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1. Overview

The goal of this lecture series is to present some complex-analytic and dynamical

techniques that have been useful for studying algebraic and arithmetic intersection

problems.

Lecture 1. The Lattès family. There is an important class of maps f : P1 →
P1, the Lattès examples, that has inspired many of the developments in arithmetic

dynamical systems. These maps arise as the quotient of an endomorphism of an

elliptic curve ϕ : E → E. We begin by introducing these examples and presenting

some of the parallels between the study of elliptic curves and the study of dynamics

on P1. Helpful references: [Mi] [Si1].

Lecture 2. Pluripotential theory. We introduce key tools in the study of

complex analysis and dynamics in dimensions > 1, namely the theory of currents and

plurisubharmonic functions. Helpful reference: [Dem].

Lecture 3. Dynamical stability. We introduce the dynamical concept of struc-

tural stability for families of maps. We illustrate this concept in the setting of the

Lattès family and other important examples on P1, and we relate stability to the

values of certain (geometric) height functions. Helpful references: [De] [Mc, Chapter

4].

Lecture 4. Bifurcation measures and adelic line bundles. Working over

number fields, we broaden the notion of dynamical stability into the general frame-

work of the theory of adelic line bundles on quasiprojective varieties. We present

examples from the recent work of Yuan-Zhang [YZ] and Gauthier-Vigny [GV].

2. Projects

These projects are centered around a general question that could be formulated,

very roughly, as:

Question. In the dynamical moduli spaces of maps f : PN → PN , which phenomena

are likely and which phenomena are unlikely?

Definitions and background on these moduli spaces can be found in Silverman’s lecture

notes [Si2]. Briefly, two morphisms f, g : PN → PN are equivalent (over C) if there

exists an automorphism A ∈ AutC PN such that A◦f ◦A−1 = g. (Conjugacy preserves
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dynamical features.) We denote the space of all maps on PN with degree d ≥ 2,

modulo this equivalence, by MN
d .

The questions below are instances of (or steps towards proofs of) unlikely/likely

intersections, as inspired by the conjectures of Manin-Mumford, André-Oort, Zilber

and Pink and many others; see [Za]. One of the problems is more arithmetic, one is

more geometric. I will provide more details before the Arizona Winter School begins.

Hopefully this gives an idea of what I have in mind:

(1) Bounded height. Fix two families of maps ft, gt : P1 → P1, defined over Q,

parameterized by t in an algebraic curve C. Fix two maps a, b : C → P1, also

defined over Q. Is the set of orbit collisions{
t ∈ C(Q) : ∃ n,m ≥ 0 such that fn

t (a(t)) = gmt (b(t))
}

of bounded height on C? Special cases and more general questions appear in

[DGKNTY]. For example, what about the set{
z ∈ Q : ∃ n,m ≥ 0 such that fn(z) = gm(z)

}
where f(z) = z2 and g(z) = z2 − 1? Bounded height is known in settings

where both f and g are monomials or Lattès maps. Compare [AMZ].

(2) Invariant curves in P2. Given a map f : P2 → P2, we say it has an

invariant curve if there exists a (possibly reducible) algebraic curve C in P2

so that f(C) ⊂ C. For example, the map

f0(x : y : z) = (y2 : z2 : x2)

of degree 2 permutes the components of {xyz = 0}. In fact, since f 3
0 (x : y :

z) = (x8 : y8 : z8) has such a simple form, we can find many invariant (unions

of) lines in P2.

In the moduli space M2
d, for d ≥ 2, determine if the set of maps having an

invariant curve is Zariski dense.

Remarks: If an invariant curve contains the critical locus of f , where detDf

vanishes, then the map is called postcritically finite. My example f0 above is

postcritically finite. The subset of postcritically finite maps in M2
d has been

studied in [IRS], where it is conjectured that such maps are not Zariski dense

in MN
d for any N > 1 and d ≥ 2. By contrast, the postcritically finite maps

on P1 of a given degree d ≥ 2 are Zariski dense in the moduli space M1
d [De].

As are the postcritically “improper” maps on P2 [Ol]. But now we ask only

about the existence of an invariant curve, with no additional restrictions. This

question arose at the Simons Symposium in Complex and Algebraic Dynamics,

August 2022.
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