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Abstract

The fast advances in technology has allowed us to capture digital media
which contains vast amounts of information, but accordingly requires vast
amounts of storage space. There are a wide array of algorithms that will take
a raw digital sound file and write it in a different format using less space. For
this RT'G project the authors researched and implemented a lossy compression
algorithm for sound files based on the discrete cosine transform. In this paper
we will discuss some key principles of sound, digital sound representation, and
compression theory as well as the lossy compression algorithms we developed.
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1 Introduction to Sound Compression

In this age of digital media, we have the ability to digitally capture sound and images
at astonishingly high fidelity. However, this high-fidelity digital media can require
such vast amounts of storage space that it is prohibitive for wide spread use. For
example, the raw digital recording of a three minute song might have a file size 29.5
MB.! A 2GB Apple iPod Shuffle could hold a mere 68 songs of this size, whereas
Apple claims it can hold 500 songs. The reason for this discrepancy is that Apple
assumes that the sound files put on the iPod will be in a compressed format and will
thus require only about 4 MB of space per song. Similarly, 15 terabytes are required
to capture a mere 15 minutes of raw digital video. This is the equivalent of 250
DVDs worth of data, and yet, in practice, we are able to put an entire 2 hour movie
on a single DVD. Again, this feat is achieved through data compression.

There are a wide array of algorithms that will take a raw digital sound file and
write it in a different format using less space. MP3 and AAC files are examples of
sound files that have been digitally compressed. There are two categories of algo-
rithms that compress sound (or any other) files. The first is called lossless compres-
sion: the compression algorithm attempts to represent the file in a more efficient way
without losing any information. When a file is compressed using a lossless compres-
sion algorithm, it may be decompressed to give the exact original file. The second
type of algorithm is called lossy compression: the compression algorithm creates a
smaller file, but in so doing loses some information. When a file is compressed using
a lossy compression algorithm, it may not be decompressed to give the exact original
file, however it may come close? to achieving this property.

For this RTG project the authors researched and implemented a lossy compression
algorithm for sound files based on the discrete cosine transform?®. In this paper we will
discuss some key principles of sound, digital sound representation, and compression
theory as well as the lossy compression algorithm we developed.

'We assume 16-bit stereo encoding, with a sampling frequency of 44100 Hz. See Section 2.2 for
further discussion of file structure and size.

2See Section 3.3 for a more precise discussion of “close”.

3The discrete cosine transform forms the basis of many popular compression algorithms such as
the MPEG2 video format. MPEG?2 is the compression algorithm used for digital television.



2 Sound

2.1 The Physics of Sound

Physically, sound is a traveling wave of pressure through a medium. Although most
noise we encounter is quite complex, it is easy to mathematically describe a sound
wave of a single frequency as

S(t) = Acos(2m ft + ¢), (1)

where ¢ is time, A is the amplitude of the sound wave corresponding to the volume
of the sound, f is the sound frequency corresponding to the pitch of the note, and ¢
is a phase shift that has no relevant physical meaning.

2.2 Digital Sound Recording

Before we can begin to discuss compression, it is important to understand how sound
is recorded digitally and the structure of a raw sound file. During recording, a
microphone is set near the source sound. The air pressure inside the microphone
is then sampled many times per second and recorded as a fixed point number. For
stereo recordings, the sound is sampled at two positions in space, corresponding to
a right and left sound channel, and the sampled amplitudes are stored separately.

The number of times per second the sound is sampled is called the sampling
frequency. The precision of the recording refers to the allowed dynamic range of
the pressure readings. For example, if the air pressure at each sample is stored as
an 8-bit signed floating point number, then there would be 2% possible values that
a sampled pressure could attain. If we instead use a 16-bit signed floating point
number to represent the sampled pressure, then we would have a dynamic range of
216,

The more bits we use to represent the pressure, and the higher the sampling
frequency used, the better quality a digital recording we produce. However, we pay
for this improvement in sound quality with an increase in file size. In fact,
F,xtxd

8
where F; is the sampling frequency, t is the length of the recorded sound in seconds,
and the amplitude is recorded using d-bits. We divide by 8 to convert from bits to
bytes (1 byte = 8 bits) since file size is typically measured in bytes.

The example sound files used in this project were typically recorded with a sam-
pling frequency of Fs; = 48,000 Hz or 44,100 Hz, using 16-bit signed floating point
numbers.

file size = bytes,



3 Data Compression

Before considering how to compress sound files specifically, we will discuss some
basic principles of data compression. Data compression consists two components:
statistical modeling and source coding[3], usually done in that order. However, we
will discuss source coding first, because it motivates some of the choices we made in
terms of statistical modeling.

3.1 Source Coding

General purpose source coding algorithms typically look for patterns in the input
data and exploit these patterns to represent the information more compactly.

If we consider a file X as a sequence of characters from some alphabet A, such
that X = {z;}7, x; € A, then we may define

_ Wi =iy € AJ
X

p(ﬂfz)

and think of p(x;) as the frequency with which the character z; occurs in the file
X. Given these frequencies for an input file, we might then compress the file by
denoting characters or sequences of characters that occur frequently using a small
number of bits, and use a relatively large number of bits to denote characters or
sequences of characters that occur relatively infrequently. In a raw sound file, each
character in the file corresponds to a sampled sound amplitude, and the alphabet
can be represented as a d-bit signed fixed point number.

3.1.1 Entropy

The entropy H of a file X is a measure of the amount of information that the file
contains and is defined by

m

H(X) == plx:)log, p(x;)

=1

where m is the number of characters in the alphabet used. Entropy is measured in
bits and can be considered to be the “information rate” in bits per sample. Shan-
non’s source coding theorem states that regardless of the algorithm used, we cannot
represent an input file X in less than | X| - H(X) bits[2], where |X| is the cardinal-
ity of X. This gives an explicit lower bound on how much compression of a file is
possible.



Let us now calculate the entropy for a few example source files. First, consider
a file X whose characters are drawn from some alphabet A with |.A| = m such that
the frequencies of all the characters in the alphabet are the same, that is, p(z) = %
for all z € A. Then the entropy of X is simply

H(X) = - 1 1 LY _ 1
)= =3 e (1) = tomam.

It turns out that for a given alphabet, a perfectly even frequency distribution in the
file yields the worst case entropy, the largest entropy possible for that alphabet.

Files with uneven character distributions have lower entropies. For example,
consider the alphabet A = {A, B,C, D, E} and some file X consisting of characters
from this alphabet. If the probability of each letter occurring is equal, p(x) = 1/5
Vz € A, then the entropy then file is

H(X) =log, 5 ~ 2.322.

However, if instead there is some variability in the frequencies, say p(A) = 0.01,
p(B) = 0.05, p(C) = 0.8, p(D) = 0.04, and p(F) = 0.1, then entropy would be

H(X) ~ 1.058.

The entropy for this uneven distribution is less than half the entropy of the worst-case
even distribution.

This observation leads us to another property of entropy: the overall entropy of
a file may be higher than any of the individual entropies of partitions of the file.
Consider the following two distributions of the alphabet {A, B} found in two files
X, and Xs:

Distribution in X;: P(A) = 0.25

P(B) = 0.75
H(X1) ~ 0.36
Distribution in Xy: P(A) = 0.85
P(B) = 0.15

H(X;) =~ 0.61
Now consider a file X = X; + X5 (X, concatenated to the end of X;). This new file
has the following distributions:
Distribution: P(A) = 0.55
P(B) = 045
H(X) ~ 0.99.

7



Notice that putting the two files together causes our distribution to approach the
worst-case even distribution (which would be P(A) = P(B) = 0.5). We will see
in section 3.1.2 that there exists a source coding algorithm that can encode a file
Y using almost as few as |Y| - H(Y) bits, that is, it encodes the file “at entropy.”
If we were to use such an algorithm to encode the file X we would achieve better
compression by first encoding X, then encoding X, than if we encoded all of X
together:

X0 |- H(X)) + [ Xs| - H(Xs) = |X3] - 0.36 + | Xa| - 0.61 < | X, + Xo| - 0.99 = | X|H(X).

Thus, when using an algorithm that encodes at entropy, it will sometimes be effective
to encode portions of the file separately rather than encoding the whole file at once.
This insight will be exploited in Section 6.

Notice that in a raw sound file, since we use d bits to represent every character
(pressure sample), so we might naively assume that the entropy would be d. However,
the entropy of the file would typically be somewhat smaller than d because the
frequencies of various characters in our alphabet are not distributed perfectly evenly.

3.1.2 Arithmetic Encoding

Arithmetic encoding is an optimal source coding algorithm; it encodes a file at, or at
least very close to, entropy. That is, it encodes a source file X using almost exactly
|X|- H(X) bits. In practice, arithmetic encoding adds an overhead of a few bits
above entropy to the message. However, for a message of any length, this overhead
is very low.

Arithmetic encoding represents the entire file X as a single real number in the
interval (0,1). Consider the following example with alphabet A = {A, B,C, D}.
Suppose that in our message, these symbols occur with probabilities

P(A) = 0.20
P(B) = 0.35
P(C) = 0.15
P(D) = 0.30.

To encode arithmetically, we take the interval [0,1) and divide it into four sections,
corresponding to the probabilities of each of the symbols. To encode the message
BDC, we look first inside the interval that corresponds to the first symbol, B, which
is Iy = [0.2,0.55) (see Figure 1). Then, from there, we further subdivide [ into
subintervals corresponding to our original four probabilities, that is, into the intervals

8
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Figure 1: Intervals for Arithmetic Encoding

I, =10.2,0.27), I, = [0.27,0.3925), I3 = [0.3925,0.445) and I, = [0.445,0.55). Note
that the interval I; is the first 20% of the interval I, the interval I, is the second
35%, etcetera. So, if we were to assign a number to our message so far, BD, it would
be a number in the interval I, = [0.445,0.55). However, since our message is three
symbols long, we have to further subdivide I, as we did earlier, and now we know
that our message BDC should be in the interval [0.50275,0.5185). If we transmit
any number in this interval, then we will be able to decode the message by simply
reversing this process, so long as we transmit the probability distributions as well.

The version of arithmetic encoding presented above was developed by Claude
Shannon and Robert Fano in 1948. It can be considered the “ideal” version of arith-
metic encoding in that assumes that we have the use of infinite precision arithmetic.
However, computers actually use finite precision arithmetic and represent numbers
in binary not decimal. This gives rise to a few technical challenges to implementing
the arithmetic encoding algorithm. In the 1970’s, J.J. Rissanen had a breakthrough
concerning the use of finite precision arithmetic in arithmetic encoding. This break-
through allowed IBM to develop the first effective implementation of the arithmetic
encoding algorithm shortly thereafter. MATLAB’s arithenco.m file implements
such an arithmetic encoding algorithm similar to the one developed to by IBM, and
it is this algorithm that we will implicit use throughout this project[4].

The use of finite precision arithmetic allows for the streaming of a message in
real time. That is, it is not necessary to know the entire original message before



the encoder can encode it and send the first binary digits of the encoded message.
We can see this in our example above as well. Let us assume that the message
we considered before, BDC', is actually the beginning of a larger message, say
BDCADACDBDDB. The first symbol is B, which corresponds to the interval
Iy = [0.2,0.55), so if the encoder wants to transmit the first digit of the encoded
message, it needs to know if that first digit is 2, 3, 4, or 5. Therefore, it narrows
these options by looking at the next symbol, which is D, and since the message BD
is encoded in the interval I, = [0.445,0.55), the encoder knows that the first digit
sent is going to be either a 4 or a 5. But which is it? To find this out, the encoder
must narrow the interval down more by looking at the third symbol, C, which tells
it that, so far, the message is encoded in the interval [0.50275,0.5185), which then
allows the encoder to send the first digit: 5. Thus, the encoder can start encod-
ing and transmitting the message without having seen the entire string of symbols.
Notice that this is not possible in infinite precision since due to the lack of unique
representation of numbers in decimal; for example, 0.19 = 0.2.

Because arithmetic encoding is such an efficient source coding algorithm, we will
use it as the last step in all compression algorithms presented. Keep in mind that
we will need to create histograms of the alphabet of our sound files in order to
perform arithmetic encoding, and it will be necessary to transmit these histograms
along with the encoded data so that we may subsequently arithmetically decode.
These histograms are part of the metadata of the file. Metadata is any information
that must be transmitted to allow the file to be decompressed accurately. When
we calculate the size of our compressed files, we will have to include the size of the
necessary metadata.

3.2 Statistical Modeling

The first component of compression is statistical modeling. Since we have an algo-
rithm that does source coding at entropy, the purpose of statistical modeling will be
to reduce the entropy of our file so that we achieve as much compression as possible
from arithmetic encoding. We will accomplish this using the discrete cosine trans-
form (Section 4), uniform quantization (Section 5), and K-means clustering (Section

6).

3.3 SNR

All algorithms in this paper will be lossy compression algorithms. That is, we expect
that upon decompressing our compressed signal, we will have something different

10



from our original signal. The question is how different and how do measure it? How
do we measure the quality of the sound signal we transmit?

We will use signal-to-noise ratio, or SNR, as a measure of how close the trans-
mitted signal is to the original signal. SNR is defined as

||signall|,

SNR = 20 -log (2)

0 error||y ’
where the signal is the original input signal (not the transmitted signal) and has
units of decibels. The higher the SNR of a file, the smaller the error is, relative
to the size of the source file. A file that was losslessly compressed would have zero
error, and thus its SNR would be infinite. Lossy compression algorithms will have
some finite SNR. We will assume that an SNR of 40 dB or higher is good enough for
most applications, and an SNR under 20 dB indicates that there is too much error
for most uses.
Another, similar measure of sound quality is the peak SNR, or PSNR. This is
defined as
(3)

PSNR = 201logy, (max) ,

MSE
where 1
MSE = —||error|?
n

is the mean-square error, and max is the maximum possible value of the signal input.
If the sound was recorded in d bits, then max = 2% — 1.

4 Cosine Transforms

As we mentioned before, the discrete cosine transform drives the compression schemes
that we built. We will now develop an understanding of why this transform is so
useful.

4.1 Fourier Cosine Series

Noticing that the set of functions cos (%) forms an orthonormal basis for the space
of continuous functions on a finite interval (0,[), allows us to write any function in
this space in the basis of cosines. This decomposition is called the Fourier cosine

series and is given by
1 > mnx
f(ZL') = 5140 + mEZI Am COS (T) s

11



where l
2 mnx
A, = 7/0 f(x) cos <T> dz.[5]

The coefficients A,, indicate how much of the function f is captured by cos (T)
The Riemann-Lebesgue lemma states that if f is a continuous function, then its

Fourier coefficients A,, have the property
lim A, =0.[1]

Therefore it is typically possibly to approximate continuous functions on finite inter-
vals with high accuracy only using the first few terms of the Fourier series:

nmwTx

1 N
f(z) = §Ao + Z A, cos <T> :
m=1

4.2 Discrete Cosine Transform

The Fourier cosine series is an effective method of decomposing a function if we have
an analytic expression for that function. However, in many engineering applications,
the function is not known explicitly, but instead we have some samples of values of
this function, as is the case for this project. We would like to consider the Fourier
series of the sound file, but we do not have an expression for sound pressure as a
function of time. Instead, we have samples of the pressure at many different times.
Thus, instead of writing a Fourier cosine series for the sound “function,” we will
perform a discrete cosine transform (DCT) on the sampled values.
The DCT for an input vector x = {x,,}2__; of sample points is given by

1 N
mo= gxn (4)

n=1
N
/2 m(2n—1)(m—1)\ .
— —_ f2< < N.
Ym N,;:l xncos( SN if2<m<N (5)

The vector y = {y,, }2_, computed in the DCT is analogous to the coefficients A,,
calculated in Fourier cosine series. Given y, x can be reconstituted through the
formula

N
1 /2 2n —1 -1
Tp = _/Nyl + ngzzymcos (ﬂ-( n 2])\[(m )) ) Where 1 S n S N (6)
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This is called the inverse discrete cosine transform (IDCT).

The DCT and IDCT are implemented in MATLAB as dct and idct respectively
and are based of the fast fourier transform (FFT). Whereas the naive implementation
of a discrete Fourier transform has a running time that is O(N?), where N is the
length of the input vector, the FFT has a running time that is O(N log N). This
dramatic improvement in algorithm running time allows discrete Fourier transforms
to be useful in practice. However, since the FFT is a divide and conquer algorithm,
the DCT and IDCT both run much faster on input vectors of length 2%, with & an
integer, than on vectors of other lengths.

4.3 The DCT of a Single Note

As a toy example, let us consider the case where the sound file we wish to compress
represents a single note of frequency f played for some short time. Recall from
equation (1) that the amplitude of this note as function of time is given by

S(t) = Acos(2m ft + ¢)

Assume that in recording this note was sampled with frequency f,. Then the sound
file contains a vector of amplitudes {z,} defined by

x, = Acos (ZWfin + gb) .

S

The DCT writes {z,,} in the basis of functions

7(2n — 1)(m — 1)) s (ﬂ(m —Un 71 - m)> |

gm(n) = cos <

2N N 2N
' [ xm1) (- m)
m(m — m(1l—m
opl -\ ) d _rE-m
m 3 N an 0] 5N
for some m, then {z,} is composed of exactly one basis function and {y,,}, the DCT
of {x,}, is given by
)0 m#Em
IEYA m = m.

4There are actually a few different forms of the DCT and IDCT that are commonly used. For
convenience, we have chosen to discuss the form used in the MATLAB implementation of the DCT
and IDCT.
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This also means that for fixed f; and N, each basis function g,, corresponds to a
single note of frequency
fs(m—1)

o= "5

When we take the DCT of a sound vector, we are writing the sound as a superposition
of single notes of frequency f,, where the amplitudes of each of these notes is given
by y,. Table 1 gives numerical values of f,, for various m as well as the approximate
corresponding note in the twelve-tone equal-tempered scale with N = 2% and f, =
44,100 Hz. Notice that only the first 32 basis functions correspond to notes that can
be played on a piano, and that basis functions beyond about 175 are so high-pitch
that they are either beyond the range of human hearing or close to it.

4.4 The DCT of Compound Sounds

In the previous section we discussed the special case where we explored the DCT of a
single note. Building on this understanding, we will now consider more complicated
forms of sound and specifically examine the DCT of two examples: the first twenty
seconds of Pachelbel’s Canon and a seven-second clip of an interview recorded by
Arizona Public Media. Before we begin to analyze these samples, we should first
notice that our input data has a dynamic range of [—2971,2471) since each pressure
sample is represented as a d-bit integer. We break the input sound vector into packets
containing N = 256 samples; each of these packets captures about 0.005 seconds of
sound. We then calculate the DCT of each packet.

Figure 2 shows a profile of the DCT coefficients for these two sample files. The
xr-axis gives the coefficient number m, and the y-axis shows the mean of the abso-
lute value of the DCT coefficient y,, across all packets. Although the shapes and
maximum heights of the graphs for the two examples are somewhat different, they
share some qualitative similarities that are characteristic of the DCT coefficients for
any sound file. In both, for small coefficient numbers, the mean coefficient value
is relatively large, and the coefficient values rapidly decrease as m increases. Most
of the energy of the sound file is captured in the first 16 to 32 DCT coeflicients.
This corresponds nicely to ideas discussed in section 4.3. Recall that we showed that
performing a DCT is equivalent to writing the sound data as a superposition of sin-
gle notes. These graphs show that the notes that are most heavily weighted in this
superposition are of low frequency and correspond to notes in the middle range of a
piano. Notes of very high frequency barely contribute at all. These observations will
motivate our approach to sound compression for the rest of this paper; we will work
hard to preserve the information about the first few DCT coefficients, and readily

14



| m | fm | note (Freq) |
1 0.0
2 | 861 | F,(87.3)
3 172.3 F3 (174.6)
4 | 2584 | Cy(261.6)
5 | 3445 | Fy (349.2)
6 | 430.7 | Ay (440.0)
7 | 5168 | Cs (523.2)
8 602.9
9 689.1
10 | 775.2 | G5 (784.0)
11 861.3
12 947.5
13 | 1,033.6 | Cs (1,046.5)
14 | 1,119.7
15 1,205.9

16 | 1,292.0 | Eg (1,318.5)

32 | 2,670.1 | E; (2,637.0)
55 | 4,651.2 | Dg (4.698.6)
100 | 8,527.1
175 | 14,987.1F
256 | 21,963.9

Table 1: DCT Frequencies and their corresponding notes for f, = 44,100 Hz, N =
28, The first column indicates the DCT number, the second the frequency of the
DCT basis function, and the third the corresponding note in the twelve-tone equal-
tempered scale. Cy4 is middle C.

"This is the highest frequency that a personal computer would play and could be heard
with the human ear.
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Figure 2: These figures show a profile of the DCT Coefficients of two example sound
files: 20 seconds of Pachelbel’s Canon in the top graphs, and a 7-second sample of
an interview from Arizona Public Media in the bottom graphs. The graphs show the
mean value across all packets of the absolute value of each DCT coefficient v, as a
function of coefficient number m. The left hand figures show the means for all 256
DCT coefficients, while the right hand figures show the means for only the first 64.
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Fraction Pachelbel’s Canon Interview
Transmitted | SNR \ PSNR \ Compression || SNR \ PSNR \ Compression

1 65.8 | 101.2 43.7 % 76.9 | 101.1 49.9 %
2 46.8 | 82.2 35.7 % 60.9 | 85.1 42.4 %
2 414 | 76.8 26.7 % 40.7 | 64.9 31.7 %
: 322 | 67.7 15.6 % 229 | 471 17.4 %

Table 2: This table shows the compression rate and signal to noise ratio achieved by
by only transmitting some fraction of the DCT coefficients.

abandon the information about later coeflicients.

4.5 A First Attempt at Sound Compression

Given what we have discussed so far, we are ready to make a first attempt at sound
compression. In this algorithm, we arrange the input sound data into packets of
size 28 and compute the DCT of each packet, as discussed in section 4.4. Next,
we round all DCT coefficients to integer values and arithmetically encode the first
N DCT coefficients and write an output file. Engineers typically refer to this as
applying a “low pass filter.” To decompress this file, we arithmetically decode, pad
cach packet with zeros so that they have length 2%, take the IDCT of each packet,
then reassemble the packets into a single output vector. The purpose of rounding is
to limit the allowed values of the DCT coefficients and thus increase the efficiency of
arithmetic encoding. This idea is explored further in Section 5.

Table 2 shows the results of this compression technique on our two example
files, with different fractions of the DCT coefficients being transmitted. Notice that
significant compression is achieved in transmitting all DCT coefficients due to the
rounding of the coefficients and subsequent arithmetic encoding of data. This is a
relatively effective algorithm; by transmitting just half of the DCT coefficients, we
are able to compress the sound file to between }1 and % of its original size while
still maintaining decent sound quality. However, we can do better both in terms of

compression and sound quality.

5 Quantization

In the compression algorithm presented in Section 4.5, we rounded the DCT coeffi-
cients before arithmetically encoding the data. This is a form of uniform quantization

17



which has the effect of limiting the alphabet from which the DCT coefficients are
chosen, and thus decreasing the entropy of our data. Generally, if we seek to encode
data chosen from a very large alphabet, we can lower the entropy of our data and
thus improve compression,if we first restrict our alphabet to some smaller set. This
is called quantization, and the use of quantization will lead us to superior compres-
sion algorithms. We will start by using uniform quantization to restrict the allowed
values of the DCT coefficients.

The process of uniform quantization is simple; we need only pick some number ¢,
divide each entry in each packet by e, and round to the nearest integer. This will not
only restrict the alphabet from which DCT coefficients are chosen, but will cause the
frequency distributions of the various characters in this new alphabet to be skewed
away from the even distribution. Most notably, most of the high frequency DCT
coefficients will be mapped to 0 in the new alphabet thus making the frequency of
zeros in our data quite high. This phenomena will also contribute to a decreased
entropy for our data.

5.1 Compression with Quantization

Using this idea of quantization, we may now modify the algorithm presented in
Section 4.5 to create a somewhat better compression algorithm. Once again, we
arrange the data into packets of size 28, and compute the DCT of each packet. Next,
we divide all DCT coefficients by some fixed ¢, and round to the nearest integer.
We then arithmetically encode this signal, and transmit it. To decompress, we first
arithmetically decode the transmitted signal, multiply by ¢, and take the IDCT of
each packet, then rearrange the packets into a single output signal. Notice that this
compression algorithm with ¢ = 1 is equivalent to using the algorithm discussed in
section 4.5 and keeping all DCT coefficients.

Pachelbel’s Canon Interview
e | SNR | PSNR | Compression | SNR | PSNR | Compression

1 ] 65.8 | 101.2 43.7 % 76.9 | 101.1 49.9 %
10 || 45.8 | 81.3 23.5 % o977 | 81.9 30.1%
18 || 41.2 | 76.7 18.4% 53.1 | 773 25.7 %
25 39.0 | 74.5 15.9 % 50.5 | T4.7 23.3%

Table 3: This table shows the compression rate and signal to noise ratio achieved
by quantizing the DCT coefficients using some fixed €. Note: € = 1 is equivalent to
keeping all DCT coefficients in the previous algorithm.
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Figure 3: Fixed Epsilon Compression on Pachelbel’s Cannon

Table 3 shows the results of running this compression scheme for various values
of e. Comparing Table 2 and Table 3, we notice that this scheme achieves higher
SNR for a given compression rate. From here on, we will consider this algorithm
as our point of comparison and try to improve upon it. We will no longer consider
the algorithm of Section 4.5. Figure 3 shows the compression rate and sound quality
for various values of epsilon. Notice that as we increase ¢, the compressed file size
decreases as does the sound quality.

Note that in order to decompress a file, we must also transmit the ¢ that we have
chosen. This is another piece of metadata, but it is very cheap: sending a single ¢
does not cost us more than a handful of bits and makes very little difference in the
size of the file.

6 K-means Clustering

In Section 3.1.1 we saw how a message that has an apparently high entropy may
sometimes be decomposed into two shorter messages each with significantly smaller
entropies. In this section, we will utilize this idea to achieve further compression
building on the algorithm discussed in Section 5.1. To do so we will use K-means
clustering to identify groups of DCT coefficients and then groups of packets with
similar properties, and transmit these groups separately.
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6.1 K-means Clustering

K-means clustering is a standard algorithm used to group data [2]. Given a set of
data points, and n parameters quantifying each data point, the K-means clustering
algorithm identifies K centroids in the parameter space and partitions the data points
into K disjoint sets by identifying each data point with the closest centroid. Although
imperfect in some regards, K-means clustering is usually an effective method of
partitioning data.

6.2 Clustering the DCT coefficients

Our second algorithm is a modification of the algorithm presented in section 5.1.
Again, we arrange the data into packets of size 28, and compute the DCT of each
packet. We then divide all DCT coefficients by some fixed ¢, and round to the nearest
integer. Next, we partition the DCT coefficients into K clusters based on average
size of the coefficients, where K = 3 in this algorithm. We use this partitioning
to form three groups of data, each set containing information about each packet in
the sound sample for each of the DCT coefficients in the corresponding cluster. We
then arithmetically encode each of these groups separately. We then transmit the
arithmetic encoding of all groups and the metadata generated by this algorithm,
which consists of a histogram for each group (which allows us to arithmetically
decode) and a mapping which indicates which DCT coefficients are in which groups.

To cluster the DCT coefficients, we calculate the mean value of each DCT co-
efficient across all of the packets. We then perform a one-dimensional K-means
clustering on this parameter such that coefficients that are relatively large are clus-
tered together, as are coefficients that are relatively small. Figure 4 illustrates the
clustering found for both of our example pieces.

6.3 Clustering the Packets

Our third and final algorithm further extends the idea of K-means clustering. We
follow the same lines as the algorithm presented in section 6.2, except after quanti-
zation we first cluster the packets into 4 groups, then cluster the DCT coefficients in
each packet cluster into 3 DCT clusters (in the same manner as described in section
6.2). This gives a total 12 groups of data, and we arithmetically encode and transmit
the data and a histogram for each of these groups separately.

We cluster the packets using a two-dimensional K-means clustering. To do this,
we must first create two parameters that quantify the packet. The first parameter
we use is the smallest index 7 such that at least 95% of the energy of the packet is
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Figure 4: Clustering of the DCT coefficients. The z-axis shows the DCT coefficient
number, and the y-axis shows the mean value of each DCT coefficient across all
packets in the sound sample. Note that only the first 64 coefficients are shown; the
remaining coefficients are assigned to the yellow cluster.

contained in the first 1 DCT coefficients. That is, if y is the vector of DCT coefficients
for some packet, then we define y, to be the first n coefficients of y. We seek the
smallest ¢ such that

||yiH2 > 05
1yl

The second parameter used is the index j of the DCT coefficient in the packet of
maximal size. There are many other ways to quantify packets, some of which may
be better than the method presented here. However, this parameterization did yield
improvements in compression, as shown in figure 7.

7 Comparisons and Conclusions

The three algorithms we developed in sections 5.1, 6.2 and 6.3 are illustrated in the
block diagram in Figure 6. The algorithms are all quite similar; the first steps in each
are to partition the data into packets, take the DCT of each packet, and quantize
the DCT coefficients, and the last step in each is arithmetic encoding. However, in
algorithms two and three, we cluster the data to increase the efficiency of arithmetic
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Figure 7: Comparison of Algorithms. By varying ¢, the algorithm compresses a file
with a given SNR. The percent compression is graphed on the horizontal axis. By
picking a specific SNR, we can compare compression across the three algorithms.

encoding.

Figure 7 shows a comparison of the three algorithms on our two sample pieces.
In these plots, we see the SNR as a function of the compression achieved. Notice
that the left-most curve corresponds to algorithm 3 (clustering both packets and
DCT coefficients), the middle curve corresponds to algorithm 2 (clustering only DCT
coefficients), and the right most curve corresponds to algorithm 1 (no clustering).
This indicates that algorithm 3 achieves the smallest file size for a given sound
quality, followed by algorithm 2, and then algorithm 1. We ran similar tests on
thirteen other samples of classical music and radio interviews and found the same
trend; algorithm 3 consistently outperforms algorithm 2, which in turn outperforms
algorithm 1. When studying Figure 7, the improvement in compression may appear
small, but it constitutes a 4% to 30% reduction in compressed file size between the
first and third algorithms. The improved performance of algorithm 3 justifies the
increased complexity of this algorithm.

As a final test of our algorithms, we compared their performance to the com-
mercially popular MP3 compression codec. Table 4 shows the compression and SNR
of a variety of files which have been compressed with MP3 compression. AZPM
Sample 5 is the same interview from Arizona Public Media referenced in Figure 7
and elsewhere in this paper. The MP3 codec compresses this file to about 18% of its
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’ File H Compression ‘ SNR ‘

Arizona Public Media Sample 1 (30 seconds) 18.17% 25.5
AZPM Sample 2 (5 seconds) 18.33% 24.8

AZPM Sample 3 (10 seconds) 18.23% 25.5
AZPM Sample 4 (4.5 seconds) 18.33% 25.9
AZPM Sample 5 (7 seconds) 18.15% 25.5

AZPM Sample 6 (7 seconds) 18.32% 25.7

AZPM Sample 7 (5 seconds) 18.30% 25.7
Moonlight Sonata (30 seconds) 18.17% 26.0
Clarinet Sample (31 seconds) 18.23% 25.0
Rachmaninoff Sample (11 seconds) 18.21% 25.8

Table 4: Compression with the MP3 codec. This table shows the compression rate
and signal to noise ratio achieved by the mp3 compression scheme. Our algorithms
achieve an SNR of 44-45 at 18% compression, and a compression of 5-6% for an SNR
of 26.

original size with an SNR of 25.5. At an SNR of 25.8, all three of our algorithms do
much better, with algorithm 1 compressing the file to 6.2% of the original file size,
algorithm 2 to 5.2% and algorithm 3 to 5.1%. At comparable compression to the
MP3 codec, our algorithms have the following SNRs: 44.6 for algorithm 1 (at 18.2%
compression), 45.9 for algorithm 2 (at 17.8% compression) and 45.9 for algorithm 1
(at 17.7% compression). In short, our algorithms outperform the MP3 compression
scheme in every measure considered.
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