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Modeling with SDEs
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SDE applications
Physics (lasers, scattering of slow neutrons, magnetic
resonance, light scattering, ect.)
Biology (gene mutations, population dynamics)
Finance
Economics

Structural Engineering (seismic activity)
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Consider a particle in water. From Newton’s law,
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ODEs and SDEs

Consider a particle in water. From Newton’s law,

d’x(t) _
m— 5 = b(x(t), x(t),t)

For a small particle in water (micrometer or smaller)

28— b(). x(0).0) + (1), O(e).

where 7(t) is random. An ordinary differential equation becomes a
random differential equation.

e First take 7(t) to have equal chance, pos/neg with magnitude
1, and independent for each t. (White Noise).



e As a system,
dx(t) = v(t) dt
dv(t) = b(x(t), v(t),t) dt + o(x(t), t) dW,
where W, is a standard Wiener process (Brownian motion).
dx(t) = B(x(t), t) dt + X(x(t), t) dW;.
Which is shorthand for

x(t):/O B(x(s),s) ds+/0 Y (x(s),s) dWs.

e How do we define the second integral?



Riemann Sums

(conservapedia.com)



e Helpful to think in terms of discrete increments. For
dXt = b(Xt) dt
e Use Euler solver to solve for x(t).

X(tns1) = x(tn) + b(x(tn))(tn+1 — tn)



e Helpful to think in terms of discrete increments. For
dx(t) = b(x(t)) dt + o dW;

b(x(t)) is called the drift and o is diffusion coefficients.

o First generate a Wiener process by
W(tnt1) = W(tn)++/(th — thp—1)randn (Gaussian RV € [—1,1])
e Then use Euler solver to solve for x(t).

X(tnt1) = x(tn) + b(x())(tn = tn-1) + (W (ta11) — W(tn))
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Stochastic Integral

To integrate
t
b= [ Flsw) aws
0
over [0, t] take partial sums.

li = | f(t — W
Ninoo (bN t Im Z t,,l)v

W; is the Wiener process.

t,-a:ozt,'—f—(l—a)t,',l, forall0<a<1

t 1, (1
o Ws daWS): EWt — E—Oé t

Special cases v = 0 1t6, o = 1/2 Stratonovich, a = 1 anti-Itd.
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Population

Time

Population growth and Brownian motion.
E[W(t,) — W(ts—1)] =0



Population

Population

Time

growth with random fluctuations. E [%]



Kramers

With physical systems assume that noise is uncorrelated.

With better time sampling, see noise is correlation on a short
time scale

For SDE,
dP(t) = P(t)(1 — P(t)) dt + odW;

Population is not differentiable.

For particle, acceleration is not well defined.
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Colored Noise

Instead, convolve 7(t) with a smooth function g

ne(t) = %n(t) * g (52) —n(t)ase—0

7 is called colored noise.

_ o(x(t),t) (t
dx(t) = b(x(t),t) + — ¢ (?) xn(t) dt
For b smooth, x(t) has the smoothness properties of g(t).
(e.g. g€ C® = x(t) € C™))

This coincides with our view of nature, particles have a well
defined acceleration and velocity.
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e Ornstein-Ulhenbeck SP, important for computations,
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O-U Colored Noise

e Ornstein-Ulhenbeck SP, important for computations,

ay(t 2a
dy(t) = — ye(z ) dt + 4/ 6—2dW(t), yo = 0.

y(t) = \F /0 texp{j;(s— )} dw(s)

e Mean zero Gaussian random variable with covariance

El(t)y(t2)] = exp { - 5111 — o] |




System of ODE's

Using OU colored noise we have system of the form,

dx(t) = b(x(t)) + U(X(tz)y(t) dt

dy(t) = —ayegt) dt + \/? dW(t).

Interested as ¢ — 0. Expect to converge to the equation,

dX(t) = b(X(t)) dt + vV20(X(t)) dW;
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e Did not converge to

dX(t) = b(X(t)) dt + V2o (X(t)) dW;
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dX(t) = b(X(t)) 4+ o(X(1))o'(X(t)) dt + V2o (X(t)) dW;



e Did not converge to

dX(t) = b(X(t)) dt + V2o (X(t)) dW;

e Well known, for colored noise approximation, converge to

dX(t) = b(X(t)) dt + V20 (X(t)) does Ws
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Which integral do we take?

e Density p(x',y’, t'|x, y, t) satisfies the Backward Kolmogorov
equation

op a(x)y\ op —ay\ dp a d°p

P _(p or A Il el

ot ( () + € x\e)avte dy?
=L.yp,

e Use Homogenization theory to find a limiting operator,

2
L;y — L, = O'(X)2% + (b(X) + U(X)U,(X))%

e Analysis leads to convergence of distributions of processes

(x(t) = X(1))-
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Equations and parameters

e Stochastic delay differential equation

a(y = 20 D)

t

e y(t) is colored noise with correlation time €2 and d is the
delay of the feedback.



Equations and parameters

Stochastic delay differential equation

a(y = 20 D)

t

y(t) is colored noise with correlation time €2 and d is the
delay of the feedback.

First goal is to consider limiting cases of ¢, — 0.

Converge to,

ox(ry - X | DX(1)

RC RC

da Wt7

what is a?



e For d < ¢, then take d = 0,

t

Converges to




e Forex d,
dX(t) =
e Numerically

X(th+1) = X(tn)+

—X(1)

dt +

D(X(t — d))

RC

—X(t)

RC

RC

do Wi



For e <« d,

dX(t) =
Numerically
X(tn1) = X(tn)+
Ford =0, aa=1

X(tn-i-l) = X(tn)+

Need to solve implicitly.

—X(t) , . D(X(t—d))

RC dt + RC do Wt
_)’;(gn)(thrl_tn)"_ D(X(:fc_ d)) (Wn+1_Wn)
_)I;(Ctn)(tn-i-l_tn)'f' D(Xlth-Jrl)) (Wn+1_ Wn)



For e < d,

dX(t) = _;(ét) dt + D(ch_ 9)

do Wi

Numerically

X(tnin) = X(ta)+ o (tya )1 PEE =

Ford =0, aa=1

—X(t, D(X(tpa1
X(tns1) = X(t)+ e 1yt 25D (1
Need to solve implicitly.
For d = At,
- _X(t,) D(X(trs1 — d)) |
X(tns1) = X(ta)+—5 = (trr1—tn)+ RC (Wpi1—W,

Solves explicitly, like o = 0.
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Intermediate Cases

e Now d =~ €2, set d = dye? and Taylor expand,

—x(t) | (D(x(t)) — dD'(x(t)))y(t)
RC + eRC d

dy(t) = —ai(;) dt + \/?f dW(t).

Take first and second order approximations, solve for « in

dx(t) = t

dx(t) = _;g) + %ID/(X(L“))D(X(t)) + \Eo(x(t)) dW(t)

e Also, use an iteration method with original equation to
approximate «
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e Instead make a change in time u =t + d, then Taylor expand,

x(u) _dx(u) | D(x(u))1
RC RC RC €

A V2
dy(u+d) = —6—2y(u +d) dt + TdW(u + d).

x(u) + dx(u) = — y(u+d)

e y is invariant under shifts, so define y(u) = y(u + d), to be
another OU process.
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Discussion

e Is Taylor expanding valid for delay equations?
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e Is Taylor expanding valid for delay equations?
e Why did we need time substitution?

e Taylor expanded to second derivative. Not well defined!



Discussion

Is Taylor expanding valid for delay equations?
Why did we need time substitution?
Taylor expanded to second derivative. Not well defined!

Austin has solution. Colored noise approximation written as
2-D SDE.

Where are the errors happening?



