime
element of F. Hence, for any « € U; with p{v(x—1), we have v(vy(x) —x) =t+p—1.
On the other hand, if p | v(x — 1) then v(y(x) — ) > t+p— 1. Since y(x¢)/xt € M,
the result follows. O
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Lemma 4.11. Let x4 € Vt/ fort=rmodp—1. Forj > 1, we have

(v—1)
T € Vjp.

Proof. We will show the stronger result that

(v-1)! ,
S [ ey (4.2)

where [-] denotes the ceiling function and ¢ denotes the smallest nonnegative integer
with ¢ = ¢ mod p — 1. This implies the lemma since

J—q

t+(j+[p_1

})(p—l)ZtJrj(p—l)Jrj—qup'

Lemma 4.10 implies that Vév_l) C Viugp—1 for all u =7 mod p — 1. Hence

v—1)J
2V eV, (4.3)
1) _
Furthermore, Lemma 4.10 implies that xfﬂ 2 € Vp/+(p71)q and that o(7—1" ! c
Vu+p(p_1) for a € V! with u =t mod p — 1. Together these show that for every p — 1

applications of v — 1 after the gth and starting with the (¢ + 1)st, we can add an
additional p — 1 to the subscript of V' in (4.3), which yields equation (4.2). O

4.4 Conductors in the metabelian case

We keep the notation of the previous section, but we now choose 7 so that y((,n) =

1{4‘}7. By (1.4), we have that z € F1~" implies
- By P

v(z) = 20 mod FXP" (4.4)

Furthermore, we assume in this section that » Z 0,1 mod p — 1. We then have as

before y, € D, generating D, as a free Z,[I'l-module, and hence its image generates
Dy/(Dy N EFXP") as a free Z/p"Z[l']-module.
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Let z € F177. Our goal in this section is the determination of the conductor of
the extension F(P\/z)/F. This is exactly the conductor of the norm residue symbol

(x, -), where (-, -) denotes the p"th norm residue symbol over F.

Lemma 4.12. Ifz € F1=" and x & F*P, then the symbol (x,y;) is a primitive p™th

root of unity.

Proof. The nondegeneracy of the norm residue symbol as proven in Lemma 3.11
implies that (x,y) is a primitive p"th root of unity for some y € D,. But as D, is a

free Zy[I'l-module generated by v, and since we have that

Y@, yr) = (2, ()

by (4.4), this cannot happen unless (z, y,) is a primitive p"'th root of unity as well. [
For a € Dy, we let [z, a] € Z/p"Z denote the power of (z,y,) which (z, @) equals.

Lemma 4.13. Let

with f € Zy[X]. Then
[z,a] = f((1+p)") mod p".

Proof. We need only show that [x,77 (y,)] = (14 p)?". We have

(2,77 (1)) = 7 (7 (@), ) = (@D I @) (g gy (YT

Corollary 4.14. We have
k(~n_1\yn—k
(o 07V =1

for 0 <k <n.

Proof. We calculate:

] =pF14+p—1)"" =0 mod p".
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Note that

n—1

Zy[0) = Z,[x] /(X" ~ 1),
We shall require the following result.

Lemma 4.15. In Z,[X], the polynomial X" 1 s contained in the ideal

PPHX = 1), 72X — 1P, (X = 1P,

Proof. Let Y = X — 1. We need only show that

n—1

-1
Y+ 1P —1e @y, ptye, . vP ).

It suffices therefore to verify that if p™ < k < p™+! with 0 < m < n — 1 then
n—1
Up((p 3 )) > n — 1 —m, where vp denotes the p-adic valuation. We note that, in

fact,
pnfl
w((" ) === o
for 1 < k < p"~ 1, which implies the claim. m

To determine the conductor of (z, -), it suffices to look at two ideals of Z,[I']. Let

t denote the smallest nonnegative integer such that ¢t = r mod p — 1.

Lemma 4.16. The ideal %”—1(t+1)—1 of Dy contains an element a of the form

n—1
_ 11— k—1 _
a:pn 1+depn 1 k(’}/—l)p (t+1)-1
k=1

with dy, € Zp. The ideal ‘/19”—1(t+1)+p—2 of Zp[T') is generated by p", p"~1(y—1) and

k-1
Pk — D) for 1 <k <n—1.

Proof. We begin with the second statement. We abuse notation via the identification

(4.1) so that we can consider the unit groups additively. By Lemma 4.15, we have
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kf
that the ideal I of Z;[X| generated by P HX —1) and p" 1R (X —1)P Lt for
1 <k <n—1 contains Xpn_1 — 1. Hence the image of I in Zy[I'] has index equal to

the index of I in Zy[X]. This is equal to p to the power of

n+t(n—1)+(p—1)(t+1) (n=2)+. . +p" 3 (p=1)(t+1) = (p"2+. . +p+1)(t+1)+1.

This is equal to [Z,[I] : \/pnfl(HaliQ].
To prove the second statement, we are left only to verify the claim that I C

Vn—l

=L (1) +p—2- By Lemma 4.10, we see that

-1 -1 -1
P (y—1)ep” Vitp—1 C PV C Vpn Vp”_l(t—i—l)—i-p—Q

as 2 <t < p— 2. Similarly, Lemma 4.11 yields

p”_k_l(v—l)pk_l(m) = pn_k_lvpk(t—i—l)-i-p—Q S Vin—1(e41)4pn—h—1(p-2) S Vpr=1(t41)4p-2-
Hence we have the claim.
For the first statement, we proceed by constructing a finite sequence of elements
which are not contained in I, the last of which is the desired element. Note that for
an element b € V,, for some u = t mod p such that pb ¢ I, we have pb € Véu since
Ving1 €1
In V;;t we have two distinct elements: p and aj for some element a1 € Zp[I'] which
is nonzero modulo p. The latter element exists by Lemma 4.10, as (y — 1)g € V;t

for any g € VZ;( Multiplying a1 by a constant which is nonzero modulo p if

t+1)-1°
necessary, we can insure that

ptar € Vptip-1-

Then we have p? + pa; € Vpg ( . In fact, the latter element is in Véu for some

t+1)—p
u =t mod p — 1. Therefore, we can find as above ag # 0 mod p in V};u such that

p2 +pa1 +ag € V;)Q(tJrl)il.
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Multiplying this by p, we have an element in Vpg( Continuing on in this

t+1)—p
fashion, we obtain an element

-2

-1
a:pn —|—pn a1—|—...+an_1 E%nfl(t+1)71

As a is not an element of I (by the second statement), we have in fact that
!/
a € V;)”—l(tJrl)—l' As
(= DVpn1(1)-1 € Vot 1) 4p—2-

we have by the second statement that Vpn_l (t4+1)—1 is contained in the ideal generated

k—
by p"~! and pn_l_k('y —1)P Ht+1)-1 for 1 < k <n—1. Using this and the second

o k—1
statement, it is clear that aj, may be chosen to have the form dj.(y—1)?"  (t+)=1 O

We now determine the desired conductors.

Theorem 4.17. Let r # 0,1 mod p — 1 and let t denote the smallest nonnegative
integer with t = rmodp — 1. Let x € FY™" with x ¢ F*P. Then we have that
S p(r) = (t+ 1)pm_1 for any positive integer m with m < n.

Proof. By Corollary 4.14, (z,y) = 1 for each generator y of V}jn_l( listed in

t+1)+p—2
Lemma 4.16. On the other hand, for the element a € Z[I'] of Lemma 4.16, we have

n—1

eyl = oy =p

n—1

~1
Noting Corollary 4.6, we see that the conductor of x is therefore ((1 — Cpn)pn (t+1)).
Setting Fin, = Qp((ym) and fm = fp, F,, as in Section 4.1, we now have that
fm(x) = p™ Lt +1). Since t + 1 < p, Lemma 4.4a yields that

fnp (@) = fa(a? ") = fn(2),

which is as desired. OJ
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Remark. Although we have not written it out here, to compute the conductors for
elements fixed under a twisted action of G'p /Qp in the “bad” cases r = 0,1 mod p—1,
one can use Theorem 4.8 and proceed as in this section. In fact, one can in all cases
actually determine explicit generators for each V; as an ideal of Z;[y], as we have

done in some specific cases in Lemma 4.16.

4.5 Ramification in a Heisenberg extension

We consider the twisted Heisenberg extension Qp(Cpn,P%,pn\/l — P/ Qp, where

T

/4
cn =[]0 = ¢uPV/p)"
1=1
This example is fundamental as, up to multiplying ¢, by an element of F'*, it is the
only Heisenberg extension with lower steps coming from adjoining Q, all of its p"th
roots. (In fact, our computations will show that the conductor of the top step does
not depend in this case on the choice of ¢;,.)

Let Fn = Qp(Gn), Kn = Fa(tY/B), K, = Fo?\/pP(1 —p)) and Ly = KpKJ.
The conductors of K, /Fy, and KJ,/Fy, were computed for all n > 1 in [3] (see also
[20]). By induction on n, we shall determine the conductors of K, (p%) /K], for all
m < n, where ¢, € K/ differs from ¢, by a p"th power in K,. We shall then use
these conductors to compute the conductors of Ly, (P\/cp)/Ln.

We begin with the case n = 1.
Proposition 4.18. We have f, Ki(c’) =p?—p+3.

Proof. For notational simplicity, we drop all subscript 1’s from the notation in this
proof. We have the following diagram of field extensions, in which the numbers denote

the conductors of the indicated extension. (The conductors of K/F and K'/F are
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easily seen using Corollary 4.6 to be p+ 1 and 2, respectively. See also [3].)

/)

/ ’ ’2+ph\
K({/c) L, K'{?)
N s
K K’

By Corollary 4.2, the conductors of L/K and L/K' are as in the diagram. We wish
to find g = fx+(c’). We know that

f=fk(c)=3modp—1 (4.5)

by Corollary 4.6. Since f > 2, we have by Corollary 4.2 that fr(c) =2+ p(f — 2).

We claim that f > 3. If f = 3, then note that by Theorem 4.17 there is an element
a € F? with fp(a) = 3, which implies by Corollary 4.2 that fx(a) = 3 as well. If
this is so, then for some integer k£ we have that f K(cak) < 3, which by Corollary 4.6
implies that f K(cak) = 1. This means that ca® is a pth power in K * (or, possibly, in
the case p = 3 that K (¥cak)/K is unramified, in which case we change a to make ca¥
a pth power). But this would imply via Kummer theory that G K¥/)/F is abelian.
Hence we have f > 3, or f > p+ 2.

Now we note that
fu(d)=frle)=2+p(f —2) > p* +2>p* —p+2= frs(p),
so by Lemma 4.1 we have
_ .2 -1 2 2
g=p —p+2+p (2+p(f-2)—@" —p+2)=p"—2p+1+f

As ¢ < p? and equation (4.5) holds, this forces f = p+ 2. Hence g = pPP—p+3. O
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We can now obtain the conductors over K7, by induction.

Proposition 4.19. Let n,m > 1 with n > m. Then

; (/) p2m+1+p2m—p+2 if 1 <m<n,
C =
P+ p p+2 if m=n.

Proof. The case n = 1 is proven by Proposition 4.18. By induction, let us assume
we have proven the result for n. We use the following diagram of field extensions.
(We indicate the conductors of some of the extensions in the diagram, which we shall

determine later.)

T
K (Gt V) K1
2p?"—p+2 ?—p—k?
K! (V) Kp(Cynr1)

The conductor of F,41/Fy is p" and the conductors of the cyclic subextensions of

K! /F,, are given in [3] as 2, p+ 1, p> +p, ..., p" "+ + p" 2. By Corollary 4.2, we
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have that the conductor of Ké(Can)/KT’Z is equal

24 p(p— 1)+ 2% = 1) 4+ p" VT =V (" — -2

:p2n _p2n—1 —p+2.

By induction, we have that the conductors for K/ (* %) /K], are as in the state-
ment of the proposition. All but the largest of these is greater than p2" —p2"—1 —p42
Therefore, by Corollary 4.2, the conductors for K;l((pnﬂ,p 7\1/3) / K;l(gpnﬂ) are the
same as those for K/, (* nx/g) /K], except for the largest, which is

p2n _ p2n—1 —p+2 +p<p2n—1 +p2n—2> _ 2p2n —p+2.

To find the conductor of K, ;/ K{L(gpnﬂ), we need only convert the upper num-
bering of K;L 1 /Fy+1 to the lower numbering and find the largest jump in the filtra-
tion (plus one). This yields

24p(p =) +p° 0" = D+ +p" (0" = ") =p" —p+2.

n
We next apply Corollary 4.2 again to find the conductors for K/ _H(p V) K 41

Again, this changes only the final conductor, which becomes
P =p+24p2p" —p+2— (P —p+2) =p" T 4 p —p 2.

Thus we have determined the conductors f, = s 1(0’ ) for m < n, and they match
4
those in the statement of the proposition.
Finally, noting that the ramification index of K;l 41 18 p*"T1(p — 1) and that
pPtl Lp?n 49 s p?ntl 1) we conclude by Lemma 4.3 that

M2, 2
fn—|—1,K;L+1(CI) =p" TP+ pT —p+ 2,

which finishes the induction. O
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We now obtain the desired conductors.

Theorem 4.20. Let n,m > 1 with n > m. Then

p3m _ 1
fm,Ln (C) = P p p3n—3 —1
pP+p+1

Proof. We have the following diagram of cyclic field extensions of degree p".

Ly (Py/c)
N
Lu K} 0V7)
NS
Kn\ /K}L

Again, the conductors of K}, /F, are 2, p + 1, 2 4p, .., p" L4 p" 2 The jumps

in the lower numbering plus one are therefore given by
2 =2

plp—1)+2 = p*—p+2
PR -1 +p?—p+2 = pt—p+2

pn—l(pn—l o pn—3) +p2n_4 —p+2 = p2n—2 —p+2.

The conductors of Ky, /F, are shown in [3] to be 2p, o2, .., 2p" L p 4 L so

?
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we have by Corollary 4.2 that the conductors of Ly, /K], are

Pp—1)+p>—p+2 = pP—p+2
P2 —p)+pt—p+2 = pP —p+2

pn(pn—l _pn—2) +p2n—2 —p+ 9 — p2n—1 —p+ 2
PMR =) AT 2 = P 2,

T
The conductors of K/,(*v/¢)/K! are given by Proposition 4.19. Furthermore, we

have that the jumps in the filtration of K/,/F}, in the lower numbering (plus one) are

given by

pPP—p+2 =p’—p+2

5_ .3y, .3 6 -1
—p°)+p°—p+2 = p° —
pp” —p°)+p°—p R
3n—6 3n—3
n—2,2n—-1 _ 2n-3y, 3n—6 P —1 3n—3 D — 1
- + - +1 = S S |
Pl AR pPP+p+1 P pPP+p+1
3n—3 3n
n-1,2n . 2n-1y, 3n-3 P —1 sn—1 P —1
— + £ - — _
A A P+p+1 b pP+p+l

Finally, we apply Corollary 4.2 to obtain the conductors of Ln(pn\/E) /Ly,. We obtain

the following, as desired:

p(P?) +p>—p+2 =
6
2, 4 6 p°—1
+ — frd
p (p°) +p S R—
3n—3
n—1, 2n—2 3n—3 P —1
_|._ —
P T+ R
3n
ny 2n—2 3p—1 P —1
+ — =
prp™ ) +p oS R

2p3—p+2
6 o —1
2p° — 5
p“+p+1
3 _
2p3n—3_10” 31
pPP+p+1
Sn—1 , an—g3 D0 -1
P+ p 5
p“+p+1

Remark. From the conductors of the various subextensions of L(p%) /Qp, one can di-
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rectly compute the discriminant of entire extension. This could lead to a computation
of the discriminant for the corresponding extension of Q. With slightly more work,
one can compute the ramification groups of the entire extension over Q. This would
provide an interesting example of the ramification groups of a three-step solvable ex-
tension: in particular, one could learn something about the jumps in the filtration in

the upper numbering of such an extension.
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